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BAI TAP CHUYEN DE HINH HOC KHONG GIAN
(Danh cho gi4o vién 6n thi hoc sinh gidi, hoc sinh ning khiéu va chuyén toén)
& Cau 1: (HSG NAM DPINH 2014-2015) Cho tit dién déu ABCD c6 canh bang 1, hai diém M
va, NVlan luot nam trén cac doan AB va CD, sao cho BN = DN .
a) Chitng minh rang AD 1 BC . Tim diém 7/ céch déu 4 dinh ciia tit dién ABCD
b) Khi M, Nlan lugt 1a trung diém ctia AB va CD, goi (a) 14 mét phiang chita BN va song song
v6i MC.Tinh chu vi thiét dién tao bdi (a) va tit dien ABCD
c¢) Tim gid tri 16n nhat va gid tri nho nhat ctia AN khi A, N thay d6i trén cac doan AB va CD.
®) Loi gidi

a) +) Goi A la truc tam tam gidac ABC, suy ra DH 1 (ABC).

Chiting minh duge BC 1L (ADH)= BC L AD.

+) Trong (ADH) dung dudng trung truc ctia doan AD cat DH tai I, suy ra IA=ID. (1)

Mat khdc AIHA = AIHB =AIHC suy ra IA=IB=1IC. (2)

Tit (1), (2) = I4=1IB=IC =ID hay I 1 diém cdch déu 4 dinh ctia tit dien ABC D.

b) Trong mat phang (DMC) ké NK//MC (K € DM ) suy ra (a) chinh la (BNK).

Trong mit phing (ABD) goi P = BK N AD suy ra (a)cét tit dién ABCD theo thiét dién 13 tam
gidc BNP,

Vi M, Klan lugt 1a trung diém ctia AB va DM = PD = %AD = %

Ap dung dinh 1y cosin trong céc tam gidc ABDP;APDN;ABDN ta c6 PB =

V7443
A

Vay chu vi ABNP la C,,, =
c) +) bat %zx, voi OSxSl:g—zgzx. Khi d6 ta c6: BM =x.BA va DN =x.DC .

Ta co: ﬁ\/zx.ﬁé@ﬁ—ﬁzx(?é—?ﬁ)@ﬁzx.g(—j+(l—x).§5.
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Do d6: MN = BN - BM = x.BC +(1-x).BD—x.BA .
MN? =x*BC*+(1-x)*BD* + x*BA* + 2x(1—- x)BC.BD — 2x* BC.BA—2x(1 - x)BD.BA

=2x?—2x+1.

+) Xét f(x)=2x>-2x+1 trén doan [0;1], ta c6: max f(x)=f(0)=f(1)=1, min f(x)= f(—] =

Vay, MN dat gi tri nhé nhat bang % khi A7, Nlan luot 1a trung diém cta AB, C' D.

MN dat gié tri 16n nhat bang 1 khi M/=B, N=D hoic M=A, N=C.

& Cau 2: (HSG DA NANG NAM 2011-2012) Cho hinh hép 4BCD.A'B'C'D'. Trén canh AB
lay diém A/ khic A va B.Goi (P) la mat phang di qua M va song song v6i mit phang (ACD").

a) Trinh bay cach dung thiét dién ctia hinh hop va méit phang (P).

b) Xéc dinh vi tri ctia A/ dé thiét dién néi trén cé dién tich 16n nhat.

®) Loi giai

Trong mp(ABCD), qua M vé dudng thang song song véi AC cit DB, BCan luct tai £, M.
Trong mp(BDD’'BY), qua E vé dudng thing song song véi D'O (O=ACNBD) cit B'D’tai F.
Trong mp(A’B’C'DY), qua Fvé duong thang song song véi AC cit A’D’, D’C”lan ludt tai R, Q.
Trong mp(AA°D’D), qua R vé dudng thang song song v6i AD’ cat AA tai S
Trong mp(CC’D’D), qua @Q vé dudng thiang song song véi CD’ cit CC”tai P,
Thiét dién 13 luc gide MNPQRS.
b. Do cdc mat doi dién ctia hinh hop song song nén cac canh doi ctia luc gidc thiét dién MNPQRS
song song va 3 cap canh dé lan luct song song véi cdc canh tam gidc ACD’.
= Céc tam giac JKI, ACD’, RQI, JMS, NKP dong dang
MJ] MA NC NK PC PK D' /4
~ MN MB NB NM PC' PO gc' :% = MI=NEvA PR=CI
= Céc tam gidc RQI JMS, NKP bang nhau (goi dién tich cia chiing 1a S va goi dién tich cic tam
gidc JKI, ACD’1an lugt 13 S, )
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Dat %Zk; ta c6 dieu kien 0<k <1 va cé:

2 2 2
i:(JMj =(AM] :(AMJ Sk = 5= kS
s \ac) \pc) 4B

i_(JK)Z _(JM+MK)2 _(JM , MK

S \4cC AC AC AC
= Dién tich thiét dién: S, =S, -3,

2
j —(k+1)" = 8 =( R+ 2k+1)S

1 3 138 . . 1
S =2S(-k*+k+—)=2S|==|k-=| |<£= (dAu bang xady ra & k=—
d ( 2) |:4 ( 2]} 5 ( g xay 2)

S'16n nhat < k =% < Mla trung diém cta AB.

& Cau 3: (HSG bA NANG NAM 2011-2012) Cho hinh chép S ABCD c6 day ABCD la hinh
binh hanh va A/1a trung diém ctia SC. Mot mat phang (P) chita AM va lan luot cit cdc canh SB,
SD tai cac diém B, D'khéc S Ching minh rang: 4 < Si+S£ < 3

3 SB SD 2

®) Li gidi

Liy I= AMNB'D'va O = ACNBD,
ta c6: S, O, I'la céc diém chung ctia 2 mit phang (SAC) va (SBD)
= S O, Ithang hang.Va 71a trong tdm céc mit chéo SAC= 5—é =%

Vé BP // B'Iva DN // D'l (P,N € SO)= OP=0ON . it xz%; y=%
SB SD SP SN 250 3

YT T sp sr st s 2 yel2l ()

2
Suy ra: l+l=iz3( 2 J _4
X y xy X+y 3

Tu (*) 1<x<2 & x*-3x42<0 < x3-x)22 & x-y=2
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o3 gy 3 113
xy 2 xy 2 x y 2
& Cau 4: (HSG DE 046) Cho lang tru tam gidac ABC.A’B’C’.Trén tia dbi ctia tia AB 1dy diém

1 Nd
M sao cho AM = 5 AB. Goi Fla trung diém ctua CA.

a) Xac dinh thiét dién ctia ling tru cit boi mit phang (MEB)
b) Goi D = BC N(MEB’), K = AA’ " (MER). Tinh tj s6 £2 va A&
CB AA'
®) Loi gidi
a) Ta c6 D = MENBC; K = MB'MAA'Suy ra thiét dién 1a tit gidc DEKB’

b, Xét tam gidc MBB’ c6 A_K:M_A:

s
BB' MB 3 A4A' 3

AK 1

+) Trong (ABC). Dung EN // AB (NeBC), khi d¢ EN:% AB

+) Xét tam gidc DBM c6: DN _NE _ 1:>DN=lBN
DB BM 3 2
Cch 1

Suy ra D 1a trung diém CN. Viy — =—
CB 4

& Cau 5: (HSG DE 046) Cho t& dién ABCD.Tim M trong khdéng gian sao cho
MA® + MB® + MC* + MD* dat gi4 tri nhé nhat
®) Loi gidi

Goi G la trong tam cuia ti dién ta co:
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MA®+ MB® + MC* + MD* = MA +MB +MC +MD
=(M—G+ﬁ)2+(M—G+@)2+(M—G+@)2+(M—G+G—D)2
=4MG? +2MG(GA + GB + GC + GD) + GA*> + GB*> + GC* + GD*
=4MG* + GA> + GB> + GC* + GD*
>GA® + GB> + GC* + GD*
Dau “=" x4y ra khi va chi khi M =G. Vay: MA> + MB* + MC* + MD*? dat gi4 tri nho nhat khi M
la trong tam cua tit dién.
& Cau 6: (HSG PE 047) Cho hinh chép tit gide S.ABCD c6 ddy ABCD la hinh vudng canh
bing a2, cic canh bén bing nhau va bing 3a,(a >0). Hiy xdc dinh diém O sao cho O céch déu
tat ca cac dinh ctia hinh chép S.4ABCD va tinh d6 dai SO

By [.5i gidi

s

A B

Goi I=ACNBD. Do S4=8B=SC=S8D nén cac tam
gidc SAC, SBD can tai dinh .S nén S7vudng goc véi AC,
BD suy ra SIvudng goc véi mit phang (ABCD).

D& thiy moi diém nim trén dudng thang S7 cach déu
cac dinh A, B, C,D.

Trong tam gidc S/C. dung trung truc ctia canh SC cit
duong thang S7tai Osuy ra OS=04=0B=0C=0D .

Ta co:

2
SM.SC = SO.SI = 50 = SM5C _ 3ada 9a 20 9fa .

= = = . Vay SO =
SIS -14 29— 8
& Cau 7 (HSG DE 047) Cho hinh chép S.ABC c6 dudng thing SA vudng géc voi mit phing
(SBC). Goi H1a hinh chiéu ciia S1én mit phang (ABC). Chimg minh rang dusng thang SB vuong

- &142 ¥ 51132 " Slcz tit gide S.ABCD c6 déy ABCD 1a hinh

vuong canh bang aﬁ , cac canh bén

gée voi dudng thang SC, biét ring

By [.5i gidi
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()
(9]

D

Goi K la giao diém ciia duong thang AH va BC trong miit
phang (SBC) goi D 1a giao diém ciia dudng thang qua S,
vuéng goéc vai SC.

Ta c¢6 BC'vuong goc véi SH va SA nén BC vudng goc v6i mat
phang (SAH) suy ra BC vuong goc véi SK.

1 1 <
= + , két hg
H?> SA> SK’ P
1 1
= + 1
SK* SB* SC? W
1 1 1
= + 2
SK* SD* SC? @)
T (1) va (2) ta duge SB=SD, tu d6 suy ra B=D hay suy ra SB vubng goc véi SC.
& Ciu 8: (HSG PE 047) Cho ttt diéen ABCD théa man diéu kien 4B = CD, BC = AD, AC = BD
va mot diém X thay d6i trong khong gian. Tim vi trf ctia diém X sao cho téng XA+ XB+ XC + XD
dat gid tri nhé nhat.

Trong tam giac vudng SAK ta co

v6i gid thiét ta dudc

Trong tam giac vudng SDC'ta c6

By [.5i gidi
Goi G'la trong tAm cia tt dién; M, N, P, @ lan ludt 1a
trung diém ctlia cac canh AB, CD, BC. AD.
Ta c6 tam gidc ACD bang tam gidgc BCD nén AN = BN
suy ra MN 1 AB, tuong tu ta chimg minh dugc
MN 1 CD va dudng thang PQ vudng gbéc véi ca
hai dudng thang BC. AD.
Tw doé suy GA=GB=GC=GD.
Ta cé

XA.GA+ XB.GB + XC.GC+ XD.GD
GA

XA+ XB+ XC+ XD =
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_ XA.GA+XB.GB+XC.GC + XD.GD
- GA

= =4GA.
G4

DAau bang xay ra khi va chi khi X tring véi diém G. VAy XA+ XB+ XC + XD nhé nhat khi va

chi khi X la trong tadm cuia t dién ABCD..

& Cau 9: (HSG DE 048) Cho hinh chép S.ABCD , ¢6 ddy ABCD 1 hinh thang can (AD//BC)
va BC=2a;AB=AD=DC = a,(a > 0) Mit bén SBC la tam gidc déu. Goi O la giao diém ciia AC
va BD. Biét SD vudng géc véi AC .

a) Tinh SD.
b) Mt phang (a) qua diem M thudc doan OD (M khic O,D ) va song song véi hai dudng thang

SD va AC . Xéc dinh thiét dién ctia hinh chép S.4BCD cét bdi mit phang («)). Biét MMD =x .
Tim x dé dién tich thiét dién 16n nhat.

®) Loi gidi

a) Dé thay day ABCD la nita hinh luc
gidc déu canh a.

Ké DT//AC (T thudéc BC). Suy ra CT
= AD = a va DT vudng goc SD.

Ta cé: DT = AC = av3.

Xét tam giac SCT c¢6 SC=2a, CT=a,
SCT =120° = ST = a\7

Xét tam gidc vuong SDT ¢6 DT=av/3
, ST=a\J7=SD=2a

b) Qua M ké dudng thing song song
v6i AC cat AD, DC 1an lugt tai N,P.
Qua M, N, P ké cdc dudng thang song song véi SD cit SB, SA, SC lan luot tai K, J, Q. Thiét
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dién la ngt gidc NPQKJ.
Ta c6: NJ, MK, PQ cung vudéng géc v6i NP.

Sxro = S + Swrax = %(NJ +MK)MN + %(MK +PQ)MP = %(NJ +MK).NP (do

NJ=PQ).
Ta s N2 MD _ yp ACMD _xad3
AC OD OD a
NG)
NJ AN OM spom - \af_x]
N AN _OM Ny =220 N3 pa-x3)
SD AD OD OD a
NE)
2a.(a3-x
K s, soy (0B o g
SD ~ BD BD a3 NE)
Suy ra: Sypok :%(2(61 - x\/g) +%(a\/§ - x)j3x =2Q3a- 2\/§x)x
= L(3a - 2\/§x)2\/§x < L[(3(1 - 2\/§x) + 2\/§x}2 = ﬁcf
NE) 43 4
Dién tich NPQKJ 16n nhét bang #cf khi x =§a

& Cau 10: (HSG DE 049) Cho hinh chép déu S.4BCD cach diy bang a, chiéu cao bang2a.
Tinh dién tich thiét dién ctia hinh chép bi c¢&t béi mit phing (a)chfra CD va vuong goc vGi mat
phéng (SAB).

®) Loi gidi
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Goi O 1a tAm hinh vuéng ABCD. M, N lan luct 1a trung diém ctia CD va 4B. Khi d6 O 1a trung
diém ctia MN va AB vudng goc (SMN ) Ké IN vuong goc SM = IN vuodng goc mp(SAB)

= (a)=(CDI).

Tit I ké dudng thang song song véi AB cit SB,SA lan luct tai E,F = EF//AB//CD .Thiét dién
la hinh thang CDEF

Ta 6 +) SM=ySO? +OM? = V17, [y SOMN_ 4a
M 17
+) SI=+/SN*—IN? = 15 EF_ Sl _ pp_SLAB_l5a
2J17 AB SM SM 17
Dién tich thiét dien: Sy, =+ (CD+ EF)IN =24
v Lo CDEF 2 17 (17

& Cau 11:  (HSG HA NAM) Cho hinh lap phuong ABCD.A’B’C’D’ c6 canh a. Goi I1a tAm
ctia hinh vuéng CDD’C’, K 1a trung diém ctia canh CB.
a. Dung thiét dién ctia hinh lap phuong ABCD.A’B’C’D’ c¢it béi mit phang (AK7). Tinh dién tich
clia thiét dién theo a.
b. Tinh géc tao bdi hai duong thang A°D’va AQ véi @ la giao diém ctia (AKT) va CC"

®) Loi giai

C’ D'
™ 7
1
1
1
B’ H A’
! 4N
1
N
1 N 7o
1 -
Q: Y AN
1
e S
. /:\\ ~57
s P
s
/ 1
1
Lo
J=""F--"""-- o ittt itk Bl Attt
- //,’// Cc b
sl
- kK e ———a
B A

a, +) Goi J1a giao diém ciia AK va CD, @ la giao diém ctia JIva CC’, N1a giao diém ctia 1/ va

DD’

Thiét dién 1a t gidc AKQN.

Chimg minh duge AKQN la hinh thang c6 2 day la KQ), AN.

+) Chitng minh duge C'la trung diem ctia JD, K 1a trung diém JA, @ la trung diem ctia JNV.

Sukg _JK JO_11_1_,

S J4 JN 22 4
co

1 1
+) CQ==—ND=QC'= —=—
) €0 2 ¢ cc' 3

AKON = Suuv —Samo = 3SA]KQ‘
AJAN

:>CQ=%a.
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+) Tinh duge KQ:@; JK = "f; JO = “‘éﬁ.

JO* +JO* —-KQ* 6
2KJO 50

sin KJQ =/1-cos’ KJQ = g
1 V1442

S, ko == JK.JQ.sin KJQ =
are =5 /KO Q=—"

Jiaa?

SAKQN = 3SA]KQ = T

cos KJQ =

b, Vi A°'D’//AD nén géc tao bdi A°D’, AQ bang goc tao bdi AQ, AD.
C6 AC' =~ AB* + AD* + 44" = a3
av19 a~10

3 3

Tinh duge AQ = ; AD=a; QD =

AQ*+AD*-0D* 3
240.4D J19°
& Cau 12:  (HSG DE 052) Cho hinh chép S-4BC c6 SAL(ABC) va S4=2a dgy 4ABC 1 tam

cosQAD =

gide vuong tai € voi 4B=2a BAC=30° Goi I 1 diém di dong trén canh 4C | J 1a hinh chiéu

vudng goc ciia S trén BI .
a) Ching minh 4J vudng goéc véi BI .
b) Pt Al =x (0<x<a+3). Tinh khodng cdch tit S dén BI theo a va x. Tim cdc gid tri clia x
dé khoang cach nay cé gia tri 16n nhat, nhd nhét.
®) Loi gidi

a) Ta c6 AJ 1a hinh chiéu ctia SJ trén mat phgmng (ABC ), SJ L BI
= AJ 1 BI (dinh li ba dudng vudng goc).
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b) SJ LBI tai J nén SJ=d(S,BI).

+) AC = ABcos BAC =2a.c0s30° = a~/3

BC = ABsin BAC =2a.sin30° =

BI’ =BC* +CI’ =a’ +(a 3—)6)2 =44 +x* —2ax\f3

:>BI:\/4a2+x2—2axx/§.
AJ Al

* Hai tam giac vuéng AJI va BCI c¢6 AlJ = BIC (ddi dinh) nén ching dong dang, suy ra 3C Bl

_BC.AI a.x
- Bl \/4a2 +x’ —2ax\/§ .
* Xét tam gidc vuong SAJ ta co:
a’x’ 16a* —8a’x+/3 +5a°x

4a* +x* =2ax\3 T i 4x —2ax3
16a* —8a’x~\3 +5a°x°

4a* +x* =2ax3
+) Tim x dé SJ dat min, max:
Trong mit phing (ABC ), AJ L JB nén J thudc duong tron (C ) duong kinh AB chtta trong mat

= AJ

SJ? =84+ AJ? =4a” +

Vay d(B,SI)= \/

phang nay. Ro rang C ciing thuoc (C)

Miit khac J 1 giao diém thit hai ctia BI véi (C ) nén khi / di dong trén AC thi J di dong trén
cung nho AC cta (C).

Do d6: SJ dat min <& 4J dat min < 1=4<x=0.

SJ dat max < AJ dat max < [=C <:>x=a\/§.

& Cau 13: (HSG PE 053) Cho hinh 1ap phuong ABCD.A’B’C°D’ canh a. Goi M, N, Plan lugt
13 trung diém ctia cac doan thang AD, BB’, C’D’. Xac dinh thiét dién cit béi mit phang (MNP) véi
hinh 1ap phuong ABCD.A’B’C’D’. tinh theo a dién tich thiét dién doé.

®) Loi gidi
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B

Goi S'1a trung diém ctia AB, khi d6 MS//BD = MS//(BDC") va NS//C'D= NS//(BDC") suy ra
(MNS)//(BDC"). Do (MNS)//BC' nén (MNS) cat (BCC'B’) theo giao tuyén qua /N song song véi
BC’cat B'C’tai Q.

Do (MNS)//BD//B'D' nén (MNS) cat (A'BC'D) theo giao tuyén qua @ song song v6i B'D’ cat
D’C’tai P’ do P’la trung diém ctia C’D’nén P’ tring véi P. Do (MNS)//C'D' nén (MNS) cat
(CDD’C") theo giao tuyén qua P song song véi C°D cat DD tai R.

