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A. MO DAU
Phuong trinh luong giac 13 vin dé quan trong va quen thudc trong chuwong trinh
toan hoc bac THPT ciing nhu trong cac dé thi tuyén sinh dai hoc. Viéc giai thanh
thao phuong trinh luong giac di tré thanh nhiém vy va cling 13 mong mudn cua
moi hoc sinh. Tuy nhién, sy phong phu ctua cong thirc lugng gidc da gay khé khan
cho hoc sinh trong viéc dinh huéng 16i giai. Néu dinh huéng khong tdt s& dan dén
bién d6i vong vo, khong giai dugc hodc 101 giai s& dai dong, khong dep. Can tré
nay phﬁn ndo lam nan chi cac em hoc sinh. Mot s6 em d3 so hoc va xac dinh bo
phan phuong trinh luong gidc. V&i mong mubn gitip hoc sinh khic phuc khé khan
nay, toi viét bai viét nay. Bai viét dua ra mot s6 dinh hudng bién ddi phuong trinh
dua trén nhitng dau hiéu dic biét. Nho d6 hoc sinh nhanh chéng tim ra 10i giai cta
bai todn, tiét kiém thoi gian, tu tin hon trude cac phuong trinh luong giéc.
Bai viét duoc chia thanh ba phan:
Phin A: Trinh bay su can thiét va ndi dung bai viét.
Phin B: Noi dung bai viét, phan nay chia thanh cac myc nho dudi day
I. Nhan dang nhén tir chung dua vao ding thirc co ban
II. Phwong trinh béc 2 ddi véi sin x, cos X.
I11. Nham nghiém dic biét dé xac dinh nhén tir chung
IV. Str dung cong thirc dic biét
V. Thay thé hiing s6 bing dang thirc lwong giac
Phin C: Trinh bay mot sb bai tip tuong tu.
Tuy d4 rat cd ging, mong mudn bai viét c6 chét lugng tt nhat nhung do han ché vé
thoi gian va hiéu biét nén khong tranh khoi nhiing thiéu sét, t6i rat mong nhan duoc
su gop ¥ chan thanh cua cac ban dong nghiép va cip trén dé bai viét dugc hoan

thién hon.
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Moi y kién doéng gép cua doc gid xa gan vui long g vé dia chi mail:

thonggna@gmail.com.

Quang Nam, ngay 15 thang 07 nam2017
TRAN THONG
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B. PHUONG PHAP PHAN TiCH THANH NHAN TU TRONG VIEC GIAI
PHUONG TRINH LUQNG GIAC

I. Nhin dang nhén tir chung dwa vao dang thirc co ban

Khi trong phuong trinh lugng gidc xuat hién nhitng biéu thirc c¢6 dau hiéu cing
nhan tir chung néu nhan dang duoc ta s& bién d6i dung hudng va dé dang giai
dugc. Viéc phat hién nhan tr chung doi hoi phai ndm duoc nhimg dang thirc co

ban. Sau day 1a mot sé dang thic quen thudc:

X2 Nhan ttr Sin X +COS X :
2 - 2 - -
o COS2X = C0S” X —Sin“ X = (cos X —sin X)(Cos X + Sin x)
. 1+ sin 2x = (sin X + cos x)*
COS X +Sin X
o l1+tanXx=———
COS X
Sin X + CoS X
o l1+cotx=—-—
sin x

° ﬁsin(x+%j=\/§cos(x—%J=sinx+cosx

> Nhan ttr SinX —COSX:
. C0S 2X = COS” X —sin’ X = (Cos X —sin X)(Cos X +sin x)
. 1—sin2x = (sin x — cos x)*
COS X —Sin X
. l-tanx=—""-—"=
COS X
sin X — COoS X
. 1-cotx=——"—-
sin X

ﬁsin(x—%j:—\/ﬁcos(x+%J=sinx—cosx
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% Nhan tor 1£sinx: cos®x = (1+sinx)(1—sinx)

% Nhan tir 1+cosx: sin®x = (1+ cosx)(1— cosx)

%  Nhan t0r 1+ 2sinx:

. 4c0s’ x —3=1-14sin’ x = (L- 2sin x)(L+ 2sin X)

. c0s3x = cos X(4cos® x —3) = cos x(1— 2sin X)(1+ 2sin x)
s  Nhantr 1+2cosx:

. 4sin®x —3=1-4cos’ x = (L—2cos X)(1+ 2cos X)

o sin3x =sin x(3—4sin” x) =sin x(2cos x —1)(2cos x +1)

% Mot so dang thirc khac:

o cot X —tan X = 2cot 2x
o tan X + cot X = —
sin 2x
o C0S3X +Sin3x = (cos x —sin X)(L+ 2sin 2x)
o c0s3x —sin3x = (Cos X +sin X)(1— 2sin 2x)

pé théy rd hon tim quan trong va loi ich cua cac déng thirc co ban trén ta xem mot
vai vi du.
Vi du 1.1(PH 2007 — KA). Giai phuong trinh:

(L+sin® x)cos x + (L+ cos® X)sin x =1+sin2x (1.1)
Phan tich: Khai trién vé trai phuong trinh thay d6i xtng véi sinx,cosX nén xuat
hién nhan t&r sinx+cosx. V& phai 13 1+sin2x=(sinx+cosx)’ chia nhan ti
sin X+ cosx. Vi vay ta c6 1oi giai.

