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Nguyén Minh Hiéu Phan I. DE THI

— & PESO 1

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2022-2023

VONG 1
1.1 (2,5 diém)
a) Giai phuong trinh:
3
4 sin? g —V3cos2z = 1+ 2cos® (:1; — ZF) .

b) Giai hé phuong trinh:

x2 n y? 1
(y+1)?%  (z+1)2 2
3xy = z4+y+1

1.2 (2,5 diém)

a) Tinh gi6i han:

. Vi+4z — Y8+ 12x +1 —cosx
im i
20 V3Tt -2

b) Chitng minh rang véi moi sé thuc m, phuong trinh

m6—65+m\3/2—x:m(1—\/x—1)

luén c6 nghiém.
1.3 (1,5 diém)

a) Cho (H) la mot da gidc déu c6 252 dudng chéo. Chon ngiu nhién mét tam giac c6 3 dinh 13 3
dinh ctia (H). Tinh x4c suat dé tam giac dudc chon 1a mot tam giac vuéng khong cin.

b) C6 bao nhiéu sb tu nhién cé ba chit sb d6i mot khac nhau dong thdi tdng 1ap phuong ctia ba chit
sO do chia hét cho 3.

1.4 (3,5 diém) Cho hinh chép S.ABC va diém M di dong trén canh AB (M khac A, B). Mit phang
() ludn di qua M ddng thoi song song véi ca hai dudng thang SA va BC.

a) Xac dinh thiét dién khi cit hinh chép S.ABC bdi mit phang («). Tim vi tri ctia diém M d€ thiét
dién c6 dién tich 16n nhat.

b) Piém N nam trén canh BC thda man % + % = ? Chitng minh rang mit phang (SMN)
lu6n chita mét dudng thang cb dinh khi M di déng.
¢) Ching minh rang (SA + BO)? + (SC + AB)? > (SB + AC)>.
VONG 2
1.5 (2,5 di€m)
a) Cho ba sb thuc duong a, b, ¢ théa min abe = 1. Chting minh ring:

1 1 1
—4+-+-+1>22Va+b+c+1.
a b ¢
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1. D& thi chon hoc sinh gidi 16p 11 Quang Binh n3m hoc 2022-2023 Nguy&n Minh Hiéu

b) Cho tdp hop A = {1;3;5;...;2n — 1} (v6i n € N*). Tim s6 nguyén duong n nhé nhit sao cho
ton tai 12 tdp con By, Ba,..., B1s clia A thda man dong thai cac diéu kién sau:

) BeNB; =0 (véik =T;12,j = 1,12,k # j;
ii) BiUByU---U By = A4;
iii) Téng cac phan tk trong m&i tp By, (véi k = 1; 12) béng nhau.

1.6 (2,5 diém) Cho day sb (u,,) théa man:

Up = 2023
Tup+1 = ui +u, +9, Vn € N*.

a) Chitng minh rang lim u, = +oo.

n
o 1
b) V6i mo6in € N*, dit v, = g .

Tim gi6i han ctia day sb (vy,).

1.7 (1,5 diém)
a) Tim tt ca cac s6 tu nhién n théa man n® 4+ n + 1 chi c6 mét ude sb nguyén t6 duy nhat.
b) Cho a, b 14 hai sb tu nhién 16n hon 1 thda man 2022 = p2023, Tim ¢ khi b 14 s6 nhé nhét.

1.8 (3,5 diém) Cho tam gidc nhon ABC (AB < AC) néi tiép dudng tron (O) va b truc tim H; AD,
BE, CF labadudngcao (D € BC, E € CA, F € AB). Goi M la trung diém cta BC, N 14 hinh chiéu
vuodng goc ctia H trén AM; AD cat BN tai P, AM cat CF tai Q.

a) Ching minh ring ba dudng thang BC, EF, HN dbng quy tai diém 7.

b) Chitng minh rang dudng thing PQ song song véi dudng thang BC.

¢) Tiép tuyén ctia(O) tai A cat BC tai K, L 1a diém d6i ximng ctia K qua 7. Chting minh ring
MONL la ttt giac noi tiep.

Hét




Nguyén Minh Hiéu Phan I. DE THI

— B PESO2

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2021-2022

VONG 1

2.1 (2,0 diém)

a) Giai phuong trinh:

2 sin? (a: - %) = 2sin’ z — tan x.
b) Chiing minh rang phuong trinh
m2z?922 4 222 —x —m? =0
luén c6 it nhit 2 nghiém phan biét v6i moi tham sb m.

2.2 (2,0 diém)

a) Cho n 1a s6 nguyén duong théa man 1-CL +2C2 + - .- +nC2 = 16n. Tim hé s6 clia s6 hang chtta

2n+1
27 trong khai trién ctia nhi thitc <x2 — —) ,x #0.
X

b) Cho cép s6 cong (u,) cb cac sb hang déu 14 sb nguyén va céng sai d 13 mot sb duong. Biét ring
ugg =m >0 va U, = 17. Tinh U2022-

2.3 (2,0 diém)

a) Tinh gi6i han:

V1422 — 143z
m .

I .

z—0 x
b) Cho day sb (u,) xac dinh bdi:
up=9 va (n+3)upt1 —(n+5u, =22, véimoin > 1.

2021wy,
25 + 4n + 2022n2"

Tinh gi6i han lim

2.4 (3,0 diém) Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh chit nhat, SA vudng gbc v6i mit
phang (ABCD) va SA = a, AB = b, AD = c. Goi H la hinh chiéu vubéng gbc ctia A trén mat phang
(SBD).

a) Trong trudng hop SA = /7, AB = AD = 1, goi (P) 1a mit phang di qua A va vudng gbc v6i
SC. Hay xac dinh thiét dién ctia hinh chép S.ABCD khi cat bdi mit phang (P) va tinh dién tich
thiet dién do.

b) Chitng minh rang H 14 truc tim clia tam gidc SBD.

7 3 N b 3 9, A 7 «A N «A Ve 2
¢) Chung minhrang a-Sypp +b-Susp +¢- Susp < M, 0 day ky hiéu Sy z la dién tich cua

tam giac XY Z.
2.5 (1,0 diém) Goi S 1a tip hop tht ca cac sb nguyén duong nhd hon 1000. Mot sb thude S dudc goi

12 s6 “thit vi” néu s6 d6 1a hop sb6 va khong chia hét cho ba s6 2, 3, 5. Chon ngau nhién mot sb tit S,
tinh xac suat dé so dudc chon la so “thu vi”.



2. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2021-2022 Nguy&n Minh Hiéu

VONG 2

2.6 (3,0 diém)

a) Cho z, y, z 1a céc s6 thuc duong thda man diéu kién zyz = 1. Tim gié tri nhé nhit cia biéu thic

po_ 2 2 2
By +z) yPletaz) Blaty)
N S S SR . o . 2ab—1 ba+1 .; .. A
b) Tim tat ca cdc cdp so nguyén duong (a;b), b > 1 dé hai so 1 va — deu la s6 nguyén
o _
duong.
2.7 (2,0 diém) Cho day s6 (u,) xac dinh bdi:
5 . 2022n + 2023 e
U] = 3 va Upql = \/ug — 12u,, — 2002 + %, véimoin > 1.
n

a) Chitng minh rang u, > 2, Vn € N*,
b) Ching minh ring diy sb (up) 6 gi6i han hitu han va tim giéi han do6.

2.8 (3,0 diém) Cho tam giac nhon ABC (AB < AC) noi tiép duong tron (O). Goi G, H 1An luot la
trong tAm, truc tAm cta tam giac ABC, D la chan duong cao cua tam gidc ABC ké tit A, M 1a trung
di€m ctia canh BC. budng thang DG cat cung nhd BC clia (O) tai diém E.

a) Chting minh ring AB 14 tiép tuyén clia dudng tron ngoai tiép tam gidc BDE.

b) Pudng trung truc ctia canh BC cit cac dudng thang AB, AC 1an luot tai P, Q. Goi N 1a trung
diém ctia doan PQ. Chitng minh rang dudng thang H M cat duong thang AN tai mot diém nam
trén duong tron (O).

2.9 (2,0 diém) Ngudi ta t6 mau tit ci cc sb nguyén duong bing hai mau xanh va dd (mdi sb chi
dugc t6 ding mot mau). Biét rang ¢6 vo han céc s6 duge t6 mau xanh va tong ctia hai s6 duge t6 khac
mau la mét s6 duge t6 mau dé. Goi s6 nguyén duong nhé nhat 16n hon 1 dugce td6 mau do la q.

a) Hay chi ra (c6 chitng minh) mot cach t6 mau théa man yéu cAu bai toan khi ¢ = 2.

b) Chitng minh ring ¢ 1 mot sb nguyén tb.




Nguyén Minh Hiéu Phan I. DE THI

— B PESO3

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2020-2021

VONG 1

3.1 (2,0 diém)

a) Giai phuong trinh:

2 cos? (% - x) + V3 cos? z = V/3sin® z + 4 cos® g — 1.
b) Chttng minh phuong trinh
(mz—m+1)x2020+2x—2:0
lu6n c6 nghiém véi moi tham sb m.
3.2 (2,0 diém)

a) Tim hé sb clia 2® trong khai trién thanh da thic cda (1 + 22 — 2%)", biét n 1a s6 nguyén 16n hon
1 théa mén dang thic

1-2-C24+2-3.C34+3.-4-CL+--+ (n—1)nCl = 64n(n — 1).
b) Goi S 13 tap hop tit ca cac s6 tu nhién c6 5 chit sb. Mot s6 thude S dudce goi 13 “sb dep” néu chit

sb 0 hang tram bang trung binh cong cta hal chit sb & hang don vi va hang chuc nghin. Chon
ngiu nhién mot sé tit S. Tinh x4c sudt d€ s6 dudce chon 1a “sé dep”.

3.3 (2,0 diém)

a) Tinh gi6i han:
(2 +2020) *°%/1 + 2021z — 2020
1um .

z—0 T

b) Cho day sb (uy,) xac dinh béi

up=—-2, up=—1 va upt1 = ‘\‘/n (u2 +1) + 2up—1, vOimoin > 2.
Tinh Uu2021 -

3.4 (3,0 diém) Cho hinh ling tru diing ABC.A'B'C’ ¢6 ddy ABC 1a tam gidc vudbng cin tai A, AB =
a, AA" = av/2. Goi M, N lan ludt 13 trung diém clia cac canh AB, BB'. Goi G 1a trong tim tam giac
ABC.

a) Xac dinh thiét dién ctia hinh ling tru da cho khi cit bdi mit phing (M NC');

b) Tinh cosin ctia gbc giita hai mit phang (MNC') va (ABC). Tit d6 tinh dién tich thiét dién tim
dudgc 6 ciu a;

¢) Goi («) 1a mit phang thay ddi va ludn di qua trung diém I clia B'G va cit cac canh B'A, B'B
B'C lan ludt tai X, Y, Z (khong tring B’). Tim gia tri 16n nhat ctia biéu thic:

B'A B'B B'C

T= . . .
B'X BY BZ

7



3. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2020-2021 Nguy&n Minh Hiéu

3.5 (1,0 diém) Cho tam gidc ABC c6 ba goc nhon. Chitng minh rang:

> 2.

\/COSACOSB H cos BcosC i cosC cos A
cos C cos A cos B

VONG 2

3.6 (3,0 diém)

a) Cho cac sb thuc duong z, v, ~ théa méin diéu kién = + y + 2 = 3. Tim gi4 tri nhé nhit cla biéu
thuec:
P=(z"+y'+2) = (P + 9 +2°) + (a® +y* + 7).

b) Cho p 14 sb nguyén t6 16n hon 2. Tim tit ca cac s6 nguyén duong n sao cho s6 n? + np 1a mot sb
chinh phuong.
3.7 (2,0 diém) Cho déy sb (u,) xac dinh béi:

n-+1
n-+ 2

uy=1 va upi = up +4n?,  véimoin > 1.

Tim gi6i han lim \3/17”'

n+1
3.8 (3,5 diém) Cho tam gidc ABC nhon, khong cén, ndi tiép duong tron (O) va ngoai tiép duong
tron (I). Pudng tron (I) tiép xtc v6i canh BC tai D. Goi M 14 diém chinh gifta cung BC' (chita A)
ctia duong tron (O). Pudng phén giac trong géc A clia tam gidc ABC cat BC tai E, cat (O) tai S (S
khac A). Goi F 1a giao diém ctia DI va AM.

a) Chting minh dudng thing M di qua trung diém cta doan EF.

b) Ké dudng cao AH (H thudc BC), ké dudng kinh AK ctia (O). Dudng thing K'S 1an lugt cit cac
duong thang BC, AH theo thtt tu tai P, (). Chitng minh rang tam giac PIQ la tam giac vuong.

3.9 (1,5 diém) Cho n (n > 3) difm lién tiép Ay, As,...,A,, d6i modt phan biét va cing thudc mét
duong thazlng sao cho A1 Ay = AgAs =--- = A,,_1A4,.

a) Tim n biét ring trén dudng thing c6 tit cd 2025 doan thing (c6 ddu muit 13 cic diém A,,
As,...,A;) ma cac doan thang nay co trung diém dudc lay tur cac diém da cho.

b) V6i n = 20, ta tién hanh t& mau 20 diém A;, As,..., Aq bang ding m mau khac nhau (mbi diém
mot mau, hai diém khac nhau c6 thé dugc t6 cung mau). Tim sé m nhoé nhét sao cho khéng cé
ba diém A;, A;, A, ndo cling mau ma ba sb i, j, k 1ap thanh mot cAp sb cong (biét ring cac sb
m, i, j, k nguyén duong va 1 <i < j < k < 20.

Hét



Nguyén Minh Hiéu Phan I. DE THI

— &= PEsSO4

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2017-2018

4.1 (2,0 diém)

a) Giai phuong trinh:

sin2x — cos2x — 3sinx — cosx + 2 _0

sin
b) Giai hé phuong trinh:
3Vx2y® = 4 (y2 = :vz)
5v/xly = P+t
4.2 (2,0 di€m)

a) Tinh gi6i han:

o V8r+8—zt+3x—-6
lim .
r—1 (m— 1)2

b) Mot hop dung chin qua ciu dude danh s6 tit 1 dén 9. Hoi phai 14y ra it nhit bao nhiéu qua ciu
N A s o7 A A 2 A « A . A 2. 17 5
deé xac suat co it nhat mét qua cau ghi so chia het cho 4 phai 16n hon rt
4.3 (2,0 di€m)
a) Cho day s6 (u,) dugc xac dinh béi:

= w 1 N n?+n-—2
Ul = U = —U —_—mm
! P T 3 32 4 20

véimoin > 1.
Tinh gi6i han lim (n - uy,).
b) Tim tht ca cac sb nguyén duong n sao cho 32" + 3n? + 7 1a mét sb chinh phuong.
4.4 (3,0 diém) Cho hinh hép ABCD.A'B'C'D’. Goi G 1a trong tAm clia tam gidc BC'D.

a) Xac dinh thiét dién ctia hinh hép ABC'D. A’ B'C’D’ khi cit bdi mit phing (ABG). Thiét dién dé
la hinh gi?
b) Hai di€m M, N 14n luot thudc hai doan thing AD, A'C sao cho M N song song v6i mit phang

<A 1 7 2 A CN
(BC'D), biet AM = ZAD' Tinh ti s0 oA

4.5 (1,0 diém) Cho a, b, ¢ 1a cac sb thuc duong. Chitng minh ring:

o 2o o %
4a +4b+c 4b+4c+a de+4a+0b '




5. D& thi chon hoc sinh gidi I6p 11 Quang Binh nim hoc 2016-2017 Nguy&n Minh Hiéu

— B PESOD

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2016-2017

5.1 (2,0 diém)

a) Giai phuong trinh:
(2cos2x — 1)(sin 2z 4 cos 2z) = 1.

b) Giai hé phuong trinh:

2r—y+2)2r+y)+6x—-3y+6 = 0
V2r+14/y—1 = 4.

5.2 (2,5 diém)

a) Tinh gi6i han:

I — im V1-2e+1-3/2-3x+1-v/3-4de+1--- *°y/2016-2017z +1—1

x—0 T

b) Tim gi6i han day s (u,) dudc xac dinh nhu sau:

(75} =1

<C
S

WV
[

5.3 (3,0 diém) Cho hinh chép S.ABCD c6 ddy ABCD 14 hinh thang vudng tAm O, canh AB = a va

2 S AM 2
SA =SB =S5C = SD = a. biém M nam trén doan AO sao cho a0 = k (0 < k < 1). Mdt phang
(P) di qua M va song song v6i AD, SO.

a) Xac dinh thiét dién ctia hinh chép khi cit bdi mit phing (P). Thiét dién 1 hinh gi?
b) Tinh dién tich ctia thiét dién trén theo a, k.
¢) Tim k d€ thiét dién trén ngoai tiép dudc mot dudng tron.

5.4 (1,5 diém) Cho z, y, z duong. Chitng minh:

w

1+ 22 H 1492 + 1+ 22 .
1441 +y3+322 14+4V1+23+322 1+4/1+a5+3y2 5

5.5 (1,0 diém) Trong mot hdi nghi khach hang, mbi ngudi tham gia dude chon mét sb tu nhién cd
hai chit s6 ghi 1én phiéu cta minh va cit 10 ngudi thi duge sip xép ngiu nhién vao mdt ban. Mot ban
dugc goi 14 ban “than thién” néu trong 10 ngudi cia ban dé ¢ thé chon ra hai nhém ngudi (sb luong
ngudi ctia mdi nhém 13 tiy ¥ va khic 0) sao cho tdng cac sb ghi trén phiéu clia mdi nhém 13 bing
nhau. Chting minh ring tt ca cac ban trong hoi nghi déu 14 ban “thin thién”.

Hét
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Nguyén Minh Hiéu Phan I. DE THI

— & PE SO O

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2015-2016

VONG 1

6.1 (2,5 diém)

a) Giai phuong trinh:
4sin? xcosx + 2cos 2T = cos T + \/gsin?)x.

b) Giéi hé phuong trinh:
1
(x+y) <1 + —) = 5
Ty

(z* + %) (1+%) =9

z3y

(z,y € R).

6.2 (2,5 di€m)

a) Tim gi6i han:

L V1 +3x—-V1+22
lim 2 .
z—0 x

b) Tim gi6i han lim g—z, biét (u,) x4c dinh bai:

U1 =1
Upt1 = Jup+2n—1,n2=21.

6.3 (2,5 diém) Cho hinh hép ABCD.A'B'C'D’. Trén dudng chéo AC liy diém M sao cho MA =
3MC. Mit phang (o) di qua M va song song véi mat phang (A’BD), cat dudng chéo AC’ clia hinh
hop tai diém N.

a) Xac dinh thiét dién ctia hinh hép ABCD.A’B'C’ D’ khi cit béi mit phing ().
b) Chting minh N 1a trung diém ctia AC".

6.4 (1,0 diém) Cho da gidc déu gbm 2017 canh. Ngudi ta son cac dinh ctia da giac gdm 2 mau xanh
va dé. Chiing minh at phai ton tai 3 dinh dude son cing m6t mau tao thanh mot tam giac can.

