Trudng THPT AN PHUGC PHAN TiCH
18 Toén DE THAM KHAO THI TNTHPT- 2023 CUA
BGDDT

PHAN 1: MA TRAN DE THAM KHAO BO GIAO DUC 2023

A .Khung ma tran

CAP DO TU DUY
CHU DE CHUAN KTKN Nhan Thong Van Van CONG
biét hiéu dung dung cao
. Sé cau S6 cau S6 cau S6 cau
1. Hoan vi-chinh hgp-t6 hgp

1 0 0 0 1

. o Sé cau S6 cau S6 cau S6 cau

2. XAac suat cua bién co

0 1 0 0 1

o S6 cau S6 cau S6 cau S6 cau

3. Cap so0 nhan

1 0 0 0 1

. Sé cau Sé cau Sé cau Sé cau

4. Hai mat phang vudng goéc

0 1 0 0 1

Sé cau S6 cau S6 cau S6 cau

5. Khoang cach

0 0 1 0 1

6. Su déng bién va nghich S6 cau S6 cau S6 cau S6 cau
bién ctia ham sb 1 1 0 1 3

. S6 cau S6 cau Sé cau S6 cau

7. Cuc tri cia ham so

2 0 0 0 2

Sé cau Sé cau Sé cau Sé cau

8. Dudng tiém can

1 0 0 0 1
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9. Khao sat su bién thién va | S0 cau S6 cau S6 cau S6 cau
vé do thi ham so 9 1 1 0 4
) S6 cau S6 cau S6 cau S6 cau
10. Ham so luy thua
1 0 0 0 1
S6 cau S6 cau S6 cau S6 cau
11. Lo-ga-rit
0 1 0 0 1
12. Ham sbé mi. Ham sb S6 cau S6 cau S6 cau S6 cau
16-ga-rit 1 0 0 0 1
13. Phuong trinh mi va S6 cau S6 cau S6 cau S6 cau
phuong trinh 16-ga-rit 0 1 0 0 1
14. BAt phuong trinh mii va S6 cau S6 cau S6 cau S6 cau
16-ga-rit 1 1 1 1 4
S6 cau S6 cau S6 cau S6 cau
15. Nguyén ham
1 1 0 0 2
S6 cau S6 cau S6 cau S6 cau
16. Tich phan
2 0 1 0 3
) S6 cau S6 cau S6 cau S6 cau
17. Ung dung cua tich phan
0 1 0 1 2
) S6 cau S6 cau S6 cau S6 cau
18. Khai niém s6 phic
2 0 0 0 2
19. Phép cong, trit va nhan S6 cau S6 cau S6 cau S6 cau
so phiic 0 9 0 0 9
20. Phuong trinh bac hai he | S0 cau S6 cau S6 cau S6 cau
50 thye 0 0 1 0 1
S6 cau S6 cau S6 cau S6 cau
21. Cuc tri
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0 0 0 1 1

22. Khai niém vé thé tich Sé cau Sé cau Sé cau Sé cau
ctia khoéi da dién 1 1 1 0 3

23. Khai niém vé mit tron S6 cau S6 cau S6 cau S6 cau
xoay 1 0 1 0 2

R Sé cau Sé cau Sé cau S6 cau

24. Mit cau

1 0 0 0 1

25. Hé toa do trong khong S6 cau S6 cau S6 cau S6 cau
gian 0 2 0 1 3

. Sé cau Sé cau Sé cau S6 cau

26. Phuong trinh mat phang

2 0 0 0 2

27. Phuong trinh dudng S6 cau S6 cau S6 cau S6 cau
thang trong khong gian 1 1 0 1 3
TONG 292 15 7 6 50

B .Bang mé ta chi tiét ndi dung cau hoi

Dang 1 (
Dang 2 (
Dang 3 (
Dang 4 (
Dang 5 (
Dang 6 (
Dang 7 (

(

Dang 8 (1 cdau nhan biét): Bai toan xac dinh cac duong tiem can ctia ham s6 (khong chita tham s6) hoic

biét BBT, db thi

cau nhan biét): Bai toan chi sit dung P hodc C hodc A
cau thong hiéu): Tinh x4c suat bing dinh nghia

cau nhan biét): Tim hang ti trong cap s6 nhan

Dang 9 (I ciu nhdn biét): Nhan dang do thi, bang bién thien

Dang 10 (1 cau nhan biét): Su tuong giao clia hai do thi (lien quan dén toa do giao diém)

Dang 11
Dang 12
Dang 13
Dang 14

~—~~ —~ —~

1 cdu van dung cao): Cau hoi 1y thuyét

cau van dung): Khodng cach tit mot diém dén mot mit phang
cau nhan biét): Xét tinh don diéu dya vao bang bién thién, do thi

1

1

1

1 cau thong hiéu): Xac dinh goc gitta hai mat phang, duong va mat
1

1

2 cdu nhdn biét): Tim cie tri dya vao BBT, do thi

1 cau thong hz’éu): Xét tinh don diéu ctia ham s6 cho béi cong thiic

1 cau thong hiéu): Bien luan s giao diém dya vao do thi, bang bién thién

1 cau van dung): Bién luan s6 giao diém dua vao do thi, bang bién thien
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Dang 15 (1 cau nhan biét): Dao ham ham s6 lity thita

Dang 16 (1 cdu nhan biét): Tinh dao ham ham s6 mi, ham s6 16-ga-rit

Dang 17 (1 cdu nhan biét): Bat phuong trinh co ban

Dang 18 (I cau thong hiéu): Bién ddi, rit gon, biéu dién biéu thiic chita 16-ga-rit
Dang 19 (I cau thong hiéu): Phuong phap dat an phu

Dang 20 (I cdu thong hi¢u): Phuong phap dua vé cling cd s6

Dang 21 (1 cdu van dung cao): Phuong phap dua vé cuing co s6

Dang 22 (1 cdu van dung cao): Phuong phap ham s6, danh gia

Dang 23 (1 cau nhan biét): Dinh nghia, tinh chat va tich phan co ban

Dang 24 (2 cau thong hiéu ): Dinh nghia, tinh chit va nguyén ham co ban

Dang 25 (I cau thong hi¢u): Dinh nghia, tinh chat va tich phan co ban

Dang 26 (1 cau thong hiéu): Thé tich gi6i han béi cac do thi (tron xoay)

Dang 27 (1 cau van dung): Phuong phap doi bién sb

Dang 28 (I cau vin dung cao): Dién tich hinh phang dugc gidi han bdi cdc do thi
Dang 29 (1 cau nhan biét): Xac dinh céc yéu to co ban ciia s6 phiic

Dang 30 (1 cdau nhdn biét): Bicu dién hinh hoc co ban clia s6 phiic

Dang 31 (I cau thong hiéu): Xac dinh céc yéu td co ban ctia s6 phiic qua cac phép toan
Dang 32 (1 cau thong hiéu): Bai toan tap hop diém

Dang 33 (1 cau van dung): Dinh li Viet va ting dung

Dang 34 (1 cdu van dung cao): Phuong phap dai s6

Dang 35 (2 cau thong hiéu): Tinh thé tich céc khoi da dien

Dang 36 (1 cau vin dung): Cac bai toan khac(géc, khodng cach,...) lien quan dén thé tich khéi da dien

Dang 37 (1 cdu nhdn biét): Dién tich xung quanh, dién tich toan phan, do dai duong sinh, chiéu cao, ban
kinh d4y, thiét dien

Dang 38 (1 cdu van dung): Dién tich xung quanh, dién tich toan phan, do dai duong sinh, chiéu cao, ban
kinh déy, thiét dien

Dang 39 (1 cau nhan biét): Phuong trinh mat cau (xac dinh tam, ban kinh, viét PT mat cau don gidn, vi
tri twong déi hai mat cau, diém dén mit cau, don gian)

Dang 40 (1 cau nhan biét): Xac dinh VIPT

Dang 41 (1 cdu nhdn biét): Goc

Dang 42 (1 cau thong hiéu): Tim toa do diém, véc-to lien quan dén he truc Ozyz

Dang 43 (1 cdau thong hiéu): Phuong trinh mat cau (xac dinh tam, ban kinh, viét PT mat cau don gian, vi
tri tuong déi hai mit cau, diem dén mit cau, don gian)

Dang 44 (1 cau thong hiéu): Viét phuong trinh duong thang

Dang 45 (1 cau thong hiéu): Tim toa do diém lien quan dén dudng thang

Dang 46 (1 cau van dung cao): Céc bai toan cuc tri

Dang 47 (1 cau van dung cao): Vi tri tuong doi giita hai dudsng théng, giita duong thang va mat phang
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PHAN 2: PHAN TiCH PE THAM KHAO CUA BO GIAO DUC
2023

= CHU DE 1 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUONG 2- DS11)

CAU 1. Cho tap hop A ¢6 15 phan ti&. S6 tap con gdm hai phan ti ciia A bing
A. 225. B. 30. C. 210. D. 105.
# LOi giai.
S6 tap con gom hai phan tit ciia A 1a C%, = 105.
Chon dap an @ O

B PHAN TiCH:
1. Dang toan: Bai toan chi sit dung P ho#ic C hoac A.
2. Mirc dd: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan ly thuyét va cach gidi bai toan dém.

4. Cac dang toan can 6n tap : Qui tic cong-Qui tic nhan-Hoén vi -Chinh hop-T6 hop.

CAU 2. Mot hop chifa 15 qua cau gdm 6 qua mau dé duge danh sb it 1 dén 6 va 9 qua mau xanh duge dénh
s6 tit 1 dén 9. Lay ngdu nhién hai qua tit hop dé, xac suat dé lay dugce hai qua khac mau dong thoi tong hai

sO ghi trén chiing 1a s6 chdn bang

9 18 4 1
A —. B. —. C. —. D. -.
35 35 35 7
# LOi giai.
Ta c6 n(Q2) = C2, = 105.
S6 két qua thuan loi la Cf - C} 4+ C} - C} = 27 (chon hai qué 1é va chon hai qué chén).
. 27
Ay xéc suAt A P = —— — 2
Vay xac suat la 105 = 35
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Tinh xac suat bang dinh nghia.

2. Mirc d6: Thong hiéu.

3. Dinh hudng 6n tap: Hoc sinh can nim viing phan ly thuyét va cach giai bai toan vé xac suat.

4. Cac dang toan can 6n tap : Bai toan dém -Tinh xac suat ciia bién co.

® PHUGNG PHAP GIAI CHU DE 1- DE THAM KHAO BGD-2023
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CAPELERNY/// Qui tic cong-Qui tic nhan-T6 hop-Chinh hop-Hoén vi

1. Quy tac cong
Mot cong viec duge hoan thanh bdi mot trong hai hanh dong. Néu hanh dong nay c6 m cach thyc
hién, hanh dong kia c6 n cach thiyc hién khong trung véi bat ki cach nao ctia hanh dong thit nhat
thi cong viéc d6 ¢6 m + n cach thuc hién.
e Néu A va B la cac tap hop hitu han khong giao nhau thi n(A U B) = n(A) + n(B).
2. Quy tic nhan
Mot cong viee duge hoan thanh bdi hai hanh dong lién tiép. Néu c6 m cach thie hien hanh dong
thtt nhat va ing v6i mdi cach d6 c6 n cach thyc hién hanh dong thi hai thi c6 m - n cich hoan
thanh cong viéc.
3. Hoan vi
e Hoan vi la gi?
Cho tap A c¢6 n phan tit (n > 1). Mdi cach sip xép n phan tit nay theo mot thit tu, ta duge
mot hoan vi cac phan tit clia tap A.
e S6 cac hoan vi

S6 cac hoan vi ctia mot tap hop c6 n phan tit 1a
P,=nl=nn-1)---1=1-2-3---(n—1)n.

A TocoP,=n'=1-2.3---(n—Dn=(n-3)(n-2)(n—-1)n=(n-2)(n-1)n
4. Chinh hgp
e Chinh hgp la gi?
Cho tap A gom n phan tit va s6 nguyén k, véi 1 < k < n. Khi lay ra k phan tit cia A va sap
xép k phan tt ndy theo mot thi ty nhat dinh, ta duge mot chinh hop chap k ctia n phan ti
cua A.

e S6 cac chinh hop
S6 céc chinh hop chap & clia mot tap hop ¢6 n phan it (1 < k < n) la

Af=nn-1Dn-2)---(n—k+1).

n

? Z !
B 0 <k<n tacshévidt A= "
(n—k)!
|
oQuiuécO!zl,AgzlthiA,’fb:ﬁcﬂngdzingvo’riogkgn.Khz’k:nthi
n—k)!

A" =P, =nl.

n

5. T6 hop
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e T8 hop 1a gi?
Cho tap A c¢6 n phan tit va s6 nguyén k (1 < k < n). M6i tap con ctia A ¢6 k phan tit duge
goi 1a mot t6 hgp chap k ctia n phan ti ciia A.
e Sb cac t6 hop
S6 cac to hgp chap k ciia mot tap hop c6 n phan tit (1 <k < n) la
Ck = A_fl — L
T T R —h)
A A}
o Quiudc0!l=1,CY =1 thiCﬁzk—f ciing ding v6i 0 < k <n. Ta c6 CF . k! = AF.

n!

& Dang 2 // Tinh x4c suét ciia bién cb
1. Tinh s6 phan tit khong gian mau n(2).
2. Tinh s6 phan tt ctia bién ¢6 A la n(A).

3. Xac suat ctia bién c6 A 1a P(A) = ——=

i
1 1 7
A. 3. B. - C. -. D. -
3 2 4 2
# LJi giai.
Ta c6 )
1 1
—u-2=2-[2) =2
Uz =uy - ¢q B )
Chon dap an O

Bi PHAN TiCH:

1. Dang toan: Tim s6 hang thi n ctia cap s6 nhan .

2. Mirc d6: Nhan biét.

3. Dinh hudng 6n tap: Hoc sinh can nam ving phan ly thuyét va cach giai bai toan vé CSC-CSN.

4. Cac dang toan can 6n tp: Bai toan veé cap so6 cong-Cap sé nhan.
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©® PHUGNG PHAP GIAI CHU DE 2- DE THAM KHAO BGD-2023

Cap sb cong-Cap sb6 nhan

1. Cap sb cong

(a) Dinh nghia
Néu (uy,) 1a cap sb6 cong v6i cong sai d, ta ¢6 uy,1 = U, +d véi n € N*.
(b) S6 hang tong quat
Néu cap s6 cong (u,) c6 s6 hang dau u; va cong sai d thi s6 hang tong quét u, dudc xac
dinh béi cong thitc u,, = uy + (n — 1)d véi n > 2.
(c) Tinh chat
Trong mot cap s6 cong, moi s6 hang (trit s6 hang dau va cudi) déu la trung binh cong clia

Uk—1 + U .
%’mvmkzg.

(d) Téng n sé hang dau tién ctia mot cap sb cong

Cho cap so6 cong (u,,). Dat S, = uy + us + - -+ + u,. Khi d6

hai s6 hang ding ké véi no, nghia la uy, =

5 - n(ulz—i-un) _ n[2u; + (n — l)d]‘

2. Cap sd nhan

(a) Dinh nghia
Néu (uy,) 1a cap s6 nhan véi cong boi ¢, ta c6 u, 1 = u, - q véi n € N*.

(b) S6 hang tong quat
Néu cap s6 nhan (u,) c6 sd hang dau u; va cong boi ¢ thi sé hang tong quat u, duge xac
dinh béi cong thitc u, = uy - ¢* ' v6i n > 2.

(c) Tinh chat
Trong mot cap s6 nhan, binh phuong clia moi s6 hang (trit s6 hang dau va cudi) déu la tich
clia hai s6 hang ding ké v6i n6, nghia 13 uf = uy_; - ugy1 v6i k > 2.

(d) Téng n s6 hang dau tién ctia mot cip sé nhan
Cho cap s6 nhan (u,,) véi cong boi ¢ # 1. Dat S, = ug +ug+- - - +u,. Khido S, = uﬂ%—qq”)
(e) Cap sb6 nhan lui vd han
e Cép s6 nhan Iui vo han 14 cap s6 nhan vo han c¢6 cong boi ¢ sao cho |¢| < 1.
e Cong thitc tinh tong cia cap s6 nhan lui vo han: Cho (u,) 14 cip s6 nhan lui vo han c6

cong boi ¢. Khi dé tong ctia cdp s6 nhan It vo han duge tinh theo cong thiic

S=u+ug+--Fu, +- =

1—q
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= CHU DE 3 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUGONG 3- HH11)

CAU 4. Cho hinh chép S.ABC c6 déy la tam gide vuong tai B, SA vuong goc véi day v SA = AB (tham
khao hinh bén). Géc giita hai mit phing (SBC) va (ABC) bing

A. 60°. B. 30°. C. 90°. D. 45°.
# LOi giai.
Ta c6 BC' L AB, BC' L SA nén suy ra BC' L (SAB). S

Mit khéc (SAB) cét (SBC), (ABC) lan lugt theo cac giao tuyén SA, AB.
Nén goc gitta hai mat phang (SBC) va (ABC) la goc gitta SB va AB va biang SBA.
Ta c6 ASAB vuong tai A nén SBA = 45°.

Chon dap an @ ([l

Bi PHAN TiCH:

1. Dang toan: Xac dinh géc giita duong théang va dudng thing,mit phang va duong théng, hai mp.

2. Mirc d6: Thong hiéu.

3. Dinh hudng 6n tap: Hoc sinh can nam viing phan ly thuyét va cach giai bai toan vé cach xac dinh
goc gifta : mat phing va dudng thang; mit phang va mat phang ; dudng thang va duong thing.

4. Cac dang toan can 6n tap: Goc gitta : mit phing va dudng thang; mat phing va mat phing ; dudng

thang va dudng thing.

CAU 5.
Cho hinh chép déu S.ABCD c6 chiéu cao a, AC = 2a (tham khao hinh beén).
Khoang cich tit B dén mat phing (SCD) biang

2 2
A. ﬁa. B. v2a. C. ﬁa. D. £a.

3 3 2
# LOi giai.
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Goi O 1a tam hinh vuong ABCD, M la trung diém ctia C'D.
Hinh chép déu S.ABCD c6 chiéu cao a, AC = 2a nén

SO =a, AB = aV/?2, OM:aTQ.
SO 1L CD

Ta c6 = CD 1 (SOM).
OM 1 CD

Suy ra (SOM) L (SCD), goi H 1a hinh chiéu O tren SM.
Do d6 OH L (SCD).

Ta lai ¢6 d (B,(SCD)) =2d(0,(SCD)) =20H.

Xét tam giac SOM vuong tai O nén

av/'2
OH — SO-OM a5 :a\/g
VSOZ + OM? 5 3
a? + M
2
2
Vay d (B,(SCD)) = “3*/3
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Khoang cach tit mot diem dén mot méit phing.

2. Midrc do: Van dung.

3. Dinh huéng 6n tap: Hoc sinh can nim viing phan Iy thuyét va cach gidi bai toan vé khoang cach
tit mot diém dén mot mit phang.

4. Cac dang toan can on tap: Tinh khoang cach tit mot diém dén mit phing-Khoang cach gitta hai

mat phing song song- Khoang cach gitta dudng thang vd mat phang song song- Khoang cach giita hai

dudng thang chéo nhau.

©® PHUONG PHAP GIAI CHU DE 3- DE THAM KHAO BGD-2023

— A DET - /// Tinh géc gitta hai duong thing-Géc giita dudng thing va méit phiang-

Géc giita hai mit phin
1. Géc giita hai duong thang L oo08

PP1. Dung dinh nghia : Tim hai dudng thing o’ ,b’ cit nhau va lan lugt song song véi a va b. Khi d6
(@) = ()
PP2. Stt dung dinh 1§ ham s6 co-sin hoiic ti s6 lugng giac.

PP3. Si dung tich vo huéng: Néu @ va v lan luot 1a hai véc-to chi phuong ctia hai duong thang a va b

T6 Toan An Phudc



thi goc ¢ clia hai duong thang nay duge xéc dinh béi cong thiic

eos (.7)| = (-
COS@Y = |COS(U,V )| = 5= -
|- | 7]
2. Géc gitta dudng thang va mit phing
Muén x4c dinh géc ctia dudng thing a va (P) ta tim hinh chiéu vuong a\_A

géc @' cua a trén (P). Khi do6 (cf(?)) = @).

3. Géc gita hai mit phing

Dé tim géc gitta hai miit phing, dau tién tim giao tuyén ctia hai mét
phang. Sau d6 tim hai duong thang lan lugt thuoc hai mit phing
cling vuong goc véi giao tuyén tai mot diem. Géc giita hai mit phang

14 goc gitta hai dudng thing vira tim.

Nhitng trudng hop dic biét dé hay xay ra:
1. Truong hop 1: Hai tam giac can AC'D va BC'D c¢6 chung canh day C'D, thi goc gitta hai mat
phing (ACD) va (BCD) 1a goc AHB.