Do d6 thiét dien cit bai (MNP) véi hinh 1ap phuong ABCD. A'B'CD’ 13 lue gide déu MSNQPR

canh MR =% va c6 tam la O. Suy ra:

2 2
Sysvore = 6Sous = 6.%OM.OS. $in 60° = #. VAY Sysnom = #.
& Cau 14: (HSG DE 053) Cho hinh chép S ABCD c6 ddy ABCD la hinh thang vuong tai A va
B, AB= BC = a, AD = 2a. Cac mit phang (SAC) va (SBD) cing vuong goc véi mit phang ddy.
Biét gbc giita hai mit phang (SAB) va (ABCD) bang 60°. Tinh khoang cich gitta hai duong thang
CD va SB.

®) Loi gidi
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Goi H=ACNBD = SH = (SAC) " (SBD) = SH 1 (4BCD) va BHz%BD.

Ké HE | AB = AB | (SHE) = gbc giita hai miit phing (SAB) va (ABCD) 1a SHE nén
SHE = 60".

Ma HEz%ADzz?a:Ssza;/g.

Goi O 1la trung diem AD= ABCO la hinh vuéng canh a = BO L. AC, ma BO L SH
= BO L (S4C).
Goi I=A4CNBO, ké CK L SI md CK L BO (do BO L(SAC)) = CK L(SBD).
Cé CD//BO = d(CD,SB)=d(CD,(SBD))=d(C,(SBD))=CK .
1 a2
6

Nhén thay H la trong tdm tam gidc BCO = IH = EIC =

— IS = IH* + HS? = 5‘/65“ .

Trong tam gide SIC co: Sy, =~ SH.IC =~ SI.CK = CK = 1€ _ 23a.
2 2 SI 5
Vay d(CD,SB)= 2?" .

& Cau 15: (DE THI OLYMPIC 11 — BIM SON 2012) Cho hinh chép S.ABCD cé ddy la hinh
vuong tam O, canh a va SO vuong goc v6i mat

phgxng(ABCD). Goi M,N la trung diém cta SA4 vaBC. Biét géc giita duong thang MN va mit
phang (4BCD) bang 60°.

1. Tinh do dai céc doan thing SO va MN theoa .

2. Tinh cosin clia goc gitta dudng thang MN véi mit phiang (SBD).

®) Li gidi
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Goi I 1a trung diém ctia O4 = MI// SO = MI 1. (ABCD) . Do d6 géc gitta MN va (ABCD) la gbée

MNI = MNI = 60°

2 2 5
+) IN* = IC* + NC* —=2IC.NC.cos 45’ = 2a +(ﬂj _2.36“,3,£:5L
4 2 4 272 8
L= Nloza\/ﬁ‘
4 cos 60 2
+) MI = NI.tan60° =~ 430 :»Sozleza*/?o
AC 1 BD . . , .
2. Ta = AC L(SBD). Goi H,K la trung diém cua SO va OB
AC 1 SO

= MH//KN// AC= MH 1 (SBD),KN 1 (SBD).
Do d6 HK 1A hinh chiéu ctia MN lén (SBD). Goi E=MNNHK suy ra goc ¢ gita MN va (SBD)

14 g6c MEH .

+) Do MH :%OA =%OC = KN =%, nén MHNK 1i hinh binh hanh.
= Eli trung diém ctia MN = ME :%MN = "‘iﬁ .

MH a2 a10 1

ME 4 4 5

Do tam gidc MHE vuong tai Hnén sing =

= cos¢ =+/1—sin’ ¢ 2
J5
& Cau 16: (DE THI HSGTPDN - Toanll - 2013) Cho hinh chép S.4BCD c6é ddy ABCD la

hinh binh hanh tdm O va M la trung diém ctiaSC. Mot mit phang (P) chita AM va lan lugt cit
cac canh SB,SD tai cic diém B',D’ khic S . Chimg minh rang:
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a) SB+SD=3.b) %S

SB" SD' 3
- + <
SB"  SD'

SB SD 2’

®) Li gidi

Liy I =AM N B'D'va0O=ACNBD,
Ta c6: S,0,1 1a céc diém chung ctia 2 mit phang (SAC) va (SBD).

= §,0,I thing hang.

Va I la trong tdm cac mat chéo S4 = St = g
SO 3

+ V& BP//BIva DN//D'I (P,N €SO) = OP=ON . Dit ng—g- yz%

IR

- xt+y= SB+SD :S_P+S_N=@=2§=3 =x,yell;2] (*)
SB" SD" SI SI S1 2

2
1 1 2 4
+ Suy ra: —+—=iz3( J =—.
Xy Xy

+ Tt (%): 1x<2 & x*-3x+2<0 < x(3-x)>2 <:>)C)/22<:>i£§<:>x+ysé <:>l+ls§.
xy 2 xy 2 x y 2

& Cau 17: (Dﬁ] THI OLYMPIC 11 — BIM SON 2013) Cho hinh chép S.4BCD c6 day la hinh
binh hanh tAm O, M la diém di dong trén SC va
(P) la mit phang qua AM va song song v6i BD. Tim céc giao diém H va K ciia (P) véi SB va
SD . Chiing minh S—B+S—D—£ 14 mot hang sb.

SH SK SM

®) Li gidi

GV: Trén Dinh Cu ~Zalo: 0834332133




@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

Goi J la trung diém ctia MC; I =HK N AM

Ta c¢6 HK// BD,OJ /| AM do d6

& Cau 18: (Dﬁ] THI OLYMPIC 11 — BIM SON 2013) Cho lang tru dimg ABC.A'B'C' c6 ddy
la tam gidc vudng tai B, 4B =a, AC =2a,goc gitta

dudng thang AB' va mét phang (BCC'B')bang 30°. Goi M,N lan lugt 1a trung diém ctia BCva

BB'. Tinh khoang céch tit 4" t6i mit phang (AMN).
®) Loi gidi
A C

M

BC =+ AC?* - AB* =a\3

Ta c6 AB L BC,AB L BB' = AB L (BCC'B')
Nén géc gitta AB' v (BCC’B’)1a géc AB'B

— AB'B=30° = BB' = ABcot30° = a-/3 .
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Goi I=ANNAB,0=AB " AB.

Khi d6 I la trong tdm tam gidc ABB' nén BI =%BO =%A’B = A'[=2BI .

Do I =A'BN(AMN) nén
d(A',(AMN))=2d(B,(AMN))=2h
Do BAMN la tit dién vudng tai B nén

1 1 1 11 4 4 11 _av33
72 >t >t T T oty T T :
h AB° BM~ BN a 3a 3a 3a 11

2+/33a

Vay d(4',(AMN)) =

11

& Cau 19: (DE THI OLYMPIC 11 — BIM SON 2015) Cho hinh chép S.ABCD c¢é ddy la hinh
vuong canh a, SA = a\/g, SAvuong géc v6i mat
phang (4BCD) .
a) Tinh géc gitta duong thang SB véi mit phang(SCD).
b) Goi M la diém bat ki trong khong gian, tim gid tri nho nhat ctia biéu thitc
¥ = MA* + MB* + MC? + MD* + MS”.
®) Lsi gidi

a) Goi O 1a tdm ctia hinh vuéng, E 1 trung diém ctia SDsuy raOE//SB.
Tacé CD L AD, CD 1 S4Asuy raCD L (SAD).

Ké AH L. SD, HeSD = AH 1. CD.
Goi F la trung diém ctia HC suy ra OF // AH = OF 1 (SCD) nén EF 1a hinh chiéu vudéng goc
clia OE1én mp(SCD) = AH 1 (SCD).

Goi y 1a géc gitta SB va(SCD), khi d6 y = (OE, EF) = OEF .

Ta 6 SB=+SA + AB’ :aﬁ:OE:%SB:a

7
S
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12: 12+ 12: 72:AH:"*/@:»OF:lAH:“*m.
AH®> SA> AD* 6a 7 2 14
. OF /6 . 6
=>siny=——=— =y =arcsin—.
OE 7 7

b) Véi diém I bat ki ta luon c6 ¥ =MA +MB +MC +MD +MS

= (MI + IA)* + (MI + IB)* + (MI + IC)* + (MI + ID)* + (MI + IS)?

=5MI* +14% + IB* + IC* + ID* + IS* + 2MI(IA+ IB+ IC + ID + IS) .

Chon 7 thoéa man JA+IB+IC+ID+1S=0< 410+ 1S =0 < IS =—410
Suy ra [ la diém thudc doan SO sao cho IS =410 .

Khi d6 W =5MI* + 14> +IB> +IC* +ID* +IS* > IA* + IB* + IC* + ID* + IS” .
Suy ra W nho nhat khi M =1 .

2
Ta c6 SO =S4 +04* = %
2 2
Suy ra IA> +IB* +IC* + ID’ + IS” —210°+ B 5j02 1 AC +£502.
16 4 16 4 364’

=4]0* + AC* +—8S0* =—SO* + AC* +—S0O* =—SO* + AC* = .
25 25 25 5 5

364*

Vay ¥ nho nhat bang khi M=1.

& Cau 20: (Dﬁ) THI OLYMPIC 11 — BIM SON 2014) Cho hinh chép S.ABC; G la trong tAm
clia tam gidc ABC. Mot mat phing (@) cit cic tia S4,SB,SC,SGtheo thit tu tai 4,B,C,G .
SA SB SC SG
+—+ =3 .
SA" SB" SC' SG'

®) Loi giai

Chiing minh rang

S4'" ' SB' sc' U SG
SG =dSG' .

bat =d. Theo bai ra ta suy ra S—A:ag, S—B=b§, E=c@,

b

Do G la trong tAm ciia tam gidc ABC nén SG =%(ﬂ +SB+SC) .
Suy ra SG’ =$(aS71'+bS—B'+cS—C’).

Mit khic do 4',B,C',G' dong phéng nén tir ding thitc trén ta cé

a b ¢ S4 SB SC SG
—+—+—=1oa+b+c=3d & —+—+—=3—.
3d 3d 3d S4" SB' SC'  SG'

& Cau 21: (DE THI OLYMPIC 11 — BIM SON 2014) Cho ling tru dimg ABC.AB'C’ ¢4 day
ABC 13 tam gidc can, AB=A4C=a g5c BAC=120° Bp'=4 | l1a trung diém ctia CC’. Tinh cosin
ctia géc gitta hai mit phang (4BC)va(4BT).
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®) Ldi giai
B H C

Goi K=BCNBI.

Suy ra AK =(ABC)N(A4BI).

Ké AH 1 AK,H € BC.

Ké HE//BB,EeB'I,do BB L(ABC) nén HE L (ABC) = HE L AK

Khi d6 AK 1 (AHE)

Goc giita hai mit phing (4BC) va (4B'1) 1a ¢=(AH, AE)= HAE .

BC? = AB* + AC* —2A4B.AC.c0s120° =3a> = BC = a3

+) Ta thay CI 1a dudng trung binh ctia tam gidc KBB' nén Cla trung diém ctia BK , do dé
BK =2BC =2a+\3 .

AK?* = AB* + BK* ~2AB.BK .cos 30° = 7a* = AK = a7

2 2 2
cosAKB_AK +BK-AB 9 — HK = Af\:14\/§a
24K .BK 2421 cosAKB 9
21
AH =HK® - AK” = */;“ .
- HE
+) Ta c6 HE _KH | pp_ BB'KH _Ta , tang =tan HAE = — Z
BB" KB KB 9 AH \3
=— :1+tan2(p:1+zzm:>cos(p:@.
cos” @ 3 3 10

& Cau 22: (HSG PE 059) Cho hinh chép SABC ¢6 SC L(ABC) va tam gidc ABC vuong tai
< 2 8 ) 1
B. Bibt AB=a, AC =a+3 va gbc gitta hai mat phang (SAB), (SAC) bang a véi sina = \/g Tinh

do dai SC'theo a.
®) Loi giai
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Goi H, K1a hinh chiéu ctia C'lén SA, SB.

Ta chiing minh dugc

CK 1 (SAB), SA L (CHK) .

Suy ra ACHK vudng tai A va S4 1L KH .

Do d6 a = ZCHK.

bat SC=x>0. Trong tam gidc vuong SAC ta c6

L SR SN ,  3a’x’
CH®> CcA* CS? 3a° +x°
,  2a°x’
Tuong tu, trong tam giac vuong SBC ta ¢6 CK =22—2.
a +x

2 2 2
B K 13 20atx) 3 6a,vix>0. Vay SC=6a.

Ta cé sinag =, |— < = =
19 CH” 19 32a”+x7) 19

& Cau 23: (HSG DE 059) Cho khéi lang tru tam gidac ABC.A'B'C" c¢6 day la tam gidc déu canh
a, diém A' céch déu ba diém A, B, C.Géc gitta AA' va mit phang (ABC) bang 60°. Tinh khoang
cach gitta hai dudng thang AB, CC' theo a.

®) Loi giai

Gl trong tam AABC. Ta ¢6A'G L (ABC) va (AA'(ABC))= A'AG = 60°
AG=%. Xét AA'AG c6A'G = AG.tan 60° = g
Ké CK L A'H = CC'// AA'
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= d(CC',A4")=d(CC',(AA'B'B))=CK
Ta c¢6 CK = A'GCH =a.a\/§ :m= a’\3 :a\/@ = a13

A'H 2 2 6 13
& Cau 24: (HSG THPT LE VAN HUU LOP 11) Cho hinh hgp ABCD.A4,B,C,D, cb dinh. Trén
cdc doan AB,,C,B lan lugt lay cdc diem P,Q sao cho AP =2PB,,C,Q =20B . Chiing minh dudng
thang PQ song song v6i mit phang (ACCI).

®) Loi giai
Goi D(m ;m-4) St dung didu kien HD.HN =0=>m =4 = D(4;0)
Nhén xét H va C dbi xting qua DN tim dude C(1;—4)
Tu do tim duge : A(0;3), B(-3;-1)
Chiing minh PQ//(ACCI)

Goi E 13 trung diém ctia BB,.

EB PB 1 . PE 1
Vi —t=—>="=— nén A4,P,E theo thit tu d6 thang hang va — =—
A4, P4 2 P4, 2
, coz s QE 1
Tuong tu, C,0,E theo thit tu d6 thang hang va =—=—
oc 2
Xét tam gidc EAC c6 P, Q lan lugt thudc cdc canh EA; va EC dong thoi PE_QF
P4, OC
= PO/ AC

Mt khac 4,C < (ACC,)= PQ//(ACC,))
& Cau 25: (HSG THPT LE VAN HUU LOP 11) Cho hinh hop ABCD.AB,C,D, c6 dinh. Trén
céc doan AB,,C,B lan lugt lay cac diem P,Q sao cho AP =2PB,,C,Q0=20B. Goi I 1a diém thay

doi trén canh BC (IkhécB va C). Al cat CD tai J,DIcat BJ tai M va CM cit AB tai N.
Chimg minh m&t phang (AINI ) ludn chita mot dudng thang ¢b dinh.

®) Li gidi
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Chiing minh mat phang (A4 NI)ludn chita mot dudng thang cé dinh

A B N
, " . s K

M

J
D C

Trong mit phang (ABCD), goi K = DM N AB.
Vi AB//CD nén:
MB_BN_NK:NK_CD_ AB _IB _IK
MJ CJ CD NB CJ CJ IC ID
ﬁz%:m//BD

Mat khac AB=CD =
Qua A; ké dudng thing d song song véi IN. Suy ra d song song véi BD va ndm trong mit phing
(ANI). Vay mp (ANI) chita duong thang d c6 dinh.

& Cau 26: (HSG NONG CONG 4 — THANH HOA NAM 2017-2018) Cho tit dién OABC c6
0A,0B,0C d6i mdt vudng géc. Goi a, B,y lan luct 1a gbc giita cdc dudng thang véi mit phang
(ABC). Tinh gia tri nho nhat cta biéu thitc M = (3+c0t2 05)(34—c0t2 /3)(3+c0t2 7/)

®) Li gidi

B

Goi H 1a chan dudng cao ha tit O xudng mit phing (ABC ) Khi dé6 ta chiing minh:
11 N 1 N 1
OH®> 04> OB* 0C’
OH® OH’ OH’
A 2 + 2 + 2
o4~ OB° oOC

=l<sin® @ +sin’ f+sin’ y =1
Y
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sin” & sin® 3 sin’ y

Khi do: M=(3+cot2a)(3+cot2,8)(3+cot27/):(2+ ! ](2+ ! J(2+ ! J
Dit sin*a =a,sin’ f=b,sin’ y =c vdi a,b,c>0

= Dang M=(2+lj(2+lj(2+lj v6i a+b+c:1:>L227
a b c abc
Bién doi: M:8+4(l+l+lj+2(i+i+ij+L

a b c ab bc ca) abc

Ap dung bat ding thitc AM-GM ta c6:

2
M >8+ 4.3.‘3/L +2.3.3 (Lj +L >125
abc abc abc

1 1
Vay M, =125 khi a=b=c=— hay sina=sinf=siny=—

3 NE
& Cau 27:  (HSG NONG CONG 4 - THANH HOA NAM 2017-2018) Cho hinh chép S.ABCD
c6 day 1a hinh vudng canh a va cic canh bén déu bang a. Goi M la diém trén SB sao cho
SW:%@ va E 1a mot diém thay ddi trén canh AC. Xéc dinh vi trf difm E dé ME vudng goc
v6i CD.

®) Loi giai

S

B

bit CE=xCA. Ké EH L CD, (H € CD)= EH //AD nén CH =xCD
Suy ra CH =xCD
m:@_m:x@_@@%@j

e 1= 2= (= =\ 2= 1=
Do: CM=CS+SM=CS+—SB=—CS+—(CS+SB)=—CS+—CB

3 3 3 3 3

ME = MH + HE
Dé ME vudng goc véi CD diéu kién la:
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1\7E’E[)’=0<:(ﬁﬁ+ﬁ1§)55=o@ﬁﬁfﬁzo do HE L CD

e (22— 1—\]=— 2 D
| xCD - 5CS+§CB CD =0 xCD —ECS.CD=0 do CB L CD
Do ASCD du nén CS.CD = CS.CD.cos 60° =%a2.

Do d6 x.a*-=.

az=O<::>az(x—lj=0<::>x=l
3 3

[SSERN)
N | —

Vay E thudc doan AC sao cho CE %CA.

& Cau 28: (HSG NONG CONG 4 - THANH HOA NAM 2017-2018) Cho hinh hép chit nhit
ABCD.ABCD, c6 AB=AD=a, A4, =b. Goi M la trung diém ciia CC,. Xac dinh t s6 % dé hai

m#t phang (AlBD) va (MBD) vuong goc vai nhau.
®) Ldi giai

A1 B1
D C1
A B
(0]
D c
Goi O la tam hinh vuong ABCD.
AC 1 BD
Ta cé: BD =(ABD)~(MBD), = (ACC,A) L BD
A4, L BD
(ACC 4)) L BD
Vay: {(ACC A4 )N (A4BD)=04, do d6 géc giita hai dudng thang OM va 04, la géc giita hai mét
(ACC,A4)~(MBD) =OM

phang (A4,BD) va (MBD).