6.5 (1,5 diém) Cho z, y 14 cac sb thuc duong théa man déng thdi cac diéu kién:
) (z+2)(y+2) =3 (z* +y* + V2Y);
i) (VE+3)° =4 +9)
Chitng minh rang /z + VY =2
VONG 2
6.6 (3,0 diém)

a) Giai phuong trinh:

(1—\/1—:17) V2—z=1z (z€R).

11



6. D& thi chon hoc sinh gidi I6p 11 Quang Binh nim hoc 2015-2016 Nguy&n Minh Hiéu

b) Chting minh rang phuong trinh
p@—a)(x—c)+q@-b)(z—d)=0
luén c6 nghiém, bibt a < b < ¢ < d va p, ¢ 12 hai sb thuc bét ky.

6.7 (2,0 diém) Cho day sb (uy,) xac dinh béi:

Ul = 5
Uny1 = (up—2)%,Vn>1.
Tim lim 2L 42" Un
Un+1
6.8 (2,5 di¢m) Cho tam gidc ABC ndi tiép dudng tron (O) va ngoai tiép dudng tron (I). Goi (J) la
dudng tron bang tiép goc A clia tam gidec ABC; I.J cat (O) tai M (khac A). Goi N 1a diém chinh giita
ctia cung ABM; NI va N.J 1an lugt cat (O) tai S va 7.
a) Chitng minh M la trung diém ctia I.J.
b) Ching minh I.J, BC va T'S dbng quy.

6.9 (1,5 diém) Xdc dinh sb cach chon bd 100 sb tu tap hdp 2016 so nguyén duong du tién sao cho
bét ky mét cip 2 trong 100 sé dudc chon cé hiéu sb giita sb 16n va sb bé 16n hon hoic bang 2.

6.10 (1,5 diém) Tim tit ca cac sb nguyén duong n sao cho 2271 — 27 4 1 13 s6 chinh phuong.

Hét

12



Nguyén Minh Hiéu Phan I. DE THI

— B PESO T

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2014-2015

VONG 1

7.1 (3,0 diém)

a) Giai phuong trinh:
8sin2zcosx — \/?:sinz —cosx = 0.

b) Giai hé phuong trinh:

1 2
2z + 5 +y+ ; = 6
1 2 (I‘,y S R) .
(% +9*) <1+—) - 8
Ty
(75} —
7.2 (2,0 diém) Cho diy sb 2015 1
Uns1 = Up ~FUnt 1 (n € N*).

w20 oy, 13

a) Chtng minh u,, > 1, Vn € N* va (u,) la day sb tang.

b) Tim hmz 2014+2

7.3 (2,5 diém) Cho hinh chép tit gide déu S.ABCD cé ddy ABCD 14 hinh vuéng tAm O va tht ca cac
canh ctia hinh chép c6 dé dai bang /2. Piém M nam trén doan AO va AM =z (0 < = < 1). Mit
phéng (P) di qua M va song song véi AD va SO.

a) Xac dinh thiét dién ctia hinh chép khi cit béi mit phing (P). Chitng minh thiét dién 14 hinh
thang can.

b) Tinh dién tich cta thiét dién theo .

7.4 (1,5 dlem) C6 bao nhleu cach sip Xep 6 chit cai tt b chit cai MAYMAN thanh mot hang sao cho
mdi cach sdp xép 2 chit cai gibng nhau khéng diing canh nhau.

7.5 (1,0 diém) Cho a, b, ¢ 12 cac sb thuc duong. Chiing minh ring:

a b c 3
b
VA4a2 + 02+ 2 VA2 + 2 + a2 VAR + a? + b2 2

VONG 2

7.6 (2,0 di€ém) Tim cic gi6i han:

. 1+2+44--- 427
a) A= lim ;
ntoo 1+ 5+ 25 4 -+ + 57

1+ 2014z - /1 + 2016z — 1
b)B:hm\/+o x -1+ 2015z .

x—0 T

13



7. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2014-2015 Nguy&n Minh Hiéu

7.7 (2,0 diém)
a) Chitng minh ring phuong trinh:
201422 — 3t ma? +1=m
luén c6 nghiém véi moi gia tri ctia tham sb m.
b) Giai phuong trinh:

Vit Vi-a2=z(1+2V1-22).

Ui = 3
7.8 (2,0 diém) Cho diy sb m 1

= e N%).
Liost e e S )

a) Tim cong thitc s6 hang téng quat ctia day sb (u,,);
b) Tim n d€ nu, 13 sb chinh phuong.

7.9 (2,5 diém) Cho hai dudng tron (O) va (O’) cat nhau tai hai diém phan biét A va B. Tiép tuyén
chung gan B clia hai dudng tron 14n lugt tiép xic véi (O) va (O') tai C va D. Qua A ké dudng thing
song song C'D cit (O) va (0’) 14n lugt tai M va N. Cac dudng thing BC, BD lan luot cit M N tai P
va Q. Cac dudng thing CM, DN cit nhau tai E. Chitng minh ring:

a) budng thing AF va C'D vudng gbc v6i nhau;
b) Tam giac EP() can.

7.10 (1,5 diém) Mbi sb nguyén tit 1 dén n (n > 3) dugc to béi hai mau: xanh hodc dé. Tim sb nguyén
n nho nhat dé véi moi cach t6 mau, déu ton tai ba s6 cung mau lap thanh cap so6 cong.

Hét
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Nguyén Minh Hiéu Phan I. DE THI

— B PESO8

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2013-2014

VONG 1

8.1 (3,0 diém)
a) Giai phuong trinh:

(sin 2z — cos 2z) sinx + sin 3z = (sinz + cos x) cos .

b) Giéi hé phuong trinh:

8
x2—|—y2+ﬂ = 16

Tty (z,y €R).
VIty = 2’ —y

8.2 (2,5 diém)

a) Mot nhém 10 hoc sinh gdm 6 ban nam trong d6 cé An va 4 ban nit trong dé c¢6 Binh dudc xép
ngoi vao 10 cai ghé trén mot hang ngang (10 cai ghé duge danh so tit 1 dén 10 tit trai sang phai).
C6 bao nhiéu cach sap xép thdéa man gitta 2 ban nit gan nhau c6 2 ban nam, dong thoi An khong
ngoi canh Binh.
b) Cho f(z) la ham sb lién tuc, nhin gia tri khéng 4m trén [0; +-00) va liI_iI_l f(=) = L < 1. Chting
T—r+00 T
minh rang ton tai it nhat s6 ¢ € [0; +oc) thda man f(c) = c.

8.3 (3,0 diém) Cho hinh chop S.ABCD, c6 day ABC'D la hinh binh hanh, M la diém trén canh SC

sao cho SC' = 3SM. Gia st (P) 13 mit phing qua hai diém A, M va luén cit cac canh SB, SD lan
luct tai N, P (N khac B, P khac D).

0 SB SD
N/\ /4 h du 7 d-/\ N P \ tI h L4 t . 2 .
a) Néu cach dung cac diém N, P va tinh gia tri cua N + 5p°

b) Xéac dinh vi tri mit phing (P) dé tam giac SN P c6 dién tich nhé nhét.
8.4 (1,5 diém) Cho a, b, ¢ 1a cac sb thuc duong théa man a + b + ¢ = 3. Chitng minh ring:
a b c 3

> 2.
ab+1+bc—|—1+ca+1/2

VONG 2

8.5 (2,5 diém)

a) Giai phuong trinh:

Va2 +124+5=3z++v22+5 (z€R).

b) Cho tap X = {1;2;3;4;5}. Hai ban A va B mbi ngudi déu viét ngiu nhién lén bang mot sb tu
nhién gom 3 chit so d6i mot khac nhau thudc tap X. Tinh xac suat dé trong hai so dé c6 dung
mot s ¢6 chir so 5.

8.6 (3,0 diém)

15



8. D& thi chon hoc sinh gidi I6p 11 Quang Binh nim hoc 2013-2014 Nguy&n Minh Hiéu

a) Tinh gi6i han:

. 2/1+ -8 —=x
lim .

20 T
b) Cho day sb (z,,) dudc xac dinh bai:
x1=c¢, za=d (c,d>0)
{an =Tn+Tho1 (n=2,3,4...).
Tim lim z,,.

8.7 (3,0 diém) Cho tam gidc ABC ¢6 C' < B < 90°. Goi AD la phan gidc clia gbc BAC (D € BC),
M 14 trung diém ctia AD. Pudng tron () dudng kinh AC cat BM tai E (E nam giita B va M), dudng
tron () dudng kinh AB cat CM tai F (F nam giita C' va M). Goi giao diém thit hai (khac A) ctia
d\u’(‘jng thdng di qua A vudng géc AD véi cac dudng tron (7), (Q) 14an luot 1a L va K. Chiing minh
rang:

a) AD, BL, CK dbng quy;
b) Bbn diém B, E, F, C cing thuéc mdt dusng tron.
8.8 (1,5 diém) Tim tit ca cac cip (m, n) v6i m, n 12 cic sb nguyén khéng 4m théa man phuong trinh:

n(n + 2)

1 =m*4+m?—m+1.

16



Nguyén Minh Hiéu

Phin I. DE THI

— B PESO9

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2012-2013

9.1 (3,0 diém)

a) Giai hé phuong trinh:

2
1._,_,4_5 = 10
y
2+ +2 = 12

b) Giai phuong trinh:
(cos 2z — cos4x)? = 6 + 2sin 3.

9.2 (2,5 diém)

a) Tinh gi6i han:

lim<\/n4—|—n2+1— %/nﬁ—i—l).
b) Cho day sb (u,) xac dinh nhu sau:

Ul = 2013
1
Unp+1 = " Uy +

20137

Tim cbng thitc sb hang téng quat va gidi han ctia day sb (u,,).

9.3 (2,5 di€m) Cho hinh chép S.ABCD cé day 1a hinh thang can (AD || BC) va B
AD = CD = a (a > 0). Mit bén SBC 14 tam gidc déu. Goi O 1a giao diém AC va BD.
goc AC.

a) Tinh SD.

C = 2a, AB =
Biet SD vudng

b) Mit phing (a) di qua diém M thudc doan OD (M khac O, D) va song song v6i hai dudng thang
SD va AC. Xac dinh thiét dién hinh chép S.ABCD cit bdi mit phang («). Biét M D = z. Tim «

dé€ dién tich thiét dién 16n nhAt.
9.4 (1,5 di€m) Cho phuong trinh:
zt+ard +b2® +cx+d=0.
a) Voi d = —2013, chting minh ring phuong trinh c6 it nhit hai nghiém phan biét;

s, . Ld k] \ 7 «A 7 . 4
b) V&i d = 1, gid st phuong trinh ¢6 nghiém, chitng minh a? + b? + % > 3

Hét

17




10. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2011-2012 Nguyén Minh Hiéu

— s pEsO 10

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2011-2012

10.1 (3,0 diém)

a) Giai phuong trinh:
2\[20053 (m — g) —3cosz —sinx = 0.

b) Giai hé phuong trinh:

z(z+2)2x+y) = 9
2 +4z+y =
10.2 (2,0 diém) Tinh gi6i han:
I 2011 2012
= o\ T g0 T 72012 )

10.3 (3,0 diém) Cho tit dién SABC ¢6 SA = SB = SC = 1, mit phang (P) di qua trong tdm M clia
tt dién, cat canh SA, SB, SC lan luct tai D, E, ' (khac S).
, . Y P 1 1 1 1
a) Chiing minh rang SM = 1 (SD@ + S—Eﬁ + Mﬁ)

1 1

b) Tim gia tri 16n nhat cua biéu thtic SD-SE+ SE-SF+ SF.SD

2 ; 1 ’ .
10.4 (1,0 diem) Cho z,y,z > 0va zyz = 6 Chting minh rang:

1 1 1
z3(2y + 32) + 8y3(3z + x) + 2723(x + 2y)

o
5°

10.5 (1,0 diém) Trong mét hinh vudng c6 dién tich bang 2, ta dung 3 da giac c6 dién tich déu bing
1. Chiing minh rang trong 3 da giac d6 c6 it nhat mét cdp da giac c6 dién tich phan chung cta ching

khong nho hon %

18



Nguyén Minh Hiéu Phan I. DE THI

— s pESsO 11

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2010-2011

11.1 (3,0 diém)

a) Giai phuong trinh:
sin 3z + cos 3z — 2\/§cos (:v + g) +1=0.

b) Giai hé phuong trinh:

1 1 16

2z + + =
r+y xT—yY 3

1 1 100

2 (2% + %) + + = =
SRR ot ey

11.2 (2,0 diém) Cho day sb (x,) xac dinh nhu sau:

z1 =30
Tni1 = /3022 + 3z, + 2011, Vn € N*,

S . Tn41
Tim lim =2t
n—+00 ITp

11.3 (3,0 diém) Cho t& dién ABCD déu canh a c6 I 1 trong tAm tam gidc ABC, J 1a trong tAm
tam gidc BC'D, vé mit phang di qua I.J cat AB, AC, DC, DB lan ludt tai cic diém M, N, P, Q vé6i
AM =z, AN =y (0 < z,y < a).

a) Ching minh ring M N, PQ, BC dbng quy hoic song song va M N PQ 14 hinh thang can.

. . Y N 4
b) Chiing minh rang a(z + y) = 3zy. Tu dd suy ra ga <zx+y< 5

c¢) Tinh dién tich t& gidc M NPQ theoava s = x + y.

11.4 (1,0 diém) Cho phuong trinh az? + (2b + ¢)z + 2d + e = 0 ¢6 diing moét nghiém khong nhé hon
4. Chitng minh phuong trinh ax? + bx3 + c2? + dx + e = 0 c6 nghiém.
11.5 (1,0 diém) Cho z, y, z > 0. Chling minh rang rang:

2xy 2yz 3zx

S R e M ) e A e

Wl Ut

19



12. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2009-2010 Nguyén Minh Hiéu

— B DPESO 12

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2009-2010

12.1 (2,0 diém) Giai phuong trinh:

220/(142)2 =31 —a22+ */(1—-2)2=0.

12.2 (2,0 diém) Cho day sb (u,) xac dinh nhu sau:

(5] =1
Un+l = \/un(un+1)(un+2)(un+3)+1,neN*.

n
y 1 . .
bat v, = ; p—— Tim nll)r_ir_loo Un.-
12.3 (2,5 diém) Cho hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh béng a va cac diém M, N 1an luct
thudc cac canh AD, BB’ sao cho AM = BN =z (0 < z < a). Goi I, J theo thit tu 14 trung diém clia

ABvaC'D'.

a) Chitng minh bbn diém M, N, I, J dong phang;

b) Tim vi tri ctia M, N trén cac canh AD va BB’ sao cho chu vi thiét dién do mit phang (MIN.J)
cat hinh 1ap phuong ABCD.A'B'C’D’ ¢6 gia tri nho nhat.

12.4 (2,0 diém) Cho ham s6 f(z) lién tuc trén [0;1] théa man diéu kién f(0) = f(1). Chitng minh

rang phuong trinh f(z) = f <x o 20110> c6 nghiém z € [0;1].

12.5 (1,5 diém) Ching minh ring véi moi sb duong a, b, c ta cé:

a’ b3 c
3 3T\ 3T\ = 5 = L.
ad+ (b+c) b3+ (c+a) 3+ (a+b)

20
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Nguy&n Minh Hiéu Phan 11. LOI GIAI

— & PESO 1

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2022-2023

Cau 1.1.
a) Ta c6 phuong trinh tuong duong

3
2(1 — cosx) — V3cos2x =1+ 1 + cos (21:— g)

2—200sx—\/§cos2x:2—sin2x

i

& sin2z —V3cos2z = 2cosx
@ nfe-3) (3 -2
in(2z -3 )=sin(g5-z
—Zm—izz—:v—{—k:%r
3 2
[ P S
(22— g=m-g5+2 s
i 5 2
x:1£+kj
N 8 3
57T+k:27r
r=— .
L 6
; . . om 2m 5w
Véyphlmngtrmhconghlemx:E—i—k?,w:F—l—kQﬂ (k € 7).

b) biéukién z # —1; y # —1. Khi d6 ta c¢6 hé tuong duong

2 2
1
oy ayat [ () -
y+1 z+1 2 & y+ m;_
day = (z + 1)y +1) =
y+1 z+1 4
Pt —— = u, —— = v, hé trd thanh
TU+l o+l '
1 1
U2+U2:§ u—+ov==41 u:fuz5
1 e 1< 1
uv = — w=7 U=V =——.
4 2
.- 1 ,
V01u:v:§,taco
T 1
9 2r —y =
yzl : {2 Y z=y—1 (thda man).
= — y_:L':
z+1 2
Voiu=v=—=,tacod
z 1
~ 9 20 —y=-1
yzl 3@{2 Y  @r=y=—3 (théaman)
— y—r=-
z+1 2

Vay hé da cho c6 hai nghiém (z;y) = (1;1), (z1y) = <_:1)); _:1)))
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1. D& thi chon hoc sinh gidi 16p 11 Quang Binh n3m hoc 2022-2023 Nguy&n Minh Hiéu

O

Cau 1.2.

Vi+4dxr — Y8 +12x +1—cosx

a) bat L = lim , ta co
' z—0 V3z2+4 -2
. Vi+idr—z—2 x42—8+12x 1 —cosx 22
L = lim + + . ‘
20 2 x2 e V3z2 +4 -2
Ta co
VAt dr—xz—-2 . A4+4x—z>—4x—4 . —1 1
> lim 5 = lim = lim = ——.
=0 x m—>0x2(\/4+4x+x+2) =0 /4 + dx + 2 + 2 4
> B 2 — 8+ 12z . x2 + 622 1
11m = 11m = —.
20 a? 50 22 [(z +2)2 + (z +2) V8 + 122 + (V8 + 122)°] 2
. 1—coszx . sin? 1
> lim = lim = —.
a0 T2 =0 22(1 +cosz) 2
y 22 i x2 (\/ 3x2 +4+ 2) 4
Y e BZrd_2  ao 322 )
1 1 1 4
24 172173) 3

b) Diéu kién z > 1. Khi d6 ta c6 phuong trinh tuong duong
2 —65+mY2—z—m(1-vo—1)=0.

Pit

f(:zt):xﬁ—65+m\3/2—x—m(1—\/$—1)

Ta co
f(2) = =1 < 0; £(10) = 10° — 65 > 0 = £(2) - £(10) < 0.

Miit khac f(x) lién tuc trén [1; +00) nén lién tuc trén [2;10]. Do dé f(z) c6 it nhat mot nghiém
trén (2;10). Vay phuong trinh da cho luén c6 nghiém.

O

Cau 1.3.

a) Goi s dinh cta da giac déu (H)lan (n € N;n > 3), tacod sb dudng chéo ctia da gidc la C2 — n.
Theo gia thiét, ta co

-1 n =24
2 one22e ™Y o5 en?_3n_504—0e _
2 n=—21 (loai).