2. Trudng hgp 2: Hai tam giac ACD va BCD bang nhau c6 chung canh CD. Dyng AH 1L CD =
BH 1 CD. Vay goc gitta hai mat phang (ACD) va (BCD) la géc AHB.
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3. Truong hop 3: Khi xac dinh géc gitta hai mit phang khé qué, ta nén st dung cong thiic sau:

d (A,mp(Q))
d(A,a)

Véi ¢ 1a goc gitta hai mit phang (P) va mat phang (Q), A 1a mot diém thuoc mit phang (P) va

sin ¢ =

a 1 giao tuyén ctia hai mat phang (P) va (Q).
4. Trudng hgp 4: C6 thé tim goc giita hai mat phing bing cong thiic S’ = S. cos ¢.

5. Trudng hgp 5: Tim hai dudng thing d va d’ lan lugt vuong goéc véi mit phang (P) va mit

phang (Q). Géc gitta hai mat phang 1 goc gitta d va d'.
6. Trudng hop 6: Céch xac dinh goc gitta mit phang bén va mat phang day

(a) Budc 1: Xac dinh giao tuyén d.

(b) Bu6c 2: Tt hinh chiéu vuong goc cia dinh | dung AH 1 d

(c) Bude 3: Goc can tim la goc SHA.

V6i S 1a dinh, A 1a hinh chiéu vuong goc ctia dinh trén mit day.
7.8 dung phuong phap toa dé trong khéng gian Chon hé tryc thich hgp va cu thé hoa toa do
cac diém.
o Gia sit duong thing a va b lan lugt ¢6 VICP 1a @ va b. Khi d6
77

cos (a b) —_, (c;,\b) .
@l-|7|
e Gid st duong thang a c6 VICP 1a @ va (P) ¢c6 VTPT la 7 thi khi d6

s (aP)) = T (2P).

o Gi4 st mat phing (a) va () 1an lugt c6 VIPT 1a @ va b. Khi do
s (@T) - %;, - (@).

Té Toan An Phuéc



& Dang 5 / Khoang cach tir mét diém dén mit phing

Bai toan 1. Tinh khoang cach tir hinh chiéu vuong géc ctia dinh dén mot mit bén
Phuong phéap xac dinh khodng cach tit hinh chiéu vuong goéc ctia dinh dén mot mat phang di qua dinh
va cat mat day.

Tinh khodng cach tit A dén (SBC') nhu hinh vé ben dudi:

S

e Budc 1. Xac dinh mat phang chita duong cao SA va vuong goc véi (SBC) 1a (SAH). Vi
Dung AH L BC (v6i H € BC') va SA L BC nén BC L (SAH) .Do d6 (SAH) L (SBC) theo
giao tuyén SH. (Chu y : BC la giao tuyén cta (SAH) va (ABC))
e Budc 2. Dung AI 1 SH (v6i I € SH). Khoéng cach can tim 1a Al.
V6i S 1a dinh, A 1a hinh chiéu vuong goc ctia dinh trén mit day.
SA-AH
VSAZ + AH?

Ba buéc dung & trén la st dung tinh chat: Hai mat phing vuong géc véi nhau, néu mot duong thang

e Budc 3. Al =

nam trén mit phing nay vuong géc véi giao tuyén thi sé vuong goc véi mit phang kia.
Day la bai todn co bin nhung vo cing quan trong trong viéc tinh khodng cdch t& mot diém dén mot mat
phdng. Hau nhu tinh khodng cdch ti mot diém bat ki dén mdat phang bén déu thong qua diém nay dua

vao cong thic cia Bai todn 2.

Bai toan 2. Tinh khoang cach tit mot diém bat ky dén mot mit phing
Thuong st dung cong thic sau:
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d(Mmp(P)) MO
d(4,mp(P)) A0
O cong thiic trén can tinh khodng céch tit diém M dén mat phang (P).

Cong thic tinh ti 1é khoang cach

Phuong phép phai tim mot duong thang d qua M va chita mot diém A ma c6 thé tinh khoang cach dén
mat phang (P). Kinh nghiém thuong diém A 1a hinh chiéu ctia dinh.

= CHU DE 4 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUGONG 1- GT12)

CAU 6. Cho ham s6 y = f(z) ¢6 bang bién thien nhu sau

T | —00 1 3 +00
f(x) + - 0 +
2 400
@) T~
—00 0
Ham s6 da cho nghich bién trén khoadng nao dudi day?
A. (0;2). B. (3;4+00). C. (—o0;1). D. (1;3).
# Lo gidi.
Quan sat bang bién thién ta thay ham s6 nghich bién trén khoang (1;3).
Chon dap an @ O

B PHAN TiCH:
1. Dang toan: Xét tinh don diéu dua vao bang bién thién, do thi ham so.
2. Mirc dd: Nhan biét.
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3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach gidi bai toan vé tinh don diéu
ctia ham so.
4. Cac dang toan can 6n tap: Xét tinh don dieu ctia ham s6 dua vio BBT- D6 thi ham s6 -Bang xét

dau f'(z).

CAU 7.
Cho ham s6 y = az* + bx? + ¢ c6 dd thi la duong cong trong hinh bén. Diém cuc Y
tiéu ctia do thi ham s6 da cho c6 toa do 1a

A (—1;2). B. (0;1). C. (1;2). D. (1;0).

# Loi giai.
Quan s&t do thi ta thay diém cic tiéu ctia do thi ham sé da cho c6 toa do 1a (0;1).
Chon dap an (B) O

Bi PHAN TIiCH:

1. Dang toan: Tim cyc tri dya vao BBT, do thi ctia ham s6.

2. Mic d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc can nam viing phan 1y thuyét va cach giai bai toan vé cic tri clia ham sob.

4. Cac dang toan can 6n tap : Tim cuc tri ciia ham s6 dua vio BBT- D6 thi ham s6 -Bang xét dau

f'(@).

CAuU 8.

Cho ham s6 bac ba y = f(x) c6 do thi 1a dudng cong trong hinh bén. Gia tri cuc y
dai ctia ham s6 da cho 1a 3

A —1. B. 3. C. 2 D. 0.
0] 2
H T
/ ! ””&/

# L3i giai.
Quan sat do thi ta thay gia tri cyc dai clia ham s6 da cho 1a 3.

Chon dap an O

B PHAN TiCH:
1. Dang toan: Tim gia tri cic tri cia ham s6 dya vao BBT, do thi clia ham sb.
2. Mirc d6: Nhan biét.

3. Dinh huéng 6n tdp: Hoc can nam viing phan Iy thuyét va cach gii bai todn vé cuyc tri ctia ham s6.
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4. Cac dang todn can 6n tap : Tim cuc tri clia ham s6 dua vio BBT- D6 thi ham s6 -Bang xét dau

f'(@).
A DN ~ 5 PY PR 2 2 + 1 N N 2 . N
CAU 9. Tiem can ngang ctia do thi ham s6 y = 3 | la duong thang c6 phuong trinh
x p—
1 2 1 2
A y=-. B. y=—-. C.y=—-. D y=-.
Y73 Y= 73 ¥=73 Y73
# Lo gidi.
o 2x+1 2 0 2x+4+1 2
Ta c6 lim = —, lim =—.
z—w—003r —1 3 z—=+c0dz—1 3
~ PN ~ ? X . N L x + 1 - N 2
Vay tiém can ngang cua do thi ham so y = 3 7 0 phuong trinh y = 3
x p—
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Bai toan xac dinh cic dudng tiem can ctia do thi ham s6 (khong chita tham s6) cho béi
cong thitc ham s6 hodc biét BBT ctia ham s6 , do thi ctia ham sob.

2. Mic d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nim vitng phan Iy thuyét va cich gidi bai todn vé duong tiém can
ctia do thi ham sé.

4. Céc dang toan can on tap :Xéc dinh cac dudng tiem can ciia d6 thi ham s6 (khong chita tham s6)

cho béi cong thitc ham s6 ho#ic biét BBT ctia ham s6 , do thi ctia ham sb.

CAuU 10. y
D6 thi ctia ham s6 nao dudi day c6 dang nhu dudng cong trong hinh bén?

-3
A y=2a*—32%2+2. B.y:x . /
r—1

C.y=2a2>—4r+1. D. y =% -3z —5.

O T

# LOi giai.

Z 74 ? ~ N A S < L X
Trong 4 ham s6 duge cung cap, chi c6 ham s6 nhat bien y =

1 c6 do thi dang nhu duong cong dude cung

cap. Ba ham s6 con lai déu 1a ham s6 da thic lién tuc trén R.

Chon dap an O]

B PHAN TiCH:

1. Dang todn: Nhan dang do thi ham s6 hodc BBT ciia ham s6.

2. Mdc d6: Nhan biét,

3. Dinh hudng 6n tap: Hoc sinh can nim viing phan ly thuyét va cach giai bai toan vé khio sat ham
sO.

4. Cac dang toan can 6n tap : - Nhan dang do6 thi ham s6 bac 3- Bac 4- Htu ti.
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CAU 11. y

. b
Cho ham so6 y = ar +
cr

—d c6 do thi 1a duong cong trong hinh bén. Toa do giao
diém ctia do thi ham sb6 da cho va truc hoanh 1a

A. (0;-2). B. (2;0). 1

C. (—2;0). D. (0;2). ~1 Oﬁg T
—2

# Loi giai.

Do thi ham s6 cit truc hoanh tai diém c6 hoanh do bang 2 nén giao diém d6 cé toa do 1a (2;0).

Chon dap an O

Bi PHAN TiCH:

1. Dang toan: Sy tuong giao ctia hai do thi ham s6.

2. Mirc d6: Nhan biét

3. Dinh hudng 6n tdp: Hoc sinh can ndm viing phan 1y thuyét va cach gidi bai toan vé su tuong giao
cta hai do thi ham so.

4. Cac dang toan can 6n tap : -Tim giao diém ctia dd thi ham s véi céc truc toa do-Tim giao diém

ctia hai do thi ham sé.

CAU 12. Cho ham sb y = f(x) ¢6 dao ham f'(z) = (x — 2)2(1 — &) v6i moi & € R. Ham s da cho ddng bién
trén khoang nao dudi day?

A. (1;2). B. (1;400). C. (2;+00). D. (—oc;1).
# Loi gidi.

=2
Taco f'(z) =(z—2)*)(1—2)=0&
r=1
Bang xét dau
x —00 1 2 +00
f'(x) + 0 - 0 -

Duya vao bang xét dau ham s6 y = f(z) dong bién trén khoang (—oo;1).
Chon déap an @ OJ

Bi PHAN TIiCH:

1. Dang toan: Xét tinh don diéu clia ham s6 cho béi cong thiic.

2. Mirc d6: Thong hiéu

3. Dinh hudng 6n tap: Hoc sinh can ndm viing phan 1y thuyét va cach gidi bai toan vé tinh don diéu
ctia ham so.

4. Cac dang toan can 6n tap: - Xét tinh don dieu ctia ham s cho béi cong thitc ham sé hay cho béi

Té Toan An Phuéc



dao ham ctia ham so.

CAU 13.
Cho ham s6 bac ba y = f(z) ¢6 do thi 1a dudng cong trong hinh bén. C6 bao nhieu Y
gia tri nguyén clia tham s6 m dé phuong trinh f(z) = m c6 ba nghiém thyc phan 1|/
biet? Col/1 | =
A 2. B. 5. C. 3. D. 4. i
‘_7?7

& L3i gidi.

Duya vao do thi phuong trinh f(x) = m c¢6 ba nghiém thitc phan biét khi va chi khi =3 < m < 1.

Két hop dé bai m 1a gid tri nguyén suy ra m € {—2; —1;0}.

Chon déap an @ O

Bi PHAN TiCH:

1. Dang toan: Sy tuong giao ctia hai do thi ham s6.

2. Mitc d6: Thong hiéu

3. Dinh hudng 6n tdp: Hoc sinh can nidm viing phan 1y thuyét va cach gidi bai toan vé su tuong giao
cta hai do thi ham so.

4. Cac dang toan can 6n tap : -Tim giao diém cta hai do thi- Bien luan theo tham s6 m sé nghiem

ctia phuong trinh.

CAU 14. C6 bao nhieu gia tri nguyen ciia tham sé m dé ham sé y = —2* + 622 + ma ¢6 ba diém cuc tri?
A 17. B. 15. C. 3. D. 7.
# 1,31 giai.
Ta c6 iy = —4x® + 122 + m.
Ham s6 da cho c6 ba diém cyc tri khi va chi khi 9/ = 0 ¢6 ba nghiém phan biét, diéu nay tuong duong véi
phuong trinh 42® — 122 = m c6 ba nghiém phan biét.
Dat f(z) = 423 — 12x.
Ta c6 f'(z) =122 — 12 va f'(x) =0 < x = —1 hodc z = 1.

Béng bién thién ctia ham s6 f(x) la

T |—00 —1 1 +00
Y + 0 - 0 +
8 400
vl TN S
—00 -8
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Do dé6 phuong trinh 423 — 122 = m ¢6 ba nghiém phan biét khi va chi khi —8 < m < 8.
Vay ¢6 15 gia tri nguyén ctia m thdéa yéu cau bai toan (m € {—7;—6;...;6;7}).
Chon dap an O

Bi PHAN TiCH:

1. Dang toan: Bai toan vé tim diéu kién ctia tham s6 dé ham s6 c¢6 n diém cuc tri.

2. Mirc d6: Van dung .

3. Dinh hudng 6n tdp: Hoc sinh can ndm viing phan ly thuyét va cich gidi bai toan vé cuc tri va su
tuong giao gitta hai do thi ham s6.

4. Cac dang toan can on tap : - Tim diéu kien cfia tham s6 m dé ham sb ¢6 n diém cuc tri- Bai toan

vé su tuong giao ctia hai do thi.

CAU 15. 6 bao nhieu gia tri nguyen ctia tham s6 a € (—10; +oc) dé ham s6
y = |2® + (a + 2)z + 9 — a?| dong bién trén khoang (0;1)?
A 12 B. 11. C. 6. D. 5.
# Li gidi.
Xét f(x) =2+ (a+2)x+9—a®>= f'(z) =32 +a+2
Dé y = |f(x)| dong bién trén khodng (0;1), ta xét cac trudng hgp sau:
f'(z) > 0,Vz € (0;1)

e THI.
f(0)=0
322 +a+2>0,Va € (0;1) a > max(=3z° - 2) a> 2
& & (0:1) & & ae[-2;3
9—a*>0 9—a2>0 -3<a<3
Suy ra a € {—2;—1;0;1;2;3} — 6 gia tri.
() <0,Vx € (0;1
e TH2. fle) < (0:1)
f(0)<0
. 9 a<-—5
322 +a+2<0,¥re (0;1) [a<min(=32"-2)
& & 1) =! la>3
9—a*<0 9-a2<0
- a< -3
S a < =5,

Suy ra a € {—9;—8; —7; —6; —5} — 5 gia tri.
Vay c6 11 gia tri a thoa man yeéu cau dé ra.

Chon dap an O]
B PHAN TiCH:
1. Dang todn: Bai toan vé tim diéu kién ctia tham s6 dé ham s6 chia dau gia tri tuyet déi don dieu
trén khoang (a;b).
2. Midc d6: Van dung cao.
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3. Dinh huéng 6n tap: Hoc sinh can nam viing phan 1y thuyét va cach giadi bai toan vé tinh don diéu
clia ham s va sy tuong giao gitta hai do thi ham sb.
4. Cac dang toan can én tap : -Tim tham s6 m dé ham s6 don diéu trén khoang (a;b)- Boan toén

ve cuc tri cia ham s6- Bai toan tim GTLN-GTNN ctia ham s6.

©® PHUGNG PHAP GIAI CHU DE 4- DE THAM KHAO BGD-2023

Tim khoang don diéu ctia ham s6 dya vao bang bién thién hodc do thi
1. Néu f'(z) > 0 v6i moi z thuoc K thi ham sé f(z) dong bién tréen K.

2. Néu f'(z) < 0 v6i moi x thuoc K thi ham s6 f(z) nghich bién trén K.
1. Cho bang bién thién:
e Trong khoéng (a;b) néu mii tén di lén thi ham s6 dong bién trén (a;b);

e Trong khodng (a;b) néu mii tén di xudng thi ham s6 nghich bién trén (a;b).

x —00 a b c d e f +o00
f'(x) + 0 - - 0 + + 0 + 0 -
m +00 r
£@) / S~ . / ) / \
\ 7
—00 D —00 —00

Khi dé:
— Ham s6 y = f(x) dong bién trén khoadng (—oo;a) (c;d) va (d; f).
— Ham s6 y = f(x) nghich bién trén khoang (a;c) va (f;+00).

2. Cho do thi ctia ham s6 y = f(x):

e Tren khodng (a;b) ma do thi di len tir trai sang phai thi ham s6 dong bién.
e Trén khoang (a;b) ma do thi di xudng tir trai sang phai thi ham sé nghich bién.

Cho ham s6 y = f(z) ¢6 do thi nhu hinh vé sau. Khi do: y

e Ham s6 y = f(x) dong bién trén cac khoang (b,0) va (c,d).

Q |-=-=-==-=

e Ham s6 y = f(z) nghich bién trén cac khoang (a,b) va (0,c).
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Xét sur dong bién , nghich bién ciia ham sé cho béi cong thiic
e Tim tap xac dinh 2 ctia ham sb.

e Tinh ¢/. Tim céc diém thudc 2 ma tai d6 v’ = 0 hoac y’ khong xac dinh.

e Lap bang bién thién clia ham sb.

e Néu f/(x) > 0 v6i moi x thuoc 2 thi ham s6 f(x) dong bién trén 7.

e Néu f/(x) < 0 v6i moi x thuoc 2 thi ham s6 f(x) nghich bién trén ¢

Tim tham s6 m dé ham s6 y = f(z;m) don diéu trén 7.

1. Ham s6 don di¢u trén ¢ .(Thuong giai theo huéng co lap m)

e Tap xac dinh ¥ =7. Vo e x.
e Tinh dao ham y' = f'(z). e Hs y = f(x;m) NB tren # < 3y < 0,
e Hs y = f(z;m) DB tréen % < y > 0, Ve e K.

Cha §:

e m>g(x)Ve e K< m> ml?xg(x).

e m<g(x)Vre K &m< m}%ng(x).

2. Gidi nhanh ham sb bac ba don dieu trén R: b* — 3ac < 0 kem dau ciia hé s6 a.

R . a>0 . a<0
e Dong bien trén R < e Nghich bien trén R <
A<O0 A<O0

3. Tim tham s6 m dé ham s6 bac ba y = A2® + Bx? + Cx + D don diéu trén khodng c6 do dai ding
bang .

A>0

a#0 '

e Ham s6 don diéu trén khoang c6 do dai ding bing | < |z, — z9| =1 < /S2 — 4P = L.

e Ham s6 don diéu trén (z;x2) khi va chi khi ¢/ = 0 ¢6 2 nghiem phan bigt <

& Dang 9 //

Ung dung tinh don diéu ctia ham sb gidi PT-HPT-BPT
e Chuyén phuong trinh vé dang: f(u) = f(v) (1).

e Xét ham s6 y = f(t), diung lap luan khéng dinh ham s6 don digu.
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e Khi d6, phuong trinh (1) < u = v.(Thong thuong ta thuong rut y theo x)

e Giai phuong trinh « = v tim nghiem.(Hay giai cac bai toan quén thudoc ma ta da biét: Bai toan
ve si tuong giao)

o Két luan.

Chu y cac dang sau :

A 1. Dang|2® —b=a-Vaxr+b| (1)

(1)< 2® +ar =ax +b+a-Vazr +b.
Ditu=z—>2>+ar=u4auviv=Var+b—axr+b+a- - vaxr+b=1v>+av.
Xét ham dac trung sau: f(t) = t3 + at.

2. Dang|az® +bx? + cx +d =n/ex + f| (2).
Phuong trinh dugc viét lgi nhu sau : (2) < m(pr +u)® +n(pr +u) = m(ex+ f) +nex + f.
Ding phuong phap dong nhat xdc dinh cac hé so. Xét ham ddc trung sau f(t) = mt® + nt.

3. Dang|az® +br +c=+er+d| (3)
Phuang trinh dugc viét lgi nhu sau : (3) < m(pz +u)? +n(pz +u) = mex +d) +nvex + d.
Dung phuong phdp dong nhat xdc dinh cdc hé so. Xét ham dac trung : f(t) = mt* + nt.