AC, JAB+AD* + 44> 2a> +1’
= -

2 2

Ta c6: OM =
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2 2
04> = AO* + AL :%+b2; MA> = AC? + MC? = d’ +%

Hai mdt phang (4BD) va (MBD) vudng géc véi nhau < AOMA, vudng tai O

2 2 2 2
o OM* + 04> = MA? =24 4+b +[%+b2j:a2+%<:>a2 = b’ @%:1

& Cau 29: (HSG NONG CONG 4 — THANH HOA NAM 2017-2018) Cho hinh chép S.4BC
c6 SA=SB=SC=a,ASB =60",CSB =90, 4SC =120°. Goi M,N 14 hai diém thay ddi trén canh AB
CN  AM

va SC sao cho — ="— . Tim gi4 tri nh6 nhat ciia doan thang MN .
SC 4B
®) Loi gidi
S
N
(03
A
M
B
Dit SC=¢,SB=b, Sd=a, =M _ . (0<m<1)
SC 4B

= NC = mSC = mé, AW = AB = m(5-3)
M—N:m+A—S+@+m=—m(5—5)—gz+2—mzz(m—l);z—m5+(1—m)2

o ~ 2

2
Do a.bz%, bc=0, a.c:—% nén MN2=(3n12—5m+3)a2

2
=3a’ (m—éj +£a2 Zga2 = MN > a\1/23_3

5 B Vme[O;l]

a\33
-

P 2 5 .
Dau dang thttic x4y ra khi m =g. Vay gia tri nhé nhat cia MN la

& Cau 30: (HSG THPT TINH GIA 1 NAM 2018-2019) Cho hinh hép ABCD.4£'B’C’D’. Goi
M ,N lan lugt 1a trung diém ctia BC vaDD’. Chiing minh rang MN // (A’BD).

®) Li gidi
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ME//BD

= (MNE)//(A'BD)= MN//(A'BD)
NE//A'B

Goi E la trung diém CD :>{

& Cau 31:  (HSG THPT TINH GIA 1 NAM 2018-2019) Cho hinh chép tit gide (u,) c6 ddy la
3

2
u, = m ,Vnz2
vuong géc véi mat day. Goi a. lan luot la trung diém ciia cdc canh 4BC Goi O. la trung diém ctia
I 1a chén dudng vuong géc ha tit 4C lén M Chitng minh MN L (S4B)va tinh dién tich thiét dién
cia hinh chép cit béi mit phing OM =204+ OB +20C.
®) Loi giai

hinh vuéng canh Tam giac (un) 1 tam gide déu va nim trong mét phing

+ Pit HA=x, HK =y, HS =z (K 1a trung diém BC )
S 1= =y —— 1l — ——  — = - -
+ Ta c6 AM=—(AS+AB)<:>AM=—(HS—HA+HK) @AMz—(z—x+y)
2 2 2
T e T T
MN=MA+AD+DN=——(z—x+y)—2x+—y=——x——z
2 2 27 2
SB=SH+HA+AB=—-z+x+y

2 2
+ Suyra WA =35 L7 3y _LaB Y o (1)
47 40 al2) a2
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2 2
MNSE--37 sl 3(a) LaB) v ()
2 2 2\ 2 21 2

+ Tt (1) va (2) ta suy ra MN L(S4B).

+ Mt khéc MN~ :(—Ex——z
Dung thiét dién :

+ Qua S ké duong thing d song song véi AB va CD=d :(SAB)m(SCD)
+ Trong mét phang (SCD) kéo dai NENd =1

+ Trong mit phang (SAB) kéo dai IM NAB=F

+ Tt gidc MENF 1a thiét dién can tim

+ Tacb SC=SH+HD+DC=-z-x+y

+ Gi4 st ﬁ:k@:ﬁ:k(—%—h})

+ HE=HS+SE=(1-k)z—kx+ky

+ Do HE 1 SC nén HESC=0< (k-1)z +kx +ky =0

3(k-1
3D ke k=3 i day suy i ES 23
4 8 EC 5
CN CN EC 5 5 10
2
+ Do do NF - Jaz+(g_BF) S YN A

2
+ Dién tich tam giac INF la dt(INF) - MN.MF =4 f
+ Goi h la duong cao ké qua E cua tam giac IEM L=£ =S—E=§
MN IN SC 8

3MN  3a+3
> h=—-—=
8 16
2
4 Dien tich tam gide IEM 1 di(IEM )=~ hiv =L nr =2 V37
: > 320
2
+ Véy dién tich ctia thiét dién 1a dt(MENF )= %

& Ciu 32: (HSG THPT CAM THUY 1) Cho ttt dién déu ABCD canh a. Goi M va P 1a hai
diém di dong trén cdc canh AD va BC sao cho AM =CP=x,(0<x<a). Mot mit phing () di
qua MP va song song v4i CD cit ti dien 4ABCD theo mot thiét dién.

a. Thiét dién trén 1a hinh gi?

b. Tim x dé thiét dién c6 dién tich nhé nhat.
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®) Ldi giai

a. Ta cd:
{M e (a) N (ABCD)
(a)//CD

= ()N (ABCD)=MN//CD(N € AC)

Tuong tu ()N (BCD)=PQ//CD(Q € BD)

()N (BAD)=MQ;(a)"(4ABC)= PN

Vay thiét dién ctia (a)véi t dien ABCD 1a tit gidc MNPQ .

Vi MN//PQ//CD nén MNPQ la hinh thang.
CP=DQ

Hai tam gidc CNP va DMQ bang nhau vi < CN = DM
ZPCN = ZQDN =60’

Suy ra NP=MQ hay thiét dién 1 hinh thang can.

b. Ta c6 MN =AM =x, PO=BP=a—x

Ap dung dinh 1y ham cosin trong tam gidgc MDQ ta cé:

MQ* = DQ* + DM* —2DQ.DM .cos ZMDQ

=x"+(a-x)" —2x(a—-x)=3x> -3ax+a’

Dung duong cao ME ta co:

ME® = MQ’ —QE* =3x* - 3ax+d’ —(—P 0 _ZMN )
oy — 2 _ 2 2 2
=3x2—3ax+a2—(a )2€ x)2:8x 8;1x+3a :ME:\ISX 82ax+3a

Dién tich thiét dien MNPO li:

2
5= O POME 0 i g5 = Jste- 2y a2
2 4 4 2 4

2
MinS:a—<:>x:ﬁ
4 2
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& C4u 33: - (HSG THPT TRIEU SON 2 NAM 2018-2019) Cho hinh chép S.4BCD. Goi E la
giao diém clia AB va CD, F la giao diém ctia AD va BC. Mit phing (a) khong qua S, song

song v6i mat phang (SEF) cit céc canh SA, SB, SC, SD clia hinh chép lan lugt tai M, N, P,

0. Chiing minh rang S S—P S_N+SQ

SA4 SC SB  SD

®) Li gidi

(a)//(SEF), (a)m(SAB) =MN , MN,SE c (SAB) nén suy ra MN//SE .
(a)//(SEF), (a)N(SAD)=MQ , MQ,SF = (SAD) nén suy ra MN//SF .
(a)//(SEF), (a)m(SBC):NP, NP,SFC(SBC) nén suy ra NP//SF .
(a)//(SEF), (a)n(SCD)=PQ, PQ,SE = (SCD) nén suy ra PQ//SE .
Vay MNPQ la hinh binh hanh.
Suy ra SM +SP = SN + SO oM P56 SN 55,5955
SA SC SB

o Mai SPe N5 25p o5 =S—A(—S—PE +SN 55,50 SDJ

SA SC SB SD SM\ SC SB SD
Vi bén diém 4, B, C, D ddng phing nén ta cé ﬁ(—S—P SN SQ)

sm\ sc SB SD

SP SN SO _SM _ SM_SP_SN SO

—+ — o —
SC SB SD sS4 S4 SC SB SD

& Cau 34: (HSG THPT TRIEU SON 2 NAM 2018-2019) Cho hai nita dudng thing Ax, By
chéo nhau. Hai diem C, D thay d6i lan lugt & trén Ax va By sao cho L+i= 3 , D' 1a diem
AC BD 4B’

thit tu ctia hinh binh hanh 4BDD'. (P) 14 mit phing chita CD va song song véi AB, (Q) la mat
phang chita Ax va song song v6i By. Chimg minh rang (P) luon luén di qua mot diém cb dinh 7

trong mit phang (Q) . Tim vi trf cia C va D sao cho dién tich S clia tam gidc AD'C nhd nhat.
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®) Ldi giai

B D Y

Dung 4y'//By. D' trén Ay’ sao choAD'=BD. (P) la mat phang (CDD'), (Q)la mit phang
(Ax,Ay')

Véi I tuy ¥ trén CD'. Goi M, N la cic diém trén Ay', Axsao choMI//Ax, NI//Ay' . Ta cé:
AM AN CI D'l CI+ID'
+ = + = =1 (1)
AD' AC CD' D'C cD'
1 2 3 AB:3 2A4B:3
— = +
AC BD AB AC AD'

=1 (2).

Véi C, D 1a hai diém tuy y théa man gia thiét. Trén CD'ton tai diém I sao cho ll))'é ZA:;C}
Ta dugc: AN _D'I :AB:3:>AN:£ (3)
AC D'C AC 3
v AM _ CI _D]ZI_AB:3:2AB:3:>AM:2AB )
AD' CD' D'C AC AD' 3

T (3) va (4) suy ra M, N ¢b dinh nén [ ¢6 dinh. Do d6 (P) luon di qua diém cb dinh I trong

(Q)-

S =%AC.AD'sinA =%AC.BD sin A4 nén S nhd nhit < AC.BDnho nhéat.

Ap dung bat ding thitc Cosi cho hai s6 duong: L, % ta co:

AC

S oL 2oL 2 L uenpsdap

4B AC BD NAC BD 9

Dén bing xay ra khi va chi khi ——=—2 =3« 40 =248 o pp-34B
AC BD 24B 3

Vay S nhé nhat khi va chi khi BD:#, ac =248

3
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& Cau 35: (THPT BONG SON 1 NAM 2018-2019) Cho hinh chép S.4BC c6 SCJ_(ABC) va
tam gidc ABC vuong tai B.Biét AB=a, AC= a3 va gbc gitta hai mit phang (SAB) va (SAC)

bang a véi sina=\/%. Tinh SC.

®) L5i giai

S

1

Goi H,K lan luct 1a hinh chiéu cia C 1énS4,SB. Ta chimg minh dugc
CK 1 (SAB), SAL(CKH), suy ra tam gidc CHK vudng tai K va SA L KH

Do d6 a = CHK . Dit SC=x
2.2
2= 12+ 12:>CH2= 3?x2
CH®> C4* CS 3¢+ x
2a’x*

2a° +x*

Trong tam gidc vuong SAC ta co

Tuong tu, trong tam gidc vuéng SBC ta c6 CK’ =

2 2(3a” +x°
Ta c6 sina = E@ CK2 =E©gzg©x=6a. Vay SC=6a.
19 7 CH® 19 7 3(2a°+x%) 19

& Cau 36: (THPT DONG SON 1 NAM 2018-2019) Cho hinh chép S.ABCD c¢6 day ABCD la

hinh thang(AB/ /CD),AB =2CD. Goi M va P lan lugt la diém thudc canh AD va SC thod man
Z—g =;;(S:= x. X4c dinh thiét dién ciia hinh chép cat bdi mit phang () chtta MP va song song
v6i AB . Tim x dé dién tich thiét dién bang mot nita dién tich tam gidc SAB .

®) Loi gidi
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B

6\ () /1 AB — (@) " (ABCD) = MQ//AB(Q  BC)
(04

Tuong tu (&) N (SCD)= PN //AB(N € SD)
Vay thiét dién ctia () v6i hinh chép 1a ti gidc MNPQ. Vi MQ//NP//AB nén MNPQ 1a hinh

— {M e (a) N (4ABCD)

thang
MD AM 1 X x+2

Goi T=MNAPQ. Ta cé: OM =—— AB+——CD=——AB+——CD = AB
AD AD 1+x 1+x 2(x+1)

 MA_QB_PS_NS
MD OC PC ND

. STMQ_ MQ 2_ x+2 ’
Do ds S 15 _(ABJ _£2(x+l)j (1)

= PQ//SB,MN //SA=> ASAB ~ ATMQ

NP NS AM X NP X D - X UB— NP X
CD SD AD Cox+l x+1 2(x+1) QM Cx42
2 2 g 2
DO dé STPN :(NPJ _ X . MNPQ=1_ X . _ 4x+42
Swo \MO) ~ (x+2)  Sme  (x+2) (x+2)
N . Suveo 1
Tt (1) va (2) suy ra =—
STMQ x+1

S
Sweg L1 1

Vay x=1ta co
S 2 x+1 2

& Ciu 37 (HSG THPT HAU LAU 2 NAM 2018-2019) Cho hinh hép ABCD.A'B'C'D'. Trén
canh AB lay diem M khic 4 va B. Goi (P) la mat phéng di qua M va song song v6i mat phgmng
(4CD').
a. Trinh bay cdch dung thiét dién ctia hinh hop va mét phing (P)
b. Xac dinh vi trf cia M dé thiét dién néi trén ¢ dién tich 16n nhét.

®) Loi gidi
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a. Trong mp(ABCD), qua M vé duong thang song song v6i AC cit DB, BC'lan luct tai £, V.
Trong mp(BDD’BY), qua E vé dudng thang song song véi D'O (O=ACNBD) cit B'D’tai F.
Trong mp(A’B’C'DY), qua Fvé duong thang song song véi AC cit A’D’, D’C”lan ludt tai R, Q.
Trong mp(AA°D’D), qua R vé dudng thang song song v6i AD’ cit AA tai S

Trong mp(CC’D’D), qua ) vé duong thing song song véi CD’cét CC’tai P.

Thiét dien 1a luc gidc MNPQRS

b. Do cdc mat déi dién ctia hinh hop song song nén cac canh doi clia luc gidc thiét dien MNPQRS
song song va 3 cap canh dé lan luct song song vdi cac canh tam gidc ACD’.

= Céc tam giac JKI, ACD’, RQI, JMS, NKP dong dang

= Céc tam gidc RQI, JMS, NKP bang nhau (goi dién tich ctia ching 1a S va goi dién tich céc
tam gidc JKI, ACD’lan lugt 1a S, S)

bat %:k; ta c6 dieu kien 0 <k <1 va cé:

2 2 2
i:(JMj =(AM) :(AM) B = S — RS
s \4c DC AB

&_[JK jz _(JM +MK)2 _(JM | MK
s \4c AC AC  AC
= Dién tich thiét dién: S, =S, —35,

2
j —(k+1)? = S =( K+ 2k+1)S

1 3 1| o3s . . 1
S =25(-k*+k+—=)=2S|=—-|k—=| | <= (dAu bang xay ra < k =—
d ( 2) {4 ( Zj:l 5 ( g Xay 2)

S'16n nhat < k =% & M1a trung diem ctia AB

& Cau 38: (PE HSG NONG CONG - THANH HOA NAM 2017-2018) Cho hinh chép S.ABCD
c6 day la hinh vuéng canh a, S4= a6, SA vuong goc véi mat phang (ABCD). Goi M1a diém bat
ki trong khong gian, tim gid tri nhé nhat ctia biéu thitc: ¥ = MA*> + MB* + MC* + MD* + MS”>.
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®) Lsi gidi
Véi diém 7bat ki ta luon c6 ¥ = MA +MB +MC +MD +MS
= (MI +14)* + (MI + IB)* + (MI + IC)* +(MI + ID)* + (MI + IS)* .
=5MI* + 4> + IB* + IC* + ID* + IS® + 2MI(IA+ IB + IC + ID + IS)
Chon /théa man IA+IB+IC+ID+1S =0 < 410+ 1S =0 < IS = -410
Suy ra /13 diém thudc doan SO sao cho IS = 470 véi O tam day ABCD.
Khi d6 W =5MI> + 4% + IB* + IC* + ID* +IS® > IA* + IB* + IC* + ID*> +IS® Suy ra ¥ nhé nhét khi
M=1.

2

Ta ¢6 SO* = SA* +04> = BL
2 2
Suy ra IA® +IB* +IC* +ID* +IS* = 210" + BD” 500 1 AC +£So2
2
—410°+ 4C* + 28507 = 2 507+ ac? + L0507 2 507 4 ac? =3
25 25 25 5

2

Vay W nhé nhat bing ~0% khi M =1

& Cau 39: (HSG 15)D 075) Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat va SA vuong
gbc vOi mit phing (ABCD) . Biét AB=a,BC=a3va SD = av/5.

a) Duong thang qua 4 vudng géc véi AC cit cac dudng thang CB,CD lan luct tai 1,J . Goi H la
hinh chiéu vudng géc ctia 4 trén SC. Hay xéac dinh cac giao diém K,L cta SB,SD véi (HIJ ) va
chimg minh rang AK L (SBC )

b) Tinh dién tich t& gidc AKHL.

Trong (SCD) goi L=SDNJH = L=SD m(HIJ)
Trong (SBC) goi K =SBNIH = K =SB(HIJ)

) {IJLAC

Ta co I 1S4 :>]JJ_(SAC):>]JJ_SC, ma AH L SC. Suy ra SCJ_(IJH).
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Suy ra AK 1 SC. Ma BC L(SAB)= BC L AK Vay AK 1(SBC).

b) Ta c6S4=/SD? —AD* =av2 ; AH =—24A4C 20 SAAB _2a

JsA? + AC? f Jsa?+ap® 6

Do AK L(SBC)=> AK L KH , do d6 KH =~ AH" - 4K’ _2a

e
Tuong tu phan (a) thi AL L(SCD)=> AL L HL. Tt d6 tinh dugc
L A —ar =2

J15

Suy ra S,y =S+ Sy = ; AK.KH + ; arr =5

15
& Ciu 40: (HSG THPT CAM THUY 1 NAM 2018-2019) Cho ttt dién déu ABCD canh a. Goi
M va Pla hai diém di dong trén cdc canh AD va BC sao cho AM =CP=x,(0< x <a). Mot mit
phing («) di qua MP va song song véi CD cit tit dien ABCD theo mot thiét dién.
1. Thiét dién trén la hinh gi?
2. Tim x dé thiét dién c¢é dién tich nhé nhat.
®) Loi gidi
{M e (a) " (ABCD)
1. = (@)N(ABCD)=MN //CD(N € AC)
(a)//CD
Tuong tu (@) N(BCD)=PQ//CD(Q € BD), ()N (BAD)=MQ;(ax)N(ABC)= PN

Vay thiét dién ctia (&) véi tit dien ABCD la tt gidc MNPQ.

Vi MN //PQ//CD nén MNPQ la hinh thang. Hai tam gidc CNP va DMQ bang nhau vi
CP=DQO
CN =DM Suy ra NP = MQ hay thiét dién 1a hinh thang can.
Z/PCN = Z0ODN =60°
2. Ta ¢c6 MN = AM =x, PO=BP=a—x. Ap dung dinh 1y ham cosin trong tam gidc MDQ ta c6:
MQ* = DQ* + DM* —2DQ.DM .cos ZMDQ = x* +(a—x)* —2x(a—x) =3x> -3ax+a’
Dung duong cao ME ta co:
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E2 :MQ2 _QE2 :3x2 _3ax+a2 _(PQ;MN)Z
— 2 2 2 P
:3x2—3ax+a2—(a )26 x)2=8x 8zx+3a :>ME:\/8X 82ax+3a

) MN + PQ).ME ?
Dién tich thiét dien MNPQ 1a: § = MY +2Q) =%\/8x2 —8ax +3a? =% /8(x—%)2 +d z%.

2
mnS=2 o x=2
4 2

& Cau 41: (THPT TRIEU SON 2 NAM 2018-2019) Cho hinh chép S.4ABCD. Goi E la giao
diém ctia AB va CD, F la giao diém cta AD va BC. Mt phang (a) khong qua S, song song
v6i mit phing (SEF) cit cic canh SA, SB, SC, SD ctia hinh chép lan lugt tai M, N, P, O.
SM SM_ sP SP SN SN, SO SO

Chiing minh rang
S4 SC SB SD’

®) Li gidi

()//(SEF), (a)"(SAB)=MN , MN,SE c (SAB) nén suy ra MN//SE.

(a)//(SEF), (a)N(SAD)=MQ , MQ,SF < (SAD) nén suy ra MN//SF .

(a)//(SEF), (a)"(SBC)= NP, NP,SF —(SBC) nén suy ra NP//SF .