Do d6 da giac déu (H) c6 24 dinh, suy ra sb tam giac c6 3 dinh 14 dinh ctia (H) 1a C3, = 2024.
Goi O 1a tAm ctia (H), suy ra sb duong chéo di qua O 1a 12. Chon 2 trong s 12 dudng chéo nay
dugce mét hinh chit nhét, suy ra sb hinh chit nhat c6 dinh 13 dinh ctia (H) 1a C2, = 66. Chon 2
dudng chéo vudng géc trong 12 dudng chéo nay ta duge mét hinh vudng, suy ra sé hinh vudng
¢6 dinh 1a dinh cta (H) 14 6. Tit d6 suy ra s6 hinh chit nhat khéng phai hinh vuéng 13 66 —6 = 60.

MOi hinh chit nhit khéng phai hinh vuéng tao ra 4 tam gidc vuéng khéng cén, suy ra sb tam giac
A A A , 2 \ 2 > \ A 7 A A \ \ 240 30
vuong khong can co6 dinh la dinh cua (H) 1a 60 - 4 = 240. Vay xac suat can tim la 2004 = 253"
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Nguy&n Minh Hiéu Phan 11. LOI GIAI

b) Goi sb théa man yéu cAu bai ton 13 abe. Ta c6
B+ +E=(a+b+¢)®-3a+b)(b+c)(c+a).
Do d6
(@ +b0°+c*) i3 (a+b+¢)’i3e (at+b+c)is.
bat A = {3;6;9}, B ={1;4;7}, C = {2;5;8}, ta c6 cac truong hgp sau:
TH1: C& 3 chit s a, b, ¢ ciing thubc mot trong cac tip A, B, C, ta ¢ 3 - 3! = 18 sb.
TH2: Mdi chit s a, b, ¢ thuéc mot tp A, B, C, ta c6 33 - 3! = 162 sb.
TH3: Sb cin tim chtia chit s6 0 va 2 chit s6 con lai thude A4, ta c6 2 - A2 = 12 sb.
TH4: Sb can tim chita chit s6 0 va 2 chit s6 con lai mbi chit s6 thuée mot tip (B hodc ©), ta ¢b

2.32.92! = 36 sb.

VAy c6 18 + 162 + 12 + 36 = 228 s6 thda man yéu ciu bai toan.

Cau 1.4.

a) Trong mit phang (SAB), k¢ MK || SA (K € SB). Trong mit phang (ABC), ké MP || BC
(P € AC). Trong mit phing (SAC), ké PQ || SA (Q € SC). Ta c6 MPQK la thiét dién cta
hinh chép S.ABC cat béi (). Ta cd M P || QK (vi ciing song song v6i BC); MK || PQ (vi cling
song song v4i BC), suy ra M PQK la hinh binh hanh.

S
Q
A C
M
B
.. AM . o R MP AM
bat 15 =7 (0 < x < 1). Xeét tam giac ABC' co %I]z I ]E;C]’\}suy ra o= = op =5 hay
MP = zBC.Xét tam giac SAB c6 MK || SA, suyra SA = AR - l—z,hay MK = (1—z)SA.

Dién tich thiét dién M PQK 1a
Svuprork = MP-MK -sin(MP,MK) =x(1 —x)BC - SA -sin(BC, SA).

Vi BC - SA - sin(BC, SA) khong d6i nén Swvpori dat gia tri 16n nhét khi va chi khi z(1 — z) dat
gi4 tri 16n nhét. Theo bt ddng thic AM — GM, ta c6

x+1—x>2_1

:U(l—:n)<< P T

A N 2 . \ 2 . 1 A .7 .17 A . \
Dau bang xay rakhivachikhiz =1—-2 & x = 5 Vay Sy pgk dat gia tri 16n nhat khi M la

trung diém ctia AB.

b) Goi I 1a trung diém AC va J 1a giao diém ctia M N va BI.
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1. D& thi chon hoc sinh gidi 16p 11 Quang Binh n3m hoc 2022-2023 Nguy&n Minh Hiéu

Ta co

Sasms _ BM BJ
Sapar  BA BI
Sasns BN BJ
Sapcr  BC BI

T (1) va (2), suy ra

25ABMJ n 25BNy BM BJ BN

SnABC Saapc  BA BI T Bo

Mait khac

SABMN

s S

2Sapms  BM BJ
Saapc  BA  BI

2Spsns BN BJ
Saapc  BC BI

(1)

(2)

BJ Sapun 1 <BM BN> BJ

BA " Bc) B ©

BM BN

SaaBc

Tt (3) va (4), suy ra

1(BM+BN)BJ_BM BN
2\ BA BC

BI _ BA BC T BJ 2

BA BC’ )

BL_1(Ba, BCy, DI %
BM BN BJ 10

Tir d6 suy ra J 1a diém cb dinh, do d6 (SM N) ludn chita dudng thang SJ c¢b dinh.

¢) Goi D, E, F, G, O lan luot 1 trung diém SA, AB, BC, SC, SB. Khi d6 DEFG 14 hinh binh

hanhva O ¢ (DEFQG).

Do d6

OF +OG > EG; OF+ 0D > DF. (5)

Va

(SA+ BC)? = (20F +20G)%

26
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Nguy&n Minh Hiéu Phan 11. LOI GIAI

Mait khac
EG?+ DF*= EG®+ DE?

= (Eﬁ+ﬁ)2+ (EE+5§)2

— 2DE®+2EF” 4+ 2DE (DG - EF)

= % (SB* + AC?). (7)
T (5), (6) va (7), suy ra

(SA+ BC)* + (SC + AB)* > 4 (EG? + DF?) = 2 (5B* + AC?) > (SB + AC)*.

VAy (SA + BC)? 4 (SC + AB)? > (SB + AC)>.

[l
Cau 1.5.
a) Ta co
1 1 1 b+
,_{_74_7_}_1:7@ i C+Ca—{—1:ab—|—bc+ca+1- €Y)
a b ¢ abc
Ap dung bat dang thitc AM — GM cho hai s6 duong ab + be va ca + 1, ta cb
ab+bc+ca+1 > \/(ab+bc)(ca+1)
> 2+v/a?bc + abc? + ab + be
> 2vVa+c+ab+ be
> 24/a+c+bla+c). (2)
Khong mét tinh tng quat, ta gid sta > b > ¢, ta cd
a3>abc>c3:>a3>1>c?’:>a>l>c.
Suy ra
(a—1)(c—1)<0<=a+c>ac+ 1
Do do
bla+c) = abc+b<bla+c)=b+ 1. 3)
Tk (1), (2) va (3), suy ra
1 1 1
—+-+-+122Va+b+c+1
a b ¢

b)

Ta 6 bét ding thitc cin chitng minh.

Gia st ton tai s6 nguyén duong n thda man bai toan. Tong tit ca cac phn t cla tip A 1a
1+3+5+---+(2n—1) =n’

Vi téng cac phan ti cla mc;)i tAp By (\géi k = T; 12) bang nhau nén t6ng cac phan ti ctia mdi tap

By, (v6i k = 1;12) bang % Do d6 % € N* nén n = 6m, v6i m € N*. Khi d6 t6ng cac phan ti
ctia mbi tAp By, (v6i k =1;12) 13 3m2. V6in = 6m, ta c6 2n — 1 = 12m — 1. Vi 2n — 1 thubc mot
tAp By, (v6i k = 1;12) ndo dé nén 12m — 1 < 3m?,suyram > 4 = n > 24. Khin = 24, ta cd
A=1{1;3;5;...;47}. Lac do

Bl = {1;47},32 = {3,45}, .. .,Blg = {23, 25}

13 12 tip con thda man yéu ciu bai toan. VAy sé nguyén duong n nhd nhit cn tim 1a n = 24.
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O

Cau 1.6.
a) Trudc hét, ta chtng minh u,, > 3, Vn € N*,
That vay, u; = 2023 > 3. Gia st u;, > 3, Vk € N*, ta ¢
(ur — 3)(ug +4)
7

Upy] — 3 = >0:>Uk+1>3,VkEN*.

Do d6 u,, > 3, Vn € N*. Khi do

(un — 3)2
7

Suy ra (u,) 1a day sb ting. Gi st limu, = L, ta ¢4 L > u; = 2023. Mt khéc l4y gi6i han hai vé

dang thic Tu,. 1 = u2 +u, + 9, ta ¢é

TL=L*4+L+9< (L-3?=0&L=3<2023 (VOIy).

Upt1 — Up = >0, Vn € N*.

Vay lim u,, = +o0o.

b) V6i moi n € N*, ta co

(up, — 3)(upn, +4) 1 7
e 7 Unt1 — 3 (up — 3)(up +4)
- IR | 1
un+1—3_un—3 Up + 4
1 1 1

un+4:un—3_un+1—3'

U_Zl_"<1_ 1)_1_ I T
" 1uk+4_ Up —3  Upy1—3/)  ur—3  Ups1—3 2020 uppq— 3

= k=1
1 1 1
Vay lim v,, = lim ( - > = .
2020 up41 —3 2020
U
Cau 1.7.
a) Taco
nw+n+1 = 22 +n+1D)-n?MP+n+1)+n+n+1

(n®+n+1)(n>—n?+1).
Dit n® +n + 1 =p", v6i r € N* va p 1 sb nguyén t6. Khi d6 (n2 +n+1)(n® —n2+1) =p".
> V6in =0,tacdn’®+n+1=1 (khong thdéa man).
> V6in=1,tacdn’®+n+1=3(thda man).
> V8in =2, tacdn®+n+ 1 =235 (khong thda man).

2

> Voin > 3,tacon® —n?2=n%(n—-1)>2n?>n?+n,suyra

n—n?+1>n 4n+1>1.
Dodén?2+n+1=p*vand—n2+1=p" véia,be N, a<bvaa+b=r. Laicd
P = nd-n?+1
= nni4+n+1) -2 +n+1)+n+3
= n-pt=2-p"+n+3
= p*(n—-2)+n+3.

Vip’ip®nén (n+43):p® Tidésuyran+3 >p* hayn+3>n2+n+1en?<2Woly.
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VAy n = 113 gia tri cAn tim.

b) Trudc hét ta chiing minh b6 dé sau:
B6 dé Néu z, n 13 hai s6 nguyén duong va y 1a s6 hitu ti théa man ™ = z thi y 1 sb nguyén.

That vay, dat y = %, V6i a,b € Z;b # 0;(a,b) = 1. Vi (a,b) = 1 nén (a”,b") = 1. Ta cd y" = x,
suy ra ™ = z - b", suy ra b" 1a u6c ctia @™, ma (a",0") = 1nénd" =1=b=1.Doddy=a € Z
(dpcm).

Trd lai bai toan, ta ¢

an 2022
02022 — 2023 ., (7) —b
b
A R aA A , a fos . 2s . v A A > A, 17
Ap dung b6 dé trén, ta c6 — = k, v6i k € N*. Khi d6 b = k222, Vi b 14 s0 tu nhién nhd nhat 16n

b
hon 1 nén k 1a so tu nhién nhé nhat 16n hon 1, hay k = 2, suy ra b = 22022, VAy a = 22023,

Cau 1.8.

a) Quy uéc (XY Z) la dudng tron ngoai tiép tam gidc XY Z; (XY) 1a dudng tron dudng kinh XY
Ta co

A,E,F,H,N € (AH); D,M,E,F € (DEF) (dudng tron Euler); D,M,N,H € (HM).
Tt d6 suy ra
> DM (hay BC) 1a truc ddng phuong ctia hai dudng tron (DEF) va (HM).

> EF la truc dang phuong ctia hai dudng tron (DEF) va (AH).
> HN 1a truc ding phuong ctia hai dudng tron (AH) va (HM).
Vi AB < AC nén BC ludn cit EF tai diém 7. Khi d6 T 14 tAm ding phuong ctia ba dudng tron

(DEF), (AH) va (HM). Viy ba truc dang phuong BC, EF, HN ctia ba dudng tron (DEF),
(AH) va (HM) dong quy tai tam dang phuong 7.

b) T gidc BDHF noi tiép nén
AF - AB = AH - AD. (1)
T gidc DHN M ndi tiép nén

AN - AM = AH - AD. (2)
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Tt (1) va (2), suy ra

AF . AB = AN - AM = BFNM nditiép = PNQ = BFM. (3)
Lai co
AMBF cantai M = BFM = DBF; BDHF nditiép = BDF = PHQ. 4

Tu (3) va (4), suy ra

PNQ = PHQ = PQNH nbitiép = HPQ = HNQ = 90° = PQ L AD. (5)
Mit khac AD L BC, két hop (5), ta ¢ PQ L BC.

¢) Goi J, A’ 1an ludt 14 giao diém clia AO v6i EF va (O); I 1a diém dbi xing v6i A qua J.

Dé thdy AO | EF va ACA’ = 90° nén tit giac CEJ A’ ndi tiép. Hon nita cac ti gidc BFNM,
BCEF noi tiép nén suy ra

Al - A0 =2AJ - AA' = AFE - AC = AF - AB = AN - AM.

Tt d6 suy ra M, N, I, O cung thudc mot dudng tron. 6)
Mit khac AK | AO = AK 1 JT.Ma J, T 14 trung diém cta AI, KL nén IL dbi xting v6i AK
qua JT.Do d6 IL | AK = IL L AO, hay LIO = 90°. Mt khdc LMO = 90° nén M, O, I, L
cung thuéc mot duong tron. (7)
Tu (6) va (7), suy ra MON L la t giac noi tiép.
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— B PESO2

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2021-2022

Cau 2.1.

a) biéu kién x4c dinh: z # g + km, (k € Z). Khi d6 phuong trinh da cho tuong duong véi

1 — cos <2:L'— g) = 2sin’z —tanz

1 —sin2z = 2sin’z — tanz

=
& cosz — 2sinzcos® x = 2sin® x cosz — sinx
& sinx 4 cosz — 2sinz cos z(sin x + cos x)
& (sinx 4 cosz)(l —sin2z) =0
[sinx + cosz =0
~
|11 —sin2x =0
[tanz = —1
And .
| sin2z =1
[« = f% + km
& - (théa man).
r=—+km
L 4
Vay phuong trinh ¢6 nghiém x = —% +km, = Z + km (k € Z).
=0
b) TH1: m = 0, phuong trinh tré thanh 222 — 2 = 0 < 1 (thdéa man).
z==
2

TH2: m # 0, dit f(z) = m222922 + 222 — . — m?, ta co

suy ra
f(=1)- f(0) <0, f(0)-f(1)<O0.

Miit khac f(z) 1a ham sb da thitc nén lién tuc trén cac doan [—1;0] va [0; 1]. Do do6 f(x) 6
it nhat mot nghiém trén moi khoang (—1;0) va (0; 1) hay f(x) co it nhat 2 nghiém.

VAy phuong trinh di cho ludn c6 it nhat 2 nghiém phén biét v6i moi tham sb m.

0
Cau 2.2.
a) bat
S=1-CL4+2C2+...4nC2. (1)
St dung cong thtic CF = C" %, ta c6
S=n-C04+n-1CL+ - +10"L 2)

Cong theo vé (1) va (2), ta ¢6
25=n(CL+CL+ - +Cl) &2 16n=n-2"32=2"n=>5.
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Khi d6
9\ 2n+1 2\ 11 11 o 9 k 11 -
(#-2) " =(-2) =T () - Tt
k=0 k=0
S6 hang chita 7 tuong ting s6 hang chita k théa mén
22-3k=7<k=05.

Vay hé sb can tim 1a C?,(—2)5 = —14784.

b) Theo gia thiét, ta ¢6

U,Q():m<:> u1 +19d =m (D
Uy = 17 up+(m—1)d=17. (2)
Trit theo vé (1) va (2), ta ¢6
20d 4+ 17 3
(20—m)d=m—17< m(d+1) =20d+ 17 < m T o™ 0 Tl

Vim € N*vad > 0nénd+11audclén hon 1 cha 3, suy ra
d+1=3<d=2=m=19.

Vay ugp22 = 4023.

Cau 2.3.

V1+2z -1+ 32

a) bat L = lim 5 ,taco
z—0 x
 [VIF2z—(z+1) z+4+1-YI+3z
L = Ilim +
x—0 1’2 CL'Z
142z —22—-2z—1 23 +322+3z+1-1-3z

= lim

250 _gg2 (VI+2z4+241) i 2 ((:c+ 124+ (x+1)V1+3z+ (91 +3m)2)

-1 T+ 3
= Ilim +
w20 |VI+2e+z+1 (x4 1)2 4 (z+ 1) YT+ 3z + (YT+32)°
B 1+3_;
2 3 2

b) V6i moi n € N*, dit v, = u,, + 11, khi d6 v; = 20 va
m+3)(vnt1 —11) = (n+5)(vs — 11) =22 & (n+ 3)vpy1 = (0 + 5)v,.

Tl d6 suy ra

Un+1 = Un
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= (n+5)(n+4).
Do do
vy =(n+4)(n+3)=n*+Tn+12=u, =n*+ T+ 1.
Vay
, 2021uy, . 2021 (R +7n+1) 2021
lim = lim = .
25 + 4n + 2022n2 25 + 4n + 2022n2 2022
U
Cau 2.4.
a) Goi C’ 14 hinh chiéu vuéng géc clia A trén SC, ta c6 C’ € (P). Vi AB = AD =1 nén ABCD 1a
hinh vuéng, do d6 BD 1 AC.
Mat khac BD L SAnén BD 1 (SAC), suyra BD 1 SC.Laicé (P) L SC nén BD || (P), suy
ra (P) N (SBD) || BD. Goi I 1a giao diém ctia AC’ va SO, tacé I € (P)va I € (SBD). Trong
(SBD), qua I ké duong thang song song v6i BD lan lugt cat SB tai B’ va cat SD tai D/, ta c6
B',D’ € (P), hay AB’C’'D’ 1a thiét dién cta hinh chép cat bdi (P).
Tacoé B'D' || BDva BD L (SAC),suyra B'D' L (SAC),suyra B'D’ L AC’,do d6 Sapcrpr =
1
§B’D’ - AC’. Tam giac SAC vuong tai A nén
o SAAC VI V3 _ VI
- sCc Vi+2 o 3
Tac6 CD L (SAD), suyra CD L AD'.Lai c6 SC L (P), suyra SC L AD'. Tu do suy ra
AD' 1 (SCD), suyra AD" 1 SD. Tam giac SAD vudng tai A ¢6 SD’ 1a hinh chiéu cia SA trén
SA?
A ' —— A
SD nén SD' = <D .Vi B'D' || BD nén
'y ! 2 2
BD_SD_ (54 iy (SAY gy T2
BD SD SD SD 8
Véy dién tich thiét dién 1a
o 1B VE_1V
ABICDT = 9 TR T T3 T g
b) Taco BD L SAva BD 1 AH,suyra BD 1 SH.Laic6 SB L AD va SB 1 AH, suy ra

SB | DH. Tl d6 suy ra H la truc tAm cua tam giac SBD.
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c) Goi K la glao diém ctia SH va BD. Vi BD 1 (SAK) nén goc gifta (ABD) va (SBD) bang

SKA = AKH. Lai c6 AH L (SBD) nén AHDB 1 hinh chiéu vuéng géc ctia AABD trén
(SBD). Theo dinh Iy hinh chiéu, ta c6

SuBpD —~ AH
= AK H = ASH = —
S 1D sin AS 1S

Tuong tu ta cling co
Susp AH  Spysp AH

Sasp AB’ Sasp AD’

Do d6

Supp +b-Susp +¢- S —LI)C(AH+AH+AH)
a HBD HSD T C HSB — 2 AS AB AD
1 1

1 1
AH? ~ 452 T AB? T AD¥
<AH+AH+AH)2<3<AH2+AH2+AH2)_3
AS = AB  AD/ T\ AS? AB?  AD?/
AH AH = AH

h < V3. V4
% g T A T ap S V3V

Dé& dang chitng minh dugc do d6 theo bat ding thitc Bunniacopxki,

ta co

abey/3
5

a-Sup +b-Susp+c-Susp <

DAu bang x4y ra khi va chi khia = b = c.
O
Ciu 2.5. Goi A, B, C 1an ludt 14 cac tAp hop gbm céc sb thudc S va chia hét cho 2; 3; 5. Gid stz € A,

. 1 999 ;A A Lo o
suyra:c:2k:,k:eN*va1<2k<999<:>§<k<7:>k:€{1;2;...;499}.DodosophantUCuaA

la |A| = 499. Lap luén tuong tu ta cling co: |B| = 333, |C| = 199.
Ta co6

> AN B latap hop cac sb thudc S va chia hét cho 6, suy ra |A N B| = 166;
> AN C 14 thp hop cac sb thude S va chia hét cho 10, suy ra |A N C| = 99;
> BN C 14 tip hop cac sb thude S va chia hét cho 15, suy ra |[B N C| = 66;
> AN BN Clatip hop cac sb thude S va chia hét cho 30, suy ra |AN BN C| = 33.
D& thiy tap hop cac s6 thudc S chia hét cho it nhit mét trong ba s6 2; 3; 514 AU BUC va

JAUBUC| = |A|+|B|+|C|—|ANB|-|BNC|-|CNA+]|ANBNC]
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= 4994333 + 199 — 166 — 99 — 66 + 33 = 733.