// Tim cuc tri ctia ham sé dua vao bang bién thién
Xac dinh cac yéu to lien quan dén cuc tri ¢ mic do nhan biét va thong hiéu, dua vao bang bién thien
hoac do thi.
e Loai 1: D6i v6i bai toan cho trude bang bién thién, ta can quan sat ky cac yéu to sau day:
— Néu f'(x) ddi dau tir (+) sang (—) khi x di qua diém zq thi 2o 14 diém cyc dai ctia ham s6.
T do, ta 6 gia tri cyc dai ctia ham s6 1a yop = f(0).
— Néu f/(x) ddi dau tit (—) sang (+) khi z di qua diém 2, thi 2y 1a diém cuc tiéu ctia ham s6.
Tit do, ta co gid tri cyc tiéu ctia ham s6 1a yor = f(20).
— S5 diém cuye tri ctia ham s6 bang s6 nghiém don clia phuong trinh f/(z) = 0.
— Va céac em ciing cht ¥ ring: ham s6 f(x) vAn c6 thé dat cyc tri tai cac diém ma f’(x) khong
xéac dinh nhung diém dé phai thudc tap xac dinh ciia ham sb.

e Loai 2: D6i v6i bai toan cho trude do thi, ta can quan sat ki cac yéu to sau:
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Y
diém cyc dai
cta do thi

c--|Ycp

Ircr
T
|

rcp O \’/ x
yor |- - e

dieém cyc tieu

ctia do thi
/
& Dang 11 //
Tim cyc tri ctia ham s6 y = f(x) theo quy tic
Quy tac II:
e Tinh f'(x).
tac I:
Quy tac e Giai phuong trinh f'(z) = 0 va tim cac
e Tim f'(x). - ,
nghiém z;(i = 1,2,...,n).
e Tim cac diem x; (i = 1,2,... ,n)/ma tai e Tinh f"(z) va f"(x;) (i =1,2,...,n)
d6 f'(z;) = 0 hoac tai d6 ham s6 f lién
(. N 2 .
tuc nhung khong c6 dao ham. f"(2:) < 0 = ham 50 dat cuc dai
e Lap bang bién thién va két luan vé cuc ) )
i — f"(x;) > 0 = ham s6 dat cuc tiéu
ri. .
" a Zo b tal z;.
f'(2) - + v o b
f'(@) + -
f(z) \ / Ycp
Ycr f(,]j‘) / \
/

Tim gia tri 16n nhat, gia tri nhé nhat ctia ham s6 y = f(«) trén tap K (Dung cho ca khodng va doan)
e Lap bang bién thien ctia ham s6 y = f(z) trén K.
e Tu d6 suy ra gid tri 16n nhat, gia tri nhoé nhat ctia ham s6 y = f(z).

Phuong phap giai:(Chi dung cho doan [a;b])

B1l: e Nhan xét ham s6 y = f(z) xac dinh va lien tuc trén doan [a; b].

e Tim céac diém x1, o, ... , ¥, trén khodng (a;b), tai d6 f'(x) = 0 hoic f'(r) khong xac dinh.

B2: Tinh f(a), f(x1), f(x2), ..., f(x,), f(D).
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B3: Khi d6
o maxf(x) == T[I;%j({f(a)’ f(xl)y f($2)a I} f($n)7 f(b)}

[asb]

o %}£f<x> = I[E}br]l{f(a)a f(x1)> f(x2)a ] f(xn)7 f(b)}

Ung dung GTLN-GTNN trong bai toan giai PT,HPT,BPT Cho ham s6 y = f(z) lien tuc trén 2.
1. Phuong trinh f(x) =m c6 nghiéem = € ¥ < miél f(x) <m< max f(z).
Te e

2. Bat phuong trinh f(z) > m c¢6 nghiém ding véi moi x € < m < {Créig f(z).
3. Bat phuong trinh f(z) < m c¢6 nghiém ding véi moi x € < m > max f(z).
(
(

4. Bat phuong trinh f(z

v

)
)
) > m ¢6 nghiém = € < m < mea%: f(z).
)

5. Bat phuong trinh f(z) < m c6 nghiém » € 9< m > miél f(x).
HAS

CARLIERVNY///" Tiem can ctia do thi ham sé

1. Dudng tiém can ngang: Cho ham s6 y = f(x) xac dinh trén mot khoang vo han (14 khoang

dang (a; +00), (—00; b) hodc (—oo; +00)). Dudng thing y = yo 1 duong tiem can ngang (hay tiem
can ngang) ctia do thi ham s6 y = f(x) néu it nhat mot trong cac diéu kien sau duge thdéa man

lim f(z) =yo; lim = yj.

T—r+00 T——00

)

Yo

2. Dudng tiém can ditng: Dudng thing 2 = zy dugc goi la dudng tiem can ditng (hay tiem can

ditng) ctia do thi ham s6 y = f(x) néu it nhat mot trong cac diéu kieén sau duge thda man

e lim f(x)=+oc0 e lim f(z)=—-o0
Tzt T2
e lim f(z)=—-c0 o lim f(z) =400
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Zo

3. Hudéng giai:
B1. Tim tap xac dinh ctia ham so.
B2. Tinh gi6i han cia ham s6 tai vo cyc dé tim tiem can ngang.
B3. Tinh giéi han ctia ham s6 tai cac diém ham s6 khong xéc dinh dé tim tiéem can ding.
Stt dung dinh nghia duong tiém can do thi ham s6. Cho ham y = f(z) c6 tap xac dinh 13 2.

e Néu lim y = +oo thi x = 2y 1a duong tiém can ditng ctia do thi ham sb.
3.7—>flfo

e Néu lirin y = 1o thi y = yo 14 duong tiém can ngang ciia do thi ham sb.
T—rL 00

A o Tiém cin ding la nghiem khong suy bién cia mau.
o Tiém cin ngang bang hé sé bac tii cao nhat chia hé s6 bic mau cao nhat. (Bac ti khong lon
hon bac mau,).

e Néu lim y=a, liril y=>bthiy=a,y=>bla duong tiém cin ngang cia do thi ham so.
Tr—r+00

T—r—00

A

P
(%) 1o ham phan thite hin ti

Q(x)
Q(ﬂﬁo) =0

o Néu xy théa man thi do thi cé tiem can ding la © = xo.
e Néu bic ciia P(x) < bac clia Q(x) thy do thi cé tiem cin ngang.

b d
ax + c6 TCD : x = —— fudTCN:y:g.
c c

Néu y =

e Do thi ham so y =
! y cr+d

& Dang 15 // Tim dudng tiém can dua vao bang bién thién va do thi

Phuong phap giai:
Dua vao dinh nghia tiém can ding va tiém can ngang, dong thoi dya vao do thi hay bang bién thién
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suy ra duong tiem can ctia do thi ham so.
e Tiém can ngang : Quan sat BBT hay DTHS khi z tién t6i +oo thi f(x) tién t6i mot hing sb.
e Tiem can ding : Quan sat BBT hay DTHS khi z tién t6i s6 ma ham f(z) khong xac dinh thi
f(z) tién t6i fo0.

/
AL LERNY///" Tim diém trén dé thi ham sé
Cho ham s6 y = f(z) c6 do thi (G). Khi d6 : M(zo;y0) € (G) < yo = f(x0).
/

CALLIESYAY/// Nhan dang db thj hay BBT ctia ham s6

Dé nhan dang do6 thi ham s6 ta lam nhu sau:
e Dira vao hinh dang do thi suy ra ham s6 bac 3, bac 4 hay phan thitc . Néu ham s6 bac 3 , bac 4
dau he sb a.
e Giao diém ciia dd thi véi hai truc toa do.
e Cuc tri ctia ham s6 ( hay TCD-TCN).
1. Nhan dang déi v6i do thi ham s6 bac ba y = az® + bx? + cx + d (a # 0).
e Dua vao hinh dang do thi suy ra dau ctia hé s6 a.
Ta théy a > 0 < nhanh phai ctia do thi di len |
a < 0 < nhéanh phai ctia d6 thi di xudng
e Giao diém ctia do thi va truc tung: = 0 suy ra y = d.
e Cuc tri va diém udn
— ' =3ax® +2bx +c; Yy =0« 3ax? +2bx +c=0
— Xét dau b dung z; + 19 = _B_zb suy ra dau b.(Hozc dimg hoanh do diém uén ctia DTHS)
— Xét dau c dung x; - 79 = 3% suy ra dau c.
e Tim diém thuoc do thi.

2. Nhan dang d6i véi do thi ham s6 tring phuong y = az® + bz? + ¢, (a # 0).

e Dua vao hinh dang do thi suy ra dau ctia hé s6 a.

| @ > 0< nhanh phai ctia do thi di len
Ta thay . o
a < 0 < nhanh phai ctia do thi di xuong

e Giao diém ctia do thi va truc tung :z = 0 suy ray = ¢
e Néu ab < 0 do thi ¢6 3 cuc tri va ab > 0 dd thi c6 mot cuc tri.

e Tim diém thuoc do thi.
axr+b

3. Nhan dang do thi ham nhat bién y =
cr+d

Té Toan An Phuéc



Tim diém thudc do thi.

voi d # 0.

e d ..
e Tim tiém can ding x = —— va tiém can ngang y = ——.
&

a
c

ad — be > 0 ham s6 dong bién, ad — bc < 0 ham s6 nghich bién.

) . b ) R
Giao diem cua do thi va truc hoanh la <——; 0) , giao diém cua do thi va truc tung la <O; —)
a

b
d

& Dang 18 / Su tuong giao ctia hai db thi ham sé

Cho ham s6 y = f(x) c6 do thi (C}) va y = g(z) ¢6 do thi (Cy).

Y

Phuong trinh hoanh do giao diém ctia (C)) va (Co) 1a f(z) = g(x)

1. S6 giao diém ctia (C}) va (Cy) bing s6 nghiem ctia phuong trinh (1).

(1). Khi d6

2. Nghiém z ctia phuong trinh (1) chinh 1a hoanh do z( clia giao diém .
3. Dé tinh tung do yo clia giao diém, ta thay hoanh do zy vio y = f(x) hodc y = g(z).
4. Diém M (xo;y0) 1a giao diém ctia (C) va (Cy).
5. Cho ham s6 y = f(x), c6 do thi (C). Diem My(xo;y0) € (C) < yo = f(z0).
— Béang dao ham cic ham s6 co ban
Ham z Ham hogp
1.d=0 22 =1
3. (") =n-2" ' (neN;n>1) 4. (wY =n-u"t-u(neN;n>1)
1 U
r_ I
5. (Vr) = 2ﬁ,w >0 6. (Vu) 2\/a,Vu >0
1y 1 iy
7 (—) — Yz A0 8 (—) — 2 Vu#£0
x x u u
9. (k-z) =k 10. (k-w) =k-u
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11. (coszx) = —sinz

12. (cosu) = —usinu

13. (sinz) = cosx

14. (sinu) = u - cosu

1 u
]_5 t ! — ]_6 t ! et
(tanz) oy (tanu) T
1
17. (cotz) = —— 18. (cotu) = — u2
SIin- xr SIN~ U
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Dao ham ctia ham hop: y = f (u(z)) = ¢ =u'(z) - ' (u(z)).
1. Phuong trinh f(z) =m
e Ta c6 f(z) = m la phuong trinh hoanh do giao diém ctia hai do thi y = f(x) va y = m. (
y = m la duong thang song song hoic tring truc hoanh Ox )
e S6 nghiém ctia phuong trinh f(x) = m bing s6 giao diém ciia hai dd thi ham s6 y = f(z) v&
y = m.
e Duya vao do6 thi ham s6 y = f(x) suy ra s6 nghiém phuong trinh f(z) = m.
2. Phuong trinh f(z) = g(x)

e Ta c6 f(z) = g(x) 1a phuong trinh hoanh do giao diém ctia hai dd thi ham s6 y = f(z) v&

y=g().
e S6 nghiem citia phuong trinh f(z) = g(z) bang s6 giao diém ctia hai do thi y = f(x) va
y = g(x).

e Dua vao do thi ham s6 y = f(x) suy ra s6 nghiém phuong trinh f(z) = g(x).
A Dang toin 1: Tim s6 nghiem thuc ciia phuong trinh flu(x)] = b.

Hudng giai:

B1. Dat t = u(x) thay vao phuong trinh flu(z)] = b chuyén vé phuong trinh hoanh do giao diém
ctia hai do thiy = f(t) vay =b.

B2. Dua vao do thiy = f(t) (chinh la do thi ham s6 y = f(x) cho trudc bang cich doi vai tro x
thanh t) suy ra gid trit.

B3. Dua vao do thi ham so t = w(z) suy ra gid tri cia x. Chon ddp dn.

Dang todn 2: Tim tham s6 m dé phuong trinh flu(x)] = h(m) cé n nghiém.

Hudng giai:

B1. Ddt t = u(x) thay vao phuong trinh flu(x)] = h(m) chuyén vé phuong trinh hoanh do giao
diém ciia hai do thiy = f(t) vay = h(m).

B2. Dua vao do thiy = f(t) (chinh la do thi ham s6 y = f(x) cho trudc bang cich doi vai tro x
thanh t) suy ra gid trit.

B3. Dwa vao do thi cia ham s6 y = f(t) suy ra gid tri m can tim . Chon dap an.

CARLIERERY///" Tim tham sé dé do thi (C): y = f(z) cit dudng thing d tai n diém théa

man tinh chat nao do
1. Lap phuong trinh hoanh do giao diem cua (C) va d la g(x) =0 (%).

2. d cit (C) tai n diém < phuong trinh () c6 n nghiem.

Té Toan An Phuéc



dinh 1f Vi-ét dé giai quyét bai toan.

3. Khi d6 hoanh do giao diém ctia (C') va d 1a nghiém ctia phuong trinh (*) va thong thudng sit dung

1. Cho ham s6 f (z) = ma* + na® + px? + qv +r (mn,p,q,r € R).

Ham s6 y = f'(z) ¢6 do thi nhu hinh vé bén. Tim ham s6 f (z).

+ Ta ¢6 f'(z) = 4ma® + 3na® + 2pz + ¢ (1).

+ Duya vao do thi y = f/'(z) ta thdy phuong trinh f’'(z) = 0 ¢6 ba
nghiém don la zq, x9, 3.

4 Do d6 ' (x) = m (x — 1) (z — 1) (2 — 2)(2)

+ Tu (1) va (2) ta dong nhat he s6 suy ra (m,n,p,q,r € R).

Biét réing do thi ctia ham s6 y = f (x) v y = g (v) cat nhau tai ba
diém c6 hoanh do lan luct 1a x;; z2; 23 (tham khéo hinh vé). Tim
ham s6 h(z) = f(z) — g(z).

& Dang 20 /// Tim ham sé y = f(x) biét do thi ham sé y = f'(z) cat truc hoanh

2. Cho hai ham 6 f (z) = az® + bx® + cx + m va g (x) = do® + ex +n (a,b,c,d, e € R).

110 T3

Phuong trinh hoanh do giao diém

ard+br+cr+m = dr*+ex+n & ard+(b—d)r*+(c—e)z+m—n =
0.

Dat h(z) = ax® + (b —d)2® + (c — e)z + m — n.

Duya vao do thi ta c6 h(z) = 0 ¢6 ba nghiem 1& zy; x9; x3.

Khi d6 ta c6 he véi an la a,b — d, ¢ — e.Suy ra h(z).

A chu g : Cdch vé do thi cé chia gid tri tuyét doi.
nghiém boi lé cia phuong trinh f(x) = 0.

va cong théem 1.

& Dang 21 /// Tinh don diéu ciia ham sbé c6 chita dau gia tri tuyét doi
1. 86 diém cuc tri ciia ham s6 y = | f(x)| bing tong s6 diém cuc tri ciia ham s6 y = f(x) va 6

2. 86 diém cuc tri ciia ham s6 y = f(|x]) bang 2 lan s6 diém cuc tri duong ciia ham s6 y = f(x)

7= CHU DE 5 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUONG 2- GT12)
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CAU 16. Tren khoang (0; +00), dao ham cfia ham sb y = 2™ 1a
1
Ay =g L B. y =21 C. y=—a"1 D. ¢ = mza”.
m
% L3i giai.

Dao ham ctia ham s6 y = 2™ 1a

Chon dap an @ O

B PHAN TiCH:

1. Dang todn: Dao ham ctia ham s6 liiy thita.

2. Mifc d6: Nhan biét,

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan Iy thuyét va cach gidi bai todn vé ham s6 liy
thua.

4. Cac dang toan can 6n tap: Tim tap xac dinh ctia ham s6 liy thita va tinh dao ham ctia ham sb liy
thura.

CAU 17. Tren khoang (0; +00), dao ham ciia ham sb y = log, = 1a

1 1 In3 1
Ay =-. B. y = ) C.y=—. D. y =-—
Y= Y = n3 y 4 zln3
# LOi giai.
Dao ham ctia ham s6 y = logs = 1a
1

A
Y rln3’

Chon dap én O

B PHAN TiCH:

1. Dang todn: Dao ham ctia ham s6 mii-Ham s6 logarit.

2. Mirc d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nam viing phan ly thuyét va cach giai bai toan vé ham s6 mi va
ham s6 logarit.

4. Cac dang toadn can 6n tap : Tinh dao ham ctia ham s6 mi , ham s6 logarit vA cac bai toan lien

quan- Tim tap xac dinh ctia ham s6 mii, ham so logarit- D6 thi ham sé mi, logarit.

CAU 18. Tap nghiem ciia bat phuong trinh log(z — 2) > 0 1a
A. (2;3). B. (—o0;3). C. (3;400). D. (12;+00).
# Loi giai.
Ditukitnz —2>0< 2 > 2.
Tacolog(zr—2) >0 r—-2>1< 2> 3.
Két hgp dicu kien ta c6 tap nghiem (3; +00).
Chon dap an @ O
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Bi PHAN TIiCH:

1. Dang toan: Bat phuong trinh mii- Bpt logarit co ban.

2. Mirc d6: Nhan biét.

3. Dinh hudng 6n tdp: Hoc sinh can ndm ving phan ly thuyét va cach gidi bai toan vé bat phuong
trinh ma va loarit co ban.

4. Cac dang toan can on tap : BAt phuong trinh mi va logarit co ban.

CAU 19. Véi a l1a sb thye duong tity ¥, In(3a) — In(2a) bing
A. Ina. B. ln; C. In(6a?). D. ln;
# LOi giai.
Ta ¢6 In(3a) — In(2a) = In (3_@) =In §
2a 2
Chon déap an @ OJ
Bi PHAN TiCH:
1. Dang toan: Bién doi, rat gon, biéu dién logarit.
2. Mic do: Nhan biét.
3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach gidi bai toan vé logarit.
4. Cac dang toan can 6n tap : Tinh gia tri biéu thic, rat gon bidu thic, phan tich logarit theo logarit
cho truéde.

CAU 20. Tich tat ca cac nghiem ctia phuong trinh In?z + 2Inz — 3 = 0 bing

1 1
A. —- B. —-2. C. -3. D. —-
e e
# LOi giai.
Diéu kien z > 0.
) Inzx =1 r=-ce
Tacoln“z+2nz—-3=0« &
Inx =-3 r=e 5.
1
Vay tich cdc nghiem lae-e™® = —.
e
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Giai phuong trinh mii , pt logarit bang phuong phap dat an phu.

2. Mirc d6: Thong hiéu

3. Dinh huéng 6n tap: Hoc sinh can ndm vitng phan 1y thuyét va cach gidi bai toan vé phuong trinh
mil va phuong trinh logarit.

4. Cac dang toan can 6n tap : Giai phuong trinh mi , pt logarit bing phuong phap dit an phu va
phuong phap dua vé cling co so.

CAU 21. Tap nghiem ctia bat phuong trinh 27+! < 4 1a
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A. (—o0;1]. B. (1;+00). C. [1;400). D. (—o0;1).
# LOi giai.
2 4o < Portl<2e <1
Vay tap nghiém ctia bat phuong trinh la (—oo; 1).
Chon dép an (D) O

Bi PHAN TIiCH:

1. Dang toan: Bat phuong trinh mii- Bpt logarit bing phuong phap dua vé cling co sb.

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tap: Hoc sinh can nim vitng phan 1y thuyét va cach giai bai toan vé Bat phuong
trinh ma- Bpt logarit.

4. Cac dang toan can 6n tap : BAt phuong trinh mi- Bpt logarit bdng pp dua vé ciing co s6, phuong
phap dat an phu.

- / 216 216
CAU 22. C6 bao nhiéu s6 nguyén x théa man log, ‘ < log, :UT?
A. 193. B. 92. C. 186. D. 184.
# L3 gidi.
Ta co
o 216 <1 z? — 16
0
57313 &7
& logy(2? — 16) — log, 343 < log,(z* — 16) — log; 27
& logy(r? — 16) — log,(z* — 16) < log, 343 — log; 27
& logs(z® — 16) — log, 3 - logs (2 — 16) < logy 343 — log, 3 - log, 27
1
& logs(z? — 16) [1 —log, 3] < 310g73 — 3log, 3
1+ log, 3
& logy(2? —16) < 3ﬁ
log; 3
& logy(r? — 16) < 3log, 21
& 0<a2®—16 <21°
—V92TT <x < —4
=
4 <z <VI2T7T.