(a)//(SEF), (a)m(SCD)=PQ, PQ,SE < (SCD) nén suy ra PQ//SE .
ay

Suy ra SM +SP = SN + SO @SﬂEZ+S—PS€_S—N§1§+SQ
54 Ne SB

SD
o Mgi- P Nep 0 osi-A L, SN, L5
SA SC SB SD SM\ SC SB SD
Vi bén diém 4, B, C, D dong phing nén ta c6 SA[_SP SN SQ
smM\ sCc sB SD
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SP SN SO SM SM SP SN SO
—t—t = o —+—=—+—.
SC SB SD S4 SA SC SB SD

& Cau 42: (THPT TRIEU SON 2 NAM 2018-2019) Cho hai nita dudng th&ng Ax, By chéo

. o o 1 2 o
nhau. Hai diem C, D thay doi lan lugt & trén 4Ax va By sao cho —+—— :i D' la diém tht

AC BD 4B’
tu ctia hinh binh hanh 4BDD'. (P) 13 mit phéng chita CD vi song song vii AB, (Q) la mat

phéng chita Ax va song song v6i By . Chimg minh ring (P) lu6n luon di qua mot diém c¢b dinh 1
trong mit phang (Q) . Tim vi trf cia C va D sao cho dién tich S clia tam gidc AD'C nhd nhat.

®) Li gidi

B D
A//[ D/\ y

Dung Ay'/By. D' trén Ay’ sao choAD'=BD. (P) la mit phang (CDD'), (Q)li mit phang
(Ax, Ay")

Véi I tuy ¥ trén CD'. Goi M, N 1a cac diém trén Ay', Axsao choMI//Ax, NI//Ay' Ta cé:
AM AN _CI D'I _CI+ID'

+ = + = =1 (1)

AD' AC CD' D'C CD'
L+i:i©AB:3+2AB:3:1 2).
AC BD AB AC AD'

= N . 3.2 N , 2 ~ .o L2 N X . 3.2 D'I AB:3
V6i C, D la hai diem tuy y thoa man gia thiet. Trén CD'ton tai diém [/ sao cho e ZT'
Ta dugc: AN: D'l :AB:3:>AN:A_B (3)

C D'C AC 3

VA AM: CI zl_DIZI_AB:3:2AB:3:>AM:2AB 4)

AD' CD' D'C AC AD' 3

Tt (3) va (4) suy ra M, N cb dinh nén I c6 dinh. Do d6 (P) luén di qua diém c¢6 dinh I trong
(9).

S :%AC.AD’sinA :%AC.BDsinA nén S nhé nhat < AC.BDnhd nhat.

Ap dung bat déng thitc Cosi cho hai s6 duong: L, L ta co:
AC  BD
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S oy 250 L2 o uespsBap

4B AC BD NAC BD 9

Déau bang x4y ra khi va chi khi L _2_3 <:>AC=2A;B va BD=4A;B.
AC BD 24B 3

Vay S nhd nbét khi va chi khi BD:“‘%B, AC:L%B.

& Cau 43: (HSG PE 078) Cho hinh ling tru AB@.A'B'C’ c6 day la tam gidc déu canh a. A4’
vudng géc véi (ABC). Pudng chéo BC' clia mat bén BCC'B' hop véi (ABB'A’) mot goc bang 307
Goi M, Nlan lugt 1 trung diem ctia AC va BB’ Tinh géc gitta MN va (BA'C").
Laoi gai
Ta tinh duge AA' = BB' =CC’= av2. Goi J 1a trung diém ctia C’A’, H 13 hinh chiéu ctia M lén
BJ. Goi ¢ la goc gitta MN va (BA'C') thi ta ¢6 ¢ — MKH = (m, ﬁ], K 13 giao diém ctia MN va
BJ (V6i qui ude 1ay géc nhon).
L L I I 2

| Ta ct: MN.BJ = (VB + BN|BM + BB)= MB.BM + MB.BB + BM BN + BN.BB = %

A

2
a

— MN.BJ. cos{m, E/J ==

V3 av11

+ Ap dung hé thitc lugng trong céc tam gidc vuong BMN va BMJ tinh duge MN = a2 ,BJ = >

= COS(W,E]] =L> O0=¢p= arccosL.

55 55
& Cau 44: (HSG DE 079) Cho hinh chép S ABCD c6 day 1a hinh vudng tdm O, canh a va SO
vubng goéc voi mit phang (ABCD). Goi M, N la trung diém ctia SA va BC.Biét goc giita duong
thang MN va mit phang (ABCD) bang 60°. Tinh d6 dai cic doan thang SO, MN va tinh cosin ciia
géc gitta duong thang MN v6i mit phiang (SBD).
®) Loi gidi
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Goi /1a trung diem ctia OA = MI /] SO = MI 1. (ABCD). Do d6 géc gitta MN va (ABCD) la goc
MNI = MNI = 60°
IN? = IC* + NC* =2IC.NC.cos45"

(wfaj(j [ Wua2_sé

2 4 22 8

MN = - =
cos 60 2

av30 a+30
4 2

= NI =

aJ10 NI ai10
4 )

MI = NI.tan 60° = = SO =2MI =

s

Ta co

AC 1 BD _ .
= AC L (SBD) . Goi H, Kla trung diém cua SO va OB.

AC 1L SO
— MH //KN /| AC = MH 1 (SBD),KN L (SBD).
Do d6 HK 14 hinh chiéu ctia MN1én (SBD). Goi E=MN N HK suy ra gbc ¢ gitta MN va (SBD)
la gbc MEH.

1 1 a

Do MH = EOA = EOC =KN = , nén MHNK la hinh binh hanh

= Fla trung diém ctia MN = ME = %MN = a\iﬁ :

MH a2 a\10 1

ME 4 4 5

2
4

Do tam giac MHFE vuong tai A nén sing =

= c0sQ =4/1—sin’ @ =%.

& Cau 45: (HSG PE 080) Cho hinh chép tam gidc deu S.ABC canh day a, dudng cao SO =2a
. Goi M la diém thudc dudng cao A4’ clia tam gidc ABC . Xét mit phang (P) di qua M va vudng
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gbc v6iAA . Dat AM =x (

a3 a3
<x<
3 2

phang (P)cé dién tich 16n nhat.

®) Loi giai

NE) a3
Vi T<x

<T nén M thudc OA'.

). Tim x dé thiét dién ctia hinh chép khi cAt bai miit

Ta c6 SO L(ABC) = SO L AA', tam gidc ABC déu nén BC L AA'. Vay (P)quaM song song voi

SO va BC.

Xét (P) va (ABC)cé6 M chung. Do (P)|| BCnén ké qua M dudng thang song song véi BC cat

AB,ACtai E,F.

Tuong tu ké qua M dudng thang song song v6i SO cit SA'tai N, qua N ké dudng thang song

song v4i BC cit SB, SC tai H,Q. Ta c6 thiét dién 1a ti gidc EFGH .

Ta c6 EF||BC||GH. M,Nla trung diem EF,GH va MN L EFnén EFGH la hinh thang can ddy

EF,GH
Khi d6: S,,,, = %(EF +GH).MN

a\/§ a\/g . 2x\/§
,AO = 3 nen 3

Tacd AA'=

EF =

HG SN_OM e HG = Z(x 3—a)
BC S4' 04’
MN MA'

SO 04

Spran = E(EF +GH).MN = %(4xﬁ ~3a)(3a-2x3)

= MN =2(3a-2x3)

Sgran = (4x\/_ 3a)(6a 4x:3 )< ) (%)2 =%(the0 Cosi)
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3a° 3a\3

S,ry dat gid tri 16n nhat bang e khi va chi khi x = .

3d? 3a\/§

Vay gié tri 16n nhat cta dién tich thiét dién bang e khi x= 2

& Cau 46:  (ISG DE 080) Cho hinh thoi ABCD cé6 BAD =60°, AB=2a. Goi H la trung diém
AB . Trén dudng thing d vudng géc véi mat phang (ABCD) tai H1ay diém S thay doi khac H .

Trén tia déi clia tia BC lay diém M sao cho BM :iBC.

a. Khi SH = % Chttng minh dudng thang SM vudng géc vdi mit phang(SAD).

b. Tinh theo a dd dai ctia SH dé géc gitta SC va (SAD) c6 s6 do 16n nhat.
®) Ldi giai

%:%HB,@ — HAD = 60°

a. Ta co MB=%BC=

= AHBM vudng tai M .

a3

= HM = HB.sin 60° :T.

Goi N la giao cia HM va AD.
av3
2

Ta c6: HN = HM =SH = = ASMN vudng tai § .

SH 1 AD(SH L (ABCD))
— AD 1 (SMN)=> AD 1 SM

MN 1 DA(AD//BC)
Két hop véi SM L SN = SM 1 (SAD)
b. Goigla goc gitta SC Vzi(SAD); K 1a hinh chiéu vuong géc ctia H 1én SN; I 1a giao ctia HC
v6iAD .
Liy E déi xting v6i I quak .
Vi AD L (SMN)= AD 1 HK . Két hop véi HK L SN = KH L (SAD).

GV: Trén Dinh Cu ~Zalo: 0834332133




@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

Ma HK la duong trung binh cta tam giac ICE nén HK // CE .
Suy ra CE L (SAD)tai E. Suy ra ASEC vudng tai £ va SE 1a hinh chiéu ctia SC trén(SAD). Ta

c6 p= CSE .
bat x=SH (x>0). Tam gidc SHN vuong tai H va HK la duong cao nén
i - SHAN _ ax B 23ax
SN \3a® +4x° \3a® +4x°
2 2
CH? =CM? + MC? =222 +3% ~74°
Tam gidc SHC vuong tai H nén SC :\/SH2 +CH? =\/x2 +7a” .
EC 2\3ax 2\3ax

sing = = = .
SC \/(4)c2 +3a’) (x> +7a%) \/(4)c4 +21a*)+31a’x’

=sin@g < 2«/§ax =sin@ < /—12
\/4\/5.a2x2 +3l.a’x? 4421+31

DAu déng thitc xay ra khi x = ‘4’%.61 .

VAay ¢16n nhat khi va chi khi sing 16n nhat khi va chi khi SH = ;‘/%.a.

& Cau 47: (HSG PE 081) Cho tit diéen ABCD, c6 AB L AC,AB 1 BD. Goi P,Q lan lugt chia
doan AB va CD theo ciing ti s6 k. Chimg minh hai duong thang 4B v PQ vudng géc véi nhau.

®) Li gidi

- - —-—= =2

Chon h¢ co s6 AB=a,AC=b,AD=c Ta cé: ZE.Z@:Z:JS:o; E.ﬁ:&.(é—&)w@ac:a

AA-kAB Kk

Ta c6: PA=kPB=> AP = -~ a
1—k 1—k
. . . AC-kAD 1 - k -
C=kOD= AQ = - bh——.
QC=kOD = AQ === b=
Y T R S S A
PO=A0—- AP = a+ b— c= a—-c|l+——b
Q=40 -k~ 1-k~ 1-k l—k( ) 1—k
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AB.PQ:a.{ k (&_2) 1 Z;}— k (~2 ~~)+ 1 2E=0 Vay hai dudng thang 4B va PQ

+ - a —ac
1-k 1-k 1-k

vuong goc vai nhau.
&% Cau 48: (HSG PE 081) Cho tit dién déu ABCD. Moi M,N,P lan lugt 1 trung diém ctia céc
canh AB,BC,AD va G la trong tAm tam gidc BCD. Tinh géc gitta hai duong thing MG va NP.

®) Li gidi

— - - - . ) — 1~ - -
Dit AB=a,AC =h, AD =¢ li cic vécto khong ddng phing va AG =§(a+b+c)
Vi ABCD la tit dién ddu nén gia st \5\ - \B\ - \2\ =1

Va 5.13:13.2:2.5:%

MG = 4G~ AM =~ (a+25+2¢) = MG =+ (-a+ 26+ 20) =1
6 6 2
PN = AN - AP= L (a+5-¢) = [PV = L far i) =22

2 2 2

_____, |MGPN
cosaZ‘cos (MG,PN)‘ = % = % > a= arccos—2
MG|.|PN
& Cau 49: (HSG DE 082) Cho hinh chép SABCD c¢6 day ABCD la hinh thang
MA PSS

(AB//CD),AB =2CD. Goi Mva Plan lugt 1a diém thudc canh AD va SC thod man 0 =E =%

a. Xac dinh thiét dién ctia hinh chép cét béi mit phang (@) chita MP va song song véi AB.
b.Tim x dé dién tich thiét dién bang mot nia dién tich tam gidc SAB .
®) Loi giai
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a. Ta cé:
M () "(ABCD)
(a)//AB

Tuong tu () N(SCD)= PN //AB(N € SD)
Vay thiét dién ctia (a) v6i hinh chép 1A t gidc MNPQ. Vi MQ//NP//AB nén MNPQ la hinh

— () "(ABCD)=MQ//AB(Q € BC)

thang

b. Goi T=MNAPQ. Ta co: oM =2 g M ep_ L ypi ¥ cp-_*+2

AB
AD AD T l+x 1ex o 2(x+1)

vy MA_OB_PS_ NS
MD QC PC ND

St (MOY [ x+2 ’
Do do Se1s _(ABJ _(2(x+l)J 1)

— PQ//SB,MN | /SA=> ASAB ~ ATMQ

W NS _AM % Npo X pe— g NP X
CD SD AD x+1 x+1 2(x+1) OM x+2
Srex (NPJZ_ x? Sywro B x’ _ 4x+4
Do do S MO MQ (X+2)2 STMQ (X+2)2 (x+2)2

5 SMNPQ 1
Tt (1) va (2) suy ra =
mo X+l
S
S L1 1

Vay S, 2 x+l 2

& Ciu 50: (HSG PE 083) Cho hinh hép ABCD.A'B'C'D'. Trén canh AB lay diem M khac
A va B. Goi (P) la mit phing di qua M va song song v6i mit phing (4CD").

a. X4c dinh thiét dién ctia hinh hop khi ¢t béi mit phing (P).

b. Tim vi tri ctia diém M dé thiét dién d6 c6 dién tich 16n nhat.

®) Ldi giai

GV: Trén Dinh Cu ~Zalo: 0834332133




@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

a.Trong mp(ABCD), qua M vé dudng thiang song song véi AC cit DB, BC'lan luct tai E, M.
Trong mp(BDD B, qua E vé dudng thing song song véi D'O (O=ACNBD) cit B'D’tai F.
Trong mp(A’B’C'DY), qua Fvé duong thang song song véi AC cit A’D’, D’C”lan ludt tai R, Q.
Trong mp(AA°D’D), qua R vé dudng thang song song v6i AD’ cit AA tai S
Trong mp(CC’D’D), qua ) vé duong thing song song véi CD’cdt CC’tai P
Thiét dién 1a luc gidsc MNPQRS
b. Do céc mit dbi dién ctia hinh hop song song nén cic canh doéi ctia luc gidc thiét dien M/NPQRS
song song va 3 cip canh d6 1an lugt song song véi cdc canh tam gide ACD’, Céc dudng thing RS,
MN, AD dong quy tai J, cdc dudng thing
MN, DC, QP ddng quy tai K, Cac dudng thang DD, RS, QP déng quy tai I
= Céc tam giac JKI, ACD’, RQI, JMS, NKP dong dang

MJ] MA NC NK PC PK QD' /
~ MN MB NB NM _PC' PO gc' =% = MI=NEva PR=QI
= Céc tam gidc RQI, JMS, NKP bang nhau (goi dién tich cia ching 1a S va goi dién tich céc
tam gidc JKI, ACD’lan lugt 1a S, S)

bat IZ—ABl=k; ta c6 dieu kitn 0<k <1 va co:

2 2 2
iz(JM) =(AMj =(AM) LB S = RS
s \4c DC AB

_(JK jz _(JM+MK)2 _(JM , MK
AC AC AC  AC
= Dién tich thiét dién: S, =S, -3,

—_

w |~

2
j =(k+1)" = S =( £+ 2k +1)S
3S

2
S, =28(-k’ +k+%):25[%—(k—%j }37 (ddu bang xay ra < k:%)

. 1 .
S'16n nhat < k =3 &< Mla trung diem ctia AB

GV: Trén Binh Cu~Zalo: 0834332133




@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

& Cau 51: (HSG THPT LAM KINH THANH HOA NAM 2018-2019) Cho hinh chép S.ABCD
¢6 ddy ABCD 13 hinh thang can (AD//BC) va BC=2a AB=AD=DC=a (a>0). Goi Ola giao
diém ctia AC'va BD.Biét SD vuong géc v6i AC va mit bén SBC 1A tam gidc déu. Tinh SD.

®) Loi giai

Trong (ABCD), ké DT//AC (T thuéc BC)= CT=AD=a va DT L SD.
Ta c6: DT=AC=a /3 .
ASCT c6 SC=2a, CT=a, SCT =120° = ST = a/7 .
ASDT ¢6 SDT =90°, DT=a3, ST =a\7 = SD=2a.
& Ciu 52: (HSG THPT LAM KINH THANH HOA NAM 2018-2019) Cho hinh chép S. ABCD
¢6 ddy ABCD 1 hinh thang can (AD//BC) va BC=2a AB=A4D=DC=a (a>0). Goi Ola giao
diém ctia AC'va BD. Biét SD vuong géc véi AC va mat bén SBC'1a tam giac déu. Mit phing (o)
qua diém A/ thude doan OD (M khong trung O, D) va song song vdi hai dudng thang SD va AC.
Xéc dinh thiét dién ctia hinh chép S ABCD cat bdi mit phang (). Biét MD = x. Tim x dé dién
tich thiét dién 16n nhat.

®) Loi gidi
Trong (ABCD), qua M ké dudng thang song song véi AC cit AD, DC lan lugt tai N,P.
Trong (SBD), qua M ké dudng thang song song véi SD cit SB tai K.
Trong (SAD), qua N ké dudng thang song song v6i SD cit SA tai J.
Trong (SDC), qua P ké duong thang song song véi SD cit SC tai Q.
Thiétdién 1 ngt gidc NPQKJ.
Taco: NJ L NP;MK L NP; PO L NP; NJ=PQ

Swrors = S + Supox = %(NJ + MK)MN + %(MK + PO)MP = %(NJ + MK)NP

Xét AACD o6 M2 _MD _ \p ACMD _ xav3 ~3x
AC OD OD a
J3
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NJ AN OM SD.OM 2a'(\af_xj
Xét AASD v A AOD o6 L =AY SNy =2POM N3 ) -3
SD  AD OD 0D a
NE)
2a.laN3 —x
Xét ABSD c6 — KM _ BM — = KM = SD.BM = ( ) = i(Cl\/g—x) Syrors =2(3a —2\/§x)x
SO BD BD a3 V3

—QBa - 2\/—x)2\/_x<7[(3a 2\/_x)+2\/_x] _iaz Max S,k =¥a2 khi nga

(

& Cau 53: (HSG THPT LE LOI NAM 2018-2019) Cho hinh chép S.ABCD cé ddy ABCD I

hinh thang cin v6i AD // BC, AB = BC = a, AD = 2a tam gidc SAD vudng can tai S va SB =

a3 . Goi M 1a trung diém ctia SA, G la trong tdm ciia tam gidc SCD, H 1a giao diém ciia BG va

mp(SAC).

Chitng minh rang BM // (SCD) va tinh ti s6 %
®) Loi gidi

Goi NV 1a trung diém ctia AD

ta c6 BC'= DN = ava BC'// DN

= ti gidc BCDN la hinh binh hanh

= BN //CD.

Vi M, Nlan lugt 1 trung diém ctia SA va

ADnén MN /] SD = (BMN)//(SCD)

ma BM < (BMN)= BM //(SCD)

) Goi P la trung diém cla CD,

I=ACnBP; H=SInBG = H=BGN(SAC). Goi J la

giao diém ctia BN va AC, vi tit gidc BCNA 13 hinh binh hanh nén J1a trung diém ctia BN ma 1/ //

NP nén 71a trung diém ctia BP

*) Trong tam giac SBPve GK /] SI, ta co:

HB IB ]P SP 3

HG IK IK SG

& Cau 54: (HSG THPT LE LOI NAM 2018-2019) Cho tit dién déu ABCD canh a. Hai diém

M, N chay tuong ting trén cac doan AB va CD sao cho BM = DN. Tim gi4 tri 16n nhat, nhé nhat

cua MN.