Giai:
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Pt(11) < sin x + cos x +sin xcos X(sin X + cos X) = (sin X + cos x)

< (sin X+ cos x)(1+sin xcosx —sin X —cos X) =0
< (sinx+cosx)(1—sinx)(1—cosx) =0

T
X=——+kr
sinx+cosx=0 4
& |sinx=1 PN x:%+k27z (k e 7).
cosx =1 < — k2

Vay phuong trinh ¢6 3 ho nghiém.
Vi du 1.2(PH 2005 — KB). Giai phuong trinh:
1+sinX+CcosX +sin2x+cos2x =0 (1.2)

Phan tich: Vi trong phuong trinh xuat hién sin X+ cosx,1+sin2x,c0s2x nén dé
dang nhan thdy nhan tir 1asin X + cos x.
Giai:
pt(1.2) < sin X + cos X + (Sin X + cos x)* + cos* X —sin*x =0

&> SiN X+ €S X + (Sin X +cos x)* + (Cos X —sin x)(cos x +sin x) =0

< (sin X+ cosX)(1+sin X+ cosx+cosx—sinx) =0
< (sinx+cosx)(1+2cosx)=0

sinx+cosx=0 x:—£+k7z
= 1 S (keZ).
Cosx==-3 X:i?ﬂ+k27z

Vay phuong trinh c6 3 ho nghiém.
Vi du 1.3. Giai phuong trinh:

sin4dx +4sin (57” + 2xj =4(sinx+cosx)  (1.3)
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Phan tich: Pt(1.3) < 2sin2xcos2Xx+4cos2x —4(sinx+cosx) =0. Vay phuong
trinh chira nhén tr Sin X + CoS X.
Giai:
Pt(1.3) < 2sin2xcos2x +4c0s2x — 4(sin x + cosx) =0
& 2sin2x(cos’ x —sin® x) + 4(cos’ x —sin® x) — 4(sin x + cos x) =0
< 4sin xcos x(cos X —sin x)(cos X + sin x) + 4(cos x —sin X)(cos X + sin x)
—4(sinx+cosx)=0
<> (sin x + cos x)(sin xcos x(cos x —sin x) + cosx —sinx—1) =0
sinx+cosx=0 (1.3.1)
sinxcos x(cosx —sin x) + cosx —sinx—1=0 (1.3.2)°

Giai (1.3.1): Sinx+cosx:0<:>x:—%+k7r, keZ.

Giai (1.3.2): bat t=cosx—sinx:\/§cos(x+%}—\/Egtgx/?. Phuong trinh

(1.3.2) tr¢ thanh:

1-t? 2
t+t-1=0=t°-3t+2=0=t=1.
1 Xx=k2r
T
Véit=1=cos| X+— [=— k e 7).
( 4) J2 x:—%+k27z( )

Vay phuong trinh ¢6 3 ho nghiém.
Vi du 1.4(PH 2003 — KA). Giai phuong trinh:

Ccot X — =7 +sin2x—%sin 2x (1.4)

Phan tich: Phuong trinh c6 chtra cotx —1, cos2x nén ta nghi dén nhan tir chung
sin X —COS X.
Giai:
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PKXD: x¢k.%,x¢—%+kﬂ.

cosx—sinx _ cosx(cos’ x —sin’x)

Pt(1.4) & : _ +5sin? X —sin Xcos X
sin x sin X + COS X
cosx—sinx cosx(cosx—sinx)(cosx+sinx) . :
- = - +sin x(sin X — cos x)
sin x sin X + COS X

< (cosx —sinx)(L—sin xcos x +sin®x) =0
cosx—sinx=0

x=2+krz, keZ (tm)
1-cos2x < 4 :

1 1s'n2
—oinexs sin 2x +cos2x =3 (vn)

Vay phuong trinh c6 mdt ho nghiém.
Vi du 1.5(PH 2008 — KD). Giai phuong trinh:
2sin X(L+cos2x) +sin2x=1+2cosx (1.5)
Phan tich: Phuong trinh xut hién 1-sin2x, cos2x, cosx—sinx nén dé thiy
phuong trinh ¢6 nhan tr cos X —sin X.
Giai:
Pt(1.5) <> 2sin X — 2¢0s X + 2sin X(cos® X —sin® X) + 2sin xcosx —1=0
& 2(sin X — cos X) + 2sin x(cos x —sin X)(cos X + sin x) — (sin x —cos x)* =0
& (sin X —cos X)(2 — 2sin Xcos X — 2sin” X —sin X + cos x) =0

& (sin X —cos X)(—2sin Xcos X + 2¢0s” X —sin X + cos x) = 0
& (sinx —cosx)*(2cosx+1) =0

sinx—cosx=0 X:Z+kﬂ'
= 1 < 4 (k eZ).
COSX=—— 27
2 Xii?+k27f

Vay phuong trinh c6 3 ho nghiém.

Vi du 1.6. Giai phuong trinh: cos” X +cosx +sin’*x =0 (1.6)
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Phan tich: Phuong trinh chita sin® X, tirc 1a chtra sin® x = (1—cos X)(1+ cos x) . Nhu
vay nhan tu cua phuong trinh 1a cosx +1.
Giai:
Pt(1.6) <> cos x(cos x +1) +sin x(1—cos*x) =0
< cosx(cosx+1) +sinx(L—cosx)(1+cosx)=0
< (cosx+1)(cosx +sinx—sinxcosx) =0

cosx=-1 1.6.1)
<
CosX+sinx—sinxcosx=0 (1.6.2)

Giai (1.6.1): cosx=-1<x=nx+k2r, keZ.

Giat (1.6.2): Dbat t:sinx+cosx=ﬁcos(x—%),—ﬁstS\/E. Phuong trinh

(1.6.2) trd thanh:

t=1+2 (1)

t?-2t-1=0<= .
L:1—J§ (tm)

Véi tzl—ﬁ:cos(x—%j:#c x:%iarccos(l_z\/z}rkzn,k el.