Vay c6 184 gia tri nguyén cia z thoa man.

Chon déap an @ O

B PHAN TiCH:

1. Dang todn: Bat phuong trinh mii- Bpt logarit bang phuong phap dua vé ciing co sb.

2. Midc d6: Van dung

3. Dinh huéng 6n tap: Hoc sinh can nam viing phan 1y thuyét va cach giadi bai toan vé bat phuong
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trinh m, bpt logarit.
4. Cac dang toan can 6n tap : BAt phuong trinh mi- Bpt logarit bdng pp dua vé ciing co s6, phuong
phap dat an phu- BPT tich.

CAU 23. (6 bao nhieu cip sd nguyen (z;y) théa man

log, (:c2 + 2 + x) + log, (1:2 + yz) < logs x + log, (:c2 + 2 + 24;1:)?

A. 89. B. 48. C. 90. D. 49.
# Loi gidai.
N x>0
Dieu kién
x,y € Z.
Ta co
logs (:1:2 + oyt + :c) + log, (:L'2 + yQ) < logs = + log, (:1:'2 +y? + 24:5) (1)
224+t 2%+ y? + 24x
< logs (T) < log, <xg—+y2) (2)
x? + 92 24x
(4)
2, .2
Dat t = Tty , bat phuong trinh tré thanh

24
logs (t + 1) < log, (1 + T) (5)

Data=1log; (t+1)=3"=t+1=1t=23"—1, v6i a > 0. Khi d6,bat phuong trinh tré thanh

24 24 1\ 1\ 1\
a§10g2<1+7><:>2“§1+3a_1<:>3“+2“—|—2326“<:>(g) —|—(§> —1—23(6) > 1.

a a

Xét ham s6 f(a) = % —I—(% +23(1> v6i a > 0.
Vi f'(a) = (é) (%) ( ) %) +23< ) (—) < 0 nén f(a) nghich bién trén (0;+00).
Ta co
(§> +(—> +23( > >l fla)> f2) e a<2
Khi do

x2—|—y2

log, (t+1) <2« +1<9& (z—4)*+y* < 16.

Suyra (r—4)?<160<z<8 Viz>0,z€Znénz e {1;2;3;4;5;6;7;8}.
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e V6ixz=1,tacoye{-2,—-1;0;1;2}.

e V6ix=2tacoye{-3;,—2;,-1;0;1;2;3}.

e V6ixz=3tacoye{-3;,—2;,-1;0;1;2; 3}.

e V6ix=4,tacoye{—4;,-3;,-2;—-1;0;1;2;3;4}.
e V6ixz =05 tacoye{—3;,—2;,-1;0;1;2; 3}.

e V6ixz=06,tacoye{—-3;—2;,-1;0;1;2; 3}.

e V6ixz="7tacoye{-2;,—-1;0;1;2}.

e V6ix =8, tacoy=0.
Vay c6 48 cip s6 nguyén (z;y) théa man yéu cau bai toan.

Chon dap an O

Bi PHAN TiCH:

1. Dang todn: Phuong phap ham s6, phuong phap danh gia vé bpt mii va logarit.

2. Mirc d6: Van dung cao.

3. Dinh hudng 6n tap: Hoc sinh can nam viing phan ly thuyét va cach giai vé bpt mi , logarit.

4. Céc dang toadn can 6n tap : Phuong phap ham sb, phuong phap danh gia vé pt mi ; bpt mi , pt

logarit va bpt logarit.

©® PHUGNG PHAP GIAI CHU DE 5- DE THAM KHAO BGD-2023

ALY/ Riit gon va tinh gia trj biéu thiic chia liy thira

Véi cac diéu kién ciia a, b, ¢ de mdi bieu thiic c6 nghia, ta c6 bang sau

Stt dung phdi hop linh hoat cac tinh chat cta lily thira.

Cho a,b la cic s6 thuc duong, x,y la cdc so thuc tuy o, ta co:
x
o " = aF.a¥ v atY = L.
a¥y
T X T a* aN® . T\y .y
e a”.b" = (a.b) ’b_“:(g) va (a®)¥ = a™v.
e Néua>1thia®*>a’ & x>y

e NbuO<a<lthia®*>a? <y

Ham sé liiy thira

Ham s6 luy thita 1a ham s6 ¢6 dang y = 2, trong d6 « la mot hing sb tuy .

Tt dinh nghia cac luy thita, ta thay:

1. Ham s6 y = 2% véi o nguyén duong, xac dinh véi moi z € R.

2. Ham s6 y = %, v6i a nguyén am hodc o = 0 xac dinh v6i moi x € R\ {0}.
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3. Ham s6 y = 2%, v6i a khong nguyen, c6 tap xac dinh 1a tap hop cac s6 thuc duong (0; +00).
Khi tim tap xac dinh ctia ham s6 lity thita can cha :
1. Ham s6 y = [u(x)]* v6i @ nguyén duong, xac dinh v6i moi u(z) € R.
2. Ham s y = [u(2)]*, v6i @ nguyén am hodc o = 0 xéc dinh v6i moi u(x) € R\ {0}.
3. Ham s6 y = [u(x)], v6i o khong nguyen, xac dinh khi u(z) > 0 )
Tinh gia tri biéu thitc cé chita logarit
1. Dinh nghia
Cho hai s6 duong a,b v6i a # 1. S6 o thda man dang thiic a® = b duge goi 1a 16-ga-rit co s6 a clia
b va ki hi¢u 1a log, b. Ta viét: o = log, b < a® = b.
2. Céac tinh chat Cho a,b > 0 v6i a # 1, ta co
(a) log,a =1,log,1=0.
(b) a'&® = b, log,(a®) = a.
3. Loégarit ctia mot tich Cho 3 s6 duong a,by,by véi a # 1, ta c6
(a) log,(b1 - ba) = log, by + log, b.
4. Légarit cia mot thuong Cho 3 s6 duong a,by,by v6i a # 1, ta c6
(a) log, z—: = log, by — log, bs.
(b) Dac biéet: v6i a,b > 0,a # 1 loga% = —log, b .
5. Logarit cua lay thwa Cho a,b > 0 va a # 1, v6i moi «, ta cb
(a) log, b* = alog, b.
(b) Dac biét: log, Vb= %loga b.
6. Cong thitc doi ca sé Cho 3 s6 duong a,b,c v6i a # 1,¢ # 1, ta ¢6
(a) log, b= 112522‘
(b) Ddac biét: log, c = o va log,. b = éloga b véi a # 0.
7. Logarit thap phan va Loégarit tu nhién
(a) Logarit thap phan 1a 16-ga-rit co s6 10. Ta viét: log;, b = logb = log b.
(b) Logarit ty nhién la lo-ga-rit co s e. Ta viét: log, b = Inb. )
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& Dang 25 // Tinh dao ham ham sé mii-logarit-Ham sé lity thira

e (Cong thic dao ham
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Dao ham ctia ham s6 thudng gip

Pao ham ciia ham sé hop

(sinx) = cosx

(sinu) = ' cosu

(cosz) = —sinx (cosu) = —u'sinu
1 u’
(tanz) = ey (tanu)’ = T
(cotz) = — ! (cotu) = w
sin® z vore = sin? u
ar+b\"  ad—cb au+b\"  ad—cb
= = : u
cx +d (cx + d)? cu+d (cu + d)?
az® +br + ¢\’ B am.x?® + 2an.x + bn — cm
mz +n B (mx + n)?
a b a ¢ b ¢
2% +2 x +
az? + bz +c\ _men m p n.p
ma2+nx+p) (ma? + nx + p)?
(e") = e (e") = u'e®
(a®) =a"Ina (a") = v'a*Ina
1 u’
Inz) =— Inu) = —
() = (nuy =
1 u’
1 = 1 r_
(log, z) rlna (log, u) wlna

e Qui tac tinh dao ham

Quy tic tinh dao ham

(ku) = ku' (k: hang sd)

(wv) = u'v+v'u

1\’ u
BEE

(f [u(@)]) = f' [u(x)] - '(x)
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& Dang 26 // Phuong trinh mu-Phuong trinh logarit co ban

Cho cac s6 duong a, b, ¢, by, by vaa # 1. S6 thyc .

1. Cac cong thic can dung dé giai phuong trinh, bit phuong trinh logarit

loga 1 - 0, loga a = ]_ loga(aa) = a’ alogab et b

b
log,, 2 log, by — log,, bs;
by

log, b1bs = log, by + log,, bo

1
log,, 5= log, b

log, b
log, b* = a'log, b; log, a® = « logab:& (c #1);
log, /b = ~log, b (n>2,n eN) 10g. o
o =—lo n>2n
Ba VP T e S log, b = (b#1)
log, a

log,[f(x)]* = alog, | f(x)| néu « chén

1
log,« b= —log,b (a#0)
[0

2. Phuong trinh ma - PT logarit co ban

—_

et =bex=log,b(v6i0<a#1,b>0).
2. a’® = a9 & f(x) =g(x) (v6i0<a#1).
3. log,z =b< x=a’véi (a>0,a#1).

4. log, f(z) =b<e f(z)=a’

f(x) >0 (g(x) >0)

5. log, f(x) = log, g(x
g, f(x) =log, g(z) < F2) = g(a)

& Dang 27 // Phuong trinh co ban

l.a"=bsx=log,b(v6i0<a#1,b>0).

2. log,z=b&s x=avéi (a>0,a#1).

& Dang 28 // Phuong phap dua vé ciing co s6

1. Phuong trinh mu
e Dimng céc cong thitc mi va liy thita dua vé dang af® = 9,

— Véia>0,a#1th o/® =a9® & f(z)=g(z).

— Trudng hgp co s6 a c6 chita an thi ¢ = oV < (a — 1)(M —

N)=0«&
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2. Lo-ga-rit h6éa

a’® = 9@ o log, a!® =log, ¥ < f(z) = (log, b) g(z).

3. Phuong trinh logarit
o log, f(z) =log, g(z) & f(z) = g(x) > 0.
e log, f(x)=b& f(x)=a’ véi (a >0,a #1)
A Khi gidgi phuong trinh can dat diéu kién dé phuong trinh cé nghia. Sau khi gidi zong can so sanh
nghiém (tap nghiém) vdi dieu kien nhan nghiem (tap nghiém) thich hop.

/
& Dang 29 // Phuong phap dit an phu
t= af(””), t>0
1. Loai 1: P (a/®) =0 &
P(t) = 0.
a-a*f@ 4 38.45@ L X=0.Datt=a’, t>0:a-2+B-t+A=0
) . . f(=) .
Phuong phép: Chia hai vé cho b2/@, 1di dt &n phu ¢ = (%) > 0 (chia co $6 16n hodic nhé
nhat).
1
3. Loai 3: /@ + b/® = ¢ véi ab = 1. Dt t = o/ @ = /@ = -
af(fC) . ag(a?) op - af(x)
4. Loai 4: a-a/@ + | ) +B-a9®) 4 b=0"
a v = q9@
ag(w)
A Mot s6 truomg hop ta dat an phu khong hoan toan. Nghia la sau khi dat an phu t van con x.
Ta gidi phuong trinh theo t vdi x duge xem nhu la hang so.
/
& Dang 30 // Phuong phap logarit héa-mii héa
a’@ = b = log, af® = log, V@) < f(x) = (log, b) g(x).
/

Ung dung tinh don diéu ctia ham sé dé giai phuong trinh ma, logarit.
1 Dinh ly:
Néu ham s6 y = f(x) dong bién (hodc nghich bién) va lién tuc tréen (a;b) thi

o Yu,v € (a;b) : f(u) = f(v) & u=v.

e Phuong trinh f(x) = k (k 1a hang s6) ¢6 nhieéu nhat 1 nghiem tren khoang (a;b).
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A

2 Hudéng giai:

B1. Dua phuong trinh da cho vé dang f(u) = f(v).

B2. Xét ham s6 y = f(t) trén mién D.

e Tinh y va xét dau y'.

e Két luan tinh don diéu ctia ham s6 y = f(t) trén D.

B3. f(u) = f(v) & u=wv. Tim moi lién he gitta x,y roi ta tiép tuc gidi cac bai toan da biét cach giai.

Chi y cac dang sau

1.
2.

3.

f(x) = g(x) trong dé f(x) dong bién(hay NB) va g(x) nghich bién (hay DB).

Phuong trinh mi dang : o’ @ — 9@ = g(x) — f(z).

Phuong trinh logarit dang : log, % =g(z) — f(x).
g(x
log, (m++vm+a*) =2z < m+ym+a® =a* & (m+a*) + Vm+a* = a® +a”.
a®* =t+m
a® =log,(xr +m)+m. Datlog,(x+m) =t < x+m = a'. Khi dé: Sa+t=
ad=x+m
a® +x.

& Dang 32 // Bat phuong trinh mii co ban

1. Xét bat phuong trinh dang a® > b. (dang a® > b giai tuong ty)
e Néu b < 0, tap nghiém ctia bat phuong trinh 1a R.
o Néu b > 0, khi do

2. Xét bat phuong trinh dang a® < b. (dang a® < b gidi tuong tu)
e Néu b < 0, bat phuong trinh vo nghiem.
e Néu b > 0, khi do

3. Véia> 1, @ <a9® o f(z) < g(z).

4. V6i0 <a<1,a/® <a® o f(z) > g(x).

Véia > 1, taco a® > b <& x> log, b.
V6i0 <a<1,tacoa® >bs z<log,b.

Vé6ia>1,tacoa” <bs x<log,b.
V6i0 <a<1,tacoa® <bsx>log,b.
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& Dang 33 // Bat phuong trinh mii - Logarit- BPT tich

e Lap bang xét dau.

e Dura vao chiéu BPT chon gi4 tri « thich hgp.

%& Dang 34 // Béat phuong trinh mii-loagrit- Phuong phap dit an phu- phuong phap

ham sé
1. Dang 1: C6 mét bién nguyén va rut dudc bién nguyén nay theo bién con lai.

C6 mot bién nguyen va rit duge bién nguyén nay theo bién con lai. Dén day, ta xét ham dé tim
mién gia tri cho bién nguyéen dé.

2. Dang 2:S% dung diéu kién c6 nghiém citia phudng trinh bac hai dé tim mién gia tri
cho bién nguyén.

Khi phuong trinh rit gon la phuong trinh bac hai theo bién khong nguyen. Ta sit dung diéu kién
c6 nghiém ctia phuong trinh bac hai dé tim mién gié tri cho bién nguyen.

V6i cach giai sit dung diéu kién c6 nghiém ciia phuong trinh bac hai , ta phai thit lai nghiém, nén
¢6 han ché so véi phuong phap co lap, xét ham. Do do, trong mot sd bai toan c6 thé co lap, xét
ham thi ta nén chon phuong phap nay.

3. Dang 3:Rit bién nguyén thudc K theo bién con lai dé tim mién gia tri cho bién dé.
Cé& hai bién déu nguyen, trong dé c6 mot bién nguyen thuoc tap K cho trude, véi K co thé 1a mot
khoang, mot doan. Khi do6 ta c6 thé rat bién nguyen thuoc K theo bién con lai dé tim mién gia
tri cho bién dé.

4. Dang 4:Tim diém nguyén trén cac dudng cong don gian
C& hai bién déu nguyen, rit duge bién nay theo bién kia dwa vé bai toan tim diém nguyén trén

cac duong cong don gian.
5. Dang 5:Dwa phuong trinh vé téng cac binh phuong ciia hai bién nguyén

6. Dang 6:Dua vé phuong trinh tich ctia hai bién nguyén
A Chu g : V&i cau héi cé bao nhiéu sé nguyén y dé méi sé nguyén y, cé it nhat (hay
c6 khong qud) sé nguyén x théa diéu kién cho trudc thi ta xem y la tham sé va z la
bién s6. Tw doé tim ra dudc tap tap nghiém bpt phuong trinh theo y.

Tw diéu kién r phdi théa man ta liét ké ra cic s6 nguyén x.Tw dé ta lai suy ra sé

lwong sé nguyén y phdi tim.

7= CHU DE 6 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUONG 3- GT12)
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4 4
CAU 24. Néu [ f(z)de =2va [ g(x)dz =3 thi [ [f(2)+ g(v)]dz bing
R

A. 5. B. 6. C. 1L D. —1.

# Li gidi.
4 4

Ta C(’)/[f(x)—l—g(x)}dx—/f(x)dx+/49(:z:)dx—2+3—5.

Chon dap an (A) O

Bi PHAN TIiCH:

1. Dang toan: Tinh tich phan bang dinh nghia va tinh chét tich phan.

2. Mirc d6: Nhan biét.

3. Dinh hudng 6n tdp: Hoc sinh can nam ving phan ly thuyét va cach gidi bai toan tinh tich phan
bang dinh nghia va tinh chat.

4. Cac dang toan can 6n tap : Tinh tich phan bing dinh nghia va tinh chat tich phan.

-~ 1 2
CAU 25. Cho / —dz = F(z) + C. Khang dinh nao duéi day dang?
x
2 1 1
A Fl(z) = —. B. F'(z) =Inuz. C. Fl(z) = —.
T
# LOi giai.

Ta c6 F'(x) = </ldx) = 1
T x

Chon dap an @ O

T

Bi PHAN TIiCH:

1. Dang toan: Tinh nguyén ham bang dinh nghia - tinh chat va bang nguyen ham.

2. Mirc d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nim viing phan ly thuyét va cach gidi bai toan nguyén ham.

4. Kién thitc can nidm va phuong phap giai:

CAU 26. Cho ham s6 f(x) = cosx + r. Khang dinh nao dudi day ding?
A. /f(x)dx:—sinm+x2+0. B. /f(a:)dx:sinx+x2+0.

2 2

C./f(x)dx:—sina:—l—%—i—c*. D./f(a:)da::sinx—ir%JrC’.
& L3i gidi.
Ta c6 /f(x) de = /(COS$+93) de = /cosxdzv—l— /a:d:n =sinx + %2 +C.
Chon déap an @ OJ
Bi PHAN TiCH:
1. Dang toan: Tinh nguyén nguyén ham béng d/n - tinh chat va bang nguyen ham.
2. Mirc d6: Thong hicu.

Té Toan An Phuéc



3. Dinh huéng 6n tap: Hoc sinh can nim vitng phan Iy thuyét va cach gidi bai toan vé nguyén ham.
4. Céc dang toan can 6n tap: Tinh nguyén ham bing d/n - tinh chdt va bang nguyén ham , phuong
phap doéi bién s6, phuong phap ting phan.
2 2
CAU 27. Néu / f(x)dz = 4 thi / B f(x) — 2} dz bing
0

0
A. 0. B. 6. C. 8. D. 2.

# L3 gidi.
2

2 2 2
Tacé/{%f(a:)—Z] dx:%/f(x)dx—Q/dx:%-él—Qx
0 0 0

0
Chon dap én (D) O

=2-4=-2

Bi PHAN TIiCH:

1. Dang toan: Tinh tich phan bang dinh nghia va tinh chat tich phan.

2. Mirc d6: Thong hiéu.

3. Dinh hudng 6n tdp: Hoc sinh can nam ving phan ly thuyét va cach gidi bai toan tinh tich phan
bang dinh nghia va tinh chat.

4. Cac dang toan can 6n tap: Tinh tich phan bing d/n - tinh chit , phuong phap ddi bién s6, phuong
phap ting phan.

CAU 28. Thé tich khdi tron xoay thu duge khi quay hinh phéng gidi han béi hai duong y = —z2 + 2z va

y = 0 quanh truc Ox bang
A 16 167 16 167

=, B. —. C. —. D. —.
15 9 9 15
& Loi giai.

Hoanh do giao diém ctia do thi va truc Oz la nghiém ctia phuong trinh

z=0
2?4+ =0<
Tz =2.
2 2 5 A 2 6
) . 1
KhidéV:W/fQ(l’)dx:W/(x4—4$3+4£€2) dxzw(%—:ﬁ”‘%—yﬁ) :1—;.
0 0 0
Chondépén@ OJ

B PHAN TiCH:

1. Dang toan: Tinh dién tich hinh phang-Thé tich khéi tron xoay.

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tdp: Hoc sinh can ndm vitng phan 1y thuyét va cach gidi bai todn vé tinh dién tich
hinh phéng va thé tich khéi tron xoay.