Do d6 s6 cac s6 tu nhién nhé hon 1000 va khéng chia hét cho ¢ ba s 2; 3; 514 999 — 733 = 266. Trong
tAp hgp 266 sO trén cb ca so 1 va cac so nguyén to khac 2; 3; 5. Ta biét rang cé tat ca 165 so nguyén to
nho hon 1000 va khac 2; 3; 5. Do d6 s6 cac so “thu vi” phai tim la 266 — (165 + 1) = 100 so.

100

S6 phan ti khong gian miu 13 |Q| = 999. VAy xac sult cAn tim 1a P = 959"

O
Cau 2.6.
a) bata =

1 z \ e
,b=—,¢c=—-,tacoa,b,c>0vaabc=1.Khidd
z

8|~

1

y’

2a3bc  2b3ca  2c3ab
+ +

b+c c+a a-+b

a? b2 2
_ 2( L )
b+c c+a a+bd

Ap dung bt dang thitc AM — GM, ta c6

P =

2
a b+c

= a;
b—l—c+ 1 a

2

b c+a>b;
c+a 4

2 a-+b

a+b + 4 2 ¢
Cong theo vé cac bit dang thitc trén, ta cb
P>a+b+c>3Vabe=3.
DA&u bang x4y ra khi va chi khi a = b = ¢ = 1. Viy gia tri nhé nhat cta Pla3khiz =y = z = 1.

b) Via®b—1=b(a®>+1) — (b+1)vaa+1laudechaa®+1néna+11audectab+ 1. (1)
Vitba+1=a(b®—1)+ (a+1)vab—1laudcchab® —1nénb—1laudechaa+ 1. (2)
Tu (1) va (2),suyrab—1laudccaab+1,suyrab— 11a udc cia 2 nén b = 2 hodc b = 3.

> Néu b = 2 thi a + 113 u6c clia 3, suy ra a = 2 nén (a;b) = (2;2).

> Néu b = 3 thi a + 1 13 ubc ctia 4, suy ra a = 1 hodc a = 3 nén (a;b) = (1;3) hodc
(a;0) = (3;3).

VAy c6 3 cip sb cAn tim 13 (2;2), (1;3) va (3;3).

Cau 2.7.

a) Ta co

n+1
Ta sé chitng minh u,, > 2, Vn € N* bang phuong phap quy nap.

/4 5 .2 k] . 14
Ta cb, up = 3 > 2. Gia st u,, > 2, Vn € N*, khi do

Upt1 = \/u% — 12u, + 20+ (D

1
Un+1 :\/(un+4)(un—2)2+4+n+1 > 2.

VAY un > 2, Vn € N*.
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b) Truéc hét ta chitng minh (u,) 13 diy gidm bing phuong phap quy nap.

, V2 o . 1 . A a
Ta co ug = e < up. Gia st uy, < up—1, Vn > 2, ta sé ching minh u,+1 < u,. That vay,

2 2
Unt1 < Up & Upiq < Up

1 1
& ud—ud_y —12(un—un_1)+7n+1 - <0
1 1
2 2
<~ (Un — Unfl) (Un + Up - Up—1 + Up—1 — 12) + m — E < 0. (2)
. R R S 1
Viu, < tup_1 DeN Uy —Up_1 < 0; Up, up—1 > 2 NEN u%—l—un-un_l—i—u,%,l—m > (0va 1 7 < 0.
n n

Tt d6 suy ra (2) dang véi moi n > 2.

N \ ~ A .9 \ . o 2. N , .z 5 ) 5 A o7
Nhu vay (u,) la day so giam va bi chdn bdi 2 nén ¢6 gidi han limwu,, = L v6i 2 < L < 3" Lay gi6i
han 6 (1), ta ¢

L=2
L=+I3-12L+20 L3 —L?-12L+20=0 < 1441
L="=VY""" (loai).
2
Vay lim u,, = 2.
Il
Cau 2.8.
a) T A ké duong thang song song véi BC cit (O) tai F (F # A). Ta chiing minh ba diém D, G, F
thang hang.
A F
H
G .0
B |D M T ¢

That vay: Vi ABCF 1a hinh thang ndi tiép (O) nén ABCF la hinh thang cin. Goi 7' 1a hinh
A , 3 A , \ R > a Je DM
chieu vuong goc cua F' trén BC, tacé BD = CT, hay M la trung diém cua DT. Khi d6 —— =

FA
%—]\j = %, két hop v6i GM D = CTE?, suy ra AGMD «~ AGAF. Lac d6 DGM = @, hay ba

diém D, G, F thing hang. Vi thé

BED = BEF = BCF = ABC = ABD.

VAy AB 14 tiép tuyén ctia dudng tron ngoai tiép tam gidc BDE.

b) Taco - - -
APQ = BPM = 90° — MBP = 90° — CBA = HCOB; @)
AQP = MQC = 90° — QCM = 90° — ACB = CBH. 2)

T (1) va (2), suyra AAPQ -~ AHCB.
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P
N
A F
L Q
. G
0\
B| D M T 9
N\
E

Lai c6 M, N lan luot 14 trung diém cta BC va PQ, suy ra AAQN «~ AHBM, do d6 A/N\Q =
HMB. Goi L=ANNHM, taco

MLN =180° — LNM — LMN = 180° — LMB — LMN = 90°.

Ké duong kinh A’, dé dang chitng minh dugc tit glac BH C’A’ 13 hinh binh hanh, suy ra H, A’ dbi

xtng nhau qua M hay A’ € M H. Mat khac A'LA = MLN = 90°, két hop AA’ 1a dudng kinh
néntacd L € (O).

|
Cau 2.9.

a) V6i ¢ = 2 ta chi ra mét cch t6 théa min yéu ciu bai todn nhu sau: cac sb chia hét cho 3 ta to
mau xanh va cac s6 khong chia hét cho 3 ta t6 mau do.

———— — ——&— — —@
1 2 3 ! 5 6 7 8 9
Cach t6 nhu trén théa man yéu cau bai toan, thit vay:

> Xét hai sb nguyén duong y, = bt ky dudc 6 bdi hai mau khac nhau. Chiing té trong hai sb
nay c¢6 mot so chia hét cho 3 va mot so khong chia hét cho 3. Khi d6 s6 = = y + z la mot so
khéng chia hét cho 3 va sé dugc té6 mau do.

> C6 vb han s6 nguyén duong chia hét cho 3 nén ¢6 v6 han sb dudc t6 mau xanh.
> Sb nguyén duong nhé nhét 16n hon 1 dude t6 mau dé 14 ¢ = 2.

Nhu vay khi ¢ = 2 ta xdy dung dudc mét cach t6 mau phit hop véi yéu ciu bai todn.
b) O cau a ta da chi ra khi ¢ = 2 thi c6 m6t cach t6 mau phit hop v6i yéu cu bai toan.

> V0i ¢ = 3 ta chi ra mot cach td thda man yéu ciu bai toan nhu sau: Cac so 1é ta t6 mau do,
cac so chan ta t6 mau xanh.
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L L @ @ @ @ L L @
1 2 3 4 ) 6

=~
(0]

Cach t6 nhu trén théa man yéu ciu bai toan, thit vay:
> Xét hai s6 nguyén duong b, ¢ bt ky dugc t6 béi hai mau khac nhau. Chiing té trong
hai s6 nay c¢6 mot s6 chan va mot so 1é. Khi d6 s6 a = b + ¢ 1a mot s6 1é nén phai td
mau dé.
> C6 v6 han s6 chin nén ¢ v6 han sb dudc t6 mau xanh.
> 86 nguyén duong nhé nhét 16n hon 1 dugc t6 mau dé 13 ¢ = 3.
Nhu véy, khi ¢ = 3 ta xay dung mét dudc cach t6 mau phi hop véi yéu ciu bai toan.
> Ta chitng minh s 1 phai dudc t6 mau d9.
— = = = - °
1 q q-+1

Thét véy, gia st s6 1 dugc t6 mau xanh. Vi ¢ dudce t6 mau dé nén ¢ + 1 dudce té mau dé. Sb
¢+2=(g+1)+1nénsb q+ 2 dudc t6 mau db. Ct tiép tuc nhu vay thi moi s6 16n hon ¢
déu dugc t6 mau dd. Nén chi ¢ mét sb hitu han sb duge t6 mau xanh. Diéu niy mau thuin
v6i gia thiét. Chitng t6 s6 1 phai dudc t6 mau dé.
> Vi ¢ > 3 ta chting minh khéng thé thuc hién dugc yéu cu clia bai toan.
- ——e—o o —
1 2 3 q—2 g—1 q—2

Thét vay, gia st ton tai dudc cach t6 tng véiq > 3. Khidd ¢ —2 € N*, g —2 < gvasbq—2
dudc t6 mau xanh. Dog—-1= (q—2)+1nensog—1 dudgc t6 mau d6. Nhung ¢ — 1 < g,
do d6 ta c6 méu thuln véi gia thiét ¢ 1a s6 nhé nhit dude t6 mau dd.

Vay bai toan dudc chitng minh xong.
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Cau 3.1.
a) Phuong trinh da cho tuong duong véi

1 + cos (g —2x> +V3cos2z = 2(1 + cosz) — 1

& sin2z + V3cos2x = 2cosx
= cos<2x—%>:cosx

_2337§:I+k‘271'
o 6
T
2x—g:—x+k‘27r
_:1::%+k:27r
=
x—l—l—kzl
L 18 3

\ . ” 2
Vay phuong trinh c6 nghiém x = % + k2w, x = % + k% (k€ Z).

b) it f(z) = (m? —m +1) 22920 + 2z — 2.
Vi f(z) 13 ham s6 da thitc nén lién tuc trén R.

) 1)?
Tacof(O):—2<0,f(1):m2—m+1:(m—2> +2>O,Vm€R.

Do d6 f(0) - f(1) < 0,Vx € R = f(x) ludn c6 nghiém trén (0; 1), v6i moi m € R.
Vay phuong trinh da cho luén c6 nghiém v6i moi tham so m.

Cau 3.2.

a) Xét khai trién
(14+2)" =C2 +zCL +22C2 + 23C3 +--- + z"C.

L4y dao ham hai vé, ta dugc

n(l+z)* ! = CL + 22C2 + 32°C3 + - - - + nz" " !CT.
Tiép tuc 1y dao ham hai vé, ta dugc

nin—1)1+z)"2=2C%2+3.2¢-C3 +... 4 n(n—1)z"2C"

Chonz =1,tacod

n(n—1)2"2=2C2+3.2-C3 +... +n(n—1)C.
Tit gia thiét, suy ra

n(n—1)2""2=64n(n —1) < 2" 2 =64 & n = 8.
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Vi n = 8, ta c6 khai trién

(1+22-a%)° = Y Ck(a? - %"

el
o || o
o

= Y G ) ()

oo =

k
1=0

ol

|
=)

Q

k
§C(— )izt
=0

e
Il
=

Sb hang chtta 28 tuong ting v6i s6 hang chua k, i théa man

2k+i=28 - (k;i) = (4;0)
0<i<k<8

Vay hé s6 ctia 28 1a CACY(—1)° 4+ C3C3(—1)% = 4C{ + 3C3.
b) Sb phan ti clia tAp hop S 1 9 x 10* = 90000.

Goi “sb dep” 13 abede. Theo gia thiét, ta cd a + e = 2¢, suy ra a + e chin nén a, e phai cling chin
hodc cung 1é. Do d6 ta c6 cac truong hop sau:

TH1: a,e cung lé, ta c6 5 cach chon a; 10 cach chon b; 10 cach chon d; 5 cach chon e va 1 cach
chon ¢ vi ¢ 1a trung binh cbéng ctia a va e. Do d6 trudng hop nay c6 5 x 10 x 10 x5x 1 = 2500
sb.

TH2: a,e cung chin, ta c6 4 cach chon a vi a khac 0; 10 cach chon b; 10 cach chon d; 5 cach
chon e va 1 cach chon ¢ vi ¢ 1a trung binh coéng clia a va e. Do d6 trudng hop nay co
410 x 10 x 5 x 1 = 2000 s0.

Tir d6 suy ra trong S ¢6 2500 -+ 2000 = 4500 “sb dep”. VAy xac suit d€ chon trong S dude mét “sb
4500 1

27 1)

Cau 3.3.
(z® +2020) *°%/1+ 2021z — 2020

X

a) bat L = lim , tacod
x—0

[ 2020 ( 2°3Y/1 + 2021z — 1
L = lim |o2 *yTF o015 4 20 (VIH 20212 )

x—0 T

2020(1 + 2021z — 1
— lim |22 2/1 1 2021z + LRty

20 T [( 20%/1 + 20219c)2020 + (VI + 202193)2019 +ooot 1]
[ 2020 - 2021
= lim |2? *%¥/1+ 2021z + 5090 2019
=0 | (*VT+2021z)" " + (*V/1T+2021z)"  +---+1
2020 - 2021
2021 020
Vay L = 2020.
b) Cl: Taco

w = —-2=1-3
g = —-1=2-3
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Cau 3.4.

V22 +1)+2u,=0=3-3

us =
Uy = \/3(u§+1)+2u2:1:4—3
us = \JA4(uZ+1)+2u3=2=5-3

Tit d6 ta du doan rang u, = n — 3, Vn € N*. (D
Thatvay,u; =1 -3 = -2 = (1) dung, us =2 — 3 = —1 = (1) dung.
Giasu (1) dingvéin =k —1van=4k (k > 2),ttclauy_; =k —4vau, = k — 3. Ta can

chtng minh w1 = k — 2. Thét vay,

uper = k(2 +1) +2up = k[(k—3)2+1) +2(k — 4)
= k3 —6k2+12k—8=Fk— 2.

Vay u, =n — 3, Vn € N*, do d6 ugpe; = 2018.

: V6imoin > 2, taco

Upt1 = f/n (u2 +1) 4+ 2up1 & uf’lﬂ =n (ui - 1) 4+ 2Upy_1. (2)

Tit d6 suy ra u, = n+k, khi dé u?, | = (n+k+1)3, suy ra hé s6 tu do ctia u, | 1a (k +1)2.
Lai co
n (ui + 1) +2up_1 =n[(n+k)?+1]+2n+k—-1),

suy ra hé sb tu do ctia n (u2 + 1) + 2u,—1 12 2(k — 1). Tit (2) va dong nhat hé sé tu do, ta
duagc
k+1)P=2k-1) ek +3k*+k+3=0sk=-3.

V6i k = =3 = u, = n — 3, thay vao (1) dugc
us 1 =n[(n—3*+1+2n—-4) & n’—6n*+12n - 8= (n—2)° (ding).

VAy u, = n — 3, suy ra usgg2; = 2018.

Al C’

B’ /

a) Trong (BCC'B'), kéo dai C'N va BC cit nhau tai O, ta c6 O € BC C (ABC). Trong (ABC),
kéo dai OM cat AC tai K, taco K € (ACC'A’). Trong (ACC'A’"), noi KC’, tacd MNC'K la
thiét dién ctia ldng tru cat béi (MNC").
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b)

)

Goi H 13 hinh chiéu ctia B trén OM, ta c6

BH 1 OM
{ = OM L (BMN).

BN 1 OM

Hon ntta OM = (M NC")N(ABC'), do d6 goc gitta (M NC") va (ABC)) l1a NHB.ViN trung diém
BB’, suy ra B la trung diém ctia OC. Goi D 1 trung diém OK, ta c6 AK = BD va CK = 2BD,

1
suyra CK = 2AK hay AK = gAC = %. Taco AHMB «~ ANAMK, suy ra

gy AK-BM _ AK.BM V13
- MK  JAMZ+ AKZ 137

Trong tam giac BH N vuong tai B ¢

—

cosNHB = Ler'el e \/%

NH VBH?:BNZ 15

2
Ta ¢ Syipok = SAABC — SAAMK = 51%. Vi M BCK la hinh chiéu cia MNC'K trén (ABC),

do do

— 30
SMNC’K = SMBCK -cosNHB = %
. B'A B'B B'C fe
bat X =kt oy =9, o'z =2z, VOliz,y,z =2 1.
A c’
B/
X \\1>
—L—\::::: Z
E \
Y\\
AN | P
M - G
B

Vi G 1a trong tAm tam gidc ABC va I trung diém B’G nén ta ¢

/ / A P / Py —/>_ vy
BA+BB+B(C=3BG & zBX+yBY +2B2=6B1

— >
o BT= %B’X 4 %B’Y + %B’Z.

Mat khac I € (XY Z) nén

T Yy oz

- +t+=-=1& = 6.

6+6+6 rT+y+z
Khi d6 5

T:xyzg(%) = 8.

DAu bing x4y ra khi va chi khi 2 = y = 2z = 2. VAy Thax = 8 khi X, Y, Z 14n lugt 14 trung diém
B'A, B'B, B'C.