(do G'la trong tam cuia tam giac SCD)

®) Loi gidi
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pat ZM _ ¢ vai 0<x<1=2Y _ ¢ Khidé ta cé: BM = xBA vi DN = x.DC
BA DC
Ta cé: m:x.l)—C"ﬁﬁ—E:x(B_C'—B—D))@ﬁzx.?é—k(l—x).ﬁ
Do dé: MN = BN — BM = x.BC +(1—x).BD — x.BA
a’ a’ a’
MN? = x*a* +(1—x)*a’ +x*a’ +2x(1—x)7—2x2.7—2x(1—x)7
= aQ[xz +(1=x) +x" +x(1—x)—x° —x(l—x)] =(2x*-2x + )&
Xét ham s6 £x) = 2x> — 2x + 1 trén doan [0;1] ta c6:
. 1, 1
maXf(x):f(O):f(l):l,mlnf(x):f(z)zz
c, . - P3 S a\/z . N N .2 ,
MN dat gia tri nho nhat bang - khi M, N lan lugt 1a trung diém ctua AB,CD.

MN dat gi4 tri 16n nhat bang a khi M=B, N=D hodc M=A N= C.
& Cau 55: (TRUONG THPT LE LOI NAM 2017 - 2018) Cho hinh chép S.4BCD , déy ABCD
14 nita luc gidc déu AB=AD=DC=a>0,BC =2a
Mit bén SBC 1a tam gide déu, SD vudng géc véi AC, O 1a gido diém ctia AC, B D.Mit phing
(a) qua diem M thudc doan OB (M khéng trung véi B), song song véi SD va AC . Xac dinh
thiét di¢n ctia hinh chép S.4ABCD véi mit phang () va tim x dé dién tich thiét dién d6 1n
nhat biét BM = x+/3 .
®) Loi giai
X4c dinh thiét dién ciia hinh chép S ABCD véi mit phing ().
+) Xéc dinh duge thiét dién 1a tam gidc NPQ (v6i N, P, Qlan lugt nam trén cac canh BA, BC, BS)
., [MQ//SD,NP//AC

+) Ta cé: = NP 1L MQ

SD 1 AC
= Dién tich thiét dién: S NPO :%NP.MQ

Goi J 1a diém nam trén BC sao cho ACJD 1a hinh binh hanh.
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Trong tam gidc SCJ c6 SC =2a;CJ = a;@: 120°

ST =AISC*+CJ*~2.5C.CJ.cosC =arlT

Trong tam gidc ABC vuong tai A c6: AC = \/m =a\3
Trong tam giac SDJ vudng tai D vi SD vuong géc A C.
SD=~SJ*-DJ* =2a

28
Trong tam gidc ABC c¢6: BO = —2£< = ﬂ
AC 2
+) Trong tam gidc SBD: %:M_Q: MQ =2x
BD SD
3
Trong tam gidc BAC NP _BM NPzix\/g NP=Zx3
AC  BO 2 2
£ 3V3x?
+) Dién tich thibt dién: S, = %
2a~3 2
+) Vi M thudc doan BO (M #B ) nén 0<xv/3<BO= "3‘/_ <:>O<xﬁ?a
2 2 2
. 2
Do d6, Sy < %(%"j = 2"3*/5 . Vay, minS,,, :aT\B'

& Cau 56: (THPT NONG CONG - NHU THANH NAM HOC 2018 - 2019) Cho hinh lng tru
dting ABC.A'B'C' ¢6 AB=CB=2,AC =1. Mit phang (P) cit cdc dudng thang AA',BB',CC"'lan luot
tai M,N,P sao cho tam gidc MNP déu. Tinh cosin géc tao bdi (P) va (ABC)
®) Ldi giai

Tuw C'dung CFE song song véi PM, F thude AA’, CF song song v6i PN, Fthuoc BB’ Ta c¢6 (CEF)
// (PMN) nén EF // MN va tam gidc CEF 13 mot tam gidc déu. Dat AE = x, BF=y, CE = CF =
EF = a.

X +1=a*(1)
Ta c6 hé <y*+4=a’(2)

(x=y)' +4=a’(3)

2_
Tit (1) va (2) suy ra:x® +y> = 24> —5. Két hop (3) suy ra xy == !

2
T (1) va (2) suy ra: x°y* =(a” —=1)(a’ —4). Do do: & 5 1)2 =(a*-1)(a*-4)
Giai dugc: a* =1(l),a’* =5. Suy ra S, cor :¥

Sue =\P(P=)(p=b)p—0) =@
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Sowe 15714 A5

Goi ¢ 1a géc can tim. Theo dinh 1i hinh chiéu ta c6 cosp = = =—._ Vay
Sacer V3145

goc clia (P) va (ABC) la arccos(g)

& Cau 57: (THPT NONG CONG - NHU THANH NAM HOC 2018 - 2019) Cho hinh hdp chit
nhat ABCD.A'B'C'D’' c6 tam O va AB=3a,AD = AA' = 4a. Mait phgmng(P) di qua O va cét céc tia
AB',AC,AD' tuong ting tai ba diém phan biét M,N,P. Tim gid tri 16n nhat ctia biéu thtc
T =AM AN.AP.

®) Loi giai
bat H:&,ZE:Z,XB:E. Ta c6 A_Cd'=21+5+g
AO = x.AM +y.AN +7.AP

Vi M, N, P, O déng phang nén
x+y+z=1

Ta co: W:m.rli':m(;t+z),ﬁ:n.X(j’zn(l;+:i),Z;=p(Zz+2).
1 1

AOZ—AC':l(Zz+l;+3).Suyra mxzny:pz:lzl+—+—:4
2 2 4 m n p

AB' AC AD' 5S¢ 5a  4a\2 1 1 42 4
=4 + + =4 + + =

— 1—

=>—+—+ =4= =
AM AN AP AM AN AD' AM AN 5AD' 5

BDT Cauchy: i >33 —4\/5 =712 675\/5
5 5T 16
67572 15

Viy minT = . Khi AM:AN:T,AD':%/E

16
& Cau 58:  Cho hinh chép t gide S-ABCD ¢ ddy 1a hinh vudng canh @ Tam gide S4D 1 tam
giac
déu va nam trong mit phang vuéng goc véi mit ddy. Goi M, N lan ludt 1a trung diém ciia cAc canh
SB,CD. Goi H la trung diém ctia 4D, E 1a chan dudng vudéng géc ha tit H lén SC.Chitng minh
MN L (SAB)va tinh dién tich thiét dién clia hinh chép cat boi mat phang (MNE).

®) Ldi giai

S 1 d

1

I A

:\\ N

1

N

1

| M
VERTN

: \/,/ /, \\\

1 \

i ////\ 4 /I \\\
i;A)—- 7’— 7’77 — B

D N c
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+ Dit HA=x, HK =y, HS =z (K la trung diém BC)
+ Taco AM =+(4S + 4B) < AM = L (HS - Hi+ HK) & 4M =1 (-3 +5)
2 2 2

MN = Mi+AD+DN = —=(=5%+7) -2 + 2y =25 -1
2 2 2 2

SB=SH +HA+AB=-z+x+y

2 2
oy WA =37 17 3 (0) _i[fj osavLa (1)

2 2
MNSE— 35 Lr o 3(aV  LaBT o uviss (2)
2 2 2\ 2 20 2

+ Tu (1) va (2) ta suy ra MNJ_(SAB).

2 2 2 2
+ Mit khac MV = -Sy-1z] 223 L1 %4 34 3a :MN:&
2 47 g 6 16 4 2

Dung thiét dién :

+ Qua S ké dudng thang d song song véi AB va CD = d =(SAB)(SCD)
+ Trong m#t phang (SCD) kéo dai NEnd =1

+ Trong mit phing (S4B) kéo dai IM NAB=F

+ Tt gidc MENF 1a thiét dién can tim

+ Ta cé ﬁ:ﬁutfwrfcz—}—h}

+ Gid sit SE = kSC = SE = k(-z—-x+y)

+ HE=HS+SE =(1-k)z—kx+ky

+ Do HE 1 SC nén HESC =0« (k—=1)2 +kx +ky =0

3(k-1) k 3
<::>u+—+k:0<:>k=—,tﬂrdéysuyrauE—Sz3
4 8 EC 5
©Taeq BE_SI_ES 3 . 3CN _3a
CN CN EC 5 5 10
2
+ Do d6 NF = |a* + 4 _BF :a\/% va MF = 1\/1'72_1\4]\72:‘“/E
2 5 10
87
+ Dién tich tam gidc INF I dz(zNF)zMN.MFz‘Z;{;

IE E
+ Goi h la duong cao ké qua E cua tam giac IEM h _IE_SE 3
MN IN SC 8
_3MN  3a\3
8 16

=h
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1 3a2x/@

1
+ Dien tich tam gide [EM 1 dr(IEM) =~ hIM = —hMF ==

2
+ Vay dién tich clia thiét dién 1a df(MENF) = %.

& Cau 59: (HSG DE 095)

Cho hinh lang tru dimg ABCD.A'B'C'D' day la ntta luc gidc déu v6i AD=2a, AB=BC=CD=a.
Pudng cao ctia hinh ling tru 1a /&, (P) 1a mit phang qua AD', cit cac canh BB',CC' lan luot tai
B,C,.

a) Thiét dién cia hinh lang tru cat bai (P) 1a hinh gi? Tim lién hé gitta @ va h va tim vi trf clia
diém B,,C, sao cho (P)L AD'.

b) Binh vi tri cta (P) dé chu vi thiét dién nhé nhéat. Tinh gid tri nho nhat Ay.

®) Li gidi

(4DD'4)//(BCCB)

Ta c6 {(P)n(ADD'4)= 4D = AD'//B,C,

(P)n(BCCB')=B,

Qua B, dung dudng thang song song véi BC, cit CC' tai I. Hai tam gidc ADD' va BIC, c6 cac
canh song song ting ting déi mot nén ching dong dang suy ra % = 1;—111) = ;—lg (do BI=BC )
Mit khac vi AD=2BC (do ABCD la nita luc gidc déu) suy ra AD =2B,C,.

Vay thiét dién 1a hinh thanh 4D'C,B, .

Tim lién hé gitta a va h va tim vi tri B,,C,sao cho (P) L A'D.

Ta ¢c6 ADD'A 13 hinh chit nhat nén khi (P) L AD thi AD 1 AD suy ra ADD A 1a hinh vudng.
Suy ra AA = AD tic h=2a.

Hon nita theo tinh chét clia nita luc gidc déu ta c6: BD L AB, AC 1. CD

BD 1 AB L
5 AA,:BDL(ABBA):BDLABI:ABIJ_A'B vi AB, L A'D
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CD L AC -
= CD L(ACC'A)=CD L AC, = AC, L A'C vi AC, L A'D.
CD 1 AA

h=2a
Vay khi < AC, L AC thi (P) L A'D.

AB, L AB
X4c dinh vi trf cia (P) dé chu vi thiét dién nhé nhat.
Goi p 1a chu vi ctia thiét dién, ta co:

p=AD +B,C,+ AB,+DC, = 34D+ AB,+DC,
2

Vi AD ¢6 d6 dai khéng déi nén chu vi nhé nhét khi va chi khi AB, + D'C, nh6 nht.
DD h

Dét BB1 =X, khi d6 CIZX,CII:T—E.

Ta c6 CC, :cc'—(c11+cz):h_(g+xj:g_x

2
Ta c6 AB,+D'C, =\[AB* + BB +/CD* +CC} =Ja* +I +,|a’ +(§_xj

bat ;(a;x),;(a;g—x] thi ;+;=(2a;§j

el . - i
‘u‘+‘v‘2‘u+v‘: 4a2+7

, ad - , a ¢ h h
4a” +— < u,v cung huéng < —= SxX=——XSX=—
a X 2 4

2 2
T:,/4az+hj:>minp:%\/4az+h2 +1/4a2+% dat dugc khi ng

Vay gid tri nho nhat dat duge khi (P) cit BB tai B, v4i BB, =§.

& Cau 60: (HSG DE 095) Cho hinh ling tru tt gidc ABC D.A,B,CiD;. Mot mét phang (P) thay
ddi song song v6i hai ddy cla ling tru, cit cic doan thang AB,, BC,, CD,, DA, tuong tng lan lugt
cdc diém M, N, P, Q. Hay xac dinh vi trf ctia mét phing (P) sao cho ti gidc MNPQ c6 dién tich
16n nhat.
®) Loi gidi

Ci& stt mét phang (P) cit A44,,BB,,CC,,DD,
tuong tng tai A’, B, C’, D’. Khi d6 ta ¢6
AA BB _CC DD

= = =X
A4, BB, CC, DD,
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SMNPQ =

bat

Theo dinh i Ta- 1ét ta co
AM AM A4 .
AB  AB, A4

40 _AQ _Ad _
AD AD AA
Do dé ta duoc
S(AMQ) AM AQ
s(ABD) AB AD
Chtmg minh tuong tiu ta c6: S(BMN)=x(1-x).S(BAC) (2)

S(C'NP)=x(1-x).s(CBD) (3)

S(DPQ)=x(1-x).S(DC A4) (4)
Tu (1), (2), (3), (4) ta cb
S(MNPQ) = S(A’'B’C’D’)- S(A’MQ)-S(B'MN)-S(C’'NP)-S(D’PQ) =
S -x(1-x) (S(ABD) +S(BAC)+S(CBD)+S(DCA)) =S -x(1-x).2S = S(2x* 2x +1)

1 1

= S[Z(x—%)z +5} > ES

S

1

= x(1-x) = S(AMQ) = x(1- x).S(AB'D) (1)

Vay dién tich tt gidc MNPQ bang % = =%<:> M I3 trung diém AA, < (P) song song va cich

déu hai day.
& Cau 61: (HSG PE 098) Cho hinh 14p phuong ABCD.A’B’C’'D’ ¢6 canh a. Goi I la tAm cla
hinh vuéng CDD’C’, K 14 trung diém ctia canh C B.
1. Dung thiét dién ciia hinh lap phuong ABCD.A’B’C’D’ cit béi mit phang (AKI). Tinh dién tich
clia thiét dién theo a.
2. Tinh géc tao béi hai dudng thang A’D’ va AQ véi Q 1a giao diém cita (AKI) va CC’.

®) Loi gidi
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c' D'
B' A
N
N D
K
B A

1). Goi J la giao diém ctia AK va CD.

Q la giao diém ciia JI va CC’; N 14 giao diém ctia 1J va DD’.

Thiét dién la tit gidc AKQN.

Chimg minh duge AKQN la hinh thang c¢6 2 day la KQ, AN.

Chitmg minh duge C 1a trung diém cta JD, K 1 trung diém JA, Q 13 trung diém cta JN.
Sakg _JK JO_11_1

S JA JN 2 2 4 SAKQN = SAJAN _SAJKQ :3SAJKQ'
AJAN

co 1
C ND C'= :>C .
0= 0 cc' 0
Tinh duge KQ:‘”B;JK: "‘2/3; JO = ‘”310
JO*+JO*-KQ* 6 . 5 J7
cosKJ ,8in KJQ =+/1-cos"KJQ = —
Tk 0 50 © 5
1 . J14a® J14a?

SAJKQ =EJKJQSIHKJQ =T’SAKQN = 3SAJKQ

4
2). Vi A’D’//AD nén géc tao bdi A’D’, AQ bang géc tao bdi AQ, AD
AC'=AB+AD+ AA'= AC'=a/3.

a\/_ a\10
3

: AD=a; QD =

Tinh dude AQ =

AQ2+AD2—QD2 3
240.4D J19°
& Cau 62: Cho tit dién ABCD, céc diém M,N xac dinh béi MA=xMC,NB=yND (x,y#1).

cosQAD =

Tim diéu kién gitta x va y dé ba duong thang AB,CD,MN cung song song v4i mot mat phang.
®) Loi gidi
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C

+) Cho hé véc to: a=DA,b=DB,c=DC thi a,b,c khéng dong phang.

+) Ta c6 MA=xMC = DA~ DM - x(DC— D

oy =2APC Lo X )
1—-x x—1 x—1
— S 1 -
Lai ¢c6 NB=yND=DN=——DB=—-10» (2)
-y 1-y

-,
S
Il
Q
+
[wy)]
+
o
=

+) Tt (1) va (2) suy ra MN =DN —

+) Ta c6 AB=DB-DA=b—a,CD=—c; AB va CD 14 hai véc to khong cung phuong nén ba

duong thang AB,CD,MN cing song song véi mét mat phang khi va chi khi ba véc to AB,CD,MN

dong phang < W\’zmﬁ+nC—D=m(5—Zx)—nE=—m5+m5—n2 (4)

1
m=——
1—-x

+) Do a,b,¢ khong dong phing nén tir (3) va (4) ta c6 hé: {m :%
-y
X

n=—-—

1-x

Vay ba dudng thing AB,CD,MN cung song song véi mot mit phang khi va chi khi x=y.

& Cau 63: Cho lang tru ABD.A,B,C, c6 tt ca ciac mat bén 1a hinh vudng canh bang 1. Goi D,
E, F 1an luot 13 trung diém ctia cdc canh BC, A,C,, B,C,. Tinh c6sin ctia géc gitta hai duong thang

AF, DE.
®) Ldi giai
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2

+) Chon hé véc to a
+) Ta c6 AF =%(AIBI +4,C,

ﬁ=m+c—q+@=_a_%z

2
+) Tinh cos(4F,DE): AF=\AF = GB%EJ _*/—

- 14J2 J5
2

,ﬁ.ﬁ:(lzﬂzj (_a_lbj 3
2 2

2 8
. [FDE
Suy ra: cos(A4F,DE) =‘cos(A1F,DE)‘ _ ‘AlF DE‘ _ \{1075 )
F.

& Cau 64: Cho ti dien ABCD va céc diém M, N xéc dinh béi AM =2AB-3AC:
DN =DB+xDC . Tim x dé cac duong thang 4D, BC, MN clng song song v6i mot mat phang.

®) Loi giai

; °
Yéu cau bai toan tuong duong véi tim x dé ba vecto MN, 4D, BC dong phéng.
He thite (1)< AM =24B -3(AB+BC) <> AM =-4B-3BC .

He thitc (2) < AN —AD = 4B~ AD+x(DA+ 4B + BC)
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@Z]\?:(l+x)21§—x25+x§5.
T (1) va (2), suy ra mzﬁ—mz(2+x)@—xﬂ)+(x+3)ﬁ.
Vay ba vecto MN, ZB, BC dong phzemg khi 24x=0x=-2.
. M e(a)m(ABCD)
Ta co: = ()N (ABCD)=MQ//AB(Q € BC)
(a)//AB
Tuong tu () N (SCD)= PN //AB(N € SD)

Vay thiét dién ctia (o) v6i hinh chdp 1a tt gisdc MNPQ. Vi MQ//NP//AB nén MNPQ 1a hinh

thang
& Cau 65: Cho hinh chép SABCD c6 ddy ABCD la hinh thang (AB//CD),AB =2CD. Goi M
va Plan luot 1a diém thudc canh AD va SC thod man % :% =x. Xéc dinh thiét dién ctia hinh

chép c&t boi mit phiang () chita MP va song song véi AB.Tim x dé dién tich thiét dién bing mot
nta dién tich tam giac SAB.
®) Loi gidi
MD AM 1 X x+2

Goi T=MNNPQ. Ta cd: OM = AB+ (D= AB+ CD = AB
AD AD 1+x 1+x 2(x+1)

vy MA_OB _PS_ NS
MD QC PC ND

fo 4o S :(MQT:[Z)C+2 Jzz (x+2) 0

— PQ//SB,MN / /SA=> ASAB ~ ATMQ

s\ AB (x+1) ) 4(x+1)
i MM AN X nper p=st = P X
CD SD AD x+I X+l 2(x+1) OM ~ x+2
STPN NP ? X2 SMNPQ X2 4(x + 1)
Dodsg = B r= = 2T 2 (2)
STM MQ (X+2) STMQ (X+2) (X+2)
N N SMNPQ 1
Tu (1) va (2) suy ra ——=——
Sep x+1
S
VA M:l@L:l@le
ay S 2 x+1 2

& Cau 66: Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi G la diém thoéa man:
GS+GA+GB+GC+GD =0. Mot mat phzemg di qua AG cit cac canh SB, SC, SD lan luot tai
BM CN DP
+ = =1.
SM SN SP
®) Ldi giai
Goi O la giao diém ctia hai dudng chéo AC vaBD. Ta c6: OA+OB+0C+0D =0 suy ra

M, N, P. Chting minh rang:
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S =—(SA+SB+SC+SD).
4

—_— _— _ _ _— —

Do GS+GA+GB+GC+GD=0.
suy 1 G5 +4G0 =0 SG =4GO < 5G =3 S0 = (i + 5B+ SC-+ D) -

M5+ B 53¢ N SPsp .
5 SM SN SP

Vid,G,M,N,Pdong phzemg nén ta co

SB SC SD SM+BM SN+CN SP+DP BM CN DP

——+—=5 + + =4 + + =1.