4. Cac dang toan can 6n tap : Thé tich khéi tron xoay-Dien tich hinh phéng.
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CAU 29. Cho ham sb f(x) lien tuc tren R. Goi F(z), G(z) la hai nguyén ham clia f(z) tréen R théa méan
2
F(4) + G(4) = 4 va F(0) + G(0) = 1. Khi d6 / F(22)dz bing
0

A. 3. B. z C. 6. D.
# Lgi gidi.
1
Datt:2:c:>dt:2dx:>dx:§dt.

DO W

. z |0 2
Doi can
t10 4
/f(23:)d33 _ %/f(t)dt
- 570 - LG() 0
= LI+ G| (Vi Fa)aG(r) languyen ham ciia f(2))
= }1 [(F(4) + G(4)) = (F(0) + G(0))]
1 3
= Ju-n="%
Chon dap an (B) O

B PHAN TiCH:

1. Dang toan: Tinh tich phan bang phuong phap doi bién sb.

2. Mdrc do: Van dung.

3. Dinh huéng 6n tap: Hoc sinh can ndm viing phan 1y thuyét va cach gidi bai toan vé tinh tich phan.
4. Cac dang toan can én tap: Tinh tich phan bing d/n - tinh chit , phuong phap ddi bién s6, phuong
phap ting phan- Tich phan ham an.

CAU30. Cho ham s6 y =  f(z) c¢6 dao ham lien tuc tren R vA  théa man
f(z) + xf'(x) = 42 + 42 + 2,Vz € R. Dién tich hinh phang gii han béi cic dudng y = f(z) va y = f'(z)
bang
) 4
A —. B. -. C.
2 3
& L3i gidi.
Ta 6 f(x) +af (z) =42 + 4o + 2 & (xf(z)) = 42® + 4o + 2
= xf(x) =2+ 222 + 22+ C.

1 1
—. D. -.
2 4

Do f(x) c6 dao ham lién tuc trén R nén lién tuc trén R.
v6izr=0=0-f0)=0+C=C=0= zf(z) =2+ 227 + 2.

Té Toan An Phuéc



ing hop 1: Vi z = 0= f(0)+0-f/(0) =4-0°+4-0+2= f(0) =2.

ng hop 2: Véi x # 0 chia hai vé xf(z) = 2* + 222 + 22 cho x ta duge f(z) = 23 + 2z + 2
Vay f(z) = 23 + 22+ 2,Vxr € R.
Suy ra f'(z) = 322 + 2.
Phuong trinh hoanh d6 giao diém cta f(x) va f'(z) 1a

xr=20
242 +2=3242c -3+ =0 |z =1

T = 2.

T —00 0 1 2 +0o0

2 — 322 4+ 2 -0 + 0 — 0 +

Dién tich hinh phéng gidi han béi cac dusng y = f(z) vay = f'(z) 1a

1 2
S = /|x3—3x2+23:| dx+/’x3—3xz+2x| dz
0 1

1 2
= /(g;3 — 32 + 27) dx + /(—x3 + 32% — 27) dz
0

2

Chon dap an (C) O

B PHAN TIiCH:

1. Dang toan: Tinh dién tich hinh phang.

2. Mdc do: Van dung cao.

3. Dinh huéng 6n tdp: Hoc sinh can ndm vitng phan 1y thuyét va cach gidi bai todn vé tinh dién tich

hinh phang.

4. Cac dang toan can 6n tap : Dien tich hinh phing.

©® PHUGNG PHAP GIAI CHU DE 6- DE THAM KHAO BGD-2023
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& Dang 35 // Tim nguyén ham bing dinh nghia, tinh chat, bing nguyén ham
1. Dinh nghia nguyén ham

Cho ham s6 f(z)x4c dinh trén K . Ham s6 F(z) dugc goi 1a nguyén ham ctia ham s6 f(x) trén K néu
F'(z) = f(x), Vo € K.

2. Tinh chat cia nguyén ham

./f@mxzﬂ@+a

o/kﬂ@dxzk/f@ﬁbv&k#&

o [Ure) £ g@)ar = [ s@)as [gla)dn

3. Bang nguyén ham ctia moét s6 ham sb thudng gip

Nguyén ham co ban Nguyén ham md rong
‘ N 1 (az + )" .
./Od.T—C, 0/(ax+b) d _E(X——{—l+c, (0475—1),
1 1
/dx—a:+C’ o/ de = —-Injax +b| + C;
ar +b a
. /xadx: zott +C,(a#—1) o /e(ax-l—b) dx_l.e(ax-&-b)_'_c.
a+1 ’ a ’
1
o/;dx—ln|x|—|—C’ o/cos(ax—i—b)dx:5sm(ax+b)+0 (a #0)
1
o /ewdx:ex-l—C’, ./sin (ax—i—b)d acot(aw—f—b)-l—C (a #0)
o/axdlez—a—l-C’, (0<a##1); o/sin(ax-i—b)da:——acos(ax-l—b)—l—C (a #0)
1 1 1
/cosa:dx—smx—l—C 0/ sdr = ——- C,
(ax +b) a ar+b
1 1
/sinxdx:—cosx—i-C; O/de:atan(ax—kb)—ka (a #0);
1 1
0/ ——dz = —cotx + C; 0/ >— dz =tanz +
sin® z cos? x

& Dang 36 // Tim nguyén ham ciia ham sé théa diéu kién cho trudc

1./f@ﬂx=ﬂm+0
2 [ f@)de = @)+ 0

e Tim nguyén ham ciia ham s6 f(x). Khi d6 ta c6 F(x /f

e Tim hing s6 C' duya vao mot dit kién dé bai cho.

T Toan An Phudc



& Dang 37 // Tim nguyén ham bing phuong phap déi bién sb

Phwong phap gidi:
Tinh /f(x) ~dx = /g[u(z)]u'(m) dx
e Bué6c 1: Dat ¢t = u(x) , trong d6 u = u(x) la ham s6 ma ta chon thich hgp.

e Bud6c 2: Lay vi phan hai vé : dt = /(z) dz.

e Budce 3: Khi d6 tinh : /f(x) doe = /g(t) dt =G(t) + C = Glu(x)] + C.

-I:/f(aa;—i—b)"mdxm biat t =axr 4+ b= dt = adz.

n

1. I=/f<f—1+1> dp PREPREP st ¢ = ag™ + 1= dt = a(n + 1)z" dz, véi mn € Z.
ax™

I:/f(ax2+b)"-xdxw> Dit t = az® + b= dt = 2az dx.

no

. f /(@ phuong phép v .,
I_/f(x) - dx » Dt t = f(x).

1= / au? 1:—%2 tc i P Dt t = u(z).

4. 1= / V@) - f () de 2R Bt ¢ = o/ f(@) = 17 = f(z) = ntv L dt = f(2) da.
[ 1 . a 1
IZ/f(lnx)-—dxM Dit t =Ilnz = dt = ~da.

x x

5.

1 n a b
I:/f(a+blnx)~—dxw> Dat t=a+blnz = dt = —dx.
| T €T
I:/f(ex)-exdxw Dat t =¢" = dt =e"dux.

0.

[Z/f(a—i-be”)-emdxw) Dat t = a+ be” = dt = be*dx
Iz/f(cosx)-sinxdx% Dat t =cosz = dt = —sinzdz.

7.

Iz/f(a—i-bcosx)-sina:dxm Dat t=a+bcosx = dt = —bsinxzdz.
I:/f(sinm)-cosxdxm Dat t =sinz = dt = cosx dz.
8.
[z/f(a—i-bsinx)‘cosa:dxw Dat t =a+bsinx = dt = becosx dx.
dx phuong phap g 1 9
9. I = [ f(tanx)  — » Dat ¢t = tanz = dt = ——dz = (1 + tan” x) dz.
cos? x cos? x
dx

n a 1
C—— phuong phap, Dit ¢t = cotx = dt = ————dz = —(1 + cot® z) dz.
sin® sin® x

10. I:/f(cotx)

Té Toan An Phuéc



e Dha t = sin’ r = dt = sin 2z du;
11. I = /f(sin2 r;cos’ x) - sin 2z dw phons PP, hy5t
t =cos’r = dt = —sin2xdur.

12. I = /f(sinx:l:cosm)-(sinx:l:cosx) dy PRREPRP Bt t = singtcosT = df = (cosx Fsinz) dz.
A e Sau khi doi bién va tinh nguyén ham zong, ta can trd lai bién ci ban dau la .

e Diu hiéu dé st dung phuong phdp doi bién sé6 la trong ham s6 tinh nguyén ham cé hai dai

lugng lién quan vdi nhau qua dao ham tic la u(x) va u'(z) cing c6 mat.

& Dang 38 // Tim nguyén ham bang phuong phap tirng phan

Phuong phap giai:

u =7(Theo thi tu wu tién sau:Logarit-Da thitc-Liy thita-Lugng giac-Mu)
e BuéGe 1 : Dat . .
dv =7(Phan con lai sau khi lay u)

du = (Lay dao ham)

j z
v = (Lay nguyén ham).

e Budc 2 : Ap dung cong thic tinh nguyén ham timg phan / udv = uv — / v du. Tinh / v du

& Dang 39 // St dung dinh nghia giai bai toan nguyén ham ctia ham an.
Van dung tinh chat /f’(m) de = f(z) + C’,/ f"(x)dz = f'(z) + C,... vao cac dang sau
/
. /(u’v +v'u) dz = /(u.v)/dx =w+C 3 /u—dx = /(1n|u|)'d$ =Inu|l+C
u
ul
. /n~u"‘1-u’dx:/(u”)' de=u"+C ° /—da:: (Vu) dr = Vu+C
Loy ol ! 1\’ 1
./wdm:/(g)f@:gw ./_%d$:/<_> de=tic
v v v u u u )
& Dang 40 // Tinh tich phan biang dinh nghia va tinh chat tich phan

1. Dinh nghia tich phan

Cho ham s6 y = f(z) lien tuc va x4c dinh trén doan [a;b]. Gid st F(z) 1a mot nguyén ham cia f(z)

trén doan [a; b].
b

Hieu s6 F'(b) — F(a) dugc goi la tich phan tit @ dén b clia ham s6 f(xz). Ki hiéu la /f(:L') da.

a
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— F(b) - F(a).

a

Vay [ f(a)de = F(2)

2. Tinh chat tich phan xac dinh

Tinh chat cta tich phan xac dinh.

b c b
o /f(:c)dx:/f(:v)d:v—l—/f(x)dxvéia<c<b.

a

o k/bf(x)dx:/bkf(x)dx véi (k #0).

a

a

CARLLERANY///" Tinh dien tich hinh phing

1. Dién tich hinh phang gidi han bdi dd thi y = f(x), truc Ox v& hai dudng thang v = a, x = b la

S = /b |f ()] dz.

2. Dién tich hinh phang gigi han bdi hai d6 thi y = f(x), y = g(x) va hai duong thang z = a, z = b
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3. Dé pha bo tri tuyet dbi ta dua vao do thi dé b dau gia tri tuyet doi.

4. Thé tich khéi tron xoay sinh ra béi do thi y = f(z),y = 0, * = a, = b quay quanh truc Oz 13

b
V= 7T/f2(33)d11).

A 1. Chii yj khai thac gid thiét triét dé.
2. Mau chot la tim ra hai can a,b va ham so f(x) — g(z).

3. Khi dé thé vao cong thiic va dung mdy tinh cam tay tinh két qud cudi cung.

7= CHU DE 7 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUGONG 4- GT12)

CAU 31. Phan 40 cia s6 phiic z = 2 — 3i la
A. -3 B. —2. C. 2 D. 3.
# Loi giai.
Phan 4o clia s6 phtic z = 2 — 3i la —3.
Chon dap an @ O

B PHAN TiCH:

1. Dang todn: Xac dinh cac yéu t6 co ban ctia s6 phiic : Mo-dun, phan thic, phan 4o, s6 phiic lién hop.
2. Mitc dd: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nim viing phan ly thuyét vé sd phitc va cac phép toan sd phiic.

4. Céc dang toan can on tap : Xac dinh céac yéu té co ban ctia s6 phiic : Mo-dun, phan thye, phan

40, so phiic lien hop- Thuc hién céc phép toan vé so phiic.
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CAU 32. Trén mit phing toa do, didm bidu dién s phic z = 7 — 6i ¢6 toa do 1a
A. (=6;7). B. (6;7). C. (7;6). D. (7;-6).
# L3i giai.
Diém biéu dién s6 phiic z = 7 — 6i ¢6 toa do 1a (7; —6).
Chon déap an @ O

B PHAN TiCH:

1. Dang toan: Biéu dién hinh hoc co ban ciia s6 phic.

2. Mirc d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach giai bai toan vé s6 phiic va cac
phép toan vé s6 phiic.

4. Cac dang toan can on tap : Xac dinh cac yéu té co ban clia s6 phiic : Mo-dun, phan thue, phan

40, sO phiic lien hgp- Thuc hién cac phép toan vé sb6 phiic- Diém biéu dién s6 phic.

CAU 33. Cho s6 phiic z = 2 + 9i, phan thuc clia s6 phiic 22 bing
A, —T7. B. 4. C. 36. D. 85.
% L3i giai.
Ta c6 2% = (2+ 9i)* = 4 + 36i + 814> = —77 + 36i nén phan thyc ctia s6 phtic z? bang —77.
Chon dap an @ O

B PHAN TiCH:

1. Dang todn: Cac phép toan clia s6 phiic.

2. Mirc d6: Thong hicu.

3. Dinh huéng 6n tap: Hoc sinh can ndm viing phan ly thuyét va cach gidi bai toan vé xac dinh cac
yéu t6 co ban clia sd phiic qua cac phép toan clia s6 phiic.

4. Cic dang toan can on tap : Xac dinh cac yéu té co ban clia s6 phiic : Mo-dun, phan thue, phan
40, sO phtc lien hop- Thuc hién céc phép toan vé s6 phiic- Diém biéu dién s6 phiic- Bai toan lién quan

dén phic.

CAU 34. Tren mit phéng toa do, biét tap hop diém biéu dién cac sé phiic z théa man |z + 2i| =1 1a mot
duong tron. Tam ctia duong tron dé c6 toa do 1a
A. (0;2). B. (—2;0). C. (0;-2). D. (2;0).
# L3 gidi.
Goi z =z +yi, v6i z,y € R. Khi d6 z + 2i = z + (y + 2)i.
Taco |z +2i| =1 /22 + (y+2) =12+ (y+2)?=1
Vay tap hop diém biéu dién cac s6 phiic z la dudng tron tam I(0; —2) ban kinh R = 1.
Chon dap an @ O
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Bi PHAN TiCH:

1. Dang toan: Tap hgp diém biéu dién s6 phiic.

2. Mirc d6: Thong hiéu.

3. Dinh hudng 6n tdp: Hoc sinh can ndm viing phan ly thuyét va cach gidi bai toan vé xac dinh céc
yéu t6 co ban clia s6 phiic qua cac phép toan ctia s6 phiic.

4. Cac dang toan can 6n tap : Xéac dinh céc yéu t6 co ban cla s6 phic : Mo-dun, phan thue, phan
40, s6 phitc lien hop- Thuc hién céc phép toan vé sb6 phitc- Tap hop diém biéu dién s6 phiic- Bai toan

lien quan dén phc.

CAU 35. Tren tap hop s6 phic, xét phuong trinh 22 — 2(m + 1)z + m2 = 0 (m 1a tham s6 thuc). C6 bao
nhiéu gia tri ctia m dé phuong trinh d6 ¢ hai nghiém phan bigt z;, 2o théa man |z;| + |z| = 27
A1 B. 4. C. 2 D. 3.
£ L gidi.
Ta c6 A’ = (m+1)2 —m? = 2m + 1. Ta c6 cac truong hop (TH) sau
TH1. A<0&m< —%. Khi d6 z; = 73, suy ra

z1l = |z + |zl =2= |lal=1=m? =220 = [5)* =1 = m = £1.

£ Coaes 1
Két hgp véi dieu kién, m < 5 ta dugec m = —1.

1
TH2. A>0& m > —3 Khi d6 phuong trinh da cho ¢6 hai nghiém thyc théa man z; + 2o = 2(m + 1) va

2129 = m?. Do dé

4= (|]z|+ |,22|)2 = z% + zg +2|z129] = (21 + z2)2 — 22125 + 2|21 22|

2 2 2 m =0
S4Am+1)* —2m ° +2m° =4 &
m= —2.
) N 1
Két hgp dieu kién m > —5 ta duge m = 0.
Vay ¢6 2 gia tri m = 0 hoiic m = —1 thoa méan bai toan.
Chon dép &n (C) O

Bi PHAN TiCH:

1. Dang toan: Giai pt bac 2 trén tap C' va cac bai toan lién quan.

2. Mdc do: Van dung .

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach giai bai toan vé pt bac 2 trén
C va dinh lf Vi-et.

4. Céc dang toan can o6n tap : Giai pt bac 1, bac 2- Bai toan lien quan dén phitc ¢6 chia z, |2|...
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CAU 36. X¢ét cac s6 phitc 2z thoa man |22 — 3 — 4i| = 2|z|. Goi M va m 1an lugt 1a gia tri 16n nhét va gia tri

nho6 nhat cta |z|. Gia tri cia M? +m? bang

A. 28.
# Loi giai.

B. 18 + 4/6. C. 14. D. 11 + 4+/6.

Goi z =z + yi, v6i z,y € R. Ta ¢6

(O R

2% — 3 — 4i| = 2|2

|22 — (2 414)°| = 2Jz]

(=27 +(y-1?%) (¢ +2° + (y +1)*) =4 (2° +*)
(t+5)2 — (4z + 2y)? = 4t,v6i t = 22 + 12

(4o + 2y)* =t* + 6t + 25

20t > t* 4 6t + 25 (bat déng thiic B.C.S)

2 =14t +25<0

7T-2V6 <t <T7+2V6

V6—1< |2/ <V6+1.

Suy ra gia tri 16n nhat ctia |z| 1a M = 1 + /6 khi va chi khi

Vi gia tri nhé nhat 1a m = 1 — v/6 khi va chi khi

Vay M? +m? = 14.
Chon dap an @

o 216 + 2
T=—
V5
V6 +1
224+ =7+2V6 Y= /5
o= \
zzg ( 2v/6 + 2
y—
V5
y__ﬁ+1
L L V5
T ( 26 — 2
rT=—
NG
V6 —1
22 +y? =7-2V6 V=7
= \
T=——
V5
y:_\/6—1
L L V5
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Bi PHAN TiCH:

1. Dang toan: Cuc tri trong s6 phric.

2. Mirc d6: Van dung cao.

3. Dinh huédng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach gidi bai toan vé cyc tri trong

sO phic.

4. Cac dang toan can on tap : Cuc tri va cac bat ding thic.

® PHUGNG PHAP GIAI CHU DE 7- DE THAM KHAO BGD-2023

& Dang 42 // Xac dinh mé-dun, phan thiurc, phan o, sé phiic lién hop ciia s6 phiic

1. Céac kién thitc co ban vé sé phiic

e Tap hop s6 phtic ky hieu 1a C.

e S6 phiic (dang dai s6) 1a biéu thiic c6 dang z = a + bi (a,b € R), a la phan thyc, b 1a phan 4o, i

la don vi 4o, 2 = —1.

2z 1a 86 thuc khi va chi khi phan 4o ctia z bang 0 (b= 0).

z 1a s6 thuan &o khi va chi khi phan thuc ctia 2z bang 0 (a = 0).

S6 0 vira la s thuce via 1a s6 4o.

Hai s6 phiic bing nhau: Cho s6 phtic z; = a + bi va 2 = ¢+ di. Khi do,

a==«c

b=d.

=S atbi=c+di &

2.Cac phép toan vé sbé phic

Cho s6 phiic z; = a + bi vi 25 = ¢ + di.

2.1 Phép cong hai sb6 phitc 2 + 2o = (a + bi) + (c + di) = (a +¢) + (b + d)i.
2.2 Phép trir hai s6 phiic 2, — 29 = (a + bi) — (c+ di) = (a — ¢) + (b — d)i.
2.3 Phép nhan hai sé phitc 2,2, = (a + bi)(c + di) = (ac — bd) + (ad + be)i.

2.4 Phép chia hai s6 phitc Khi 2, # 0 thi

a_mcZ acZk (atb)(c—di)  (ac+bd) + (be —ad)i  ac+bd bc—adi
. wmEh |m)t A+ 2 + @2 TR vl
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2.5 Mo-dun ciia sd phitc  Mo-dun ciia s6 phitc z = a + bi (a,b € R) 1a |z| = va® + b2

z z .
c Jmml = a1l 12 = Bl rong d6 2 2 0),
29 23
ozl =zl <+ 2| < el + 2], o ] =zl <z — 2] < el + 2.