Vay phuong trinh ¢6 3 ho nghiém.

cos” x(cos x —1)

Vi du 1.7. Giai phuong trinh: —
SIN X+ COS X

=2(L+sinXx) 1.7)

Phan tich: Nhin vao phuong trinh va dya vao cac dang thic co ban dé dang suy ra
1+sin X nhan tir chung.

Giai:

DKXD: X;t—%—l-kﬂ, kKeZ.
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Pt(1.7) < (1—sin x)(1+sin x)(cos x —1) = 2(1+ sin X)(Sin X + c0S X)
< (1+sinx)(cosx —sin xcosx +sinx —1—2sin x—2cosx) =0
< (L+sinx)(cosx+sinxcosx+sinx+1) =0
< (L+sinx)*(cosx +1) =0

. T
sinx=-1 X=——+k2

@{ N 2 T (kew).
cosx=-1

X=rm+k2x
Vay phuong trinh ¢6 2 ho nghiém.
Vi du 1.8. Gidi phuong trinh: 4cos® x + (2sinx —1)(2sin2x+1) =3  (1.8)
Phan tich: Trong phuong trinh c6 4c0s® X — 3 tirc 1a chira nhan tir 2sinx —1.
Giai:

Pt(1.8) & 1-4sin®x+ (2sinx —1)(2sin2x+1) =0
< (L-2sinx)(L+ 2sin x) + (2sinx —1)(2sin2x+1) =0
< (L-2sinx)(sinx —2sinxcosx) =0
< sinx(1—-2sinx)(1—-2cosx) =0

_ X =k

sinx =0 x=" 1 k2x
1 6

&Slsinx== < k eZ).

2 X:5—7T+k27z ( )
1 6

COSX=—
2

L X=i£+k27z'
3

Vay phuong trinh ¢6 5 ho nghiém.
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II. Phwong trinh béc 2 ddi véi sin x, cos .

K/

< Phuong trinh chira sin x.cos x : Ddi voi phuong trinh dang nay ta nhém sb
hang chtra Sinx.cosx vé&i s6 hang chtra sinx va phan con lai ciia phuong trinh dwa
vé tam thtrc bac 2 dbi véi cosx hodc nhom sd hang chira sinXx.cosx véi ) hang
chtra cosx va phan con lai ctia phuong trinh dua vé tam thtrc bac 2 d6i voi sinx dé
tim nhan tr chung.

Vi du 2.1. Giai phuong trinh:1+Sin X+ c0oS X +Sin2X + c0s2x =0 (2.1)

Phan tich: Néu nhom sin2x véi cosx s& xuat hién nhan tr 2sinx+1. Ta kiém tra
xem phan con lai ¢6 nhan tir trén khong? Pua phan con lai cia phuong trinh vé tam
thire bac hai ddi véi sinx:2+sinx—2sin?x. Phan nay khéng chira nhéan tur
2sinx+1. Vay ta nhém sin2x v&i sinx s& ¢ nhan tir 2cosx +1. Phan con lai bién
d6i thanh 2c0s® X +Cos X c6 nhan tir 2cos X +1.

Giai:

Pt(2.1) < sin X + 2sin XCoS X + 2¢0s” X + cos X =0

< sinX(1+2cosx) + cosx(2cosx +1) =0
< (sinx+cosx)(2cosx+1) =0

sinx+cosx=0 X:—£+k7r
< 1 o (keZ).
R &

Vay phuong trinh ¢6 3 ho nghiém.
Vi du 2.2. Giai phuong trinh: J25sin (Zx + %J =3siN X+ COSX + 2 (2.2)
Giai: Ta co:

Pt(2.2) < sin2x+cos2x = 3sin X + CoS X + 2

&> 2sinXCoS X —3sin X +2¢0s® X —cos X —3=0
<> sinx(2cosx—3) + (2cosx —3)(cosx+1) =0
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< (2cosx—3)(sinx+cosx+1)=0
& sinx+cosx=-1

<:>sin[x+£j——i
4) 2

T
T k2
ST ke

X=rm+k2r
Vay phuong trinh ¢6 hai ho nghiém.

SIN2X —C0S2X+ 7Sin X +3C0oSX + 3

Vi du 2.3. Giai phuong trinh: : =1 (2.3)
2sinx -1

Giai:

x =2 4 k2
pKxp: | © keZ).

x#Z 4 k2r

6

Khi do:

Pt(2.3) <> 2sin xcos X + 3cos X + 2sin® X +5sin X +3=0
< cosx(2sinx+3) +(2sinx+3)(sinx+1) =0
< (sinx+cosx+1)(2sinx+3) =0« sinx+cosx=-1

T
=——+k2
<:>sin(x+%j:—%<:> X 2+ ”(keZ).
2 X=rn+Kk2x

Vay phuong trinh c6 2 ho nghiém.
Vi du 2.4. Giai phuong trinh: 4sinX + 2cosx =2 +3tanx (2.4)

Giai:
PKXD: X¢%+k27z, ke,
Khi do:
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Pt(2.4) < 4sSinXCOSX + 2€0S° X = 2C0S X + 3SiN X

< 4sinXCOSX —2C0SX + 2 —3sinX —2sin’x =0
< 2c0sX(2sinx —1) —(2sinx —=1)(sinx +2) =0
< (2sinx —1)(2cosx —sinx —2) =0

sinx = 1 (2.4.1)
< 2
2cosx —sinx=2 (2.4.2)

T
1 X==+k2r
Gidi (2.4.1): sinx== | O keZ).
2 o
X=—+k27z
6
Giai (2.4 2)-2cosx—sinx—2<:>£cosx—isinx—i Goi a la goc théa man
. . . \/g \/g \/g' e
COSOC—i Sin05—i Phuong trinh (2.4.2) tré thanh
75 N 4.

x=k2rx

(keZ).
X==2a+k2r

COS(X+ ) =Ccosa < {

Vay phuong trinh c6 4 ho nghiém.