SM SN SP SM SN SP SM SN SP
& Cau 67: Cho tt dién ABCD, M 1a mot diém bat ky trong tam gidc ABC. Céc dudng thing
di qua M song song véi AD,BD,CD tucng tmg cit cic mit phang (BCD),(ACD),(ABD) tai
A,B,C". Tim vi tri M sao cho MA .MB .MC dat gi4 tri 16n nhat.

®) Ldi giai
+ Trong mit phing (ABC), goi AM N BC ={4,}, BM " AC = {B,}, CM n 4B ={C, }
+Trong (DAA,), ké dudng thing qua M song song v6i AD cit DA, tai A
MA  MA, S,ue
AAI SAABC

MB MB, S,,. MC MC, S,.,
BD BB, S,. DC CC, S,

MA  MB MC
= + +

DA DB DC
MA  MB | MC 4 3\/ MA MB MC_ 14 MB' MC' <—- DADB.DC (khong doi)
D4 DB DC DA DB DC 27

Xét tam giac DAA; ¢6 MA" // AD nén

Tuong tu co

=1(Do S,5c + Syuc + Sz =S asc)

+ Ta co:

S o1
= MAMB.MC dat gid tri 1on nbdt 14 — DA.DB.DCkhi

MA MB _ MC
DA DB DC
Vay MA .MB .MC dat gia tri 16n nhat khi M 1a trong tam tam gidc ABC.

& Cau 68: Cho hinh chép S.ABCD c¢6 day l1a hinh vuong canh a. Duong thing S4 vudng géc

v6i mat ddy, géc gitta SB va mit ddy bang 60°. Goi N 1a trung diém ctia BC.

1. Tinh cosin ciia géc gitta hai duong thang SD va AN.

2. Goi H,K 14 hai diém lan luot thudc cdc dudng thing SB va DN sao cho HK 1 SB,HK 1 DN.
Tinh do dai doan HK theo a.

:% hay M 13 trong tAm tam gidc ABC.

®) Ldi giai
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1.
4 Pit AB=a,AD=b,AS =¢ véi ab=bc=ca=0 va ‘&‘z‘iy‘:a,é = a3
+ Ta co SD=b—c vi A_ﬁ=21+%l;

Suy ra ‘ST)‘ = \/Z;2 +22 =2a,

N | —

pr I AT R
4 2

a

2

1
= >0
a\/g 2\/§
20.7

Vay cos(@,f\/) =

Suy ra cos (SD, AN) = L

25

2.

+ Taco SB=a—c vi DN =a--
H = H3 + BN + NK =58 + B + yDN =x(a) s 254 »{a- 13

o HR =HB+ BN+ NK = (x+ y)a+ L5 xé

2
HK 1 SB (x+y)212+x22:0 (x+y)a2+3xa2:0
0{ nén w2 y—l- Rt , y—1,
HK 1 DN (x+y)a +——b =0 (x+y)a +Ta -0
4
. 1
4x+y=0 S
PIRD R A N 16
4x+5y =1 _l
4
2
Suy ra TR =2 a+3b+c= HK = (i;j +(§gj+(izj:ax/§
16 8 16 16 8 16 4
Vay HK:U’:‘/g
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— e~~~ e~ e~~~

& Cau 69: Cho ttt dien ABCD cé ACD+ BCD = CAD + BAD+ BAC = CBD + ABD + ABC =180°; ACB 60°

. Biét chu vi tam gidc ABCbang 3. Goi S 1a dién tich toan phan ctia tit dién ABCD . Tim gié tri 16n
nhat cta S.

®) Li gidi

D
D
Cm C,
H
A B
A
C G

Cét tt dién ABCD theo céc canh DC, BC, AC va tréi tit dién 4BCD xudng mat phang (ABD)
nhu sau: AACB — AAC,B; AACD — AC,B; ADCB — DC,B.

Ta c6: CAD + BAD + BAC = C,AD + BAD + BAC, =180° nén C,,4,C, thang hang.

C,BD + ABD + ABC, =180° nén C, B,C, thang hang.

—

= ACD+BCD AC,D+BC,D =180° suy ra tit giac noi tiép C,.C,DC,.

Suy ra C,DC, =180° - ACIB ~180°— ACB =120°.
Dién tich toan phan ctia tit dien ABCD bang dién tich tt giac C,C,DC,.
Dat CA = x;CB = y theo dinh 1y Cosin, suy ra 4B =+/x*+ y*> —xy . Do chu vi tam gidc ABC bang

3nén x+y+4x’+y —xp =3 (%)

. 1 . 1 1
Ta co Seene, =Seee +Snoc =52x.2y sin 60° +EC2C3.DH =$(x+y)2

Lai c6 Jx* + 3> —xp Z%(x+y) nén két hop véi (*) ta duge x+y<2.
A s P .4 .
Vay gia tri 16n nhat ctia S 1a ﬁ, dat tai x=y=1.

& Cau 70: Cho khéi chép SABC ¢6 SA = 6, SB = 2, SC = 4, AB = 210 va gbc
SBC = 90°, ASC =120 Mit phéing (P) di qua B va trung diém N ctia canh SC dong thdi vudng goéc
v6i (SAC), cht SA tai M Tinh tj sb ‘Z—Aj.

®) Li gidi
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Ta c¢6 SB L BC; SB* +SA*> = AB*> = SB 1 S4, dung hinh binh hanh SBCD thi CD 1 (S4D). Mit cat
chinh 14 mat qua DB va vudng géc véi (SAC).

Tu Dké DE vudng goc véi SA, ké DH vudng goc véi CE thi DH vudng géc véi (SAC), nhu vay
(DBH) vuong goc véi (SAC) nén M la giao ctia NH véi SA.

Tinh duge SD = BC =2/3;CD=2;4C =76;BD =4,

AACD ¢6 ADC =90° = AD = 6x/2 = cos ASD = ———
J3
2
— SE=2=DE=22; CE=23= S D" _1_HAE _,
CE CE*> 3  HC
Menelauyt:N—C.M—SE=1:>£S=l:>MS=SE=2
NS ME HC ME 2
SMo2 1
= —=—=—,
SA 6 3
SM 1

Vay ty s6 can tim la — =—,
1y Uy <4 3

& Cau 71: (HSG THPT YEN DINH 1 NAM 2017-2018) Cho hinh 14p phuong ABC D.A’B’'C’D’
canh bang a. Liy diém M thuéc doan AD’, diém N thuéc doan BD sao cho

a2
> |

AM = DN = x, [0<x<

a. Tim do dai doan MN.

b. Tim x theo a dé doan MN ngan nhét.
®) Lsi gidi
’)' s

M

,')‘.‘I';-::Z_..'ZLZ:::.\.:
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& Cau 72: (HSG THPT YEN DINH 1 NAM 2017-2018) Cho hinh chép tt gide S.4BCD c6

Goi M’, N’ lan ludt 1a hinh chiéu ctia M, N lén AD
Tac6 MN> =M'M> + M'N*=M'M>+M'N"+N'N’
X2

Tam gidc M’AM vudng can tai M’ nén c6 M'A=M"'M = T;

w2

Tam gidc N’'DN vuodng can tai N’ nén ¢c6 N'D=N'N=——
2
M'N'=AD-M'A-N'D=a—-x\2

2 2
MN? :%+(a—x\/§)2 +x?:3x2 —2\/§cz.x+a2

2 2 2
V2 +a_2a_:>MN2_a\/§
3 33 3

Khi do

a2
3

. . s av3
Vay MN ngan nhat bang T\/_ dat dugc khi x =

ddy 1a hinh vudng tam O canh bang @, ASB= ASD=90°. Goi (P) la mat phéng di qua AB va
vuong géc véi mat phang (4BCD), kéo dai SD cat mit phang (P) tai E.
a. Chitmg minh AEB =90°
b. Biét SA=SO. Tinh d6 dai doan thang CE.
®) Loi gidi

SA L SB
1 { = SA4 1 (SBD)= BE 1 54 (1)
SA L SD
-+ Mat khac (P) 1 (ABCD) theo giao tuyén AB
ma AD L AB=> AD 1 (P)= BE 1 4D (2)

+ Tit (1) va (2) suy ra BE 1 (SAD)=> BE | AE hay AEB=90"
b.
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+ Ta ¢6 AC—a\/_:>AO_a\/—
s - A . N AO a
+ Vi §4 =50 = ASAO vuodng cén tai S nén SA=—==—
V202
+ Dé thdy ASAE ~ AADE = AE S—Az—:>2AE JAE +&® = AE> =%
DE AD 2
2a

+ Khi d6 BE* = AB* — AE* =

+ Vay CE =+BC? + BE® =

& Cau 73:  Cho hinh chép S.ABCD, c¢6 ddy ABCD 1a hinh thang can (AD//BC) va BC = 2a, AB
= AD = DC = a (a > 0). Miit bén SBC la tam gidc déu. Goi O la giao diém ctia AC va BD. Biét
SD vudng géc véi AC.

a) Tinh SD.

b) Mit phang («) qua diém M thudc doan OD (M khac O, D) va song song v6i hai dudng thang
SD va A C.©. Xéc dinh thiét dién ctia hinh chép S.ABCD cit bdi mit phang (e« ). Biét MD = x.
Tim x dé dién tich thiét dién 16n nhat.

®) Ldi giai

a) Dé thay ddy ABCD la nita hinh luc gidc déu canh a.

Ké DT//AC (T thudc BC). Suy ra CT=AD=a va DT vudng géc S D.

Ta c6: DT=AC=a+3 .

Xét tam gidc SCT ¢6 SC=2a, CT=a, ZSCT =120° = ST = a/7

Xét tam gidc vuong SDT ¢6 DT=av3, ST =a~7 = SD =2a

b) Qua M ké dudng thang song song véi AC cit AD, DC lan luct tai N,P.

Qua M, N, P ké cdc dudng thang song song véi SD cit SB, SA, SC lan luot tai K, J, Q. Thiét dién
la ngt gidac NPQKJ.

Ta c6: NJ, MK, PQ cung vudng goc vai NP.
dt(NPQKJ):dt(NMKJ)+dt(MPQK):%(NJJFMK)MN+%(MK+PQ)MP
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- %(NJ+MK).NP (do NJ=PQ).

Taco: NP_MD _ . ACMD _ xa3

= 3x
AC 0D obp  a
NG)
a
NI AN oM SD.OM za'(ﬁ_XJ
M _AV OV Ny =220 =2(a-x3)
SD 4D OD oD a
NG
KM BM SD.BM 20-(61 3—x) 2
S =T KM= = = (af3-
sD_BD BD a3 NG (@3-
Suy ra: dt(NPQKJ):%(2(a—x\/§)+%(a\/§ —x)J3x=2(3a—2x/§x)x
= L(3a - 2x/§x)2x/§x < L[(.’aa - 2x/§x) + 2x/§x]2 = ﬂaz
V3 43 4

Dién tich NPQKJ Ién nhat bang % a® khi x :éa

& Cau 74: (HSG THPT TRIEU SON 2 NAM 2017) Cho ti dién SABC c6 SA, SB,SC déi mot

vudbng géc. Goi a, B,y lan luot 1a cic géc gitta cAc mit phang (SAB),(SBC),(SCA) v6i (ABC).
Chiing minh rang:

cos’a cos’ cos’ 3

) ) +— ) ﬂ P) +— 2 7 2 S—.

Sin“f+sin"y  sin“y+sin“a  sina+sin”f 4

®) Loi gidi
Chtmg minh cos’ & +cos” B+cos’ y =1= sin’ a +sin® B+sin’ y =2

cos’a . cos’ . cos’y  cos’a cos’ . cos’y

3
= <z
sin’ f+sin’y  sin’y +sin‘a sina+sin’ B 2—sinfa 2—sin’f 2—sin’y 4

2 2 2

cos o cos cos 1 1 1 9

= ot ﬁ; + 7; =0T ot T 2 <3-—
I+cos’aa 1+cos”fB 1+cosy I+cos’aa 1+cos”fB 1+cosy 4

3
4

Déng thiic xay rakhi a=f=y
& Cau 75: (THPT HAM RONG THANH HOA)
Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vuong tai A va D, AB= 4D =%CD =2a ,
SA=2a va SA L (ABCD). Goi M, N, K lan lugt 1a trung diém ctia AB, SB, SD.
1/ Tinh géc hop béi giita duong thang SB va DM.
2/ Tinh dién tich thiét dién ctia hinh chép khi cat béi (ANK).
®) Ldi giai
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1/ Ké BE//DM. Ta tinh duge: BE = MD = AE = a~/5,SB =2a~/2,SE =3a
+ Ap dung dinh li cosin trong tam gisc SBE ta cé:
SB*+BE’-SE* 1

= >0
2.SB.BE N

cos SBE =

= (SB,MD)=(SB,BE) = ZSBE = arccos (L]

J10
2/ Céch dung thiét dién:
Goi O0=ACNBD,F =SONNK . Trong (SAC), H=SCNAF. Thiét dién 1a ANHK

2
Ta c6: AN=AK=STD=ax/§,NK=%=a\/§:>AANK déu =8, = (aﬁ)zsin60°=#

1
2
1 azx/g 3a2\/§

Sink ZESANK = = Sip = p

& Cau 76: (HSG THPT HAU LOC 1 NAM 2017-2018) Cho hinh chép ti gide S.ABCD c6 day
13 hinh vuéng tAm O canh bang a,@ = ASD =90". Goi (P) 13 mit phang di qua 4B va vudng
goc v6i mat phang (ABCD), kéo dai SD cit mat phang (P) tai E.

a. Chiimg minh AEB =90’
b. Biét SA4=SO. Tinh d6 dai doan thang CE.
®) Loi gidi
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S4 1 SB
Vi { = S4 1 (SBD)= BE 1 54 (1)
S4 1 SD
-+ Mat khac (P) 1 (ABCD) theo giao tuyén AB
ma AD L AB=> AD 1 (P)= BE 1 AD (2)

+ Tit (1) va (2) suy ra BE L(SAD)= BE L AE hay AEB=90"

b.
, a2
+ Ta c6 AC =a2 = 40 = .
N N « . . AO a
+ Vi §4 =50 = ASAO vudng can tai S nén S4=—=—
202
L AE  S4 1 T , a
D& thiy ASAE ~ AADE = = =22 =~ = 24E =JAE* +a* = AE* =—
+ e thay DE AD 2 3
2a°

+ Khi d6 BE* = AB* — AE* -

2
4 Vay CE =\BC? + BE* = |d* + 2;’ _aV1s

3

& Cau 77:  (HSG THPT HAU LOC 3 NAM 2017-2018)
Cho ttt dién ABCD c¢6 AB = a, CD = b. Goi 1, Jlan luct 1a trung diem AB va CD. Gia st AB L

CD, M nam trén doan ZJ sao cho IM =%IJ . Tinh dién tich thiét dién tao béi mit phing (o) qua

M song song v6i AB, CD va ti dién ABCD .
®) Loi gidi

Xdc dinh thiét dién ciia (ABCD)
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(a)/ AB
vai mét phang (a): Ta c6: < AB < (ABC)
L e(a)n(4BC)

= EF // AB (1)

(a)// AB
Tuong tu: < AB < (ABD)

N e ()N (A4BD)
= HG // AB (2)
Tu (1) va (2), suy ra EF // HG // AB (3)

(@)//CD
Ta c6: {CD < (ACD)
P e (a) N (ACD)

= FG // CD (4)

(@)//CD
Tuong tu: {CD < (BCD) = EH // CD (5)

Qe (a)n(BCD)
Tu (4) va (5), suy ra FG // EH // CD (6)
Tu (3) va (6), suy ra EFGH la hinh binh hanh
Ma AB L CD (%)
Tu (3), (6) va (*), suy ra EFGH 1a hinh cht nhat

Tinh dién tich thiét dién ciia huinh chit nhat biét IM = %[J

Ta c6: Sypy = EF . FG = PO.LN

Tinh LN:
Xét tam gidc ICD: Ta ¢6: LN // CD = 2N _ IV (7)
CD  ID
Xét tam gidc IJD: Ta c6: MN // JD = IN_ 1M (8)
D I
Tit (7) va (8), suyra 2 M 1y DD
cD I/ 3 33
PO JM 2 2 . 2ab
Tuong tu: —=—=—=>P0=—AB=—.aVay: S =—
ST R W Seran =g

& Cau 78: (HSG THPT HAU LOC 3 NAM 2017-2018) Cho tit dién ABCD c6 AB = a, CD =
b. Goi I, J lan luct 13 trung diém AB va CD.Gid st AB 1L CD, M nam trén doan ZJ sao cho

IM =§IJ . Tinh dién tich thiét dién tao béi mat phiang (o) qua A/ song song véi AB, CD va ti dién

ABCD.
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®) Ldi giai

Xdc dinh thiét dién ciia (ABCD)
(2)// AB
voi mét phang (). Ta c6: 1 AB < (ABC)
Le(a)n(4BC)

= EF // AB (1)

(a)// AB
Tuong tu: < AB < (ABD)

N e ()N (A4BD)
= HG // AB (2)
Tu (1) va (2), suy ra EF // HG // AB (3)

(a)//CD
Ta c6: {CD < (ACD)
P e (a) N (ACD)

= FG // CD (4)

(@)//CD
Tuong tu: {CD < (BCD) = EH // CD (5)

0 (@) ~(BCD)
Tu (4) va (5), suy ra FG // EH // CD (6)
Tt (3) va (6), suy ra EFGH la hinh binh hanh
Ma AB L CD (%)
Tu (3), (6) va (*), suy ra EFGH 1a hinh ch nhat

Tinh dién tich thiét dién ciia huinh chit nhat biét IM = %]J:
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Ta c6: Sppy = EF . FG = POQ.LN

Tinh LN:
Xét tam giac ICD: Ta c¢6: LN // CD = LN _IN (7)
CD ID
Xét tam gidc IJD: Ta c6: MN // JD = IN _IM (8)
D I
Tu (7) va (8), suy ra N _IM _1 = LN=Q=2
cCb IJ 3 3 3
PO JM 2 2 2 N 2ab
Tuong tu: ——=——=—=>P0=—4AB==—.aVay: S =—
g 1B J 3 3 3 LY: O groH 9

& Cau 79: (HSG THPT BA DINH NAM 2017-2018) Cho tit dién déu SABC c6 d6 dai canh
bang 1, goi Z, K la trung diém ciia céc canh AC va SB. Trén cdc dudng thing AS va CK lay céc
diém P, @ sao cho PQ song song v6i BL Tinh do dai doan thing PQ.

®) Loi giai

Ké KJ // BI (J thuoe SI), P 1a giao ciia CJ véi SA, ké PQ // JK (Q thude CK) thi duoch PQ
théa man P thuoc SA, Q thuéc CK va PQ//BI.