2.6 S6 phiic lién hop S6 phiic lien hop ctia s6 phitc 2 = a + bi 1a Z = a — bi.

« Z=02, o 21+ 29 =71+ 2o, o 21— 29 =721 — Z9,
_ _ 21 Z _
o« 71 73 =721 Zo, . (—):_— (22 #0), e 2:Z2= 2 =a®+ 0%
22 Z2

3. Tong n so hang dau cta cap so6 nhan

Cho cap s6 nhan (u,) c6 s6 hang dau u; va cong boi g # 1. Tong n s6 hang dau clia cip s6 nhan la

n_q
Sn:ul—l—uQ—{—---—}—un:ul-q .
qg—1
/
AL XN/’ Biéu dién hinh hoc ciia s6 phiic
Biéu dién hinh hoc s phic
S6 phitc z = a + bi (a, b € R) dugc biéu dién bdi diém M (a;b) hay bdi y o
% = (a;b) trong mat phing phitc (mat phang véi he toa do Oxy). L ‘
O G‘/ X
/

& Dang 44 // Thuc hién cac phép toan vé s6 phiic: Céng-trit-nhan-chia

Cho s6 phtic z; = a + bi v 2y = ¢ + di.
1. Phép céng hai s6 phiic: 2, + 2z, = (a4 bi) + (c + di) = (a +c) + (b + d)i.

2. Phép trit hai s6 phiic: z; — 20 = (a + bi) — (c + di) = (a — ¢) + (b — d)i.
3. Phép nhan hai sé phic: 212, = (a + bi)(c + di) = (ac — bd) + (ad + be)i.
4. Phép chia hai sé phiic: Khi 2, # 0 thi

21 oz z-Z (a+bi)(c—di)  (ac+bd) + (b —ad)i  ac+bd  bc—ad.

—~ - = -~ = + i.
29 29 Zo |,32|2 2 4 d2 c + d? c24+d? 24 d?
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. . c+di
5. Phuong trinh bac 1 tréen C: (a+bi)z =c+di & 2z = ,
a—+bi
/
& Dang 45 // Bai toan qui vé phuong trinh, hé phuong trinh nghiém thuc-PT bac
2
Hai s6 phiic 1a bing nhau néu phan thic va phan 4o ctia ching tuong itng bang nhau.
. . a = C .
a+bi=c+di & , Vvoia,bc,deR.
b=d
e Bicu dién s6 phtic can tim z = a + bi véi a,b € R. Bién ddi thu gon phuong trinh clia bai toan vé
dang A+ Bi = C + Di.
e Giai hé phuong trinh -
B=D.
Phuong trinh bac hai véi hé sé thuc
Cho phuong trinh bac hai az? +bx +c =0, Va, b, c € R, a # 0. Xét biet s6 A = b? — 4ac clia phuong
trinh. Ta thay
e Khi A =0, phuong trinh ¢6 mot nghiém thyc = = ;—
a
—b+ VA
e Khi A > 0, phuong trinh c6 hai nghiém phan biét ;o = T\/_
—b+t i/
e Khi A <0, phuong trinh c6 hai nghiém phtc ;9 = +||
a
. , , —b
e Dinh li Vi-et: Néu phuong trinh az? + bx + ¢ = 0 c¢6 hai nghiém phiic z1, x5 thi z; + 29 = —
a
c
VA Ty Ty = — .
a
A 1. 86 phiic z = a + bi dudc goi la s6 phitc thuan do < phan thuc a = 0.
2 la 86 thuc < phan do b = 0.

2. Khi bai toan yéu cau tim cdc thudc tinh clia so phic (phan thue, phan do, mo-dun hodc so
phiic lien hgp) ma dé bai cho gia thiét chita hai thanh phan trong ba thanh phan 2,7, |z| thi
ta sé goi so phiic z = a+bi = z = a — bi, |z| = Va2 + b2 vdi a,b € R, roi sau dé thu gon va
st dung két qud hai s6 phic bang nhau, gidi he.

/
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& Dang 46 Min- Max ctia s6 phiic

A

o —1<sint<1, —1<cost<1waasint+bcost=+/a?+ b?sin(t+ «a).
e Bat ding thic Co-si - a+b > 2v/ab, (vdia,b>0). Diu = zdy ra khi a = b

e Bit dang thic Cauchy-Schwarz dang 1: |ax + by| < /(a2 + b2) (22 + y?).

Dau = zay ra khi va chi khi a_?
T Yy

e asint+ bcost < \/(a2 +b?) (sin® ¢t + cos?t) = va? + b2
sint  cost

Daiu dang thic xzdy ra khi va chi khi { @ b

asint + bcost = vVa? + b2

e asint+bcost > —\/(a2 +b%) (sin®t 4 cos?t) = —va? + b2.
sint  cost

Daéu dang thic zdy ra khi va chi khi a b

asint +bcost = —vVa? + b?

1. Dang 1 : St dung phuong phap lugng giac héa

D6i v6i nhom bai toan tap hop diém biéu dién s6 phic 1a mot duong tron thi viec luong giac héa

to ra kha hiéu qua va nhanh chong.

2 2
) - -b )
Gia st ¢6 duge gia thiét (z —a)’ + (y —0)° = R? & <x a> + <y_> = 1, sé goi ta dén

R R
T —a )
= st x=Rsint+a R
cong thitc sin®t + cos?t = 1 neén ta dat & de dua bai toan ve
y}g — cost y= Rcost+b

dang lugng gidc quen thudc. Ngoai ra, ta can nhé nhitng danh gia thudng duge sit dung:phan chi

-

y

Dang 2 : Sit dung binh phuong v6 huéng

D6i v6i mot s6 bai toan tim max, min viéc sit dung binh phuong vo huéng dé tim diém roi nham
&p dung bat dang thic: |ax + by| < v/(a® + b?)(22 + y?).

Ta can nhd binh phuong vo huéng : |7 + U> = |4|* + |7 £ 20 - 7.

3. Dang 3 : Stt dung hinh chiéu va tuong giao
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Cho dudng thang (A): ax + by + ¢ = 0 va diem M € (A). Diém (A) 4y
N ¢ (A) thi NM nho6 nhat khi va chi khi M = K v6i K 1a hinh M
chiéu ciia N tren (A).
c
e min|z| = OH =djp,a \/al—|7+b2' K
KhidéMszaﬂz(A)mOH. N H
lazn + byn + ¢

Va? + b?

e min|z — (zy +yni)| = NK = dya) =
Khid6 M = K va K = (A) N NK.

Cho tap hdp cac diém M (x;y) biéu dién s6 phitc z = x + yi
(z,y € R) la duong tron (%) c6 tam I(a;b) va ban kinh R. y
Goi N la diém biéu dién s6 phitc 2. Khi d6
min |z| = min OM = OM; = |OI — R
max |z| = max OM = OM,y = OI + R. fi
Khi d6 OI N (%) = {Mi; Ms). M

N < M,

Ny

min |z — 2'| =min MN = NN; = |[NI — R|

max |z — 2’| = max MN = NNy, = NI + R.
Khi d6 NI N (%) = {Ny; No}.

4. Dang 4 : St dung bat ding thiic tri tuyét dbi
l21] = [22l] < |21 + 22| < |z1] + |22

L ALEIEYAY/// Sit dung bién d6i dai s két hop véi cdc bat ding thitc quen thudc dé

danh gia
1. Dang Thitc M6 Dun

o |mz + n,22|2 =m? |z1|2 +n? |ZQ|2 +mn (z1.Z2 + Z1.22)v6i m,n € R va 21,25 € C.

2
21 — 22
2

2+ 2|
o 24P+ |2+ 2 =2 LELC

+

-+

]véi 2,21,29 € C.

z
ETRNET

VGi 21,2914 cac s6 phiic khac 0.
|21 |22

o |21+ 20| =
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2. Bat dang thic Mo-Dun

o |2+ 2|+ |2+ 2 > |n — 2

z2+zn=kl(z+2)+(—2z—=

. ' . )+ 2) (ke R; kel0;1])
Dang thic xay ra khi va chi khi | [z + 20 = k[(2 + 22) + (—2 — 21)] :

2tz =k(z+2); +2nf0keRk>0)

o ||z+4 z1| — |z + 2| < |21 — 2.

z+an=kl(z+2)+ (-2 —2)] (k€ R,k € (—o0; 0] U[1; +00))

Déng thitc xay rakhivachikhi | |z + 20 = k[(—2 — 21) + 2 + 2]
z+21=k(z4+2); z+2#0keR k<0)

3.Kién thitc can chuan bi:
1. Dang thitc Modun:

Cho s6 phiic z = a + bi (a,b € R, = —1) modun ciia z ky hiéu 1a |z| va |z| = Va2 + 12.

21 B |21’

B | 22|

o |mz +nzl? = m? |z’ +n? |z +mn (27 + Zz) véim,n € R va 2, 2, € C.

o |27 =2-Z |z 2| = |2] - |22 5 |z = 212" = |2["(n € N7).

2 2
o [z tuf |zt =2 ‘z+zl—;Z2 o 5 =2 ] VOl 2z, 21, 29 € C.
o |21 + 2| = %zl + Iz—llzg v6i 21, 2 1a cac s6 phic khéc 0 .
21 Z9

2. Bat dang thitc thuong ding
e Bat dang thitc tam gidc ¢ dang modun |z1| + |z2| > |21 + 22|. Déng thiic x4y ra khi va chi
Z9 — 0

29 #£0,Fk € R E>0: 21 = k2o

khi

N 2o =0
o ||z1| — |22]| < |21 + 22|. Dang thitc xay ra khi va chi khi ?
20 #£0,dk € R)E<0: 2z = k2

e Bat dang thitc Bunhiacopxky (ax + by)? < (a? + b?) (2 + y?) ddu” =" xdy ra < % _—
Yy

& Dang 48 // Stt dung biéu dién hinh hoc ciia sé6 phiic dua vé cac bai toan cuc tri
quen thuéc

1. Cac quy tich co ban

Goi M(z;y) 1a diém biéu dién s6 phiic z = 2 + yi (z,y € R) v i? = —1.
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Mbi lién hé gitta = va y

Két luan tap hop diém M (z;y)

@ Az + By+C =0.

La dudng thang d: Az + By +C = 0.

® MA = MB. Dang s6 phiic

|z —a—bi| = |z — c— di].

La duong trung truc ctiia doan AB.

O R

Dang s6 phiic |z — a — bi| = R.

2? + 9% — 2ax — 2by + ¢ = 0.

La dudng tron (C) c6 tam 1(0;0) va
ban kinh R = v/a? + b — c.

< (x—a)* +(y—b)* < R

Dang s6 phiic |z — a — bi| < R.

22 4+ y* — 2ax — 2by + ¢ < 0.

La hinh tron (C) ¢6 tam 1(0;0) va ban
kinh R = va?+ 0> —c¢ (dudng tron

ké ca bén trong).

™ R} <(z—a)*+(y—0b)* <Rs.
Dang s6 phiic Ry < |z —a —bi| <
Rs.

La nhing diém thuoc hinh vanh khan
tao bdi hai duong tron dong tam I(a;b)
va ban kinh lan lugt 1a Ry va R,.

x? y? »
8 ? =+ ﬁ = 1 VOl
MF, + MF, = 2a )
Dang so

F1F2 = 2¢ < 2a.

phtc |z — ¢| + |z + ¢| = 2a.

La mot elip ¢6 truc 16n 2a, truc bé 2b
va tieu cy la 2¢ véi a® = b* + %, (0 <

b < a).

2. Mot s6 két qua quan trong can nhé:

Goi diém biéu dién ctia s6 phiic z = = + yi, 29 = o + Yoi lan lugt 1a M, A.
Khi d6 |z — 20| = |(# — 20) + (y — y0)i] = /(z — 20)? + (y — y0)? = MA.
Mot s6 bat déng thiic hinh hoc thudng ding:

1. Cho M di dong trén dudng thing A, A 1a diém cb dinh.
A MA > d(A; A). Dau dang thitc xay ra khi va chi khi AM L A,
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2. Cho M di dong trén dusng tron ([; R)_,)A léﬁ)é?m c6 dinh. N m s
MA<AI+ R Dau" =" xdyra < Al 1 IM < M = N. UM
MA > |AI — R|. Dau" =" xay ra <> Al 1] TM.

B

3. Cho M di dong trén Elip (E) c6 truc 16n A, do dai 2a, tam I, A 1 diém v /N\ A
¢6 dinh trén truc lén. MA < Al +a. Dau " = " xdy ra & Al ™ M. \i/ M’
MA > |AI — a|. Dau " =7 xay ra(:);l—fTim.

4. Cho M di dong trén duong thing A.A, B 1a hai diém c6 dinh khéac phia véi A.

MA+ MB>AB. Dau" =" xdy ra & M = ABNA.
2 2 Z A

5. Cho M di dong trén duong thang A va A, B la hai diem co dinh
cung phia v6i A.

MA+ MB > AB'. Dau " =7 xdy ra & M = AB’' N A trong d6

B’ d6i xting v6i B qua A.

MMy M’
B

6. Cho M di dong trén dudng thang A .A, B 1a hai diém c6 dinh cling phia v6i A.

IMA— MB| < AB.Dau" ="xdyra< M = ABNA
7. Cho M di dong trén duong thing A va A, B 1a hai diém ¢ dinh khéc phia véi A.

IMA— MB| < AB'. Dau" =" xdy ra & M = AB' N A trong d6 B’ d6i xiing véi B qua A.

/

= CHU DE 8 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUONG 1- HH12)

CAU 37. Cho khéi lap phuong ¢6 canh béng 2. Thé tich ctia khéi lap phuong da cho bing

A. 6. B. 8. C. 2 D. 4.
# LOi giai.
Thé tich khéi lap phuong 1a V = 23 = 8.
Chon dap an O

B PHAN TiCH:

1. Dang toan: Tinh thé tich cac khéi chép- khéi lang tru.

2. Mitc dd: Nhan biét.

3. Dinh huéng 6n tap: Hoc can nim vimg phan 1y thuyét va cach gidi bai toan vé tinh thé tich khoi
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da dién.

4. Cac dang toan can 6n tap : Tinh thé tich khéi chop- Khéi lang tru.

CAU 38.
Cho khdi chép S.ABC c6 day 1a tam gidc vuong can tai A, AB = 2, SA vuong
goc véi day va SA = 3 (tham khao hinh bén). Thé tich khéi chép da cho
bang

A. 12. B. 2. C. 6. D. 4.

# LOi giai.
1 1
Dién tich tam gidc ABC 1a Sapc = §-AB-AC’: 5-2-2:2.
, 1 1
The tich hinh Chép S.ABC la VS.ABC = g - SA- SABC = g -3-2=2.
Chon dép an (B) O

Bi PHAN TiCH:

1. Dang toan: Tinh thé tich cac khéi chép- khoi lang tru.

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tap: Hoc can nim vimg phan 1y thuyét va cach giai bai toan vé tinh thé tich khéi
da dién.

4. Cac dang toan can 6n tap : Tinh thé tich khéi chop- Khéi lang tru.

CAU 39. Cho khéi ling tru ding ABC.A'B'C’ ¢6 day ABC la tam giac vuong can tai B, AB = a. Biét
) . . 6 . ) .
khoang cach tit A dén mit phang (A’BC) bang \/?—a, the tich khoi lang tru da cho bang

2 2 2
A. %a?’. B. ga?’. C. V243 D. %a‘g’.
# LJi giai.
Dung AH | A’'B tai H. AN c’
BC 1 AB
Ta c6 = BC 1 (AA'B'B), N
BC L AA/ \\\\ B’
ma AH C (AA'B'B) nen BC L AH. a©
3 N
AH 1 A'B N

= AH = d(A,(A'B(C)) =
Xét ANAA'B vuong tai A, dudng cao AH, ta cb

Ta c6 = AH 1 (A'BQC). AN\ C
AH 1 BC -
a\/6
=
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1 1 1 1 1 1

AAT AR AR [ NP o 2a av2
3
Thé tich khéi lang tru ABC.A'B'C’ 1a
1 2
V:AA,'SAABC = a\/§' ia-a: \/7_(13.
Chon dap an O

Bi PHAN TiCH:

1. Dang toan: Tinh thé tich cac khéi chép- khdi lang tru.

2. Midrc do: Van dung.

3. Dinh huéng 6n tap: Hoc can nim vimng phan 1y thuyét va cach gidi bai toan vé tinh thé tich khoi
da dién.

4. Cac dang toan can 6n tap : Tinh thé tich khéi chop- Khéi lang tru lien quan dén géc va khodng
cach- T1 s6 thé tich.

©® PHUONG PHAP GIAI CHU DE 8- DE THAM KHAO BGD-2023
Tinh thé tich khéi chép- khdi ling tru

. . 1 R
1. The tich khoi chop: V' = §Bh v6i B: dién tich day, h: chiéu cao.

2. Thé tich khéi ling tru: V = Bh véi B: dién tich day, h: chiéu cao.

3. Thé tich ctia khéi hop chit nhat c6 ba kich thudce a, b, ¢ 14 V = abe.

4. Thé tich ctia khéi lap phuong c¢6 canh bing a 1a V = a®.

& Dang 50 /// Thé tich khéi chép-khéi ling tru lién quan dén khoang cach, géc.

. ) s 1
1. The tich cta khoi chép c¢6 dién tich day S va chieu cao h la V = 3 S - h.
2. Cong thic tinh thé tich khéi lang tru V = S - h, trong dé S 1a dien tich day, h la chiéu cao.
3. Tinh dién tich day S ta can nhé cac cong thiic tinh dién tich clia tam gidc va tit giac thuong gap.

4. Tinh chiéu cao h ta phai xdc dinh dugc hinh chiéu ctia dinh hinh chép ( hay lang tru) trén mat
phéng day.
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3 Géc giita hai mit phing

la goc gitta hai duong thing lan lugt vuong goc véi hai mat phing dé.
Tinh chat: Tt dinh nghia trén ta co
e Goc gitta 2 mit phang song song bang 0°.

e Goc gitta 2 mit phang tring nhau bing 0°.

4 Phuong phap xac dinh géc giita hai mit phang

Dé c6 thé xac dinh chinh xac géc giita 2 mat phang (P) va (Q) ta c6 thé 4p dung mot trong nhing
cach sau
e Cach 1: Dyng hai duong thang a va b vuong goc lan lugt véi hai mat phang (P), (Q). Khi dé
goc gitta hai mat phang (P), (Q) la goc gitta hai dudng thang a va b.

e Cach 2: Xac dinh giao tuyén A ctia hai mat phang (P) va (Q). Tiép theo, ta tim mot mit phang
(R) vudng géc véi giao tuyén A clia hai mat phang (P), (Q) va cat hai mat phang do tai cac giao
tuyén a, b. Khi dé, goc gita hai mat phang (P), (Q) 1a goc gitta a va b.

Phuong phap:
e Xac dinh duong cao cua hinh chép hoac lang tru.

e Xac dinh cac loai géc ( néu co).
e Tinh dién tich day va do dai duong cao.

e Ap dung cong thiic thé tich khéi chop hay khéi lang tru.
Chu y cac dang sau:

e Khoéi chop c6 canh bén vuong goc véi day.

e Khdi chép c6 mot mit phang chita dinh vuong goc véi day.

e Khdi chép c6 hai mat phing chia dinh vuong géc véi day.

e Khdi chop deu.

e Khdi chép c6 hinh chiéu clia dinh triing v6i mot diém dac biet ndm trong mit day.
e Hinh lang tru ding la hinh lang tru c6 canh bén vudng goéc véi day.

e Hinh lang tru déu 1a hinh ling tru ding va c6 day 1a da giac deu.

e Hinh hop ding la hinh lang tru ding c6 day la hinh binh hanh.

e Hinh hop chit nhat 1a hinh lang tru ding c6 day la hinh ch nhat.

e Hinh lap phuong 1a hinh ling tru ditng c¢6 ddy 1a hinh vuong va cac mit bén déu 1a hinh vuong.
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= CHU DE 9 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUGONG 2- HH12)

CAU 40. Cho hinh nén ¢6 duong kinh day 2r va do dai duong sinh ¢. Dién tich xung quanh ctia hinh nén da
cho bang
A. 27rd. B. gm“é?. C. nrt. D. éwr%.
# LOi giai.
Cong thitc tinh dién tich xung quanh hinh nén la Sy, = 7rf.
Chon dap an @ O

B PHAN TIiCH:

1. Dang toan: Cau héi ly thuyét vé hinh nén, khéi nén, hinh try, khéi truy.

2. Mic d6: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan Iy thuyét va cich giai bai toan vé hinh nén, khéi
noén, hinh try va khoi try.

4. Cac dang toan can 6n tap: Hoc ki cac cong thiic vé hinh nén, khéi nén, hinh tru va khéi tru.

CAU 41. Cho mit phing (P) tiép xic véi mit cau S(O; R). Goi d 1a khoang cach tit O dén (P). Khing dinh
nao dudéi day dang?

A. d<R. B. d > R. C.d=R. D. d=0.
# L&i giai.
Mit phang (P) tiép xtic v6i mat cau (S) khi va chi khi d = R.
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Bai toan vé mat cau: Cong thic tinh dién tich, thé tich, VI'TD giita mat cau véi mp,
dt.