O
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Cau 3.5. Vi 4, B, C laba goc cia mo6t tam giac nén ta c6

sin C' = sin(A + B) = sin A cos B + cos Asin B
< tanC cos C = cos A cos B(tan A + tan B)

cosAcos B tan C'
cosC tanA+tan B’
Tuong tu ta co
cos BecosC' tan A _ cos CcosA tan B
cosA  tanB+tanC’ cosB  tanC+tan A’

Dittan A = z, tan B = y, tan C = z. Vi 4, B, C nhon nén z, vy, z > 0, khi d6 bAt ding thic trd thanh

Vie Vs tVa
+ + > 2.
Y+ 2z Z+x r+y

Ap dung bit ding thitic AM — GM, ta c6

[z 2z N 2z
y+z 2 /x(y+z) T+y+z

Tuong tu, ta co

[y . 2y [z . 2z
z+x” y+z+z’ r4+y  z4+z+y

Cong theo vé cac bit dang thiic trén, ta cb

\/ z +\/ Y +\/ z 22(3!:—1-,7;4-2):2
y+z zZ+x Tty r+y+=z

DAu béng xay ra khi va chi khi

r=y+z
y=z+z<zr=y=2z=0 (khongthda man diéu kién).
z=rT+vYy
Véy\/ ° +\/ Y +\/ S 0
Y+ z z+x r+y

Cau 3.6.

a) Vo6i moi x duong ta luén c6

x4—x3+x2>3x—2.

That vay,
4.3, .2 2 2 N
et =2’ +2* 23 -2 (z—-1)? (2 +2+2) >0 (luon ding).

DA&u bang x4y ra khi va chi khi z = 1. Khi d6

P = (g*+y*+2) - (P +13+2%) + (a2 + 2 +27)
= (@' -2 +2%) - (v -+ ) + (2" = 2P+ 27
> Bz—2)+By—2)+(B2—-2)=3(x+y—+2)—6=3.

VAy p dat gia tri nhé nhat bing 3khiz =y = z = 1.
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b) Ta cé n? + np 1a sé chinh phuong khi va chi khi n? + np = m?2, v6i m 1a sb nguyén duong. Khi dé
4n? + 4np = 4m?, suy ra

(2n er)2 fp2 =d4m? = (2n +p)2 — (2m)2 = p2 S 2n+p-—2m)2n+p+2m) = p2. @8]

Vi p 14 s6 nguyén tb nén p? ¢ hai cach phén tich thanh tich ctia hai sb tu nhién 14 p? = p%-1 = p-p.
Vi m la so nguyén duong nén 2n + p + 2m > 2n + p — 2m > 0. Do d6 tu (1), suy ra

on+p+2m=p> (2)
2n+p—2m=1. (3)

2
Cong theo vé (2) va (3),tacddn +2p = p> + 1, suyran = (}72) . Vip > 2 nén p lé, hay
p — 1 chin, do d6 n 13 sb nguyén duong. Vy, v6i mbi sb nguyén tb p 16n hon 2 cho trude, chi cb

duy nhét sb nguyén duong n = (%) théa mén yéu cAu bai toan.

[l
. e k41 ,
Cau 3.7. Voik e N*,taco upi1 = o 2uk + 4k=, hay
(k4 2)ups1 = (k + Vug + 4K + 8K%
Lan luot thay k béi 1, 2...., n, ta c6
3ug —2u; = 4-1348-1%
dus —3uy = 4-22+8-2%
(n+2upr1 — (n+Du, = 4-n3+8-n2
Cong theo vé cic ding thic trén ta duge
(n+2)upg1 —2u; =4 (PP + 22+ +0n%) +8(12+22+ - +1n?).
Lai co
2
134254 ... 403 = {(n(n—!—l)}
2
va
24924 4= nn+1)(2n+1)
. )
Do d6 )
(n(n + 1)} nn+1)(2n+1)
2 —2=1. { . .
(n+ )Un+1 9 + 38 6
Suy ra
3nt +14n3 + 15n% + 4n + 6
u = 5
i 3(n+2)
Vay
lim Untl lim 3nt+14n3 +15m2 +4n+6 _1
(n+2)3 3(n + 2)4 N
3/
hay lim (713—7712)3 = 1. T d6 suy ra lim - _:fnl =1. O
Cau 3.8.
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a) Goi X 1a giao diém cta M va EF. Tit gia thiét, suy ra M S 1a dudng trung truc ctia doan thing
BC, suyra MS || DI. (D

C
— AB AS
Vi ASC = ABC va SAC = BAE nén ASAC ~ ABAF (g.g), suy ra BE = S0 (2)
; A S N , AB IA
Theo tinh ch,at duong phan giac, ta cé BE = 1B 3)
Theo gia thiét ta cling ¢ SI = SC. (€))
N N AS AS AM
Khi d6 tu (1) va (4) s:yj\;a S—gA_ ST = ME (5)
Theo (2), (3), (5) co Yimiok , (6)
Ap dung dinh ly Menelaus cho tam giac AE'F (c6 I, X, M thang hang) thu dudc
AL EX MF
IE XF MA

7 EX g >
két hop (6) ta dudc XF = 1. Suy ra XE = X F hay M1 di qua trung diém cua E'F.

b) Ta co .
@:900—5@:900—@:@.
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Vi ATl la dudng phéan giac trong goc A ctia tam giac ABC nén HAI = OAL Suy ra tam giac
AQK céan tai A, dudng cao AS, do d6 SQ = SK. Lai ¢

EPK = 90° — HQP = 90° — AKS = EAK.

Suy ra ti gidc AEK P ndi tiép nén ta thu dude SK - SP = SE - SA. Hon nita, dé dang ching
minh dugc ASEC «~ SCAnén SC? = SE - SA. Tit cic diéu kién trén ta ¢

SI?=8C?=SE-SA=SK-SP=25Q-SP. 7

Tit (7) va két hop IS 1a dudng cao tam gide PIQ, suy ra tam giac PIQ vubng tai 1.

Cau 3.9.
a) Nhén xét ring trong n diém thda min yéu ciu bai toan thi

» Cac diém A, A, khéng 14 trung diém cta doan thing nio.
> Cac diém A, A,,_; 1a trung diém cta 1 doan thﬁng.

> Cac diém A, A,,_» 12 trung diém ctia 2 doan thezlng.

> Cac diém A;, A1 12 trung diém ctia i — 1 doan thing v6i moi i = 2,3, ... thda 2i < n.
Ta xét hai truong hop sau:

TH1: Néun 18, khi d6 n = 2m + 1, m € N* thi diém chinh gitta A,,,.; 13 trung diém ctia m doan
thang. Do d6 so doan thang nhan mot trong cac diém da cho lam trung diém la

S = 1424+ (m-2)+(m-1)+m+m—-1)+(m—-2)+---+2+1
= m(m—-1)4+m

B mQ.

Theo gia thiét m?2 = 2025 nén m = 45, suy ra n = 91.

TH2: Néu n chéin, khi d6 n = 2m, n € N* thi khong c6 diém chinh giita nao trong n diém trén.
Do d6 s6 doan thang nhan mét trong cac diém da cho lam trung diém 13 S = m(m — 1).
Theo gia thiét m(m — 1) = 2025, phuong trinh nay v6 nghiém trén N*, nén khong xay ra
truong hop nay.

Vay n = 91.

b) Khong mét téng quat, ta dit
A1Ag = AgAz =+ = A1gAz = 1.

Khi d6, v6i 20 diém da cho trén dé bai ta dit chiing vao mét truc toa dé 2/Oz sao cho diém 4,
6 toa do bing ¢ (véi t € N* va t < 20). Khi d6 ta phat biéu lai bai todn nhu sau: “Tim sb mau
nho nhit dé ¢ thé t6 mau cac sb 1, 2,..., 20 (biét rﬁng mot ) mot mau, hai s6 khéc nhau c6 thé
dugc td cling mdt mau) sao cho khéng cé 3 sb ndo cung mau 14p thanh mét cip sb cong”.

> V6i m = 1, dé dang chiing minh khéng thda man yéu cu bai toan.
> V6i m = 2 théa méin yéu cau bai toan, véi mét cach t6 nhu sau:

> Mau th& nhét: T6 cc sb 1, 2, 6, 7, 9, 18, 20.

> Mau tht hai: T6 c4c s6 3,4,11,12,15,16.

> Mau thit ba: T6 cac sb 5, 8,10, 13, 14, 17, 19.
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> By gi0 ta chiing minh m = 2 khong thda man yéu ciu bai toan: Tirc 1a khi t6 cac sb bdi 2
mau khac nhau luén tdn tai ba sb cling mau lap thanh mét cap sb cong.
Gia st ngu’cjc lai 1a c6 mot cach to cac so tu 1 dén 20 béi hai mau khac nhau sao cho khéng
c6 ba s6 nao cung mau lap thanh mot cap sb cong. Tt day ta c6 nhan xét:

> Trong ba sb lién tiép (tit 1 dén 20) luén cé 2 s6 khac mau.
> Néu hai sb a, b cing mau thi 2a — b, 2b — a khac mau véi chiing.
(1<a,b,2a—b,2b—a < 20;a,b € N¥).

Xét ba sb lién tiép 9, 10, 11 c6 hai trudng hop xay ra:

TH1: S6 10 khac mau véi sb6 9 va sb 11. Khi do, ti nhan xét trén, ta co s6 7 va sb 13 cung
mau véi s6 10. Do dé ba sé 7, 10, 13 cling mau va l4p thanh cip sb céng. Mau thuin
voi diéu gia st

TH2: Sb 10 cuing mau véi s6 9 va khac mau véi sb 11. Khi dé sb 8 cung mau voéi s6 11. Do
d6 s 5, s6 14 cling mau v6i sb 9 va sb 10. Va sé 1, sb 6 ciing mau véi sb6 11. Do d6 ba
s6 1, 6, 11 cing mau va 14p thanh cip sb cong. Mau thuin véi diéu gia st.

(Tuong tu véi trudng hop sb 10 cling mau véi sb 11).

VAy, s6 mau nho nhat théa man yéu cau bai toan la 3 mau, hay m = 3.
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— s pPEsO4

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2017-2018

Cau 4.1.
a) Diéu kién xac dinh: sinz # 0 < z # kr  (k € Z). Khi d6 phuong trinh da cho tuong duong véi

sin2x — cos2x — 3sinx —cosx +2 =0

& QSinxcosx—cosx—(1—251n2x)—SSinx+2:0
& 2sinzcosz —cosz + 2sinz — 3sinz +1=0
< cosz(2sinx — 1) + (sinz — 1)(2sinz — 1) =0
< (2sinz — 1)(cosx +sinz —1) =0
sinr = —
= 2 T
\/isin(x—i-z):l
- T
=—+k2
x 6+ s
5T
r=—+k2r7
& 6 (kez)
T = k27
_a::g—i—kﬂﬂ

Két hop diéu kién, phuong trinh di cho ¢é nghiém

)
;p:%+k2w;m:g+k2ﬂ;l‘:g+k2ﬁ (k € Z).

3va2ys =4 (y* —2%) (1)
5¢/xty =92 + . (2)

Dé thiy (z;y) = (0;0) 1a mot nghiém ctia hé phuong trinh da cho.
V6i (z;y) # (0;0), nhan theo vé (1) va (2), ta co

b) Ky hiéu {

15222 =4 (y2 + :L’2) (y2 = 1'2) o 4zt 4+ 15222 — 4t =0

4 2
- 4<I> +15($> —4=0
Yy Yy
- () -3
y/) 4
& oy = 12x.
Thay y = 2z vao (2) ta co
5V2r5 =522 28 =2l s =2=y=4 (Vi (z;y) # (0;0)).
Thay y = —22 vao (2) ta ¢
5v 215 =522 -2’ =1l oz =-2=y=4 ¥i(z;y) # (0;0)).

Véy hé da cho ¢6 3 nghiém (z;y) = (0;0), (z;y) = (2;4) va (z;y) = (-2,4).
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Cau 4.2.
V8T +8—z*+3x—6

a) bat L = y_)rr% @_1) ,taco
. [VBzF8—(z+3) z*—4x+3
L = lim =
z—1 | (x—1)2 (x—1)2
_ lim_ 87 + 8 — (z + 3)? _(x—1)2(3:2+2x—|—3)
a1l | (z—-1)2(VBz + 841z +3) (x —1)2
I i —(z —1)2 (z —1)? (2® + 2z + 3)
= lim —
z—1 | (z —1)? (V8z + 8+ z + 3) (x —1)2
i ~1
= i — (2 +27+3
mgﬁ,_@/8x4—8—%x—+3) (o7 + 20 )1
1 49
= ——_6=-=
8 8

b) Goiz (z € Z;1 < & < 9) 1a s6 qua cau lay ra, ta ¢6 s6 phan ti khéng gian miu 1a
n(Q) = Cj§.

Trong chin qua ciu ¢6 2 qua cau danh so chia hét cho 4 va 7 qua cau danh so khong chia hét cho
4. Goi A la bién c6: “cé it nhat mot qua cau ghi s6 chia hét cho 4”. Suy ra A 1a bién c¢6: “khéng
¢6 qua cau nao ghi so chia hét cho 4”. Ta ¢6

- - CZ 7! r'(9-2)! (9-2)8-x) 22—17Tx+72
n(4) =Ci =P (4) G al(T—=z)! 9l 9.8 72
Do do ) )
¢ —17x+72 17z —=x

PA)=1- = .

(4) 72 72
Theo gia thiét, ta c6

5 17x—2*_ 5
P(A)>6@%>6<:>:c2—17x+60<0<:>5<:n<12.

VAy s6 qua ciu it nhat can lay ra 1a 6.

O
Cau 4.3.
a) V6imoin > 1, taco
N (n—1)(n+2) 1 N n—1 1 2 1
Uptl = = U = U+ — = Uy + —— — —.
wil T nn+1)(n+2) 2" nrh+l) 2" n+l n
Tur do suy ra
2 1 ( 2)
Un+1 | = 9 Un n)’
y 2 , 1 s A A A g \ 1 ,
batv, =u, — —, tacd v,y = JVn> suy ra (vy,) la cap so nhan véiv; =3vaq = o Do d6
n
w1 3 3 2 12n
Up = V14 zﬁéun:F—FEénun:W—FQ
Bing quy nap, ta sé chiing minh 2"+ > n2. (1)

That vay, dé théy (1) ding v6in = 1, n = 2, n = 3. Gid st (1) ding véin = k > 3, suy ra
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2k+1 > k2. Ta cin chiing minh (1) dtng véi n = k + 1, tiic 1 cAn chting minh 252 > (k +1)2.

That vay
2Ft2 = 9. 9kt 5 op2 — (k4 1)2 4+ (k—1)2—2> (k+1)%, Vb 2 3.
, 12 12 .. 12 a . 12 . ) 12
Khid00<2nfl<n,mahmn:Onenthnﬁ:0.\/'$1yhm(n-un):hm<2nf1+2):2.

b) Gid st 3%" +3n2 4+ 7 = b? v6i b € N*, ta co b? > 32" hay b > 3" = b > 3" + 1. Tit d6 suy ra
32 4324+ 7=02>(3"+1)2=3%"+2.3"+ 1,suyra2-3" < 3n? +6. (2)
Néu n > 3 thi (2) khong xay ra vi

2:3"=2-(1+2)" = 2(C%+2CL+2°C2+--+)

= 2(1+2n+2nn—1)+--+)
24+ 4n? =3n24+n?+2
3n? + 6.

VoV

Do d6 n = 1 hodcn = 2.

> V6in =1, tacé 32" + 3n2 + 7 = 19 khong phai 14 s6 chinh phuong.
> V6in = 2, ta c6 32" + 3n? + 7 = 100 la s6 chinh phuong.

Véy c6 duy nhat n = 2 thda man yéu cu bai toan.

Cau 4.4.

a) Goi I trung diém DC’, ta c6 I € BG C (ABG). Qua I ké dudng thang song song C'D, cat CC'
va DD’ lan luct tai Eva F. Tacé EF | CD | AB = EF C (ABG), do d6 thiét dién ctia hinh
hép cit béi (ABG) 1a tit gidc ABEF. D& thdy EF | AB va EF = AB, do d6 thiét dién ABEF
14 hinh binh hanh.

b) Goi O 14 giao diém ctia AC va BD. Trong (ACC'A’), ta thiy G 13 giao diém ctia A'C va C'O va

1 2 1 2 < . 7
gj =3 Trong (ABCD), qua M ke duong thang song song BD, cat AC tai K, ta co
MK || BD c (BDC'
| ,( ) = (MNK) || (BDC") = NK || (BDC') = NK || GO.
MN || (BDC")
Ta co
AK _AM _1_ €O _4
- 4 TCK T

AO  AD
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Vi NK || GO nén
cG CO 4 CN 7

OCN-CK 7 CA 12

CN 7
Va =—.
Veoa T 12
[l
C4u 4.5. Trude hét ta chiing minh b dé sau:
B6 dé Cho céc s6 thuc duong m, n ta c6
/4(m +n) = Jm + I/n. (D
Déu “=” x4y ra khi va chi khi m = n.
Thét vay: Dat z = ¢/m, y = /n (z,y > 0), khi d6 (1) tré thanh /4 (23 + y3) > x + y. Ta xét
4(x3+y3) _(x+y)3 —_ 3(x3—a;2y—:cy2+y3)
= 3(x—y) (z* —¢?)
= 3(&—y)*(z+y) >0,y >0.
Do d6 4 (2% +y?) > (z +y)® hay ¥/4 (2% + ¢3) > « +y (b8 dé dugc chiing minh).
BAt ddng thic di cho tuong duong véi
o/ a . b o/ c
< 1.
16a + 16b + 4c * \/16b+ 16¢ + 4a * 16¢ + 16a + 4b
Ap dung b8 dé & trén, ta cb
Y S s S SPR /;
16a +16b+4c  V4[d(a+b)+c = #/a(a+b)+ Ve Ya+ b+ e
Tuong tu ta co
3 b g % . 3 C g \3/6 .
16b+ 16c+4a ~ Ja+ b+ eV 16c+16a+4b ~ ¥a+ b+ e
Cong theo vé cac bit ddng thitc trén ta cb
5/ a 43 b i 5/ I <1
16a + 160 + 4c 16b 4 16¢ + 4a 16¢ 4 16a + 4b
DAu “=" x4y ra khi va chi khi
da+4b=c
db+4c=a=8a+b+c)=a+b+c=a+b+c=0 (mé4u thuin).
dc+4a =0
Do d6
5/ a . b 5/ c
< 1.
16a+166+4c+ \/16()—1— 166—1—4a+ 16¢ 4 16a + 4b
[l
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PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2016-2017

Cau 5.1.

a) Ta c6 phuong trinh tuong duong

2 cos 2z 8in 2 + 2 cos? 2 — sin 22 — cos2z — 1 =0

< sindx + cos4dx = sin 2x + cos 2%

= \@sin <4:(;—|— %) = \/§sin <2x+%>

o ™ v
4 — =2 — + k2
x+4 $+4+ i

_4x+%:7r—2:1:—%+k27r

(2 = kn
-~ T ™ (kEZ).

Vay phuong trinh c6 nghiém = = k7, x = 112 + k:g (k€ Z).

2z —y+2)2z+y)+6x—-3y+6=0 (1)
V2r+1++/y—1=4. (2)

A L s 1 f1in
b) Diéu kién xac dinh: z > —3'Y > 1. Ky hiéu {
Ta co

1) & QCz—y+2)2z+y)+32zx—y+2)=0
& 2z-y+2)(2z+y+3)=0
y=2x+2
<~
y=—2x—3.