Vi du 2.5. Giai phuong trinh 12X+ 082X+ 38INX+COSX _,, 5 5
cosX+1

Giai:
DKXD: cosx#-1< x#x+k2r,keZ.

PT da cho twong duong véi
2SiN XCOS X —COS X — 2sin® X +3sinx—1=0

< cosx(2sinx—1) —(2sinx-1)(sinx-1)=0
2sinx—-1=0 (25.1)

< (2sinx—1)(cosx—sinx+1)=0< .
cosx—sinx+1=0 (2.5.2)
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X:£+k27z

Gidi (2.5.1): 2sinX—1=0sinx=— | O (tm)
2 S5r
X:?+k2ﬂ'

Giai (2.5.2):
T
=—+k2z (t
cosx—sinx+1:0<:>sinx—cosx=1<:>sin(x—%j=%<:> X 2+ 7 m).
2 \x=z+k2z (1)

Vay phuong trinh ¢6 3 ho nghiém.
X Chu y: Cach gidai nay ciing dwoc ap dung cho nhirng phwong trinh co bac
3. Nhom sb hang chira sinx.cosx voi s6 hang chira sinX va phan con lai cua
phuong trinh dua vé da thirc bac 3 d6i véi cosx hodc nhom sé hang chira
sinx.cosXx voi sd hang chtra cosX va phan con lai cia phuong trinh dua vé da thuc
bac 3 ddi véi sin x dé tim nhan tr chung.
Vi du 2.6. Giai phuong trinh:

C0S3X + COS2X +SIN2X +SinX—5cosx =3 (2.6)
Giai:
Taco
C0S3X + C0S2X +SIiN2X +sin X —5cosx =3

< 4c0s° X —3C0S X+ 2¢0S° X —1+ 2sin Xcos X + 2sinX —5cosx—3=0

<> 4c0s° X +2¢0s* X —8cos X —4 +sinx(2cosx +1) =0
<> (2c0s’ x —4)(2cos x +1) +sin x(2cosx+1) =0

& (2cosx +1)(2sin* X —sin X + 2)

1
COSX=—=
= 2 <:>x:i2—7[+k27r,keZ.
2sin*x —sinx+2=0 (vn)

Vi du 2.7. Giai phuong trinh:
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sSin3x —3sin2x —2c0s2Xx+3sinXx+3cosx—2=0 (2.7)
Giai:
Pt(2.7) <> 3sin x —4sin®x —6sin xcos X + 2sin* X —1+3sin X +3cosx—2=0
<> 4sin’ x —2sin” x —6sin x +3+3cos x(2sinx—-1) =0
< (2sinx —1)(2sin® x —3) + 3cos x(2sin x—1) =0

< (2sinx—1)(2sin*x+3cosx—3) =0

sinx=1 (2.7.1)
< 2

2c0s’ x—3cosx+1=0 (2.7.2)

X:£+k27z

Gigi 2.7.0): sinx=— |  © keZ).
2 Y4
X :?4‘ k27Z'

cosx=1 Xx=k2rx

Giai (2.7.2): 2cos’x—3cosx+1=0< (keZ).

=
cos.x:l x=i£+k27z
2 3

Vay phuong trinh ¢ 5 ho nghiém.

< Phuong trinh khong chira sinx.cosx: Dbi véi loai phuong trinh nay ta
bién d6i vé dang A? = B2,

Vi du 2.8. Giai phuong trinh: cos2x + 4cosx+2sinx+3=0  (2.6)

Giai:

Ta cO:
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Cos2X +4cosx+2sinx+3=0

< C0S° X —sin®x +4cosx +2sinx+3=0

<> C0S* X +4CoSX+4=sin’x—2sinx+1

sinx —cosx =3 (vn)

& (Cosx +2)% = (sinx —1)? c{ _
sinx+cosx=-1

1 X——£+k27r
<:>Sin(x+%j=—T<:> T (k e 7).
2 X=rx+k2r

Vay phuong trinh c6 2 ho nghiém.

Vi du 2.9. Giai phuong trinh: 272X _2cosx  (2.7)
3+ 2tan x

Giai:

3
DKXD: cosx #0, tan X # _E'
Khi do:

5+ cos2x
3+ 2tan x

=2C0SX <> 5+c0s? X —sin’ X = 6¢os X + 4sin x

< C0S°X—6C0SX+9=sin’x+4sinx+4

cosx —sinx =5 (vn)

& (cosx—3)* = (sinx + 2)° @{ _
sinx+cosx=1

1 X=Kk2x

. T

SSiNf X+ = |[=—& k e 7).
( 4j 72 7 x=Z i P

Vay phuong trinh c6 2 ho nghiém.

I11. Nham nghiém dic biét dé xac dinh nhan tir chung
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Trong mQt s6 phuong trinh, vi¢c xac dinh nhan tir chung kha kho khan. Khi
d6 ta c6 thé nhAm mot sd nghiém dac biét dé xac dinh nhan tu chung. Tur d6 dinh
huéng duoc rd rang cach bién doi phuong trinh.

Ta c6 thé thuc hién theo cac budc sau:

Budce 1: Nham nghiém dac biét.

Budce 2: Kiém tra cac gia tr1 dac bi¢t tuong img vd&i nghiém tim duge & bude 1. Tu
d6 xac dinh nhan tir chung.