2. Mic d6: Nhan biét.

3. Dinh hudéng 6n tap: Hoc sinh can nam viing phan ly thuyét va cach giai bai toan vé mat cau.

4. C4c dang toan can én tap : Bai toan vé mat cau: Cong thic tinh dien tich mat cau , thé tich khéi

cau, VI'TD gitta mit cau v6i mp, dt.

2 £ N N . N 800 .
CAU 42. Cho khoi nén ¢6 dinh S, chiéu cao bang 8 va thé tich bang Tﬁ Goi A va B la hai diem thudc

duong tron ddy sao cho AB = 12, khoang céach tit tam ctia dudng tron day dén mit phang (SAB) bang
24
A. 8V2. B. —. C. 4V2. D. %.
% L3i giai.
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Goi O la tam ctia duong tron day va R la ban kinh ctia duong tron day (R > 0).

Ta c6 thé tich ctia khoi nén bing

S8 aRp2= 20T —10.
3 8- TR 5 & R=10

Ké OI 1 AB tai I, suy ra I la trung diém ctia AB va

O =VOA2 — AI? =102 — 62 = 8.
Ké OH 1 ST tai H. Ta c6

AB 1 OI
— AB 1 (SOI).

AB 1 SO

Tu d6 suy ra AB L OH (do OH C (SOI)). Ta lai c¢6

OH 1 S1
= OH 1 (SAB).

OH 1 AB

Vay khoang cach tit O dén (SAB) bang OH.

Xét tam giac SOI vuong tai O va SO = OI = 8 nén tam giac SOI vudng can tai O, suy ra

ST = 8/2; 0H=%:4\/§.

Vay khoéng cach tit O dén (SAB) bing 4v/2.
Chon déap an @

B PHAN TiCH:
2. Midc d6: Van dung.

thiét dien ctia khdi non, khoi tru.

thiét dién ctia hinh nén hay hinh try Tinh khodng céch.

1. Dang toan: Tinh thé tich ctia khéi non, khéi tru lien quan dén thiét dien ctia khéi non hay khéi truy.
3. Dinh huéng 6n tdp: Hoc sinh can nim ving phan 1y thuyét va cach gidi bai toan lien quan dén

4. C4c dang toan can 6n tap : Tinh thé tich cla khéi non, khéi tru lien quan dén thiét dien cta khéi

n6n hay khoi tru-Tinh dién tich xung quanh , dién tich toan phan ctia hinh nén, hinh tru lien quan dén

® PHUONG PHAP GIAI CHU DE 9- DE THAM KHAO BGD-2023
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CALPEIERINY///" Cau héi Iy thuyét vé Hinh nén -khéi nén-Hinh tru-khéi tru

A
B
e Chiéu cao: h. e Ban kinh duong tron day: r.
e Do dai duong sinh: . e Goc 6 dinh: 2a (0° < a < 90°).

1. Mbi lién hé gitta chiéu cao, dudng sinh va ban kinh day ctia hinh nén
>=h*+R?|

2. Hinh nén tron xoay tao thanh khi quay tam giac Cho AABI vuong tai I quay quanh canh
goc vuong Al thi duong gap khic ABT tao thanh mot hinh, goi 1a hinh nén tron xoay (goi tét la
hinh nén).

e Duong thing Al dugc goi la truc, A 1a dinh, Al dugce goi la dudong cao va AB dudc goi la
duong sinh ctia hinh nén.

e Hinh tron tam I, ban kinh » = I B la day ctia hinh nén.

3. Coéng thic dién tich ctia hinh nén va thé tich ctia khéi nén

Dién tich xung quanh: ‘qu =m-r-l|

Dien tich toan phan hinh nén: | Sy, = Sy + Sal

Dién tich ddy (hinh tron): | Sy =7 - 77|,
Thé tich khdi non:

4. Thiét dién ctia hinh nén (N) khi cit béi mat phang (P)
e (P) di qua dinh ctia hinh nén (N):
— Néu (P) tiép xtc v6i mit nén (N) theo mot dudng sinh. Trong truong hgp nay, ngudi ta
goi (P) la mit phing tiét dién clia mat non.

— Néu (P) cat mat nén (N) theo hai duong sinh = Thiét dién 1a tam giac can.
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— Dic biet: Néu (P) di qua truc ctia mit nén (N) = Thiét dien 1a tam gidc can c6 canh
bén [ va canh day 2r.
e (P) khong di qua dinh ctia hinh nén (N):
— Néu (P) vuong goc véi truc hoanh hinh nén = giao tuyén 1la mot duong tron.
— Néu (P) song song véi hai nhanh ctia mot hypebol.

— Néu (P) song song v6i mot duong sinh hinh nén = giao tuyén 1a mot duong parabol.

5. Coéng thitc tinh d6 dai cung tron cé6 sé do a°, ban kinh R

l_wRa
180 |

6. Tinh chat AABC déu canh a

. 3
e D0 dai duong cao, duong trung tuyen= %—.

a’y/3
I

e Dién tich tam giac S =

7. Hinh tru tron xoay

Khi quay hinh chit nhat ABCD xung quanh duong théang chita mot canh, chang han canh AD thi dudng
gap khiic ABC'D tao thanh mot hinh, hinh dé dude goi 14 hinh tru tron xoay hay goi tat 1a hinh tru.
Dudng thing AD dude goi la truc.

Doan thing BC dugc goi la dudng sinh.

Do dai doan thing AD = DC = h dugc goi la chiéu cao ciia hinh try. Hinh
tron tam A, ban kinh » = AB va hinh tron tam D, ban kinh » = DC dugce

goi la hai day ctia hinh tru

Khéi tru tron xoay, goi tat 1a khoi tru, 1a phan khong gian gidi han bdi hinh
tru tron xoay ké ca hinh tru.
8. Cong thic tinh dién tich ctia hinh tru va thé tich cta khéi tru:

Cho hinh truy c6 chiéu cao 1a h va ban kinh day biang r.
e Dién tich xung quanh ctia hinh tru: S,, = 27rh.

e Dién tich toan phan ctia hinh tru: S,, = Sy, +2- Sdéy = 21rh + 2712,

e Thé tich khéi tru: V = B - h = mr2h.
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& Dang 52 // Tinh thé tich ctia khéi nén, khéi tru lién quan dén thiét dién ctia nén
.. hay tru
1. Khoi nén:

Dugc tao thanh khi xoay tam giac vuong quanh canh goc vuong.

1. Dién tich xung quanh: =mrl.

xq nén
2. Dién tich toan phan: Sy, = Skq + Sgsy = 77l + 712
1

1
= gsdéy -h= —7TT2h.

3. Thé tich khéi nén: V. 3

noén

4. M6i lien he: 12 = h? + 2.

2. Khéi tru:

Dugce tao thanh khi quay hinh chi nhat xung quanh canh.

1. Dién tich xung quanh: Sy, = 27rh.
2. Dién tich toan phan: Sy, = Skq + 2544, = 277h + 2772,

3. Thé tich ctia khoi tru: Viry = Syqy - h = 7r%h. i

3. Khoi cau:

2 N 4
Dién tich va thé tich mat cau: S =47 R? va V = §7TR3.

4. Cac yeu to co ban cua hinh nén
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e Chiéu cao: h. e Ban kinh duong tron day: r.

e Do dai duong sinh: [. e Goc 6 dinh: 2a (0° < a0 < 90°).

5. Mbi lién hé giita chiéu cao, dudng sinh va ban kinh day ctia hinh nén
P=n+R|

6. Hinh nén tron xoay tao thanh khi quay tam giac

Cho AABI vuong tai I quay quanh canh géc vuong Al thi dudsng gap khic ABI tao thanh mot hinh,
goi 1a hinh nén tron xoay (goi tat 14 hinh nén).
e Dudng thing AI dugc goi la truc, A 1a dinh, AT dude goi 1a dudng cao va AB dudc goi la dudng

sinh ctia hinh nén.

e Hinh tron tam 7, ban kinh » = I B la day cta hinh nén.

7. Céng thic dién tich ctia hinh nén va thé tich ctia khéi nén

e Dién tich xung quanh: ‘qu =7-r-l|

e Dién tich toan phan hinh nén: | Sy, = Suq + Sa |

e Di¢n tich ddy (hinh tron): | Sy = 7 - 72|,

e Thé tich khdi non:

8. Thiét dién ctia hinh nén (N) khi cat béi mat phang (P)
e (P) di qua dinh ctia hinh nén (N):
— Néu (P) tiép xtc v6i mat nén (N) theo mot duong sinh. Trong truong hop nay, nguoi ta goi
(P) 1a mit phang tiét dien ctia mat nén.
— Néu (P) cat mat nén (N) theo hai dudng sinh = Thiét dien 1a tam giac can.
— Dic biet: Néu (P) di qua truc ctia mit nén (N) = Thiét dien 1a tam gidc can c¢6 canh bén [
va canh day 2r.
e (P) khong di qua dinh ctia hinh nén (N):
— Néu (P) vuong goc véi truc hoanh hinh nén = giao tuyén 1a mot duong tron.
— Néu (P) song song v6i hai nhanh ctia mot hypebol.

— Néu (P) song song véi mot dudng sinh hinh nén = giao tuyén la mot dudng parabol.
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9. Céng thic tinh dé dai cung tron c6 sé do a°, ban kinh R

TRa
180 |

[ =

10. Tinh chit AABC déu canh «

. 3
e Do dai duong cao, duong trung tuyen = %.

a3
4

ALY/ Mait cau-Khéi cau

Tap hop cac diém M trong khong gian cach diém O c¢b dinh mot
khodng R goi la mat cau tam O, ban kinh R, ki hieu 1a S(O; R).
Khi d6, S(O; R) = {M|OM = R}.

e Dién tich tam giac S =

1. Vi tri tuong d6i ctia mot diém déi véi mot mat cau

Cho mat cau tam O ban kinh R va A la mot diém bat ki trong khong gian.
e Néu OA = R thi ta néi diem A ndm trén mat cau S(O; R).
e Néu OA < R thi ta néi diém A ndam trong mat cau S(O; R).

e Néu OA > R thi ta néi diém A ndam ngoai mat cau S(O; R).
Tap hgp cac diém thuoc mit cau S(O; R) cing v6i cac diém nam trong mit cau dé goi 1a khdi cau hodc
hinh cau tam O ban kinh R.

2. Vi tri tuong d6i ctia mit phang d6i v6i mit cau
Cho mit cau S(O; R) va mat phang (P). Goi d 1a khodng cach tit tam O clia mit cau dén mat phang
(P). Ta co:
e Néu d > R thi mit phang (P) khong cat mat cau S(O; R).
e Néu d = R thi mit phing (P) va mat cau S(O; R) ¢6 mot diém chung duy nhat. Khi do, ta néi
mit phang (P) tiép ziic v6i mat cau S(O; R).
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Diém tiép xtc goi la tiép diém, (P) goi 1a mdt phang tiép wiic hay tiép dién clia mit cau.

e Néu d < R thi mit phang (P) cat mit cau S(O; R) theo mot dudng tron ban kinh R’ = /R? — d2.
Daic bigt, khi d = 0 thi tam O thuoc mét phang (P), giao tuyén ctia (P) va S(O; R) 1a duong tron
tam O ban kinh R. Dutng tron nay goi la duong tron lon.

A Diéu kien can va di dé mat phing (P) tiép zic véi mat cau S(O; R) la (P) vudng géc vdi ban kinh
tai tiép diém.
3. Vi tri tuong d6i ctia dudng thing d6i v6i mit cau
Cho mit cau S(O; R) va dusng thang A. Goi d 1a khoang cach O dén dudng thang A. Khi dé,
e d > R < A khong cit mit cau S(O; R).
e d < R < A cat mat cau tai hai diém phan biét.

e d= R < A vamit cau S(O; R) tiép xtic nhau. Do d6, diéu kién can va di dé A tiép xic véi mit
cau S(O;R) la d = R.
4. Vi tri tuong dbi ctia dudng thing d6i v6i mit cau

Cho mat cau S(O; R) va duong thiang A. Goi d 1a khodng cach O dén dusng thang A. Khi do,
e d > R < A khong cat mit cau S(O; R).
e d < R < A cit mit cau tai hai diém phan biét.

e d= R < A vamit cau S(O; R) tiép xtic nhau. Do do, diéu kién can va di dé A tiép xic véi mit
cau S(O;R) la d = R.

5. Cong thic tinh dién tich mit cau va thé tich khbi cau

Cho mit cau ban kinh R. Khi d6,
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e Dién tich mat cau: S = 47 R2.

. PR 4
e Thé tich khoi caw: V = §7rR3.

7= CHU DE 10 -DE THAM KHAO TN-2023 CUA BO GIAO DUC

(CHUONG 3- HH12)

CAU 43. Trong khong gian Oxyz, mit phing (P): 2 4+y + 2+ 1 = 0 ¢6 mot vecto phap tuyén la
A np=(-1;1;1). B. ny=(1;1;-1). C. n3 = (1;1;1). D. ny = (1;-1;1).
& LJi gidi.
Mit phang (P): o +y + 2+ 1 = 0 c6 mot vecto phap tuyén la 7 = (1;1;1).
Chon dap an (C) O

Bi PHAN TiCH:

1. Dang toan: Tim VTPT ciia mit phang.

2. Mitc dd: Nhan biét.

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach giai bai toan vé phuong trinh
mat phing.

4. Cac dang toan can 6n tap : - Tim VTPT clia mit phing- Diém lien quan dén mét phéng.

CAU 44. Trong khong gian Oxyz, goc giita hai mit phing (Ozy) va (Oyz) bing
A. 30°. B. 45°. C. 60°. D. 90°.
# Loi gidi.
Do (Ozy) va (Oyz) 1a hai mat phang toa do vuong géc véi nhau nén goéc giita chiing bang 90°.
Chon dap an @ O

Bi PHAN TiCH:

1. Dang toan: Tim goc giita hai mat phéng bang phuong phéap toa do.

2. Mic do: Nhan bidt,

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan ly thuyét va cach giai bai toan vé phuong trinh
mit phang.

4. Cac dang toan can on tap : -Tinh hoc gitta hai mat phing- Tim hinh chiéu vuong goc clia mot

diém tren cac mp toa do- Tinh khoang cach.

CAU 45. Trong khong gian Ozyz, cho diém A(1;2;3). Diém déi xing véi A qua miat phing (Ozz) 6 toa do

la
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A. (1;-2;3). B. (1;2;-3). C. (-1;-2;-3). D. (—1;2;3).
# LOi giai.
Goi H la hinh chiéu ctia A tren (Oxz), suy ra H(1;0;3).
Diém A’ d6i xiing véi A qua mat phang (Ozz) thi AA’ nhan H lam trung diém, d6 d6 A’'(1; —2;3).
Chon déap an @ O

B PHAN TiCH:

1. Dang toan: Tim hinh chiéu vuong goéc clia mot diém tren cac truc toa do (mp toa do ) hoac diém
doi xitng qua truc toa do ( hay mp toa do).

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tap: Hoc sinh can ndm vitng phan 1y thuyét va cach gidi bai toin vé phuong trinh
mit phang.

4. Cac dang toan can 6n tap : Tim hinh chiéu vuong goc clia mot diem trén céc truc toa do (mp toa
do ) hodc diém déi xing qua truc toa do ( hay mp toa do)- Tim hinh chiéu vuoéng géc ctia mot diém

tren mp- Tim diém déi xiing qua mp- Viét phuong trinh mit phéng- Bai toan lien quan dén mp.

CAU 46. Trong khong gian Ozyz, cho mat cau (S): 22+ 12+ 22— 2x — 4y — 62+ 1 = 0. Tam cla (S) ¢6 toa
do la
A (—-1;,-2;-3). B. (2;4;6). C. (—2;—4;-06). D. (1;2;3).
# Li gidi.
—2a = -2 a=1
Goi I(a;b;c) 1a tam ctia mit cau (S), taco6 { —20=—4 &< b=2
—2c=—6 c=3.
Do d6 tam cua (S) c¢6 toa do la (1;2;3).
Chon dap an @ OJ

Bi PHAN TIiCH:

1. Dang todn: Phuong trinh mit cau (x4c dinh tam, ban kinh, viét PT mit cau don gidn, vi tri tuong
d6i hai mat cau, diém dén mat cau, don gian).

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tap: Hoc can nam viing phan Iy thuyét va cach giai bai toan vé phuong trinh mat
cau.

4. Cac dang toan can 6n tap : Phuong trinh mit cau (xac dinh tam, ban kinh, viét PT mit cau don

gidn, vi tri tuong déi hai mat cau, diém dén mat cau, don gian).

CAU 47. Trong khong gian Ozyz, cho hai diém M(1;—1;—1) va N(5;5;1). Dudng thang MN c6 phuong

trinh 1a
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r=955+2 r=95+t r=1+72t r=1+2

A Jy=5+3t. B. Jy=5+2t. C Jy=—-1+3t. D <Sy=-1+t .
z=—-1+4+1 z=1+3t z=-1+4+1 z=—1+4+3t

# LOi giai.

Duong thang MN di qua diém M(1; —1;—1) c6 véc-to chi phuong MN = (4;6;2) = 2(2;3;1) ¢6 phuong
r=1+42¢

trinh la ¢y = —1+ 3t
z=—-141.

Chondépén@ O

Bi PHAN TIiCH:

1. Dang toan: Viét phuong trinh duong thing trong khong gian.

2. Mirc d6: Thong hiéu.

3. Dinh huédng 6n tap: Hoc sinh can nam vitng phan 1y thuyét va cach gidi bai toan vé viét PT duong
thing.

4. Cac dang toan can 6n tap : Tim VTCP ctia dudng thing- Viét phuong trinh dudng théng-Cac bai

toan lien quan dén dudng thang.

"y 2 - 1 - 2 3 2
CAU 48. Trong khong gian Oxyz, cho dudng thang d: ? 5 = 4 _ it . biém nao dudi day thuoc

-1 -2
d?
A. P(1;2;3). B. Q(1;2;-3). C. N(2;1;2). D. M(2;—-1;-2).
£ L3i gidi.

Thay toa do cac diém vao d ta thiy toa do diém Q(1;2; —3) thdéa man phuong trinh dudng thang d nén diém
Q(1;2; —3) thuoc d.
Chon dap an O

Bi PHAN TIiCH:

1. Dang toan: Xéc dinh cac yéu t6 co ban clia dudng thang.

2. Mirc d6: Thong hiéu.

3. Dinh huéng 6n tdp: Hoc sinh can nam viing phan ly thuyét va cach gidi bai toin vé phuong trinh
dudng thing.

4. Cac dang toan can 6n tap : Tim VTCP clia dudng thing- Viét phuong trinh dudng thing-Cac bai

toan lien quan dén dudng thang.

CAU 49. Trong khong gian Ozyz, cho hai diém A(0;0;10) va B(3;4;6). Xét cac diém M thay déi sao cho
tam giac OAM khong c6 géc til va c6 dien tich bang 15. Gia tri nhé nhét ctia do dai doan théng M B thudc
khoang nao dudi day?

A. (4;5). B. (3;4). C. (2;3). D. (6;7).
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# LJi giai.
Goi M(z;y; 2) khi d6 [(74’, O_J\ﬂ — (—10y; —10z;0).
1
TaC(’)SOAM:15<:>§ 100(22 +y2) =15 & 2> + > = 9.
Vi AOAM khong tu nén ta co
OA-OM >0 >0
N 0<2<10 0<z<1
AO-AM >0 < <{2<10 & &
N 22 —-102+9>0 9 < z < 10.
MO-MA>0 2+ —2(10—2) >0

Hon nita, ta c6

MB* = (z-3°4+(y—4)*+ (2 —6)°
= 22 +9y* +25— (62 +8y) + 2° — 122 + 36
= —(6z + 8y) + 2° — 122 + 70.

Ta ¢6 (62 + 8y)? < (6% + 8%)(22 + y?) = 900.

Suy ra 6z + 8y < 30 = —(6z + 8y) > —30.

Do d6 M B? > 2?2 — 12z + 40.

Xét f(z) = 2% — 12z + 40.

V6i z € [0;1] U [9;10], ta cd f'(2) =0« 22 — 12 =0 < z = 6 (loai).

Ta c6

Do dé6 i =13.
0do min f(2)

Vay min M B = V13.
Chon déap an OJ

B PHAN TiCH:

1. Dang toan: Bai toan cuc tri trong khong gian

2. Mdrc d6: Van dung cao.

3. Dinh huéng 6n tap: Hoc sinh can nam vitng phan ly thuyét va cach giai bai toan viét phuong trinh
mat phing- Duong théng -Mat cau.