V6i y = 2z + 2 thay vao (2), ta ¢

3
\/233—}-1—}—\/2x+1:4<:>\/2x+1:2<:>2x+1:4<:>x:§:>y:5.

V6i y = —2z — 3 thay vao (2), ta cd

V2r+1++vV-2x—-2=4 (vbnghiém).
LA o v .A 3
Vay hé da cho c6 nghiém (z;y) = (2; 5).

Cau 5.2.

a) bat A, = "Y/n(n+1)x +1,tacod

. Ap—1 . nn+lx+1-1

lim = lim -~ pow |

=0 T x—>0$|:(n+1n(n_'_1)l,+1) —|—("“n(n—|—1)1‘+1) +...+1]
n(n+1) B
n+l
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Do do
A1Ay--- A -1
[ - g 2142 2016
z—0 X
B hmA1A2"'A2016—A1A2"'A2015+A1A2"'A2015—"'+A1—1
- z—0 T
— m A1As -+ Agors (Aoo16 — 1) + A1 Az - - - Agora (Ago1s — 1) +--- + A — 1
- z—0 T
2016 - 2017
= 2016—1—2015—!-"'-1-1:#.
b) Dé& théyun>0, Vn € N* va
9 9  2n+1 2 9  4n+6 2n+5
un+1:un+ on <~ un+1:un+ on B on
2(n+1)+3 2n+3
< ugb-‘rl—{_T:ui_‘_ on—1 °
2 3 , .y
Datvn—u + ;n+1 ,VTLEN*,taCOUnJrl:Un:...:q}1:6.Tu’dosuyra

/ 2n + 3 . ) 2n+3
= 6—W:>hmun:hm G—W:\/é.

Vay lim u,, = /6.

Cau 5.3.

a) T gia thiét suy ra S.ABCD 14 hinh chép déu c6 tit ca cic canh déu bang a. Vi M € (P) N
(ABCD) va (P) | AD nén qua M ké dudng thing song song AD 1an lugt cit AB, CD tai E va
F,tacé EF = (P)N(ABCD). Vi (P) || SO nén qua M ké dudng thang song song SO cit SA tai
H,tacé HE = (P)N(SAB). Vi (P) | AD nén qua H ké dudng thang song song AD cit SD tai
G,tacd HG = (P) N (SAD) va GF = (P) N (SCD). Tit d6 suy ra EFGH 1 thiét dién can tim.

AH D
Theo cach vé ta ¢c6 EF || GH (vi cung song song v6i AD). Mat khac — 1S Dg AH = DG
AE  DF
va 1B = DO = AE = DF, suyra AHAE = AGDF (c.g.c). Do d6 HE = GF. Tu d6 suy ra

EFGH la hinh thang can.

b) Ta co

SO L (ABCD) = SO =+/SA?2 — A0? =
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Laico HM || SO = HM L (ABCD) va

HM AM ak\/2
S0 a0 ko HM=——

Mat khac HG || AD nén
HG SH OM

AD - SA= 04~ k= HG=(-ke

Do dé

akﬂ_ (2]{2—](:2) aQﬂ
2 4 ’

1 1
Seram = 5(EF+GH) -HM = §[a+(17k)a]~

¢) Gida st EFGH ngoai tiép dlIOng tron tam 7. Khi d6 (1) t1ep xuc H G tai trung diém P, tlep xuc
EF tai trung diém Q va tiép xiic HE tai diém K. Theo tinh chét tiép tuyén ta cé

HE:HK+EK:HP+EQ:5(GH—|—EF)<:>2HE:GH+EF. 3)
Lai co
EM AM k ak akv/3
e 2o EM=— = EH=+EM2+HM?="Y"
BC ~AC 2 5 *
Khi d6 /3
akv3 2
(3) =2 =(l-klat+ask/3=2—kek= :
3 —(1=h 1+v3
2 .
Vay véi k = thi FFGH ngoai tiép mot dudng tron.
dy 14+/3 8032 p Mg 8
O
CAu 5.4. Theo bét ding thitc AM — GM, ta c6
2 + 12
1 = 1 1-— 2) < .
VIt =0 -y+y?) <=
Tt d6 suy ra
1+ z? N 1+ z?
14+4/1+y5 4322 2(1+y%) +3(1+22)
Tuong tu ta co
1+ 2 N 1+ 92 _
1+4vV1+ 2343227 2(1422) +3(1+2?)
1+ 22 - 1+ 22
1+4vi+a3+3y2~ 2(1+22) +3(1+y?)
Cong theo vé cac bit dang thiic trén ta 6
Cy61+4\/1+y T3 S22+ +3(1+22)
Theo bat ddng thic Cauchy — Schwarz dang phén thic ta ¢6
3 1+ 22 (a1 22
c2(1+y?)+3(1+42%) 75X (1427 (1+¢?)
cyc
Lai ap dung bét dang thtic quen thudc (a 4 b+ ¢)? > 3(ab + be + ca), ta ¢b
(L+22+1+y2+1+22)° 3
5y, (1+a2)(1+y?) =5
cyc
DAu “=” x4y ra khi va chikhiz =y = z = 2. O
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CAu 5.5. Chon mét ban trong héi nghi va gia st s6 ghi trén phiéu cta cac thanh vién cta ban lan lugt
lé ai,ag,...,aiQ.

THI: C6 hai thanh vién ctia ban ¢6 s gibng nhau. Khi d6 ta chon hai nhém, m&i nhém 14 mét thanh
vién co so giong nhau. Suy ra ban nay la mot ban “than thién”.
TH2: Céc thanh vién ctia ban déu c6 sb ghi trén phiéu d6i mot khac nhau. bit
By = {a;}; By = {a; + ajli # j};...; Bg = {a1 + - - - + a0 — ;|1 <14 < 10}.
TOng cac sb ghi trén ban chi nhén gid tri tit 145 dén 945. Mit khéc
|Bi1| + |Bz2| + |Bg| = Cip + Cio + - - - + Cp = 210 — 2 = 2022.

Do dé chic chin sé c6 it nhét hai tdng trong 1022 téng tao thanh tit cic sb trén ban bing nhau.
Suy ra ban nay la moét ban “than thién”.

VAy tit ca cac ban trong hoi nghi déu 13 ban “thén thién”. O
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PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2015-2016

Cau 6.1.

a) Phuong trinh da cho tuong duong véi

2sin 2z sin z + 2 cos 2x = cosz + V3 sin 3z
& cosxz — cos 3z + 2cos 2 = cos + V3 sin 3x

& cos3z + V3sin 3z = 2cos 2
& cos (356 — g) = cos 2x. (1D

2. \ . A 2
Giai phuong trinh (1) dudc hai ho nghiém z = g + k27, = % + l% (k,l €Z).

b) Véi diéu kién zy # 0, hé di cho tuong duong véi

1 1 1 1
r+=-+y+-=>5 T+ —+ty+-=5
T Y Zz Yy
: . 1 1 hay 1 2 1 2
X Yy @ Y
. 1 1 1 1 2y 1
batS=x2+—-+y+—; P=|x+— ) |y+ — ), hé tré thanh
z Y z Y
S=5 o
S? —2P =13.

Giai (1) dug 5=5
iai C , suy ra
: P 6

1 1
T+—=2 T+—-—=3
hodc f (2)
y+-=3 y+ =2
Y )
«2. 3:l: 5 ) :i: 5 n S v A an
Giai (2) dudcz =1; y = 2\[ hodc z = 2\f; y = 1. Vay hé c6 bon nghiém

3+5 3—V6 3++v5 3—-V56
(w;y)€<{(1; 5 ) ;(1; 5 ) ;( 5 ;1> ;( 5 ;1)}.

Cau 6.2.

V1+3x—+/1+2x

a) bat L = lim 5 , tacod
x—0 %
. | VI+3z—(z+1) (z4+1)—+vV1+2z
L = Ilim 3 + 3
x—0 45 x
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1+3z— (z+1)3 N (x +1)2 — (1 +22)
0 |22 (/T 302 + (@ + D)VTH 3z + (@ +1)2) @2 (e +1+ V1T 22)

—-3—x 1

= lim +
=0 | /(1 +32)24+ (2 +1)V1+3z+(z+1)2 z+14+V1i+22
1
= -5
Vay L = ——.
b) Ta co

Upt1 =3Uup +2n—1 S upp1 +(n+1) =3 (up +n).

Do do, dat v,, = u,, + n, ta c6 day (v,,) xac dinh nhu sau:

v = 2
Upnt1 =3V, n =1
Khi d6 (v,,) 13 mét cap sb6 nhan véi v; = 2 va céng bdi ¢ = 3. Suy ra

vp=2-3"1=uy,=2-3""1—n.

Do d6
n 2.3 1_pn /2 n
lim — = lim =lim| - - —
3 3" 3 3"
bata, = _-, tasé chting minh
2 n
0<an<(§) Vn > 1. (1)

\ « A o R JN ~ 1 2 \ .9 > 2 k
That vay, a,, > 0, Vn > 1 la diéu hién nhién. Hon ntta a; = 3 < 3 va gia st ax < <3> k> 1,

. , 92 k+1
can chitng minh a;1 < <§> , Vk > 1. That vay,

\)

arp1 k+1 3 k41 2 (2)“1
= —_— = — < - = < - < = ,Vk‘} 1.
a3 kT 3k T+l S 30 S\ 3

w

, , A Up 2
Do dé (1) dung, suy ra lim 3% = 0. Vay lim §7 =3

Cau 6.3.
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a) Xét hai mit phang (A’BD) va (CB'D’) c6

BD | B'D'
A'B|| D'C

= (A'BD) | (CB'D)).

Lai ¢6 (a) || (A’BD), suy ra () || (CB'D'). Tit d6 ta c6 cach dung thiét dién nhu sau: Trong
mit phang (ABCD) dung dudng thang di qua M song song BD cit BC tai P va cit CD tai Q;
trong mét phing (CDD'C’) dung dudng thang di qua Q song song C D’ cit DD’ tai R; trong
mit phang (ADD’'A’) dung dudng thang di qua R song song A’D cat A'D’ tai S; trong mit
phéng (A’B'C'D’) dung dudng thing di qua S song song B'D’ cit A’'B’ tai T’; trong mit phing
(ABB'A’) dung duong thang di qua T song song A’'B cit BB’ tai K. Thiét dién 13 luc giac

PQRSTK.
b) Goi M' = A'C'NnTSvaN=AC'"nMM', taco

N € AC'
Ne MM C(a)

GoiO=ACNBDvaG=A'0OnAC’, tacod

AG A0 1 1
oo~ ag a3 o AG=34¢

Mait khac
(A'BD) N (ACC'A) = OG

(@)N(ACC'A"Y = MN = MN || OG.

(A'BD) || (a)
Xét trong tam giac AMN c6 M N || OG nén

AN AM 3 3
AG - A0 — 3 T AN=34G

Tu (1) va (2) suyra AN = %AC” hay N 1a trung diém ctia AC’.
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CAu 6.4. Da giac déu cb 2017 canh nén c6 2017 dinh. Vi cac dinh dude son bang 2 mau xanh va dé
nén At phai ton tai hai dinh ké nhau 13 M va N dudc son ciing mét mau (ching han mau dd). Vi da
gidc da cho 1a da giac déu c6 mot sb dinh 1&, nén phai ton tai mét dinh ndo d6 nim trén dudng trung
truc clia doan thing M N. Gia st d6 1a dinh A.

> Néu A son mau dé thi tam gidc AM N 14 tam gidc can tai A c¢6 3 dinh 4, M, N dudc son cling
mau do.

> Néu A son mau xanh. Lic dé ta goi B va C 14 c4c dinh khéc clia da gidc ké v6i M va N. C6 hai
kha nidng xay ra:

> Néu ci B va C déu son mau xanh thi tam gidc ABC cin tai A c¢6 3 dinh dugce son mau
xanh.

> Néu ngudc lai mét trong hai dinh B va C' ma dugc son mau dé thi tam giac BM N hoic
tam gidc CM N la tam gidc cin ¢ 3 dinh duge son mau do.

Tém lai luén ton tai 3 dinh dudce son cting mét mau tao thanh mot tam gidc cAn. O
CAu 6.5. Tir diéu kién ii) ta co
3
(Vz+vy)" =4 +9°) > (z +y)>.

Suy ra
(Ve +v1)’ = Vo + <2 (1)

N |

Vi+Jyzz+y>

3, 13 2 | 12
sja’+b a“+b

b>0.
\/2 \/2 Ve, 0

That vay, theo bt dng thitc AM — GM ta c6

Ta chitng minh bat déng thtc sau:

WV

a® + 0 + 40V = (a® + a®V? + a®b?) + (V% + a®b® + &®b%) > 3a’b* + 3a®b?.

Lai tit diéu kién ii) ta cé

\/E—i—\/@: s/ z3 + 43 >\/x2+y2

> 2
2 2 2 2)
Theo bét dang thtic (a + b+ ¢)? > 3(ab + be + ca) va tit i) ta ¢6
3+’ +vay) = (e +1+ D)y +1+1) > (Vo + 5 +1)2 23 (Vay+ vz + ).
Suy ra
2+ 92 > VT + 9. 3
Tu (2) va (3) suy ra
ﬁ;ﬁ>\/ﬁ;\/§hay\/§+\/§>2. @
Tir (1) va (4) tacd z + /y = 2. O
Cau 6.6.
a) Vi diéu kién z < 1, phuong trinh d4 cho tuong duong véi
(1+vi—z)(1-VI—2)¥2=2 = a2(1+Vi-z)
& zv2—zx = :I:(l—i—\/l—x). (D
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Phuong trinh (1) tuong duong véi x = 0 hoac
2—zrz=1+V1—=z. 2
bat /1 -z =a; /2 — 2 =b (a > 0), phuong trinh (2) tré thanh

b =1+4a
¥ —a® =1

Thé phuong trinh thtt nhit vio phuong trinh thit hai ta ¢6
(1+a)P-ad’=1d*+2>+3a=0sa=0.
V6ia=0= +1—-x=0<« 2z =1. Viy phuong trinh da cho c¢é hai nghiém =z = 0, z = 1.
b) bat
f(x) = p(z —a)(x - c) +q(z - b)(z — d).
Vi f(z) 12 ham s6 da thitc nén lién tuc trén R. Ta ¢6

fla) =qla—b)(a—d), flc)=qlc=0b)(c—d),

suy ra
fla) - £(c) = ¢*(a = b)(a — d)(c = b)(c — d). 3)

TH1: ¢=0,tt (3),tacd f(a)- f(c) =0,suyra f(z) =0 cd nghiém x = a hodc x = c.

TH2: ¢ #0,tt (3) vaa <b<c<d,tacd f(a)- f(c) <0, suyra f(z) = 0 c6 it nhat m6t nghiém

trén (a;c).

VAy phuong trinh dé cho luén ¢6 nghiém véia < b < ¢ < d va p, ¢ 14 hai sb thuc bat ky.

|
CAu 6.7. Trudc hét ta chitng minh
Up = 5, Vn € N*, (D
Théat vy, u; = 5 > 5. Gid st u,, > 5, ¥n € N*, ta ¢d
Uny1 = (up —2)* > (5-2)2=9>5= (1) ding.
Do do6
Uptl — Up = (un—2)2—un:un(un—5)+4>0, Vn € N*,
Suy ra (u,) 1a ddy sb ting. Gid st limu, = L > 5, tit ups1 = (un — 2)%, chuyén qua gi6i han ta cé
2 2 L=1 A1
L=(L-2*<L*“-5L+4=0& . (Vo ly).
r 1 . s 2 Upy1 —4 P
Do do6 limu,, = +o0. Talai c6 upy; — 4 = (up —2)° — 4 = uyp, (up, — 4), hay u,, = 1 do do
Up —
U2—4 U3—4 un+1—4 ’U,n+1—4 4
! 2 " U1—4 U2—4 un—4 U1—4 et
Vay
U - - yl 4
lim CaRc ARG lim Un+1 = lim (1 — ) =1.
Un41 Un+1 Un+1
(|
Cau 6.8.
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a) Taco
MBI = MBC +IBC = MAC+1BC = | (BAC + ABO); &
MIB = [AB+IBA=_(BAC+ABO). @

Tu (1) va (2), ta co -
MBI =MIB=MI=MB=MC.

Hon nita tit giac I BJC noi tiép dudng tron dudng kinh 1.7, do d6 M 14 trung diém I.J.

b) Taco .
NTS =  (sdNA + 54 A5) = _ (sd VM +sd 45) = NTM. ®)
Mait khac
NTS+JTS =180° NIM + JIS = 180°. 4

Tit (3) va (4), ta cé JT'S = JI8, suy ra tit gide JTIS ndi tiép dudng tron (K). Hon nita tit giac
JBIC nbi tiép dusng tron (M). Khi d6 I.J 1a truc dang phuong cta (K) va (M); BC 1a truc
ding phuong ctia (O) va (M); T'S 1a truc ddng phuong ctia (O) va (K). Theo tinh chét tim ding
phuong ctia ba dudng tron ¢6 tAm O, M, K khong thang hang, suy ra I.J, BC, T'S déng quy.

O

Cau 6.9. Goi A la tap hop tAt ca cac bo 100 s6 (a1,az,.. a100) théa man yéu cAu bai toan. Ky hiéu
B la tap hop 100 sb phén biét ctia 1917 sb nguyén duong dau tién. Xét anh xa véi quy uéc sau:

fiA — B
(a17a2,...,a100) — (al,ag—l,...,a100—99)
trong d6 a; < as < -+ < ajgo.
Vi
a—a1 22 = a—-1Z2a+1>a0
ag—as =22 = az3—2>=a9>as—1
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ag—az =22 = a4—3=2a3—1>a3—2

aipo —agy = 2 = aipo — 99 = agg — 97 > agg — 98

va
a1 =21, ajgo—99 <2016 —99 = 1917

(al,ag —1,...,a100 —99) € B.
Nhu vy v6i mbi phan ti thude A ng véi duy nhat mot phin tir thuée B qua anh xa f. Tuong tu véi
moi phan ti
(b1,b2,...,b100) € B
luén ton tai duy nhét phén ti
(bl,bl + 1,...,b100+99) €A

2

de
f ((bla bl + 17 ey blOO + 99)) == (bh b27 ey blOO) 0
Do d6 f 1a mot song anh nén sb phan tit clia A bang sb phan tit clia B va bang C190... O

CAu 6.10. Gid st 227~! — 2" 4 1 13 sb chinh phuong. Khi d6 tén tai m € N* sao cho
22—l _ 9" 11 =m? (1)
TH1: m=1,tt (1), tac6 2" ' —2"+1=1<2"l=1eon=1.
TH2: m > 1, tif (1) va 22»~1 — 27 4 11, suy ra m? 1, hay m 1é. Khi d6
m>3=2""1_2"11>9=n>2
Ta lai c6
We2 2@ 1)’ =m?e 2?2 = (m-2"""1+1) (m+2""' - 1).
Pita=m—2""14+1,b=m+2"1—1,tacda, bchin, a < bva
ab = 2?72, (2)
Mat khdcb—a=2"—-2=2 (mod 4),suyraa =2,b=2", thé vao (2) duagc
2"t =222 o =3,

V8in =3, tacd
22—l _on 4 1=2"_2341=25 (thdamin).