Budc 3: Nhom theo nhan tir da xac dinh.

Vi du 3.1. Giai phuong trinh: COS3X + C0S2X +SiN2X +Sin X —5C0sX =3 (3.1)
Budc 1: Nhip vao mdy tinh cam tay phuong trinh trén:
cos3alpha x + cos 2alpha x + sin 2alpha x + sinalpha x —5cosalpha x alpha = 3.
Dung 1énh shift solve, man hinh xuat hién X =?. Ta nhap mot gia tri, 4n = va cho
két qua. Hodc dung 1énh Calc dé thir mot sd gid tri dic biét. Két qua 1a x =120°.
Budc 2: Céc gia tri dac biét tuong Umg la:

+ X=-120° thi nhan tir s€ la 2cosx +1.

+ X =60° thi nhan tir s& 1a 2sin x —~/3 hoiic 4sin’x—3.

+ X =—60° thi nhan tir s& 1a tan X ++/3 hodic tan’x—3.
Phuong trinh c6 nghiém nita 1a x =120°, ttrc ¢6 nhan tir 2cos X +1. Nhém lam xuat
hién nhan tir tim dugc. D& thdy sin2x+sinx=sinx(2cosx+1) nén phan con lai
cua phuong trinh ta dua vé bac 3 dbi voi cosx, chac chian co nhan tir 2cosx +1.

Giai:
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Pt(3.1) <> 4c0s’ X —3c0S X + 2€0s*—1+ 2sin XCOS X +Sin X —5c0sXx—3=0
<> 4008 X+ 2c0s8* X —8cosx —4 +sinx(2cosx +1) =0
<> (2cosx +1)(2cos® x —4) +sinx(2cosx+1) =0
<> (2cosx +1)(2cos® x +sinx—4) =0

1
COSX=——
= 2 <:>X:i2—7z+k27z',keZ.

2sin’ x —sinx+2=0 (vn)
Vay phuong trinh ¢6 2 ho nghiém.
Vi du 3.2. Giai phuong trinh:
Sin3x —3sin2x —2c0s2x+3sinXx+3cosx—2=0 (3.2)

Phan tich: Nham nghiém thay phuong trinh c¢6 hai nghiém dac biét 1a 30°,150°
nén c¢6 nhan tir la 2sinx —1.
Giai:
Pt(3.2) < 3sin X —4sin’®x —6sin xcos X +2sin* X —1+3sin X +3cosx—2=0

<> 4sin® x —2sin* x —6sin x +3+3cos x(2sinx—-1) =0

<> (2sinx—1)(2sin? x —3) +3cos x(2sinx—1) =0

<> (2sinx—-1)(2sin*x +3cosx —3) =0

sinx:1 (3.2.1)
= 2

2c0s’ x—3cosx+1=0 (3.2.2)

T
1 X=—+k2x
Gidi 3.2.1): sinx==«>| O keZ).
2 o
X=—+k2xz
6
cosx=1 x=k2rx
Giai (3.2.2): 2cos’x—3cosx+1=0< 1< P (keZ).
cosx=§ x=i§+k27z

Vay phuong trinh c6 5 ho nghiém.
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IV. St dung cong thirc dic biét

Mot s cong thirc thudng dung:

. sin X ++/3cos X = 2sin x+% =2COS(X—%j
° SIN X —+/3C0SX = 2sin x—z =—Zcos(x+£j
3 6
. \/§sinx+cosx:23in x+% =2cos(x—%j
° \/§sinx—cosx:23in x—% =—Zcos(x+%]

Dau hiéu nhan dang phuong trinh giai theo phuong phap nay 1 trong

phuong trinh ¢6 chtra hing s6 +/3. Hai huéng chinh bién ddi phuong trinh loai nay
la:  + Pua phuong trinh vé dang cos A=cosB hoic sin A=sinB.

+ Pua vé phuong trinh bac 2 d6i véi mot ham sé lugng giac.
< Dang 1: Pua phuong trinh vé dang cos A=cosB hoic sin A=sinB
Vi du 4.1. Giai phuong trinh:
., X ) 3
4sin E—\/§c052x=1+2cos (X—Tj (4.1)
Giai: Ta co:
Pt(4.1) < 2(1-cosx) —J3cos2x=1+1+ cos(Zx —%j

3

& Cos(X+7) = %sin 2X + 7cos 2X < Ccos(X+ ) = cos(Zx — EJ
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2X—£:X+7r+k27z X:7—”+k27z
& & c ) (keZ).
2x—£:—x—7r+k27z x:——7z+k—7z
6 18 3

Vay phuong trinh ¢6 2 ho nghiém.
Vi du 4.2. Giai phuong trinh:

2cos’ (% - ij ++3cos4x =4cos’x -1 (4.2)
Giai:
Ta co:
Pt(4.2) <1+ cos(g - 4x] ++/3c0s4x =2(1+cos2x) -1

& SiN4X ++/3¢0s4X = 2C082X <> cos(4x —g) — COS2X

4X—E:2X+k2n x:£+kn
o O o (keZ).
4X—£:—2X+k2n X=—+k—
6 36

Vay phuong trinh c6 2 ho nghiém.