NG

Ta c6 AABC déu canh 1 nén BI =

Qua céch dung PQ thi J 1a trung diém ctia SI nén KJ :%BI =?
Xét ASAI véi 3 diém P, J, C thing hang ta o6 122> CA ML _PS 5 PS 1
PA CI JS PA A 2
Xét AAPC v6i 3 diém théng hang S, J, T ta o6 1=2L 1€ 5S4 _JP 45 JJP 1
JC I4 SP JC JC 3
3
Suy ra — ==
Y 4
Suy ra —:g PQ:_,]K:iﬁzﬁ
4 3 4 3
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Vay PO =?

& Cau 80: (HSG THPT BA PINH NAM 2017-2018) Cho hinh chép S ABCD c6 diy ABCD la
hinh thoi tAm O v6i OA = 20B = 2a va SO vudng goc véi diy (ABCD). Mit phang () qua A
vudng géc véi SC cat SB, SC. SD lan lugt tai B, C, D’ Tinh cosin goc gitta (SAB) v6i (a) biét
AB'C'D' déu.

®) Li gidi

()N (ABCD) = EF trong dé E déi xting véi C qua B va F déi xting véi C qua D, E ddi xting véi
F qua A va EF =2BD =4q. Tam gidc B’C’D’ déu nén tam gidc EFC’ déu.

CC'=x= C'F=v20a>—x> =EF =4a=> x=2a; AC'=NAC>—CC" =+16a> —4a> =2a\/3
SC*=84>=AC"”+SC"” = AC"+(SC—-CC")

= SC* =12a” +(SC—2a)’ =16a”> -4a.SC+SC*> = SC =4a = SO = 2a\3

Ha C'ILAB':AB'L(SC'I):((W:@';

40" =2 40" = 4"‘[ 08 =2 s ootiac =429 1 f3
3 3 O'B'
:sinﬂ?’ L:>IC' AC'sm]ga' 2av39
V13 13
Tu do ta co tango—tanSIC' ¢ = 13 :>cosqo=—3.
C' \/39 4

& Ciu 81: (HSG THPT SAM SON NAM 2017-2018) Cho OABC1a ti dién c¢6 OA,0B,0C déi
mot vudng goc. H 1A true tam clia tam gidc ABC . Goi a, B,y lan luct 1a géc tao bsi OHvéi OA, OB,
OC . Chting minh rang cos” a +cos> f+cos’ y =1

®) L5i giai
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Chimg minh OH vuéng géc véi mit phang (ABC)
L
OH® 04> 0B* 0OC’
2 H2 2
Tuong tu: cos’ o =——;cos’ B = . Nén
0A B

Chiing minh

Ta c¢6 cos —0—H:>cos2 =
=oc "=oc

cos’ a.+cos’ B+cos’ y = + + = + +
b "=ox "oB " oC o4 0B 0C

& Cau 82: (HSG THPT SAM SON NAM 2017-2018) Cho hinh chép S.ABC c6 SA vuéng géc
v6i mit phang ddy. Goi M 1a trung diém cia BC va HIa trung diém cta AM. Biét
HB=HC=a, ZHBC =30"; géc gitta mit phing (SHC) vA mit phing (HBC) bing 60°. Tinh
SA va cosin clia géc gitta dudng thang BC va mit phing (SHC )

2 2 2
OH® OH’ OH’ _ Hz( 1 1 1 jzl

®) Li gidi

Goi A 1a hinh chiéu vudng géc ctia A trén HC.

a3

Ta c6 AH = HM = HBsin 30" =%:> AK = AH .sin 60° ==
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Goc gitta (SHC) va (ABC) 14 ZSKA =60° = SA = AK .tan60° = 37
* Goi B’1a hinh chiéu ciia B trén (SHC), suy ra goc gitta BCva (SHC) 13 ZBCB . Goi 13 hinh
chiéu ctia A trén SK = AI 1 (SHC).

*Ta c6 BB'=d(B,(SHC))=2d(M ,(SHC))=2d(A,(SHC))=2AI .

2
Trong tam gidc vuong SAK, ta c6 Al = AK.43 = 3a . 2 :3_a:> BB':3_a_
Jak?+4s* 16 a3 8 4
BB 3a 3a ﬁ

Do dé sin Z/BCB' =

BC 42BM 8.HB.cos30° 4
Vay cos ZBCB' = l—i =£
\' 16 4

& Cau 83: (HSG THPT THUONG XUAN) Cho t& dién ABCD, hai mit ABC va ABD li hai

tam gidc déu canh 2a.

a. Chitng minh rang AB va CD vuong goéc v6i nhau. Goi M, N, P, @ lan luot 1a trung diém ctia céc
canh AC, BC. BD, DA.Chting minh rang ttt gidc MNPQ la hinh chit nhat.
b. Tinh goc gitta hai dudng thing BC va AD, biét MP = a3
c. Goi BH 1a do dai dudng cao ctia tam gidc BCD, H nam trén CD sao cho CD, BH, BD theo tht
tu 14p thanh mot ciAp s6 nhan. Tim cong bdi clia cap s6 nhan d6 va tinh do dai doan CD.

®) Loi gidi

_— _— —_—

Ta c6: CD.AB =(AD~AC)AB = AD.AB~ AC.AB
CD.AB =|4D)| [ 4B|cos 60° ~[4C [ 4B|cos 60° = 0
Vay CD L AB

* Ta cé: MN /] PQ /] ABva MN:PQ:%

Nén tit gidc MNPE 1a hinh binh hanh
Vi MN /] ABva NP // CDma AB L CD nén hinh binh hanh A/NVP¢) 1a hinh cht nhat.
b. Goi 714 trung diém ctia AB.
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IP//AD

cb: = (CB,AD)=(IM,IP).
IM //BC
Xét tam gide IMP c6: IM =IP=a,MP=ax3.
2 2 2 2 4 2 -
Do d6, cospgp =M I~ MP" _2a” —3a” _ 1 _ b _qo00
2.IM.IP 2a 2
Vay: (CB,AD)=180°-120" = 60°
c. Theo bai ra: CD, BH, BD theo thit tut lap thanh cap sé nhan.
Goi ¢ la cong boi clia cAp s6 nhan trén, ¢ >0.

Khi dé ta c6: BH = CD.q; BD =CD.q°

HC=HD =% (Vi tam gidc BCD cén tai B).

Trong tam gidc BHD vudng tai A nén ta cé: Khi do: CD:B?z 22 = 4a
q 1442 1442
2
2 2 2 2 CD 2 2 L 2N\2
BD? =BH’ + HD* = BD® =(—~)* + BH’ & (CD-q’)’ =
2_1+\/§
» 4 CD’? 2 2 4 2 4= 2
&CD'qg=—+CDq <=4q -4q9 -1=0&
4 2_1_\/5
a 2
2 1+J§ 1+J§
Do q" = & Q=
2 2
Viy g= 12
2
Khido: cp=PP- 2 __ 4
1442 1+42
2

& Csu 84: (HSG 11 THPT THIEU HOA THANH HOA) Cho hinh hép ABCD.A’B’C’D'.Trén

canh AB lay diém M khiac A va B.Goi (P) 1a mit phang di qua 1/ va song song véi mit phing

(ACD’).

a) Trinh bay cdch dung thiét dién cia hinh hép va mit phang (P).

b) Xéc dinh vi tri ctia M/ dé thiét dién néi trén c6 dién tich 16n nhat.

¢) Goi C, 1a trung diém ciia CC’. M&t phang (Q) di qua AC, cit C’B, C’D lan lugt tai B,, D, khac
4 C'B, C D1 < i

e B C'D 2

®) Ldi giai

C’. Chting minh ran
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a)e Trong mp(ABCD), qua M vé duong thang song song v6i AC c&t DB, BC'lan luct tai £, N.
BDD’B), qua E vé dudng thang song song véi D'O (O=ACNBD) cat B'D’tai F.
A'B'C’D), qua F'vé dudng thing song song véi AC cit A’D’, D’C’1an luct tai R, Q.
AA’D’D), qua R vé duong thang song song v6i AD’ cit AA tai S

Trong mp(CC’D’D), qua @ vé dudng thang song song véi CD’cit CC’tai P.

Thiét dién 1a luc gidc MNPQRS

b) e Do cac mat dbi dién clia hinh hop song song nén cac canh déi ctia luc gidc thiét dien MNPQRS

Trong mp
Trong mp
Trong mp

o~ o~~~

song song va 3 cap canh dé lan luct song song véi cdc canh tam gidc ACD’.
= Céc tam giac JKI, ACD’, RQI JMS, NKP dong dang
M. MA K P PK D' [
= M]{/ " MB ]]\\[fg B ]]VVM - Pg' PO gc' :% = MI=NEva PR=Q1
= Céc tam gidc RQI JMS, NKP bang nhau (goi dién tich ciia ching 1a S va goi dién tich cic tam
gidc JKI, ACD’lan lugt 1a S, S)

Dt %:k; ta c6 didu kien 0<k <1 va cé:

2 2 2
iz(JMj =(AMJ =(AMJ k2 = 5= kS
s \uc) \pc) B

&_(JK)Z _(JM+MK)2 _(JM | MK

s \4c AC AC  AC

= Dién tich thiét dién: S, =S, -35,

2
j =(k+1 = S =( B+ 2k+1)S

1 3 1| 38 . . 1
S =2S(-k*+k+=)=2S|=-| k—= <— (dau bang xav ra < k=—
d ( 2) {4 ( 2):] 5 ( g xay 2)

S'16n nhat < k =% & M1a trung diém ctia AB

C.
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\JL B

yeLay G= ACNB.D;va O = ACNBD,

ta c6: C, O, G'1a cac diém chung ctia 2 mit phang (C°AC) va (C'BD)
= (’, O, G thing hang.

Va G la trong tam cta tam giac C’AC

C'G_2
c'o 3
s . \ y C'D C'B
Ve BH //G B,va DL // D,G (H,LeC'O)= OH =OL. Bt x= T
1 1

C'D N C'B_C'L +C'H Y 22323 = xye[t2] (%)
c¢'D C'B C'G C'G C(C'G 2

2
e Suy ra: l+l:iz3( 2 j =i(1)

X+y 3
T (*): 1£x<2x" -3x+2<0x(3-x) 22 x-y>2
3By 34 113 9) T (1) va (2) =dpem
xy 2 xy 2 x y 2
& Cau 85: (TRUONG THPT TINH GIA 1-2017-2018) Cho hinh chép S.4BCD, c¢6 ddy ABCD
13 hinh thang cdn (4D // BC) vaBC =2a, AB = AD = DC =a (a >0), AC cat BD tai diém O. Canh
bén SD =2a. Goi mit phang () 1a mit phang di qua diém M thudc doan OD (M khéc O,D)
va song song v6i hai dudng thang SD, AC. Mit phang (o) cdt 4D,SA lan ludt tai N va I.
a. Xdc dinh thiét dién ctia hinh chép S.ABCD céit bdi mit phang (e ).
b. Pat MD =x (x>0). Tim x dé dién tich thiét dién 16n nhat, biét MN vudng goéc v6i NI .
®) Loi gidi

a) Qua M ké dudng thing song song v6i AC cit AD, DC lan lugt tai N,P.
Qua M, N, P ké cdc dudng thang song song véi SD cit SB, SA, SC lan luot tai K, J, Q. Thiét dién
la ngu giac NPQKJ.
b) Ta c6: NJ, MK, PQ cung vudng goc véi NP.

= x+y=
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dt(NPQKJ):dt(NMKJ)+dt(MPQK):%(NJ+MK)MN+%(MK + PQ)MP

=%(NJ+MK).NP (do NJ=PQ).

Ta c6 EZ@ NP = ACMD = xa\3 =3x
AC  OD oD a
B
a
AN OM SD.OM 2‘{&_’6)
N _AN _OM _ y_5DOM =2(a-x3)
SD  AD  OD OD a
B
KM _BM _ SD.BM _ 2a.(aV3-x) ~
o 80 M="3p T L6 _ﬁ(a\/g_x)
Suy ra: dt(NPQKJ)= (2((1 x3)+ \/_(a\/g x)ij 2(3a - 2~/3x)x
Ga—-2Bx)243 x<—[(3a 23x)+24B3x T ENERS
f 43

W3, NE)

Dién tich NPQKJ 16n nhét bang —a khi x :Ta

& Ciu 86: (HSG THPT SAM SON NAM HQC 2017-2018) Cho tit dién déu ABCD c6 do dai
canh bang 1. Goi M, N lan luot 1 hai diém thudc cdc canh AB, AC sao cho mit phang (DMN)
vudng géc véi mit phang (ABC). Piat AM =x, AN = y. Ching minh ring x +y =3xy.Tim x,y
dé dién tich toan phan cta ti dien DAMN nhd nhat.

®) Loi gidi
Ké DH 1L MN, do (DMN) L (ABC) suy ra DH_1 (ABC).
Ta c6: Samn :%.AM.AN.sinGO0 :gxy; Savny = Samu + Sanu
1 \/_
PN
Ma ABCD la ti dién déu, nén suy ra H 1 tAm ctia tam gidc deu ABC

3 1 V3

Suy ra £Xy—— £(x+y):> x+y= 3xy (0<x,y<1).
4 4 3

Dién tich toan phan ctia tit dien DAMN:

S = Saup + Sano + Somn + Samx

= %AD.AM.sirﬁOO—i—%A D . AN.sin60°

1

=5 .AM.AH.sin30°+ % AN.AH.sin30° = +y).
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+ % DH.MN —F%AM.AN.SinGO0

= 3xy +§q/3xy(3xy—1) :

T 3xy=x+y22\/53\/52§:>xy2i

V3(4++2)
9

9

Suy ra min S = , khi x=y=§.

& Cau 87: (HSG THPT SAM SON NAM HOC 2017-2018) Cho hinh chép ddu S.ABC dinh S,
chiéu cao h, ddy ABC 1A tam gidc déu canh a. Qua AB dung mp (P) vuong géc véi SC.

1. Xéc dinh thiét dién ciia hinh chép khi cat béi (P).

2. Tinh dién tich thiét dién theo a va h.

®) Li gidi

GV: Trén Binh Cu ~Zalo: 0834332133



@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

Goi O la trong tam tam gidc ABC ta c6 SO L (ABC)khi d6 SO L AB, goi M 1a trung diém AB
do tam giac ABC deu nén CM 1 AB vay AB 1 (SMC).

Trong mp(SMC) ké MH L SC ta c6 mit phang (AHB) L SC.
Thiét dién 1 tam gidc AHB.

Ta cé: S, :%MH.AB .
Theo gié thiét AB = a. ta c6 MC = “*2/5 , OC = é
SO = I, SC:/W;/}:%%Z
h'a\z/g 3ah
Ta c: MH.SC = SO.MC = MH = — N
3
S = %MH.AB = % .

& Cau 88: (HSG THPT TRIEU SON 5 NAM 2017-2018) Cho hinh chép SABC c¢6 ABC 13 tam
gidc déu. Goi H,0 lan luot 1a truc tAm clia cdc tam gidc ABC va SBC.OH cit SA tai N.

1. Gid stt SAL(ABC). Chitng minh OHL(SBC) va ttt dién BCSN c6 céc cap canh dbi dién vuong
gbc vai nhau.

2. Gia sit SHL(ABC). Goi a 1a géc gitta mit bén va mit day; B 1a géc gifta hai mét bén ke
nhau.Chimg minh rang 2005%=\/§sina.

® Ldi giai
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N

Chtng minh OHL(SBC)

+ AO cit BC tai I. BCLAO(A ABC déu)

BCLSA

nén BCL( SAI) =BCLAI nén H nam trén

duong Al. OH nam trong (SAI)=BCLOH(1)

+ C6 BOLAC; BOLSA=BOL(SAC)=

BOLSC

BH.LSC =SCL(BOH) =ACLOH (2)

Tu (1) va (2) ta duge OHL(SBC)

+) Chitng minh BCSN c¢6 c4c cip canh doi

vuong géc véi nhau

SAL(ABC) =SN1BC

SCL(BOH) =SCL1BN( vi N nam trén OH)

Chiing minh tuong tu ta co6

SB1(COH) =SBLCN( N nam trén OH)

& Cau 89: (HSG THPT VINH LOC NAM 2017-2018) Cho diém O ¢ dinh v mét sb thie a
khong doi. Mot hinh chép S.ABC thay doi thoa man
OA=0B=0C=a,SA L OA, SB L OB, SC L OC, ASB = 90", BSC = 60°,CSA=120".  Ching minh
rﬁng:

a. AABC la tam gidc vudng.

b. Khoang céach SO khong thay ddi.
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®) Ldi giai

a.

+ bat SO =x.

+ Vi céc tam gidge S40,SBO,SCO lan lugt vuong tai 4,B,C nén SA=SB=SC=+x’—d’
+ Tam gidc SAB vudng tai S nén AB® =S4° +SB” =2(x" -a’) (1)

+ Xét tam gidc SBC ta c6 BSC =60 = ASBC déu nén BC* =x* —d* (2)

+ Xét tam gidc SCA ta c6 CA® = SC* + SA4* —2SC.SA.c0s120° =3(x* —a’)  (3)

+ So sénh (1),(2) va (3) ta thiy CA* = AB> + BC* = AABC vuong tai B.

b.

+ Goi M 1a trung diém ctia AC

+ Vi ABC la tam gidc vudng tai B nén MA=MB=MC (4)

+ Mit khdc S4=SB=SC (5) va 04=0B=0C (6)

+ Tu (4) va (5) suy ra M 1a hinh chiéu ctia S lén (ABC)

+ Tit (4) va (6) suy ra M 1a hinh chiéu ctia O 1én (4BC)

+ Tu day suy ra SO L (ABC) tai M . Do d6 AM la duong cao cia tam giac vuong SA0
1 1 1 4 1 1 4 1 1

a” ~saox T sa o ®3(x2—a2)=(x2—a2)+?
2a

+ Vay SO = = dpcm.
Y \/3 p

& Ciu 90: (HSG SGD&DT HA TINH NAM 2006-2007) Hinh chép S.ABC c¢6 ddy ABC la tam
gidc vuong tai A, ZACB = « va canh BC = a. Mat bén SBC vuong géc véi ddy, hai mat bén con
lai déu tao véi ddy goc 3. Cac géc SBC va SCB déu nhon.

a) Cho a = 45" va = 60", hay xdc dinh tam va tinh ban kinh mit cau ndi tiép hinh chép
S.ABC theo a.
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b) Khi a va 8 khong ddi, tim gia tri ciia o dé dusng cao SH ctia hinh chép c6 do dai 16n nhat.

®) Loi giai

Do mp(SBC) vudng géc véi ddy ABC va cac géec SBC, SCB déu nhon nén H thudc canh BC ctia
tam giac ABC.

ve HM | AC,HN 1 AB suyra AC LSM,AB L SN nen £LSMH = ZSNH = f do d6
2 tam gidc vuong: SMH,SNH bang nhau, suy ra MH=NH, tit d6 ta c6 tt gidc AMHN la hinh

vuong.
a
a) Khi @ =45 thi tam gidc ABC vuong cin tai A nén AH 1 BC,AH = E

Vé tia phan gidc ctia goc SMH cit SH tai K thi mp(KAC) va mp(KAB) tht tu 1a mét phang phan
gidc clia cac goc nhi dién canh AC,AB ctia hinh chép S.AB C.Dé thay giao tuyén ctia hai mét
phéng nay la dudng thing AK.