VAy c6 hai gia tri nguyén duong n = 1, n = 3 théa mén yéu ciu bai toan. O
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Cau 7.1.

a) Ta c6 phuong trinh tuong duong

4sin2zsinz — v/3sinz — cosz = 0
& 2(cosx —cos3z) — V3sinz — cosz =0
1 V3

—cosx — — sinx = cos 3x
2 2

& cos (ac + %) = cos 3x

i

6
& b T T (keZ)
12 2
. ~ , A T s s
Vay phuong trinh da cho co th1¢m$:g+kﬂ,x:—ﬁ+k§ (keZ).

b) Piéu kién z # 0; y # 0. Bién d6i phuong trinh thi nhét, ta ¢6

2 1 1 1
2z +y + $+y:6<:>(2a:+y)(1+):6<:)1+: . (D
Ty zy 24y
Thay (1) vao phuong trinh th( hai, ta c6
2, .2 2 2 2 r=y
36 (z° +y°) = 8(2z +y)? & 4a® — 32zy + 28y :0<:>[ -
x=Ty.
V6i z = y thay vao phuong trinh thi nhAt, ta c6
3 S
3m+7:6<:>x2—2x+1:0<:)x:1:>y:1 (thoa man).
0y
V6i x = 7y thay vio phuong trinh tht nhét, ta c6
15 A .A
15y + = 6 < 35y% — 14y +5=0 (vo nghiém).
Yy
Viy hé c¢6 nghiém duy nhét (z;y) = (1;1).
O

Cau 7.2.

a) Dé& théy (u,) la day s6 duong. Ta c6 u; = 2 > 2; gia st u, > 1,¥n € N* cin chiing minh
Upi1 > 1, Vn € N*. That vay, ta co

e 1= U L (e 1) (" +2) >0, Vn € N*
i w20 — y, +3 62018 (u, — 1) +3 ’ ‘
Do do6 u, > 1,Vn € N*. Lai c6
2015 2
1 -1
Upt1 — Un YUn tUnt: Uy = (un ) >0, Vn € N*,

T w20 gy 13 T 218 (g, — 1) 4 3

VAy (uy,) 1 diy sb ting.
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b) Gia st (u,) c6 gi6i han hitu han1a L, ta c6

Diéu nay mau thuln vi (u,) 1a diy sb ting va bi chin dudi béi 1. Tit d6 suy ra (u,,) c6 gii han 1a
+-00. Theo ciu a), ta co

1 w2, 11
Unp1 =1 (up —1) (@2 +2)  up -1 w2042
Hay
1 1 1 1 1 1 1

= _ :> = = = 1 - T .

U%OM ) up — 1 Upg1 — 1 ; u22014 +2 up — 1 Upy1 — 1 Upt1 — 1
Vay

1
lim = lim <1 — ) SHl
Z 2014 Unt1 — 1
[l
Cau 7.3.

a) Vi M € (P)N (ABCD) va (P) || AD nén qua M ké dudng thing song song AD lan lugt cit
AB,CD tai Eva F, tacé EF = (P) N (ABCD). Vi (P) || SO nén qua M ké dudng thang song
song SO cit SA tai H, ta c6 HE = (P) N (SAB). Vi (P) || AD nén qua H ké dudng thing
song song AD cit SD tai G, ta c6 HG = (P) N (SAD) va GF = (P) N (SCD). T &6 suy ra
EFGH 1a thiét dién cin tim. Theo cach vé ta ¢6 EF | GH (vi ciing song song v6i AD). Mit

, AH DG AE DF
khac 15 = DS = AH = DG v AB =50 = AFE = DF,suyra AHAE = AGDF (c.g.c).

Do d6 HE = GF. Tit d6 EFGH la hinh thang can.

b) Ta co
SO 1 (ABCD) = SO =+/SA%2 — AO? = 1.

Lai c6 HM || SO = HM 1 (ABCD) va

HM  AM AM - SO
S0 a0 M =—pp— =
Mat khac HG || AD nén
HG SH OM AD - OM
D 54 oa ~HC="%x = V2(1-a).
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Vay
SEFGH:%(EF-FGH)- %[\/—i-\f(l—x)}- :\/Qm(;_fv)_
O
CAu 7.4. Goi X tip hop gbm tit ca cac cach sip xép, ta c6 n(X) = 2?—;' = 180. Goi A la tap hop cac

cach sap xep gbm hai chit A ditng canh nhau. Hai chit A ditng canh nhau c6 thé xem 1a mét chit A nén
n(A) = 5 = 60. Tuong tu, goi M 13 tAp hop cac cach sip xép gdbm hai chit M ditng canh nhau, ta ¢6

5' , N A 7 4 g A A . ~ 7, \ 0 ~
n(M) = o= 60. Ta co AN M la tap hop cac cach sap xép gom hai chit A diing canh nhau va hai chit
M dting canh nhau. Hai chit A diing canh nhau va hai chit M ditng canh nhau c6 thé xem 13 hai chit
A, M nén n(A N M) = 4! = 24. Vay so cach sap xep can tim la

n(X)—n(AUM)=n(X)—[n(A4) +n(M) —n(AN M)] =180 — (60 + 60 — 24) = 84.

|
CAu 7.5. Dit
a b c
- + + :
VA4a2 + 02+ 2 VA + 2+ a2 VAR + a? + b2
Theo bt déng thic Cauchy — Schwarz, ta c6
2 b2 2
P2<3< a )
TR+ E Wit ATt
Lai theo bAt ding thitc Cauchy — Schwarz dang Engel, ta c6
a? _a? (1+1) a? ( L 1 )_ L a? W
402+ 02 +c2 4 3a2+a?+b02+c2 4 302 a2+4+b2+c2/ 12 4(a?2+ b2 +c2)’
b2 b2 1+1)2 b2 1 1 1 b?
2 2 T ) (2 )2 5 S ( w2 T3 2 2)27"" 2 2 2y (2)
4% + ¢ + a 4 3+ +ct+a 4 \3? bV +ct+a 12 4(a?+b2+¢?)
c? c? 1+1)2 c? 1 1 1 c?
2 2112 4 2.2 (2 )2 5 S <7+ 2 2 2):7'1' s T )
42 +a?+b 4 3c2+c2+a’+b 4 \3c¢* c*+a*+b 12 4(a®+ b2+ c?)

Cong theo vé (1), (2) va (3) dudc

a® n b? H c2 <1 a’ + b2+ c? 1
402+ b2+ c2 " 4b2+c2+a?  4c24a?4+b2 4 4(aZ+bB2+c2) 2
4 2 3 3 A M > P 2 .
Do do6 P <§,hayP< 5.Daubangxayrakhlvachlkhla:b:c. O
Cau 7.6.
a) Tacd 1, 2, 4,..., 2" 1a cAp sb nhén cé n+ 1 sb hang v6i u; = 1 va ¢ = 2, do d6
12n+1_1
1+2+4+---+2”=¥:2~2n—1

2—-1
Laico 1, 5, 25,..., 5" 1a cép s6 nhan c6 n + 1 sd hang v6i u; = 1va g = 5, do do

1(5"t—1) 5.5"—

1+5+25+- 45" =

5—-1 4
Tt d6 suy ra
2.2m — 1 2" —4 8(3)"-4-(3)"
A= lim - li 8 = lim (5) n(S) =0
n—too 95"=1 n—+oco0 5 - 5" — 1 n—+00 5—(%)
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b) Ta co
5 i V1 + 2014z - /1 + 2016z — ¥/1 + 2015z + /1 + 2015z — 1
= 1m
z—0 xT
o [/1+2015z (v/1+ 2014z — 1) N 1+ 2015z — 1
o xl—% A X
.| Y1+2015x (14 20142 — 1) 14 2015z — 1
= lim + 5
20 z (V1+2014z —1) o ((¥Y1+20152)" + /1 + 20152 + 1)
[ 20141+ 20152 2015
= lim + 5
220 | v1I+20ldz +1 ({1 +20152)" + /1 + 2015z + 1
5036
= 5
O
Cau 7.7.

a) Phuong trinh da cho tuong duong véi
201422 — 23 t ma? +1 —m =0 < 201422 — 23 +m (1:2 S 1) +1=0.

Pt f(z) = 2014220 — 2% + m (2% — 1) + 1, ta ¢6 f(z) 1a ham sb da thiic nén lién tuc trén R.
Lai c6 f(—1) = —2012, f(1) = 2014, suy ra f(—1)- f(1) < 0. Do d6 f(z) = 0 1udn c6 it nhat mot
nghiém trén (—1;1), hay phuong trinh da cho c6 nghiém véi moi m.

b) Piéu kién xac dinh —1 < x < 1. Patu = v1 — 22 (0 < u < 1), phuong trinh trd thanh
Vitu=z(1+42u).

Nhan thdy —1 < z < 0 khéng phai nghiém phuong trinh. V6i 0 < z < 1 binh phuong hai vé
phuong trinh, ta c6

1+u=a(14+4u+4’) & 1+u=(1-v?) (1+4u+4u?).

Vi 1+ u > 0 nén chia hai vé phuong trinh cho 1 + u, ta ¢6

u=20
1=(1-u) (1+4u+4v?) © 4’ -3u=0« V3
. V3 |- A 1
Voiu=0=2x=1;vliu= - =z = i.VayphUOngtrlnh c6 hai nghiémz =1; =z = 3"
O
Cau 7.8.
a) Tacd

2n

i e leura S (n+ Dupyr =2nu, — 1 (n+ Dupyr — 1 =2 (nu, — 1)

Un+1 =

bat v, = nu, — 1, ta ¢d v,11 = 2v,, suy ra (v,) la cép s6 nhan véi v; = 2, g = 2. Do do
2"+1 . 4 A 2 , 2" +1
. Vay day so (u,) 6 so hang tong quat u,, = .

n

Up=2-2""1=9" =g, =
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2" 41
n

b) Tacod nu, =n-

" +1=m?=2"=(m+1)(m-1).

m+1=2""% (1)

Tt d6 suy ra
Y {m—1:2k (2)

2F =2 k=1
g mgm k(o) =24 &
on—2k _1 1 n=3.
VAy nuy, 1a s6 chinh phuong khi va chi khi n = 3.
Cau 7.9.
E
C K D
0 :
O/
Q M A N P
a) Ta co -
ACD = AMC (cung chan cung nhé AC)  —
— . = ACD = ECD.
ECD = AMC (hai gbc dong vi)
Tuong tu

ADC = AND (cling chin cung nhé AD) —
= ADC = EDC.

EDC = AND (hai gbc dong vi)
T (1) va (2) ta 6 AE la dudng trung truc ctia CD hay AE vudng goc véi CD.

= 2" 4 1. Gia st nuy, 12 s6 chinh phuong khi dé ton tai m € N* sao cho

,trongdo ke N*va0 <k < g Trit theo vé (1) va (2), ta ¢6

(1)

(2)

b) Goi K 1a giao diém clia AB va C'D tacé KC? = KB-AK = KD? hay K 1a trung diém ctia C'D.

Lai ¢ PQ || CD suy ra A 1a trung diém ctia PQ ma AE | PQ nén tam gidc EPQ can tai E.

Cau 7.10.

0

> Vi 3 < n <8, ta td mau xanh cac sb 1, 2, 5, 6 va t6 mau dd cac sb 3, 4, 7, 8 thi khong ton tai ba

s6 cling mau nao 14p thanh cip sb céng. Do d6 3 < n < 8 khong théa man yéu ciu bai toan.
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> V6in =9, g/ié st rang khong ton tai ba s6 ciing mau lap thanh cAp sb cong. Khéng mét tinh téng
quat ta t6 s0 3 mau xanh. Vi cac so 3, 4, 5 khong t6 cing mau nén ta c6 cac trudng hgp sau:
TH1: S6 4 t6 mau dd va sb 5 t6 mau xanh, ta co:
> Céc sb 1, 3, 5 khong t6 cling mau nén sb 1 t6 mau dd.
> Cacsb 1, 4, 7 khéng t6 cling mau nén sb 7 t6 mau xanh.
Lic nay cac sb 3, 5, 7 déu t6 mau xanh nén mau thuln gia thiét.
TH2: S6 4 t6 mau xanh va sb 5 t& mau do, ta co:

> Cac s6 2, 3, 4 khong t6 cing mau nén s6 2 t6 mau do.

<o

Cac s6 2, 5, 8 khéng t6 cling mau nén sb 8 t6 mau xanh.
Cac s6 4, 6, 8 khéng t6 cling mau nén sb 6 t6 mau dé.
Cac sb 5, 6, 7 khéng t6 cling mau nén sb 7 t6 mau xanh.
Céc sb 1, 4, 7 khéng t6 cung mau nén sb 1 td mau dé.

O 0 O 9

Cacso 1, 5, 9 khong t6 cuing mau nén so 9 t6 mau xanh.
Luc nay cac so 7, 8, 9 déu t6 mau xanh nén mAu thuan gia thiét.
TH3: SO 4 va so 5 déu to6 mau do, ta co:

& Cac so 4, 5, 6 khong t6 cung mau nén so 6 t6 mau xanh.

<o

Cac s0 3, 6, 9 khoéng t6 cuing mau nén so 9 t6 mau do.
Cacso 1, 5, 9 khong t6 cuing mau nén so 1 t6 mau xanh.
Cac s6 1, 2, 3 khong td cung mau nén s6 2 t6 mau do.

<o

<

Cac s0 2, 5, 8 khong t6 cing mau nén so6 8 t6 mau xanh.

<

o Cacso 5, 7, 9 khong t6 cing mau nén soO 7 t6 mau xanh.

Lic nay cac sb 6, 7, 8 déu t6 mau xanh mau thuin gia thiét.
Nhu vay v6i n = 9 thi moi cich t6 mau déu ton tai ba sb cling mau 14p thanh mét cip sb cong.

Véy s6 nguyén nhé nhit thda man yéu cu bai toan 1a n = 9. O
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Cau 8.1.

a) Phuong trinh da cho tuong duong véi

sin 2z sinz — cos 2z sinz + sin(2x + x) = cos z(sinx + cos z)

¢

sin 2z sinz — cos 2z sinz + sin 2z cos x + cos 2z sinx = cos z(sinx + cos x)

¢

sin 2z (sinx + cos x) = cos z(sinx + cos z)

< cosz(2sinx — 1)(sinx + cosz) =0
cosz =0
= sinle
2
tanz = —1.

Giai cac phuong trinh trén ta c6 nghiém ctia phuong trinh da cho la

5)
$:g+kﬂ',x:%+k2w,x:§+k2w,m:f£+k2ﬂ' (keZ).

b) Piéu kién z + y > 0. Bién ddi phuong trinh thit nhit, ta c6

[(z +y)* — 2zy] (z + y) + 8zy = 16(z + y)
& (z+y) [(z+y)?—16] —2zy(z+y—4) =0
@+y—4[@+y)(e+y+4)—2zy]=0
& (z+y—-4)[2*+y*+4z+y)] =0

y=4—=x
22 +y> +4(x +y) =0 (vO nghiém).

V6i y = 4 — x thay vao phuong trinh tht hai, ta ¢
?+r-6=0%

Vay hé c6 hai nghiém (z;y) = (2;2) va (z;y) = (=3;7).

Cau 8.2.

a) Vi gifta 2 ban nit gin nhau c6 2 ban nam nén 4 ban nit chi c6 thé ngdi vao cac vi tri 1, 4, 7, 10
cta day 10 ghé dudce danh so thit tu tir 1 dén 10; tl trai sang phai.

TH1: Binh ngdi vio vi tri 1 hodc 10, khi dé An c¢6 5 cach chon vi tri d€ khéng ngdi canh Binh.
Suy ra so cach sap xép la 2-5- 3! 5! = 7200.

TH2: B1nh ngdi vao vi tri 4 hodc 7, khi 6 An ¢6 4 cach chon vi tri d€ khong ngdi canh Binh. Suy
ra sb cach sip Xep la2-4-3! 5= 5760.

Véy s cach sap xép thdéa man diéu kién bai toan 1a 12 960.
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b) Ta cé f(z) 1a ham s6 lién tuc, nhan gia tri khong 4m trén [0; +00), suy ra f(0) >0
TH1: f(0) = 0 ta c6 ngay diéu phai chttng minh.
f(z)

TH2: f(0) > 0, theo gia thiét lim 2 = L < 1 nén ton tai sb thuc a > 0 sao cho M
T—+00 T a

hay f(a) — a < 0. Dat g(x) = f(x) — z, ta cd g(x) lién tuc trén [0; a| va

g(0) - g(a) = f(0) - [f(a) —a] <O.

Do d6 ton tai it nhét sb thuc ¢ € (0;a) théa man g(c¢) = 0 hay f(c) =

<1

Nhu vay luén ton tai it nhit s ¢ € [0; +00) théa man f(c) = c.

Cau 8.3.

a) Trong (ABCD), goi O 1a giao diém ctia AC va BD; trong (SAC), nbi SO cit AM tai I. Trong
(SBD), qua I dung dudng thang A luén cat hai canh SB, SD va khéng qua B, D. Khi d6 N 1a
giao diém ctia A va SB va P 1a giao diém ctia A va SD. Goi K trung diém MC = OK || AM.
Vi SC = 35M nén M trung diém SK = I trung diém SO. Theo coéng thic ty s6 dién tich tam

giac ta co
SASNP _ SiN ) Sj 1)
Sasgp SB SD’
Lai co
Sasnp _ Sasnt + Saspr _ SASNT Saspr
SAsBD SAsBD 25AsB0  25AsDO
B ST (SN SP) <57N+57P> @)
250 \SB ' SD SB  SD/°

Tu (1) va (2), ta cd
SN SP 1(SN SP) - <SN SP) SB SD 4 SB SD
4

sB T 5D SBYsD)sN 5P *“sNT 5P~

SB SD

b) Theo két qua ciu a), ta ¢

sB . SD_, 5B D
SN = SP SN SP
hay
S 1
SASBD 4 & Sasnp 2 SASBD
ASNP

SB _ SD
Déau bang xay ra khi va chi khi =—— N = Sp

nhét khi (P) qua A, M va song song véi BD.

hay NP || BD. Vay tam giac SN P c6 dién tich nho
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[l
CAu 8.4. Bt ding thic tuong duong
- a’b e b P a 2;@ a’b H b2c H 2a < §
ab+1 bc+1 ca+1" 2 ab+1 bec+1 ca+1 "2
Taco a’b b’c ca a’b bie ca 1
ab+1+bc—|—1+ca+1 < 2M+2m+2\/@:§(m+m+@)'
Do d6 cin chitng minh
Vadb + Vb3e + Vda < (a+b3+c)2 (D
bit z = a + Vbe — Vab, y:b+\/c>—\/%, 2 =c+ vVab— +/ca, ta co
THy+z=a+b+cvazy+yz+ 2z = Vadh+ Vb + Vcia.
Khi d6 bat ding thite (1) tré thanh
xy +yz+ zx < W (Iu6n dung).
VAy ta c6 bét dang thitc cin chitng minh. O
Cau 8.5.
a) Phuong trinh da cho tuong duong véi
Va2 + 12— 22+ 5 =3z — 5. (D

. A ) . ar
V1\/:c2+12>\/x2+5,VxERnen3x—5>0hayx>g.Khldo

1) & Va2+12—4=3x—-6++V22+5-3
2 2

e R VP S
V2 4+12+4 V2 +5+3
T+ 2 T+ 2
p== x—2< — —3)20
( ) V2 +12+4 V2 +54+3

xr =2

1 1
(:c+2)< =
VzZ+12+4 Vz2+5+3

VAy phuong trinh c6 nghiém duy nhét z = 2.