2C053X.c0S X + +/3(1 + sin 2X) _23 (4.3)

cos’ (” + 2xj
4

Vi du 4.3. Giai phuong trinh:

Giai:

PKXD: x¢§+k%,keZ.Khidc’):
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Pt(4.3) < cos4Xx + COS2X + J3++/3sin2x= \/§(1+ \/§cos(4x + %D

< «3sin4x+cos4x = —(\/§sin 2X 4+ C0S 2X)

<> sin 4x+£ =—sin 2x+z <> sin 4x+£ =sin —2x—£
6 6 6 6

4X+£:—2X—z+k27z x:—£+kZ
6 18

o 6 N 3 ke

4x+£:7r+2x+£+k27z x=£+k7z
6 6 2

Vay phuong trinh ¢6 2 ho nghiém.
Vi du 4.4. Giai phuong trinh:
2c05% 2X — 2C0S 2X + 4sin 6X + COS4X =1+ 4+/35in 3XCOS X
Giai:
Ta co:

Pt(4.4) < 2c0os4x —2¢c0s2x +8sin3xcos3x = 4+/3sin3xcos X

< —4sin3xsin X +8sin3xcos3x = 4\/§sin 3Xcos X

_x—kz

sin3x =0 3
< _ Ve A
2€0s3x =sin X ++/3C0S X c033x=cos(x—£j

X=K—
3

olx=—L1kr (keZ).
12

Vay phuong trinh c6 3 ho nghiém.
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X/

< Dang 2: Pua vé phuong trinh bac 2 d6i voi mot ham sé luong giac

Vi du 4.5. Giai phuong trinh: \/E(sin X + \/§cosx) =/3¢0s2x —sin 2x (4.5)
Giai: Ta co:

V3 V3

Pt(4.5) < \/E[%sin X+ 7cos XJ + %sin 2X — 7cos 2x=0

<:>sin(2x—%j+\/§cos(x—%):0

o 2sin| x=Z |cos| x- % ++/2 cos x—21=0
6 6 6
- - X:2—7z+k7z
cos(x——Jzo 3
6 7
& S| x=——+k2z (keZ).
sin (x — zj = —Q 12 Vay phuong trinh c6
6 2 177 A
- X:—2+ k27 3 ho nghiém.

Nhin xét: Biéu thirc

TR A T ~ , e T ~ L e < ~ .
dudi ham s6 luong giac 1a 2X s€ nhém véi 3 X s& gan véi 5 hodc 2X s€ nhém

.. 2T ~ 2 e T2, A , A At A A s
voi 3 X s gan voi 3 dé stir dung cong thirc nhan do6i dua vé phuong bac 2 doéi

v6i mot ham s6 luong giac.
Vi du 4.6. Giai phuong trinh: J3(sin2x+sinx)+cos2x -cosx =2 (4.6)
Giai:

Ta co:
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Pt(4.6)<:>\/§sin2x+c032x+\/§sinx—cosx—2:0

J3 1 J3

& —Sin 2x+—c032x+7sin x—%cosx—lz 0

<:>cos(2x—£j+sin(x—£j—1:0
3 6

@—Zsinz(x—£j+sin x—Z1=0
6 6
sin(x—zj:O
6

PN ol x=21k2r (keZ).
sin| x—= 1 3
6, 2 X=r+k2r

x=2+kz
6

Vay phuong trinh c6 3 ho nghiém.
Vi du 4.7. Giai phuong trinh:

C0S2X ++/35iN 2X — 4+/3cosX —4sinX +5=0 4.7)
Giai:

Ta co:

Pt(4.7) & %cost +§sin 2X —4[§cosx +%sin X]—ngo

27 . 2T . . T T . 5
<:>—cos—c032x+sm?sm2x—4 S|n§cosx+cos§smx +§:O

<:>cos(2x+2—nj+4sm(x+—)=§<:>—4sin2(x+E]+8sin£x+zj—3:0
3 2 3 3
sm(x+g):g(vn) x=—T L kom
o o 6 (ke?).
T 1 T
sm(x+—}:— X=—+k2n
] 3) 2
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MOI THANG MOT CHU PE

Vay phuong trinh ¢6 2 ho nghiém.

Vi du 4.8. Giai phuong trinh: 3cos X —sin2x = \/§(cos 2X+sinx)

Giai:

Pt(4.8) <> sin 2X +/3c0s2X = 3€0S X —~/35in X

& sin(2x+ %) = /3 cos(

T
X+ =
6)

= cos(x+%)(25in(x+%)—\/§j:0

cos(x+£) =0
6

X=2+kr
3

PN x=%+k27z (k e Z).

X:£+k27z
2

Vay phuong trinh c6 3 ho nghiém.

Vi du 4.9. Giai phuong trinh: (1—sin x)(5+ 2sinx) = \/§(sin 2Xx —3c0sX)

Giai:

Pt(4.9) <> 4 —3sin X +€0s 2X = +/35in 2x — 3./3cos X

<> €05 2X —/35iN2x +3(x/3cos X —sin X) + 4 =0

= cos(2x+%j+3003(x

+£j+2:0
6

< 2¢08? (x+%)+3cos(x+%)+l= 0

cos(x+£j =-1
6

<~ f—

T 1
CoS| X+ |=—=
o5 )3

X=5—”+k27r
6

X:%+k27r (keZ).

x:—5—ﬂ+k27z
6

Vay phuong trinh c6 3 ho nghiém.
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V. Thay thé hing s6 bing ding thirc lwong gidc

Trong nhiéu bai toan néu thay thé khéo 1éo cac hing sb bang cac gia tri
luong giac hay biéu thuc lugng giac s& cho cach giai ngan gon. Sau dy ta di xét
mot vai vi du.