4. Cac dang toan can én tap : Cuc tri trong khong gian.

" 2 2 - 2 - 1 - ]_
CAU 50. Trong khong gian Ozxyz, cho diem A(0; 1;2) va dudng thang d: i 5 = i S . Goi (P) 1a

mit phang di qua A va chita d. Khodng cach tit diém M (5; —1;3) dén (P) bang
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A. 5. B.
£ L gidi.
Goi My(2;1;1) € d vd ¥ = (2;2; —3) la véc-to chi phuong clia dudng thing d.
Mit phang (P) di qua A chiia d nén nhan [m,ﬂ)} lam véc-to phap tuyén.
Ta 6 AM, = (2:0;—1), suy ra | AMo,%| = (2;4;4).
Phuong trinh téng quat ctia mat phang (P) la

1
- C. L D. —.
3 3

2e+4(y—1)+4(z—2)=02r+4y+42-12=0<20+2y +22—-6=0.

Khoang cach tit diém M (5; —1;3) dén mat phang (P) 1

CB+2-(-1)+2-3-6]

)= ey

1.

Chon dap an (C) O

Bi PHAN TiCH:

1. Dang toan: Khoang cach tit mot diem dén mét phing

2. Midc d6: Van dung.

3. Dinh hudng 6n tap: Hoc sinh can nam viing phan 1y thuyét va cach gidi bai toan viét phuong trinh
mat phing- Phuong trinh dudng thang-Mat cau.

4. Cac dang toan can 6n tap : Bai toan téng hop vé mit phing- Duong thing-Mit cau.

® PHUGNG PHAP GIAI CHU DE 10- DE THAM KHAO BGD-2023

& Dang 54 // Tim toa dé diém-Toa dé vec-to lién quan dén hé toa doé Oxyz

1.Toa dd véc-to Cho @ = (z;y;2) & @ = i +yj + ok
Dinh li: Cho @ = (a1;az;as), b = (bi;ba:bs), k € R.
1. a)ﬂ:?)): (alibl;azibg;agibg,).
2. kd = (kay; kag; kag).
a; = bl
3. Hai véc-to biang nhau @ = b e as = by
as = b3.
—> o T — g ay a2 a3
4. besa=k & —=—=—.
a ¢ b by b
5. Mo-dun (do dai) véc-to: @2 = a? + a3 + a2 = |d| = \/a? + a3 + a2.

6. Tich vo hudng: @ - b = || - ’F - cos (E’,T;).
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—

<:>6’~_b):a1-bl+a2'b2+a3~6320

Suy ra: e
® COos (a,b

ea |

(=)

—

)_ E’b . al-b1+a2~b2+a3-bg
|E|-)F’ N BN R

2.Toa do diém
M(a;b;c)@O—]\/[)za—i)—{—b?—i-c?:(a;b;c).
A Me (Oxy) = 2=0,M e (Oyz) x=0,M € (Ozxz) < y=0
MEOx@yzzzO,MEOy@xzzzO,MeOz@x:y:O..
Dinh li: Cho hai diém A = (z4;y4;24), A = (zB;Yys; 28).

1. AB = (zp — 245y — Ya; 2 — 24) = AB = /(a5 — x4)> + (yp — ya)?> + (28 — 24)*.
TA+2Tp Ya+Yp. ZA+ZB)

2. Goi M la trung diém ctia AB = M ( 5 5 3

3. Goi G la trong tam tam giac ABC = G (xA TIs¥To YatYs Yo Zat B ZC).

3 ’ 3 ’ 3
4. Goi G la trong tam t dien ABCD, khi d6 toa do diém G la
a <xA+xB+xC+37D'yA+yB+yC+yD.ZA+ZB+ZC’+ZD)

4 ’ 4 ’ 4

& Dang 55 // Phuong trinh mat cau

1. Xac dinh tam va ban kinh mat cau.

e Phuong trinh mat cau (9): | (z — a)® + (y — b)* + (2 — ¢)*> = R?| ¢6 tam I (a;b;c) ban kinh
R.

e Phuong trinh: |2 + y? + 2% + 2ax + 2by + 2¢2 + d = 0| v6i dicu kien a®> + 0>+ —d > 0 1a
phuong trinh mat cau tam I (—a; —b; —c), c6 ban kinh 1a R = v/a2 + b + ¢ — d.

2. Viét phuong trinh mit cau (S).
Dang 1. Biét (S) c6 tam I(a;b;c) v di qua diém A.
Ban kinh R =TA = /(x4 —a)®+ (ya — b)2 + (24 — ¢)2.
Dang 2. Biét (S) c6 duong kinh AB.

_ 2 _ 2 — 3
Béan kinh R = AB — \/(xB r4)® + <y32 ya)?+ (zp — 2a) ‘

) la trung diém AB.

- TA+TB Ya+YB ZA+ 2B
Tam [ ; ;
2 2 2
Dang 3. Mit cau ngoai tiép ti dien ABCD.
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IA=1B
Tam I (a;b;c) la nghiém hé phuong trinh ¢ /A = JC' . Ban kinh R = I A.
IA=1D
Dang 4. Mt cau c6 tam I(a;b; c) va tiép xtic mit phang («) : Az + By + Cz + D = 0.

Aa + Bb D
Tam I (a;b;c). Ban kinh R = d[/,(«)] = |Aa + Bb+ Cc+ |
VAT L B2y C?

/
& Dang 56 // Tim VTPT ctia mit phiang
1. Phuong trinh tong quat ctia mat phang (P) trong khong gian c6 dang (P): Ax+ By+Cz+D =0
v6i A2+ B2+ C? > 0.
2. Néu phuong trinh mit phang (P) ¢6 dang Az + By + Cz + D = 0 thi mot véc-to phap tuyén clia
mat phing 1a 7 = (A; B; C).
3. Néu mat phéng (P) vuong goc véi gid clia véc-to 7 # 0 thi vée-to 7 1a mot vée-to phap tuyén
clia mat phang (P).
4. Néu mat phang (P) song song hodc chita gia ctia hai véc-to khong cing phuong E’,F thi véc-to
[5’,3} 13 mot véc-to phap tuyén clia mat phang (P).
5. Néu mat phang di qua diém M (a; b; c¢) va nhan 7 = (A; B; C) 1a mot véc-to phap tuyén thi phuong
trinh cia mit phang 1a A(x —a) + B(y — b) + C(z — ¢) = 0.
/

& Dang 57 // Viét phuong trinh mit phing

1. Vectd phap tuyén ctia mit phing

o Vectd 7 # 0 la vectd phap tuyén (VTPT) néu gia ctia 7 vuong goéc véi mat phang (a).
o Chu v
— Néu 7 la mot VTPT ctia mat phang () thi k7 (k # 0) ciing 1a mot VTPT clia mat phang(a).
— Mot mit phang dude xac dinh duy nhat néu biét mot diem né di qua va mot VIPT ctia no.
— Néu @,V c6 gia song song hodc nam trén mat phang (a) thi 7 = [@,7] 1a mot VIPT ctia
(a).
A e Néum la mot VTPT ciia mat phang (o) thy kn (k # 0) ciing la mot VTPT ciia mat phdang
(a).
e Néu mdt phdang (a) c¢6 phuong trinh Axr + By + Cz + D = 0 thi né c6 mot VTPT la
n = (A;B;C).
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2. Phuong trinh téng quat cia mit phing

e Trong khong gian Oxyz, moi mit phing déu cé phuong trinh dang:

| Az + By + Cz+ D = 0| v6i A% + B2+ C* # 0.

e Néu mit phang () c6 phuong trinh Az + By+Cz+D = 0 thiné c6 mot VIPT 1a 7w = (4; B; O).

e Phuong trinh mit phang di qua diém My (zo; yo; 20) va nhan vecto 7 = (A; B; C) khéc 0 1a VIPT

N

la
A(x — x9) + By — yo) + C(z — z9) = 0.

o (Cldc truong hop riéng:
Xét phuong trinh mat phang (o) : Az + By +Cz + D = 0 v6i A2 + B2+ C? £ 0

— Néu D = 0 thi mit phang (a) di qua goc toa do O.

z

@)

Ar+By+Cz=0

xT

— Néu A = 0,B # 0,C # 0 thi mit phang (a) song song hodc chita truc Oz.
— Néu A #0,B = 0,C # 0 thi mit phang («) song song hoac chita truc Oy.
— Néu A # 0, B # 0,C = 0 thi mat phang (a) song song hoiic chia truc Oz.

z z ¥4

T By+Cz+D=0 T Ax+Cz+D=0 T Ar+By+D=0

— Néu A = B = 0,C # 0 thi mat phéng () song song hogc trimg véi (Ozy).
— Néu A = C = 0,B # 0 thi mat phang () song song hoic tring véi (Ozz).
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— Néu B = C = 0,A # 0 thi mat phang () song song hoic tring véi (Oyz).

By+ D=0 Az +D =0

Chi y:
— Néu trong phuong trinh () khong chita an nao thi («) song song hoic chita truc tuong ing.
— Phuong trinh mat phéng theo doan chan () : 2 + % + z =10 day («) cat cac truc toa do
tai cac diem (a;0;0), (0;;0), (0;0; ¢) v6i abe # 0.
e Cho duong thang A di qua M(xo;yo; 20) va nhan @ = (a;b;c) lam véc-to chi phuong. Khi d6
T =x9+ at
phuong trinh tham sé ctia dudng thang A c¢6 dang { y = yo + bt , tham s6 ¢ € R.
z=2ztct

e Mit phang (P) c¢6 phuong trinh Az + By+Cz+ D = 0 ¢c6 mot véc-to phéap tuyén 1a 7 = (A,B,C).

e Cho m#t phéng (P) vuong goc véi dudng thang A ¢6 mot véc-to chi phuong oay:

Khi d6 mat phang (P) nhan @ (a) lam mot véc-to phap tuyén 7 gy = U (a).

e Néu c6 hai véc-ts @, b # 0 khong ciing phuong va c6 gid song song hoic nim trong mit phing
(P) thi (P) ¢6 mot véc-to phap tuyén la 7 = [(_L),—b)].

3.PP viét phuong trinh téng quat ctia mit phang
PP1. Tim mot diem va mot VTPT ctia mp (P).
e Tim 1 diém M (z;yo; 20) € (P).
e Tim mot VIPT ctia mp(P) 1a @ = (A,B,C).
e Pt mp (P) 1a A(z — 20) + By —vo) + C(z — 29) = 0.
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PP2.

Thiéu diém di qua hay thiéu VIPT .
e Pt mp (P) ¢6 dang : Az + By + Cz+ D = 0.

e Tu diéu kién bai toan ta xac dinh cac he s6 A,B,C,D

CAREIFERENY/// Xac dinh cac yéu t6 co ban ciia dudng thing.

1.

. Néu duong thing A vuong goc véi mat phang () thi vée-to chi phuong @A clia duong thing A

Trong khong gian Oxyz, cho ba diém A(z4;y4;24), B(zp;ys; 28) va C(xc; yo; z0)

Ta c6 AB = (T — TA;YB — YA 2B — 24)-

( Ao+ TR
Toa do trung diém I ctia doan théng AB, I { y; = ya —; YB
ZA+ 2B
kI = .
\ 2
( Ta+ T+ 2o
g = #
Toa do trong tam G ciia tam giac ABC, G 3 yg = W
zZa+ 2z + zc¢
a= -
\ 3
u = ($,y»z)@ﬂ)=x7+y3>+z?

r1 = k’l’g
U = (x1;91; 21) cung phuong v6i T = (x9;yo; 22), (U # 6) S U=kUS {y = kys
21 = kZQ.

Duong thing A di qua hai diém A va B thi A c¢6 mot véc-to chi phuong 1a AB hoac BA.

Néu @ 1a mot vée-to chi phuong ctia A thi kU (k # 0) cling 13 mot véc-to chi phuong ctia A. Do
d6 mot duong thang co vo s6 véc-to chi phuong.

Néu hai duong thang song song véi nhau thi véc-to chi phuong ctia dudng thang nay ciing la
véc-to chi phuong clia dudng thang kia.

chinh 1 véc-to phap tuyén 7, ctia mat phang (@), tic 1a Wa = 7 ().
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8. Duong thang A di qua diém M (z; yo; 20) V& c6 mot véc-to chi phuong 1a @ = (a; b; ¢) c6 phuong
T =2+ at
Lo _Y—Y 22— 20

trinh tham s6 1a < y = yo + bt va phuong trinh chinh tac la U e (abe #0).
a c

z=2zy+ct
T =xy+ at
9. Diém M thuoc dudng thang A ¢6 PTTS ¢ y =y + bt thi M(xo + at;yo + bt; 20 + ct).
z2=2zy+ct
10. Cho hai mat phang (a): Az + By +Cz+ D =0va (o/): Az + By +C'2+ D' =0.
V6i diéu kien A : B : C # A’ : B’ : C' thi hai mat phiang d6 cit nhau. Goi d la giao tuyén ctia
chiing. Dudng thang d gom nhitng diém M (z;y; z) vita thudc (o) vita thuoe (') nén toa do cia
Ar+By+Cz+D =0 N -
M 1a nghiém cta hé .Goil W= (A;B;C) van' = (A" B';C"). Khi do6
Ar+By+C'z2+D =0
Uy = [ﬁ’,??] la mot véc-to chi phuong cua d.
11. Mot véc-to chi phuong clia duong thang song song hoic chita truc Oz la 0= (1;0;0).
12. Mot véc-to chi phuong clia duong thang song song hodc chita truc Oy la 7 = (0;1;0).
13. Mot véc-to chi phuong ctia duong thing song song hoic chita truc Oz 1a = (0;0;1).

14. Tim hai vecto khong ciing phuong va c6 gia mdi vecto vudng géc véi dudng thang d 1a 5’,5). Khi
do Uy = [5’,3} 13 mot véc-to chi phuong ctia d.

%& Dang 59 / Viét phuong trinh duong thing

B1. Tim mot diém M (x¢; yo; 20) thudc duong thang d.
B2. Tim mot vec-to chi phuong ctia d 1a @ = (a; b; c). (Cach tim VTCP ctia dusng thang).
(a) Duong thang (d) di qua hai diém A, B, khi d6 véc-to AB 14 mot chi phuong cia (d).
(b) Duong thang (d) song song véi dudng thang (1), khi d6 véc-to chi phuong ctia (1) ciing 1a mot
chi phuong cua (d).
(c) Duong thang (d)
phuong cta (d).

vuong géc véi mat phang (a), khi d6 véc-to phap tuyén ctia (o) 1a mot chi

(d) Dudng thang (d) la giao tuyén ctia (P): Ajx + Byy + C1z + Dy = 0, mit phang (Q): Ayz +
Boy + Cyz + Dy = 0 ¢6 véc-to chi phuong cta (d), ¥ = [Rp,7 ¢
(e) Dudng thang (d) di qua diém M va vuong géc hai dusng thang (d;), (do). Khi d6 ta goi U 1a

Té Toan An Phuéc



mot vée-to chi phuong clia (d) thi v Vv6i Uy, us lan lugt 1a chi phuong cta (d;), (do)
UL uy
nén ta chon @ = [ug,us].

(f) Duong thang d di qua diém M, cit va vuong géc véi mot dudng thang d; cho truse. Goi H 1a
hinh chiéu vuong géc ctia M len duong théng d; cho trude . Duya vao diéu kien MH - ;=0
ta tim duge H. Khi d6 MH la VTCP can tim.

(g) Duong thang di qua diém M, vuong géc véi (di) va cit (dy).Goi K 1a giao diém ciia (d) va
(dy). Ta c6 MK L (dy) nén ME - Uq, = 0, tit d6 ta tim dugc véc-to ME chinh la chi phuong
cia (d).

(h) Duodng thing d di qua diém M cit ca hai dudng thing (d;) va (dy). Goi (a) 1a mit phéng
chita (d;) va di qua diem M, (b) 1a mat phang chita (dy) va di qua diem M. Khi d6 duong
thang giao tuyén clia hai mat phang (a) va (b) 13 duong thang (d) can tim.

(i) Duong thang (d) nim trong mit phang (P) cit ci hai dudng théng (d), (d2).Ta can tim
diem M la giao diém cta (P) va (dy), diém N la giao diém clia (P) va (dy). Khi d6 duong
thang (d) di qua hai diém M, N la dudng thang can tim.

T =xy+ at
B3. Viét PTTS ctia d 1a ¢ y = yo + bt trong do ¢ 1a tham so.
z=2zy+ct
A Phuong trinh chinh tic cia duong thang d qua M (zo;yo; 20) v ¢6 véc-to chi phuong U = (a;b;c)
ldd:x_%:y—yo 2= 20

= vdi abe # 0.
a b c
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A 1. Dua vé bai todn viét phuong trinh duong thing di qua 2 diém A,B la bai todn mau chot.
r=2x9+ at
2. Diém M thuoc duong thang A c6 PTTS A: { y =yo+ bt tht M(zo + at;yo + bt; 2 + ct).
z2=2zy+ct
3. U = (x1;y1;21) cung phuong vdi U = (12;Ya; 22) (T}’ #+ 6) khi va chi khi
x1 = kxo
U =kV < ¢y = kys

21 = kZQ

Néu zo # 0,52 # 0,20 # 0 thi
U = (z1;y1;21) cung phuong vdi U = (x9;yo; 22) (Tf + 6)) khi va chi khi 2 = YL — 2L

T2 Y2 22
U = (w5915 21) vuong goc vdi U = (x2;y2; 22) khi va chi khi 125 + y1y2 + 2120 = 0

Mot véc-to chi phuong cia duong thing song song hodc chia truc Oz la 0= (1;0;0).

Mot véc-to chi phuong cia duong thing song song hodc chia truc Oy la 7 = (0;1;0).

NS

Mot véc-to chi phuong ctia duong thang song song hodc chia truc Oz la = (0;0;1).

& Dang 60 // Bai toan lién quan dén mit cau-méit phang-dudng thing

1. Tuong giao gitta mat cau va mat phing
Trong khong gian Oxyz, cho mat phang (P): Az + By + Cz+ D =0 va
mat cau (9): (r —a)®* + (y — b)? + (2 — ¢)? = R? ¢6 tam I(a;b; c) va ban kinh R. Khi doé:
TH1: Néu d(I;(P)) > R thi mat cau (S) va (P) khong c6 diém chung.
TH2: Néu d(I; (P)) = R thi mit cau (S) va (P) ¢6 diém chung duy nhat 14 H (mat phing tiép xic véi
mat cau tai H ) va ITH 1 (P).
TH3: Néu d(I;(P)) < R thi mit cau (S) cat mat phang (P) theo giao tuyén 1a mot dusng tron tam H

ban kinh r ta co:

e Goi H la hinh chiéu vuong géc ctia I len (P) va r? + IH? = R? v6i (d(ypy) = IH).

e Cho diéem M nam trong mat cau (S), mat phang (P) di qua M cat (S) theo giao tuyén la duong
tron ¢6 ban kinh r nhé nhat < IM 1 (P).

e Cho diém M nam trong mit cau (S), mit phang (P) di qua M cat (S) theo giao tuyén la duong
tron c¢6 ban kinh r 16n nhat < (P) di qua 2 diém I va M.
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2. Tuong giao gita mit cau va dudng thang

Trong khong gian Oxyz, dusng thang A va mit cau (S) c6 tam I va ban kinh R. Khi d6:
1. Néu d(I; A) > R thi mit cau (S) va A khong c6 diém chung.

2. Néu d(I; A) = R thi mat cau (S) vd A ¢6 diém chung duy nhat 1a H khi d6 TH L A.

3. Néu d(I; A) < R thi mat cau (S) va cit dudng thang A tai hai diém A, B ta c6 mot s6 két qua
sau:
AB?

o Goi H la trung diém AB = IH L A va d ) + = v (drn) = 1H).

e Cho diém M khi d6 dudng théng di qua M cit (S) tai hai diém A, B sao cho do dai AB 16n nhat
la duong thing di qua 2 diém M va 1.

e Cho diém M nim trong mat cau (S) duong thang di qua M cat (S) tai hai diem A, B sao cho do
dai AB nho nhat 1a duong théng di qua M va vuong géc IM.

Chitng minh: By
2

AB e
Tacé d%I,A)+T:R2®AB:2 RQ—d%I;A).

Vi AHIM vuong tai H nén ta c6 0 < TH < IM.

e AB 16n nhat < dn) =04 A qua 2 diem [ va M. 7
e AB nho nhat < da) = IM < A vuodng goc IM. B
pha— B,
A A,

/

—( TAP THE GIAO VIEN TOAN 12 -TRUGNG THPT AN PHUGC-NINH THUAN )~
1. Tran Ngoc Hung-HT 5. bang Xuan Phi-Gv Toan.

2. Nguy Nhu Thai-TTCM.
6. Quang Dai Mua-Gv Toan.
3. Quang Dai Han-Gv Toan.

4. Quang Dai Phu6c-Gv Toan. 7. Nguyén Van Hong - Gv Toan.
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