Vé tia phan gidc clia goc SHA ciat AK tai I thi I cdch déu 4 mit ctia hinh chép S.ABC nén né 1a
tAm mat cau noi tiép hinh chép.

a

22

. a 1 a .
Xét tam gidc vuong KHM: KH = HM .tan30" = NZANE) = »J6 (doZKMH =30°)

D& thay HM :%.sin 45" =

ve IE L AH,IF | HK thi IE = IF =7 vé6i r 1a ban kinh mit cAu noi tiép hinh chép S.AB
C.
Taco: IE.AH + IF . HK = AH .HK ( vi mdi vé cling bang 2 lan dién tich A AHK)
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g a
AH .HK 2 2.6 a
= = =
AH+HK a, a  2(J6+1)
2 26
NH X
b) bat HM = HN = x . Xét tam gidc vuong NBH: BH = = BH = (1)
cosx CcCosx
HM X
Xét tam gidc vuong MCH: HC =——= HC =— (2)
SiIna SiIno

x(sina +cos ) a.cosa.sino
= Xx=

Tu (1) va (2) ta cb: 4= : :
cosa.SIma SiIno +cosa

Xét tam giac vuong SHM:
.SIin ¢.cos &

a
SH = x.tan f = —
sin +cosa

tan S

sin @.cos o

Do a, khong doi nén SH 16n nhat khi va chi khi — 16n nhat.
SiIna +cosax

Ap dung bat déng thic C6 si cho 2 s6 duong ta dugc:
sin + cos &

( )

sin.cosa < 2

1, .
. <— =—(sina+cosa)<—.
sin@+cosa  sin@+cosa 4

sina=cos«
Déu bang xéy ra khi va chi khi | sin a+cos a=+2

Gia tri thoa man la & = 45°
Vay duong cao SH ciia hinh chép S.ABC 16n nhét khi va chi khi & =45,
& Cau 91: (HSG DE 142) Cho hinh chép S.ABC véi day ABC la tam gidc nhon, canh SA vuong
gbe voi ddy. Goi I, K 1an lugt 1 chan dudng cao ké tit B ciia tam gidc BSC, BA©. Duong thang IK
cit duong thang SA tai P.
a) Chitng minh ti dién SPBC c6 céc cap canh dbi vuong goc.
b) Tam gidc ABC c6 dinh ¢6 BC = a, ZABC = o, ZACB = 3, diém S di dong. Tim d6 dai doan
thang SA trong truong hop dién tich tam gidc SPC dat gid tri nho nhAt.

®) Loi gidi
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o

BK 184
a) ® SPLBC (do 54 L(4BC)) | — BK | (SAC)= PC 1 BK,BK 1 SC

1 4C
SC L BI
° = SC L (BIK)= SC L BP,SC L PI
SC 1 BK
CK L SP \ ) 5
e Trong (SPC) =K la truc tam tam giac SPC = PC L SK
PK 1 S§C
PC 1 SK
. — PC 1 (SBK)= PC L SB
PC 1 BK
SP 1 BC
e T dién SPBC c6 {SC L BP
PC 1L SB

= Tt dién SPBC c6 céc ciap canh dbi vuong géc véi nhau

SA_ 4K

b) Ta c6 ASAK ~ACAP (g.g) = 5 SA.AP = AK.AC khoéng doi

=S =1AC.SP=1AC. SA+ AP) > ACANSA.AP = ACNAC.AK
SPC 2 2

Déng thiic xdy ra < SA= AP =+ AK.AC

CH
sin(180° —a — )

& S4= \/BK.cot(l 80° —a—p).

a.sina
sin(180° —a — ff)

& S4= \/a.sin L.cot(180° —a — f).

cos(180° —a — )
sin’(a + )

& 54 :\/az.sina.sinﬂ.

GV: Trén Dinh Cu -Zalo: 0834332133 ([ 3NEGEGD




@ BAI TAP ON THI HSG TOAN 11 Q@ WEB: toanthaycu.com@

<& S4=a.sin(a + ﬂ).\/sin a.sin f.cos(180° —a — )
(CH 1L AB,H € AB)
Vay khi S, dat gid nhd nhat thi S4 = a.sin(a + ,B).\/sin a.sin f.cos(180° —a — )

& Cau 92: (HSG DE 143) Cho hinh chép S ABCD c6 ddy ABCD la hinh binh hanh va A/ la
trung diém ctia SC. Mot mit phang (P) chtta AM va lan lugt cit cdc canh SB, SD tai cac diém B
D'khéac S, Chimg minh rang

®) Loi gidi

A

F

Goi O la giao diem ctia BD va AC, suy ra SO = (SBD) N (SA C’).
Goi H 1a giao diém ctia B'D' va AM . Ta cé:

(SBD)N(S4C) = SO
B'D'€(SBD)

AM € (SAC)
B'D'NAM = {H}

= H eSS0

Ap dung dinh 1§ Menelaus cho tam gidgc SOC ta cé:
SM AC OH OH OH 1
. . =lel2—=1l —=—
MC AO HS HS HS 2
Ma H thudc trung tuyén 4O suy ra H la trong tAm tam gidc SBD
Xét mit phing (SBD):

+Lay E,F € SO sao cho BF | DE || B'D". Suy ra ta cé:

SB' SD' SH SH 11 ASH ~ 4SH 4
= =SH|—+—|2> = ==
SB SD SF SE

SF  SE|~ SF+SE 2SO 3
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. SB'" SD'_ 4
Vay S_B + S_D > g
+Vé trung tuyén DM cia tam gidac SBD
Do vai trd ctia B va D 14 binh ddng nhau nén vai tro B’ va D’ ciing binh déng nhau
Gid st HD'> HB' ( truong hgp ngudgc lai chitng minh tuong tu)
Theo dinh ly Talet ta co D'K :£21:> D'K>B'M

B'M HM
Lay K thudc DM sao cho D'K || SB .Ta c6
SB'  SD' _ [SM MB'] [S_D_E] _3 [D_D'_ MB'
SB  SD SB  SB

2

SD  SD SD SB
DD' D'K 2D'K _ MB' DD' MB'

SM SB ~ SB SD SB
SB' SD' 3 [DD' MB'

Mit khéc lai c6 0

Suy ra 22 422 9 M5
wyra et SO SB

SB SD 2

4 SB' SD' 3
Vay 2<28 507 3 qpem
W3S ggtgp <7 (doem)

& Cau 93: (HSG DE 145) Cho hinh chép S.ABCc6 SA = SB = AB = AC' = q, dién tich tam
gidc SBC 1a So0.Goi M 1a diém di dong trén SB,N la trung diém ctia B C.Biét AN vudng géc véi mit
phéng (SBC). Tim gi4 tri nhé nhit cia dién tich tam gidc AMN theo a va So.

®) Lsi giai
Cho hinh chép S.ABCc6 SA = SB = AB = AC' = a, dién tich tam gidc SBC la So.
Goi M la diém di dong trén SB,N 1a trung diém ciia BC. Biét AN vuéng géc véi mit phang
(SBC),

<3
2

Tim gi4 tri nhé nhat cta dién tich tam gidc AMN theo a va So.

hY

M

A

e Tacdé BN = CN =+AB?> — AN®> = JSA? — AN®> = SN.

2 4
Suy ra ASBC vudng tai S, do dé ta ¢c6 SC = 2—S"V§1 BC =+SC* +8B* = 48"#.

a a
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1_ 4qa2
® Xét ACAN vuodng tai N ta c6 AN =+AC* —CN* = | —%BC2 21/GQ—§S‘)-
a

1 402
« Tacé S, — %AN.MN > %AN.d(N,SB) _ %AN.%SC _ i.QSD [e=45

2
a 2a

1 2
Véy gi4 tri nho nhat ctia dién tich tam gidc AMN 1a 2S—° a2—12150'
a a

& Cau 94: (HSG PE 147) Cho tam gidc nhon ABC c¢6 dinh. Trén tia Ax L (4BC) lay diém S
khic A. Ké cic dudng cao BH ciia cdc tam gidgc BAC.Goi (P) 14 mit phing qua C va vudng géc
v6i SB, gia sit (P) cit tia d6i ciia tia AS tai M. Pudng thang MH cit SC tai N.

a) Chitng minh tit dién SMBC c6 céc cip canh dbi vuong géc véi nhau va SC L (MBN)

b)Biét canh BC = a, ZABC =a; ZACB= /. Tim gi4 tri nho nhit ctia dién tich tam gidc SPC
theo a a,f khi S di dong trén tia Ax (S khac A).

®) Loi giai

a) Ta c6 BC L SM (gia thiét) (1)

Ma MC 1 SB (2)

T (1) va (2) suy ra SMBC 1A tt dién c¢6 2 cip canh déi vuong géc nén cip thit 3 cling vudng goc
Ta c6 BH L (SAC) nén SC L HB

Theo chiing minh trén thi SC 1L BM , do d6 ta ¢6 SC L (MBN)

b) Tit cau a ta ¢c6 SC L MN , do d6 AAHM ,AASC dong dang (g.g)
do do A—H=ﬂ<:>SAAM=AH.AC
S4 AC

S ome = %SM.AC = %(SA + AM)AC 2 ~JSA.AM .AC =\ AH.AC.AC
Co “ =" khi SA = AM
Theo dinh 1y ham s6 sin ta c6

AC a AB sina sin 8

— =— =——= AC . ; a—
sina  sin(a+f) sinp sin(a + f3) sin(a + )
AH = ABcos(a + ) = asin fcot(a + f)
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2 .
Se 2NAH.AC.AC = .ﬂﬂ\/sinasinﬂcos(a + /)
sin“(a + )

C6 “=" khi S4=JAHAC = %\/s inasinfBcos(a + f)

2 2sin(a + f
& Cau 95: (HSG HUE 2000-2001) Cho tit dién ABCD cé hai canh dbi bang b, ¢ va cdc canh

con lai bang a.
a/ Tim gid tri nhé nhat clia tong céc khodng cach tit mot diem tuy y trong khong gian dén cac dinh
cla ti dién.
b/ Gia st tit dién ABCD thay doi vi tri trong khong gian nhung c6 ba dinh A, B, C lan lugt &
trén mat cau c¢b dinh va dong tAm. Chiing minh rang dinh D luén & trong mot hinh cau ¢6 dinh
khi d6 dai a, b, ¢ thay doi théa cac gia da cho.

®) Lsi giai

B

a) Ta c6 thé gid st AD =b, BC = ¢ va céc canh con lai bang a. Goi I, J lan lugt la trung diém
cia cac canh AD, BC. Ta dé dang suy ra IJ vudng géc v6i AD va BC va IJ chinh 1a truc déi
xing cua tit dién.

Liy M tuy ¥ trong khong gian, M’ 1a diém ddi xting ctia M qua IJ suy ra trung diem K cia
MM’ chinh 1 hinh chiéu cta M trén duong thang IJ va ta cé:

2(MA+ MB + MC + MD) = MA+ MB + MC + MD+ M’'A+ M'B+ M'C + M'D

=(MA + MA)+(MB+ M'B)+(MC + M'C)+(MD + M’D)

<2KA+2KB +2KC +2KD (1).

Do tinh chét: trung tuyén ciia mot tam gidc thi bé hon nita tong ciia hai canh cliing xuat phét tit
mot dinh cta no).

Do d6: MA + MB+ MC + MD < KA+ KB + KC + KD. Bai toan tré thanh tim diém K trén
IJ sao cho KA+ KB+ KC + KD bé nhat.
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Trong mit phing <BCI ) dung hinh thang BCD’A’ sao cho IJ la trung di¢m ciia hai ddy va

IA = [A,ID = ID'. Ta thdy rang: v6i K tuy ¥ trén IJ thi KA = KA’ va KD = KD'. Do d6:
KA+ KB+ KC+KD=KA+KB+KC+ KD
— (KA’ + Kc) + (KB + KD’) < AC + BD'.

Vay KA+ KB+ KC + KD nh6 nhat khi K chinh 1a giao diém K , clia hai duong chéo A’C' va

BD'.
2 2 2 2 2 2 2 ¢ b 2 ¢ b
Tinh IJ: IJ°=DJ"-ID"=DC*-JC"-ID" =0 ————=1J] =,ja° ————.
4 4 4 4
1V 2 2 2
Tt BD': gp» = | BCXAD |0 te +a2_%_%:a2+%.

Téng cac khoang cach nhd nhét 1a: d = 2BD’ = y4a® + 2bc .
b) Goi 7,

», 7, 1a ban kinh cdc mét cau tdm O va lan lugt di qua cac dinh A, B,C. Ta co:

OD <0C +DC <0C+AB<OC+0A+0OB=r+r1,+r,. Do dé D & trong hinh cau ¢6 dinh
tam O, ban kinh R =1 +7, +7,.
& Cau 96: (HSG HUE 1998-1999) Cho hinh chép S.ABCD, ddy ABCD la hinh cht nhét c¢é
AB =a, BC =b, SA=SB = S8C = SD = c. K la hinh chiéu vuong géc cia P xuéng AC.
a/ Tinh d6 dai doan vudéng géc chung cia SA va BK.
b/ Goi M, N lan luct 13 trung diém ciia doan thing AK va CD. Chiing minh: Céc dudng thang
BM va MN vudng goc nhau.

®) Ldi giai

Ix

Caua / (2.5 diem)
+ Theo gid thiét ta duge: SO L (ABCD) = (SAC) L (ABCD)
Ma BK C (SAC) va BK L AC = BK 1 SA

+ Goi H 1a hinh chiéu ctia K xudng SA
= HK 1 SA vi HK | BK (vi HK C(SAC))
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= HK la doan vudng géc chung cia SA va BK.
Suy ra duge: BH 1L SA va AHBK vudng tai K.

212
+ Do AABC vuéng dinh A nen: —— — L4 1 ppe @b
BK® AB’  BC® JERNT
C2 — i a
+ ASAB can dinh S, BH la dudng cao nén HB = S];iB - 4
c

+ Do AHBK vuong tai K nén:
(4 —a’)a®  a’b’
4c’ a’ + b
HK? — (4¢® —a’ —b*)a’ LK — a’ |(4c’ —a’ = 1)
4c*(a® + %) 2c (a® +b*)
Cau b (2.5 diém)

HK? = HB® — BK* =

+ QWZ_BE—FEI? (vi M la trung diém ctia AK)
+ MN=MB+BC+CN :—(AB+KB)+BC+;BA

1—) e

+ MN—EKB—i—BC

+ Do dé:
ABM.MN = (BA + BK).(KB + 2BC)= BA.KB + 2BA.BC + BK.KB + 2BK.BC

_— _ _— _— — —_—

= BA.KB + BK.KB +2BK.BC= KB. (BA+BK 2BC)

—_— — — — —

— KB.(BA— BC + BK — BC)= KB.(CA + CK) = KB.CA + KBCK = 0
Vay: BM L MN.
( C6 thé tinh va &p dung dinh ly Pythagor).
& Cau 97:  (HSG SO GD&DT NGHE AN NAM 2017-2018) Cho hinh chép S.ABC, mit phéng
(P) di dong ludn cat céc canh SA, SB,SCtai A’ B, C". Goi G'la trong tam tam gidgc ABC.
a) Tim giao diém ctia SG v6i mp(P)
SA4 SB SC

b) Biét rang 2 SA' SB' SC =8. Chting minh rang mp (P) luén di qua moét diém ¢ dinh.

®) Loi giai
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a. Goi I 1a giao ctia AG va BC nén I 1 trung diém ctia B C. SI cat B'C’ tai I’
Trong tam gidc SAL: AT’ cit SG tai G’
Khi d6 G’ 1a giao ctia SG va mit phang (P)
b. Ta co6 S—B+£=2ﬂ )
SB' SCc' SI'
That vay: tit B ké BM//B’C’ cat SI tai M, tit C k& CN// B’C’ cat SI tai N
Khi d6 vi I 1 trung diém BC nén SM+SN=2SI
SB+SC _SM SN _SM+SN _ 2SI

SB' SC'  SI' SI' SI' SI'
2&.{_&_{_&:8@2&4_22:8 (*)
SA4' SB' SC' SA' SI'

Goi O 1a trung diém AI, A’T’ cdt SO tai O’ khi d6 mit phang (P) di qua O’

Mat khac tit (*) ta ching minh tuong tu (1) c¢6

ﬁ+£=2£= 4 vay O’ 1 trung diém ctia SO.

S4'  SI' SO'

Hay O’ 1a diém cb dinh nén (P ) luon di qua diém cb dinh 1a O’

& Cau98: (HSG SO GD&DT NGHE AN NAM 2018-2019) Cho hinh chép S.4BCD c6 déy

ABCD 13 hinh thang can (4B//CD) ndi tiép dudng tron tam O va SBA=SCA=90". Goi M 13

trung diém ctia canh SA.

a) Chiing minh rang MO L (ABCD).

b) Goi ¢ 1a gbc giita hai duong thang 4B va SC. Chimg minh rang cos¢e < g—j
®) Ldi giai
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c

a.Goi H 13 hinh chiu vudng géc clia diém M trén mit phing (ABCD)
Xét cac tam giac AMHA, AMHB, AMHC c6

MHA = MHB = MHC = 90"

MH chung MA = MB = MC =%SA

Suy ra AMHA=AMHB = AMHC nén HA= HB = HC
Do d6 H =0, vi vay MOJ_(ABCD).
b. Vi AB//CD nén géc gita hai dudng thing 4B va SCIa géc gitta hai dudng thing CD va SC,

suy ra coswz‘cos@‘lel—sinzﬁ (*)

Goi diém I 14 hinh chiéu vudng géc ctia diém M 1én mit phing (SCD)
Ta c6 MD=MC = %SA nén ASDA vuong tai D

Mat khéc lai c6 MS =MD = MC suy ra I 1a tAm dudng tron ngoai tiép ASCD. Khi d6
sinS/C7)=—SD >—SD =S—D
2ID 2MD S4

T (*) suy ra

(Vi AMID vuong tai I nén ID <MD )

SD? _\/SAZ—SDZ _\/AD2 4D _BC
S4>  SA4  s4

cosp = l—sinzS/67)<\/1—SA2 = <

BC
cosp < — (dpcm
o< (dpcm)

& Cau 99: (HSG NAM DINH NAM 2015-2016) Cho hinh chép S.4BCD cé diy ABCD 1a hinh
thang vudng tai A va B; 4B = BC =4a. Tam gidc SAB déu va nim trong mit phiang vudéng géc voi
mit phang (ABCD). Goi H 1a trung diém ciia AB, biét khoang cach tit C dén mit phang (SHD)
bang ax/10. Tinh thé tich ctia khéi chép S.HBCD va cosin ctia géc gitta hai dudng thing SC va
HD.

®) Loi gidi
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+) Tam gidc SAB can nén = SH 1 4B
SAB) 1L (ABCD)
+) (SAB)N(ABCD) = AB ;= SH L (ABCD)
SH 1 AB
+) Ké CK L HD,K e HD ma SH | (ABCD)= SH 1 CK
Do d6 CK L (SHD)= d(C,(SHD)) = CK = a~/10
+ Tinh duwoc CH = axJ20 = HK = a/10 = CK . Do dé tam giac CHK vuong can tai K
Nén KHC = 45° = DHC = 45° = tan DHC =1
+) Tam gidc ABH vuong tai B nén tan BHC =2
tan Iﬁf?? +tan @
1 tan BHC.tan CHD )

+) tan BHD = tan(lﬁ-I\C +CHD) = -3

Ma BHD+ AHD =180° . Do d6 tanﬁ)=3:>j—f[=3:>AD=6a

Ta cd SABCD :WZ 2002
Susep =Sapep = Samp = 20a° —6a* =144>
1 284°\3

Vay Vs usep = ESH 'SHBCD =

Tinh cosin clia géc gitta hai duong thing SC va HD

Tam gidc SHC vudng tai H nén SC = a+/32

+) Goi M = ACNHD;E =BCHD

+) Khi d6 AEBD 1a hinh binh hanh nén EB=A4D=4a= EC=10a

+) AD//EC nen AP _AM _6a _3 AM:EMC=§AC=§.aJ?=3“ﬁ
EC MC 10a 5 5 8 8 2
+) Trong mit phang (ABCD), ké CN//HD vé6i N thudc dusng AB

Do dé géc gitta SC va HD la goc gitta CN va SC
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Ta cé: AH=%HN:>HN=%a:>BN=§a.

Ta c6: SN =/SH? + HN® = ?a; CN = BN2+BC2=_4‘/Fa.

2 2 o2
+) Ap dung dinh Iy Césin trong tam gidc SCN, ta c¢6 cos SCN = SC"+CN" 8N =£

2SC.CN 4

+) cos(SC, HD) = cos(CN,SC) = ‘cos S/C]\V‘

J5
o

Vay cos(SC,HD) = ‘cos S/C]\V‘ =
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