2c0s% x — 2+/3sin xcosx + 1
2C0S2X

Vi du 5.1. Giai phwong trinh: =/3cosx —sinx (5.1)

Giai :
Dk:x¢%+k.%,keZ.Khidé:

3c0s? X — 2+/3cos xsin X +sin? x

=+/3Cc0sS X —Ssin X
2C0S2X \/_

Pt(5.1) &

& (\/§cosx—sin x)2 —2(\/§cosx—sin x)cost =0

T
cos| Xx+— [=0
J3cosx—sinx=0 ( 6)
o SN

—gi = T
J3cos x —sin x = 2c0s 2x cos(x+—):c052x

x=2+kz
3

@x:%+k27z (k e 7).
T 2T

X=——+
18 3

Vay phuong trinh c6 3 ho nghiém.

4 !
Vi du 5.2. Giai phuong trinh : 2(cos x—sin X)+1:\/§cosx+sinx (5.2)

X 7
2c0S8(———
(2 3)

Giai:
Dbk: Xi%-l—kZﬂ', k eZ .Khido
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Pt(5.2) & 2c0s” x —2sin° X +1= 2COS(§ —%}(@cosx +sin x)
<> 3c0s° X —sin® x = Zcos(g—%j(ﬁcosxwin x)

& (\/§cosx+sin x)(\/§cosx—sin x) = Zcos(g—%J(ﬁcosxmin x)

[ J3cosx+sinx=0 cos(x—%):O
=N =
\/§cosx—sinx:2cos£§—£j ( ﬁj (x zj
2 3 cos| X+= |=cos| = —=
- I 6 2 3
X:2—ﬂ+k7z
3
S| x=-r+kdr (keZ).
x:£+k4—”
9 3

Vay phuong trinh ¢6 3 ho nghiém.
Vi du 5.3. Giai phuong trinh: 4sin(x + %).{sin(Zx + %} —1} =2c0s2x-1 (53)
Giai :

Pt(5.3) & 4sin(x+% .{sin(2x+%j—1} = 2c032x—2005%

il eofan-g)af o Sl
O G R
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sin

sin

sin

X — =
6

MOI THANG MOT CHU PE

=0 X=t2 +kr
6

=0 & X=%+k2ﬂ' (k e 7).

X=rx+Kk2r

1
2

Vay phuong trinh ¢6 4 ho nghiém.

C. BAI TAP TUONG TU

. SIN2X+2c0s2X =1+sin X —4cos X

. 2SIN2X—c0os2x =7sinX+2cosx—4

1
2
3. 9sinX+6Cc0sSX—3sin2X +cos2x =8
4

. 4(sin* X+ cos* X) +~/3sin4x =2

5. 1+sin®2x +cos®2x = %sin 4x

(op}

7.1+ cot2x

8. cos* x+sin4(x+%) ==

1-cos2x

sin’ 2x

. (sin2x ++/3c0s2x)? —5=cos(2x — %)

1
4

Q. 2\/§(sin X 4+ COS X) COS X = 3+ COS 2X

10. cosx+\/§sin X =

11. 5(sin x +

3

COSX +4/3sinx+1

COS3X +SIN3x

) =3+ Cc0s2X

1+ 2sin2x

12. 2sin3x —_L —2C0S3X + 1
sin x

X 33X . . X . 3X
13. cOSXC0S—C0S— —Sin XSin—Ssin—=—
2 2 2 2

Trin Thong
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3

14. sin§ =5co0s xsinz
2 2

15. tan3(x —%) =tanx -1

Hwéng din giai mot sé bai tap
1. Sin2x +2c0s2x =1+sin X —4cos X
<> 2sinXcos X +2(2¢c0s* X —1) —1—sinx +4cosx =0
<> sinx(2cosx —1) + 4cos® X+ 4cosx—3=0
< sinx(2cosx—1) +(2cosx —1)(2cosx+3) =0
< (2cosx —1)(2sinx+2cosx+3)=0
cosx:E T
& 2 S Xx=x—+Kk2rx
2sin X + 2cos x = -3, (vn)

2. 25iN2X—C0S2X=7sSiNX+2Cc0sx—4
< 4sinxcosx — (1—2sin®x) —7sinx —2cosx+4 =0
&> 2c0sX(2sinx —1) + (2sin®x —7sinx+3) =0
< 2cosx(2sinx—1) + (2sinx —-1)(sinx—3) =0
< (2sinx—1)(2cosx+sinx—3)=0

2sinx-1=0

_ <
2C0S X +Sin x =3,(vn) S5t

X:£+k27z
{ 6
X=—+k2rx

3. 9sin X+ 6Cc0sS X —3sin2X +cos2x =8

&> 6SiNXCOSX —6C0SX +2sin’ X —9sinXx+7=0
< 6cosx(sinx—1) + (sinx—1)(2sinx—7)=0
& (sinx—1)(6cosx +2sinx—7)=0
sinx=1
) <:>X:£+k27z
6cosx+2sinx=7 2
4. 4(sin* X + cos* X) +~/3sin4x =2

< 4[(sin® X + cos? X)? — 2sin? xcos? x] +/3sin4x =2

= 4(1—%sin2 2X) +\/§sin 4x=2 <:>cos4x+\/§sin 4x =-2
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x="1+kZ
4 2

T T

X=——+
12 2

5. 1+sin®2x+cos® 2x = %sin 4x

< 2-sindx+2(sin2x +cos2x)(1—sin2xcos2x) =0
< (2—sin4x) + (sin2x+cos2x)(2-sin4x) =0
< (2-sin4x)(sin2x +c0s2x+1) =0 <> sin2x+cos2x =-1

T
X=——+kr
<:>sin(2x+%):—£ < 4

2 X:£+k7r
2

7. Didu kién: Sin2x#0<> X # k%

(*)<:>1+cot2x:ﬂ <:>l+cot2x:#
1-cos” 2x 1+ cos2x
N cos2x 1
sin2x 1+ cos2x
< sin2x(1+ cos2x) + cos2x(1+ cos2x) =sin 2x

& SIN2xc0s2X +c0s2X(1+c0s2x) =0 < cos2x(sin2x+cos2x+1) =0
{ cos2x =0

=1

sin2x+cos2x=-1

+cost=O<:>x:£+k£
4 2

T
X=——+kr

+siN2x+cos2x=-1 < sin(2x+£) :sin(—z) <
4 4 b
X :E+ kz

Vay,phuong trinh c6 nghiém: X = % + k%
1

8. cos* x +sin*(x + %) L & 1(1+ c0s 2x)° +£[1—COS(2X+£)]2 ==
4~ 4 4 4 2 4

& (1+c052%)° + (1+5sin2x)* =1 < sin2x+cos2x =—1
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T
X=—+k2x
V4 3 2
< C0S(2X——=) =Cc0s— <
4 4 s
X=——+krx
4

T
1 x¢—E+k7r
11. biéu kién: Sin2Xx # —= < kez
2 1
X#—+Kkr
12
, . c0s3Xx +sin3x Sin X + 2sIn 2XSin X + c0S3X + Sin 3x
Ta co: 5(sinx + . )= :
1+ 2sin2Xx 1+ 2sin2x
B 5sin X + COS X — COS 3X + COS 3X + Sin 3X

1+ 2sin2x

5 (sin3x +sin X) + cos X _525in 2XCOS X + COS X
1+ 2sin2x 1+ 2sin2x

5 (2sin x+'1)cosx _5cosx
1+ 2sin2x

(1) < 5c0sX =C0s2X+3 < 2¢€0s° X —5C0sX+2=0

<:>cosx:1 <:>x:i£+k27z
2 3

12. Didu kién: Sin2x # 0 <> X # k%

(*)<:>2(sin3x—cos3x):_LJr 1

sinx  cosXx
<:>2[3(sinx+cosx)—4(sin3x+cosf“x]=__1 +_1
sinx  CoSX

i : . sin X + cos X
& 2(sin X + cos X)[3 — 4(sin® x —sin Xcos X + €os’ X)] = —————

sin xcos x
SINX+COSX

SN XCOS X

< 2(sin X+ cos x)(—1+ 4sin Xcos x) — 0

: : 1
< (sin X+ cosx)(—2 +8sin xcosx —-——— ) =0
sin Xcos X

< (sin X+ cos x)(4sin2x — -2)=0

sin 2x
< (sinx +cosx)(4sin®2x —2sin2x —2) =0
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X:i£+k7z
. tan x = —1 4
sinXx+cosx=0 . T
<L, ] < | sin2x=1 << |x=——+knx
4sin“2x—-2sin2x—-2=0 . 12
sin2x=-1/2
1
X=—+Kkrx
12
X 33X . X . 3x 1
13. COSXCOS—COS— —SIn XSin—sin— ==
2 2 2 2 2

1 1. 1
<> =CO0S X(C0S 2X + COS X) + =SIN X(COS2X —COS X) = =

2 2 2
&> COS XCOS 2X + COS” X +SiN XCOS 2X —sin Xcos X =1
&> c0S2X(sin X +cosX) +1—sin® x —sin xcosx —1=0

< C0S2X(Sin X +cos x) —sin x(sinx +cosx) =0
< (sinx +cosx)(cos2x —sinx) =0

& (sinx+cosx)(—2sin®x —sinx+1)=0
sinx+cosx=0

el L,
2sin“X+sinx—-1=0

T
X=——+Kkrx
tanx=-1 4
&) sinx=-1 & x:—%+k27z
sinx=1/2 . 5
X=E+k2ﬂ'\/x=?+k2ﬂ'

. X
14. Ta thay: cosE =0 x=r+k2r < cosx=-1
Thay vao phuong trinh (*) ta dugc:

sin(%” 1+5Kkx) = —sin( + kir) Khong théa man v6i m k

X
Do do COSE khong 14 nghiém ctuia phuong trinh nén:

3 3

X ox 1. . 5 .
XSin =C0S— <> = (SiN3X +sin 2X) = —C0S"™ XSin X
2 2 2 2

3

*) @Singcosﬁ =5c0s
2 2

3

X+ 2sinXcosx —5cos” xsinx=0

2

<> 3sinXx—4sin

< sinx(3—4sin“ x + 2005 X —5c08° X)=0
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3 2

X—4c0s“x—2cosx+1)=0

sinx=0 X=kr

< sinx(5cos

cosx=1 x=k2rx
—1+\/ﬁ PN 1+\/ﬁ
10 0

X = +arccos — +k2r
—1-+21
10

< | cosx =

X =ztarccos

10

l+«/ﬁ
0

COSX =

Vay,phuong trinh c6 nghiém: X =k27, X = arccos— + k27

X= J_rarccos_l_—\/Z + k27
10
sinZ - x)cos(Z-x)=0  |sinE-2x) %0
15. Diéu kién: 4 2= 4 < c0s2x#0
sin(%+x)cos(%+x)¢0 sin(%+2x)¢0

l-tanx 1+tanx

1+tanx 1—tanx
4

1

T T
tan(—— X)tan(—+ X) =
E-xtan(+x)

4 4 2 2 4

2X=C0S 4xX <1-2sin“2Xc0s“2Xx =cos ' 4X

4

2X + C0S
2

(1) < sin

4

4X =CO0S 4x

2

4X <:>1—%(1— cos? 4X) = Cos
2

<:>1—Esin
2

4

4x —c0os“4x—-1=0 < cos“4x=1

2

< 2C0S

<1-c054x=0 <sindx=0 @x:k%

T
Vay,phuong trinh ¢6 nghiém: X =K >
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