. 5
> =3 (Vé nghiém vi z > §) .

b) Sb cac sb tu nhién c6 ba chit s6 déi mot khac nhau ti thp X 1a A} = 60. S6 cac sb tu nhién c6
ba chit s6 d6i moét khac nhau tir tAp X va khong cé chii s6 5 1a A3 = 24. Goi X, X, lan luct 1a
cac bién co hai ban A va B viét 1én bang dudc s6 khong ¢é miit chit s6 5, ta ¢d

24 2 2 3

P(Xl):P(X2)=%=g:>P(E):P(E):1—525_

Goi X 14 bién ¢6 trong hai sb viét 1én bang c6 dting mét s6 cé chit sb 5, ta ¢6
X = YlXQ U X1Y2
Hai ban A, B viét ngiu nhién 1én bang nén cac bién ¢b Xi, Xo, X1, X la doc 14p. Do dé xac
suat ctia bién co X 1a
12

2,23_12
5 5 5 25

ol w

P(X)=P (X1)P(X2) +P(X1)P (X3) =
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O
Cau 8.6.
2vI+z— /8= ,
a) bat L = lim vitz— V8 x,taco
x—0 x
o [eviFr-2 2-¥8—=z
L = lim +
x—0 45 x
. 21+ 1) 8—(8—=x)
= lim + 3
2=0 |z (VI+z+1) :c(4—|—2\3/8—x+({”/8—x))
S 2 1
= lim + 5
=0 | Vit +1 4—}—2\3/8—:13—1—(\3/8—3:)]
SN Ny
- 12 127
. 2/1+z— 8-z 13
Vay lim =—.
x—0 x 12

b) Xét hai day sb (u,) va (v,) xac dinh nhu sau:
u; = min{c,d, 4} . v; = max{c,d, 4}
va

Uni1 = 24/Upn, Vn € N* Unt1 = 24/Un, VYn € N*.

Ta c6 up < 4; gid st uy, < 4, Vk € N* ta co
Ug+1 = 2\/ux < 4 = u, <4, Yn € N,
Lai co
Unt1 — Up = 24/Up — Up, = /Un (2 — Vup) 20, Vn € N*.

Tir d6 ta ¢ (uy) 12 ddy sb ting va bi chin trén bdi 4 nén héi tu. Gia st (u,) héi tu vé L ta cd

lim wu, = 4.
L =4 n——+oo

L>0 L=0 (loai
L:2\FL<:){ @[ (loai)

L? —4L =0
Tuong tu chiing minh dudc (v,,) giam, bi chan dudi va c6 gidi han nETw v, = 4. Tiép theo ta
chiing minh u,, < min {z9,_1,x2,}, Vn € N*. Ta ¢
u; = min{c, d,4} = min {z1, 22,4} < min {z1, 22} .
Gia st uy, < min {zop_1, 2o}, Yk € N*, cin chitng minh
Upt+1 < min{zogt1, Togro}, Vk € N*.
That vay, Vk € N* ta co
U1 = 23U = \/ug + /uk < \/Tap—1 + /T2l = Top1-

Suy ra
Up4+1 = 24/Uk < Uk + /Uk41 < T2k + /Tok41 = Top42.
Do dé
Upt+1 < min {xop41, Tant2} -

Tuong tu chitng minh dugc v, 11 > max {za,+1, Tant2}. Do do
Upt+1 < Min{Zop 41, Tonto} < max {Toni1, Tont2} < Ungi-

Laic6 lim wu, = lim v, =4nén lim z9, 1 = lim z9, =4.Vidy lim =z, =4.
n—-+o0o n—-+o00 n—-+o0o n—-+o0o n—-+o0o
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[l
Cau 8.7.
a) Goi N 1a giao diém ctia AD va BL,vi KB || AD || LC nén ta c6
AN LA KB-LA DN BD KA CL-KA
kB Ik - N="Ix ° e~ Bo kL PNT &L (1
Lai co
KAB = LAC = AKAB «~ ALAC = IL(j Igg KA-LC=KB-LA. (2)

Tu (1) va (2), tacd AN = DN hay N la trung diém AD, do d6 N trung v6i M. Ching minh
tuong tu ta cling c6 CK di qua M, tit d6 ta c6 AD, BL, CK dong quy tai M.

b) Goi H 1a giao diém thtt hai ctia (7) va (), ta c6

CLE = DMEviA CLE + EHC = 180° nén DME + EHC = 180°.

T d6 suy ra t giac M EH D noi t1ep duong tron; tuong ty tu t glac MHDF no6i t1ep dlI(jng tron.
Suwyra M, E, H, D, F nam trén mot dudng tron nén MED = MHD va MDE = MFE. Hon

—

nlta tam giac MHD can tai M nén MHD = MDH, suyra MED = MHD = MDH. Lai c6

— —

MBD = 180° —~ MDH — BMD va MDE = 180° — MED — DME. Tit &6 suy ra MBD = MDE,
do d6 MBD = MFE. Vay bbn diém B, E, F, C cung thuéc mot dudng tron.

O
Cau 8.8. Ta c6 phuong trinh tuong duong
n2+2n—4(m4+m2—m+1) =0.
Xem phuong trinh 13 phuong trinh béc hai theo 4n n ta c6 A’ = 4m* + 4m? — 4m + 5. Phuong trinh ¢
nghiém nguyén khi va chi khi A’ 1a mét so chinh phuong.
TH1: m =0, ta c6 A’ = 5 khong thda man.
TH2: m > 0,tacé A' = (2m2)* + (2m — 1)2 + 1 > 2m?2.
Mit khac A’ = (2m2 +1)% — 4(m — 1) < (2m? +1)°,
Do d6 A’ 14 s6 chinh phuong khi va chi khi A’ = (2m? + 1)2 sm=1.
n =2
n=—4 (loai).
Vay (m,n) = (1;2). O

V6i m = 1 thay vao phuong trinh dudc n? +2n — 8 =0 <
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9. D& thi chon hoc sinh gidi 16p 11 Quang Binh ndm hoc 2012-2013

Nguyén Minh Hiéu

— B PESO9

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2012-2013

Cau 9.1.

a) Hé da cho tuong duong véi

1 1
s+l+-+(@+1)= = 11
Y Y
1
(z+1)+ = = 13.
)
~ 1 N 2, \
batz + 1 = u, — = v, hé tr6é thanh
Y
u+v4+ur = 11 2u+4v)+2uv = 22
2,2 < 2
u* 4 S (u+v)*—2uv = 13.

Cong theo vé cic phuong trinh trong hé, ta co

u+v=>5

2
u+v)+2u+v) =35
(u+)? + 2(u+v) LHU:_?_

» V6iu+v=—T= uv =18 (v6 nghiém).

r=2

u=3 1

y v=2 y=73
>» VBiut+v=5=uv=6= =

u=2 r=1

v=3 :1

YT 3

Vay hé c6 hai nghiém (a:9) = (2 5 ); (ai9) = (1:5)-
b) Phuong trinh da cho tuong duong véi
4sin? zsin? 3z = 6 + 2sin 3z.
Ta cd 4sin® zsin?3z < 4va 6+ 2sin3z > 4, do db

sinz =1
e sin’3z=1 <
1 SO {sin&r:—l m

sin3z = —1 T=—g TRy

_7T k
cosx =0 x_§+7r

2

Vay phuong trinh c6 nghiém z = g + k2 (k€Z).

Cau 9.2.
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Nguy&n Minh Hiéu Phan 11. LOI GIAI

a) Pit L =lim (VT +n2 +1— V/nf+1),tacé

L = lim(\/n4+n2+1—n2+n2— 3n6+1)

nt*+n2+4+1-—nt nﬁ—(nﬁ—l-l)

= lim +
Vit +n?+1+n? n4+n2\3/n6+1+(\3/n6+1)2
. n?+1 1
= lim - - - 5
n? (Vi++ar+1) n4{1+§”/1+nlg+<\3/1+nl¢3)}
_ !
= 3

1
Vay L = —.
ay 5

b) Nhén thiy ring u, > 0, Vn € N*. Theo gia thiét ta c6

1

1 1

Uil = U0+ gaan € Ukt~ Un = gian
Do do ) ) )
2 1 _ . 3 2 _ . . I
UQ—UI—W, u3—u2—m,...,uz—uzfl—m.
Cong theo vé cac ding thitc trén duge
1 TL—].
1 1 1 1= (2013)
n__ 1 —— s o . =
Un T U= 90131 T o013z T T g13n 1 2012
Tt d6 suy ra
1 ’Vl—l
\ 1= <2013>
= |/ 2013 .
S u 2012
Dé thiy
1 ’I’l*l
( 1= (2013)
1<wu,= \2013+ 0T < /2014, ¥n € N*.

Theo bt déng thic AM — GM c6
14+1+---4+14+2014
—_—

_1sb 201
V2014 < — 101 14208
n n
0l 2013
l1<u,<1l+—,VneN".
n
Lai co

2013
lim(l—i—) =1=limu, = 1.
n

Vay limu,, = 1.

Cau 9.3.

75



9. D& thi chon hoc sinh gidi I6p 11 Quang Binh nim hoc 2012-2013 Nguy&n Minh Hiéu

a) Goi H la trung diém BC, tit gid thiét ta cé HA = HB = HC = HD = a. Suy ra AHCD 1 hinh
thoinén HD 1 AC ma SD 1 AC nén

AC L (SHD) = SH L AC. @)
Lai c6 tam gidc SBC déu canh 2a nén
SH =av3 va SH 1 BC. (2)

Tu (1) va (2), ta cod

SH 1| (ABCD) = SH L HD = SD = \/SH? + HD? = \/3a? + a2 = 2a.

b) Qua M ké dudng thing song song AC cit AD va CD lan luct tai I va P. Qua I, M, P ké cac
duong thang song song SD cat SA, SB, SC lan lugt tai J, K, Q. Khi d6 thiét dién can tim la
ngl gidc [JKQP. Tacd SD 1L AC nén IJKM va PQK M la cac hinh thang vuéng tai I, M va
P, M. Do dé

1 1
Srikgp = Srukm + Sporx M = §IM(IJ+ KM) + EPM(PQ + KM).
Dé thdy IJ = PQ nén

1 1
SrikqQp = 5(L]+KM)(IM+PM) = §IP(IJ+KM).

Ta co 3
OD AD 1 1 aV/3
AOAD « AOCB = - D—1Bp-%9
© OCB= 65~ B0 2~ 9P =3 3
Tu IP || AC, suy ra
IP DM DM -AC  xaV3
AC ~ DO DO av/3
3
Tu IJ || SD, suy ra
av3
IJ Al OM OM - SD (3 _x>2a
-7 0 _ 77 IJ = — — o )
Sb-4b_ob ~ 7= "op /3 (a—2v3)
3
Tt KM || SD, suy ra
. a\/g—x 2a
KM _BM _ . BM sp_ ) 2 (wia).
SD ~ BD BD av/3 V3
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Nguy&n Minh Hiéu Phan 11. LOI GIAI

Khi d6 X ,
Siikqp = 53 <2a —22V3 +2a — \%) = V3 (v3a - 22) 22.

Theo bat dang thitc AM — GM ta c6

\/?:a — 2x 4+ 2x 2 3\/3@2
Srikop < V3 ( = :

2 4

Dau bang xay ra khi va chi khi

V3a—20 =215 1= al/g.
2
Vay dién tich thiét dién IJK QP dat gia tri 16n nhat la S\EG khi z = af.

Cau 9.4.

a) V6i d = —2013, phuong trinh trd thanh

b)

zt + az® + bz + cx — 2013 = 0.

bat
f(z) = z* + az® + bx® + cx — 2013.
Khi d6 f(z) 12 ham sb da thitc nén lién tuc trén R. Ta ¢6 lirf f(x) = +oo nén ton tai hai sb
T—>T00

a < 0vaf > 0saocho f(a) > 0va f(8) > 0. Laico f(0) = —2013 < 0 nén f(a) - f(0) <0va
f(B)- £(0) < 0. Vay phuong trinh da cho c6 it nhat hai nghiém phén biét thudc hai khoang («; 0)
va (0; 8).

V6i d = 1, phuong trinh tré thanh
4 3 2 9 1 1
5+ ax’ +br*+ecx+1=0&2 +—2+ax+c-—+b.
T z
Gia st phuong trinh ¢6 nghiém zy. Khi dé
1 1 1 2 1\?
x3+2+axo+c-+b:0:><axo+c.+b) =<x3+2) .
J,‘O i) X0

Theo bat ddng thic Cauchy — Schwarz c6

1 2 1
<ax0—|—c‘+b) < (a®+0° + ) <x§+2+1).
Lo

:CO
>
2
X + -

9 1
T

Hay

1)? 1
x4+ — <(a2—|—b2—|—c2) 2+ S 4+1)edl+?+E>
&0 5

2

y 1 ;
bita+ — =t >2,tacd
0

2 2 2
b > —.
a”+0" +c¢ P
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9. D& thi chon hoc sinh gidi I6p 11 Quang Binh nim hoc 2012-2013 Nguy&n Minh Hiéu

Lai co
t2 4 ,
173 32— 4t —4>0e (t—2)(3t+2) >0 (dingdot > ?2).
7 4 A <A 9. 7 . A v 2 . \ 2 .
Do dba? +b*+c2 > §.Ta c6 diéu phai chttng minh. Dau bang xay ra khi va chi khi
2
9 ./L'O 1 a:b:c:g
xro = —1. o _2
a-c-—b—g.
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— s pEsO 10

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2011-2012

Cau 10.1.

a) Phuong trinh da cho tuong duong véi

(cosx + sin z)3 — 3cos x (sin2 x + cos? :U) —sinx (Sin2 x + cos? :U) =0

2

& 2sinzcos’z —2cosz =0

2

& 2cos”z(sine —cosz) =0
[cosz =0

<~
|[tanz =1
[z = g + k2w

& o (keZ).
Xr = Z +k71'

Vay phuong trinh c6 nghiém z = g +km,x = % +kr  (ke€Z).

b) Hé da cho tuong duong vé6i

r=1

(:U2—|—2:U)(233—|—y):9 22 +2c=3 {yzl
9 -~ g

(2 +2z) + 2z +y) =6 204+y=3 {:1;:—3

Vay hé da cho c6 hai nghiém (z;y) = (1;1) va (z;y) = (—3;9).

Cau 10.2. Taco

PR 2011 (1 — 22012) — 2012 (1 — 22011)

1 (1 — 22011) (1 — z2012)
(1—=)[2011 (1+ 2+ +22M) —2012 (1 + & 4 - - - + 22010)]
z—1 Q-z2Q+z+ - +220) 14+ 2+ -+ 22010)
(1-2)(-1—z—---— 22010 4 2011°011)
el (L= (L e+ +200) (1 42+ +2200)
(1-x) [($2011—1)+x(x2010—1)+-'-+$2010($—1)]
e>1 (1-—z)2(14+z+--+2200) (1424 4 £2010)
m(l_x) [(1:—1)(:1:2010+---+1+:v(x2009—|—---+1)+---+m2010)]
z1 Q-z2Q4+z+-- +220) 1+ 24 4 £2010)
—[56'20104----+1+$($2009—|—---+1)+-~-+:L'2010}
z—1 A+z4+---+220) (1424 ... 4 22010)
2011 +2010+4---4+2+1 1

2012 - 2011 -

Cau 10.3.
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10. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2011-2012 Nguyén Minh Hiéu

a) Goi H, K lan luot 13 trung diém SA va BC. Theo gia thiét M 14 trong tAm t&t dién nén M 13
trung diém HK. Do d6 ta c6

SM = %(ﬁ+57{):%[%§4+%(5@+@)] :i(ﬂJmS’_B)Jr@)
A
1 (5558 + 558+ 555F) = 1 (555D + 558 + 5557).

b) Tit cdu a), ta co
SM=-L 5D+ L SB+ L _SP.

48D 4SE 4SF
Mat khac M € (DEF) nén ta cd
! + ! + 1 —1@i+i+i—4
4SD '~ 4SE = 4SF SD  SE SF
L1 1 , s
Dat@—a,S—E—b,S—F—C,taCO(L—I—b—I—C—éLKhIdO
1 1 1 (a+b+c)? 16
—ab+ b g =R A
SD-SE " SE-SF T SF.gp @ thetca 3 3
D4u béng x4y ra khi va chi khi
4 3

=b=c=-=>8SD=SE=SF=-.
a c 3:> 1

VA 1 i 1 i 1
Y SD - SE " SE-SF ' SF-SD

dat gi4 tri 16n nhéat 13 1—36 khi SD = SE = SF = Z
O

Cau 10.4. Dita =z, b= 2y, c = 3z. T gi thiét ta cb a, b, ¢ > 0 v abc = 1. Bit ding thiic cin chiing
minh trd thanh
1 o 1 i 1
ad(b+c) (c+a) Aa+d
b2c? c2a? a’b?
2 —
a(b—l-c)+b(c+a)+c(a+b) 2
b2c? c2a? a’b? 3
+ + Z 5.
ab+ac bc+ba ca+cb” 2

Theo bat dang thitc AM — GM ta c6

w

>
) T2

w

b2c? H ab+ ac
ab + ac 4
c2a? bc + ba
+
bc + ba 4
ab? b
i ca—+c
ca + cb 4

= be; (1)

> ca; (2)

> ab. (3)
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Cong theo vé (1), (2) va (3) duoc

b2c? c2a? a’b? be+ca+ab _ 3%/ (abc)® 3
+ + = = =5
ab+ac bc+ba ca—+ch 2 2 2

Ta c6 bt ding thitc can chitng minh.
C4u 10.5. Goi ba da gi4c can dung lan ludt 1a M, N, P va dit

A3 =MNNNOP;
Ajpg=(MNN)\ Ai2z; Aiz=(MNP)\ Araz; Az = (NNP)\ Ajas;
A1=M\(NUP); Ay=N\(MUP); A3=P\(MUN).

Ky hiéu Sy la dién tich hinh H ta c6

Sa;, +Sa,, + 5415 + 5450 =Su Sa, + 845, + 54,5 +S4a,,=1 (1)
Sa, + 5415 +Say5 + 84105 =SSN & Say+ 5S4, + S4ps + 5455 =1 (2)
Sas + 5415 +Sa,5 + 84, =Sp Sas + 5413 + S84 +S4a,,=1. (3)

Cong theo vé (1), (2) va (3), ta c6

3SA123 +2 (SA12 + SA13 + SA23) + SA1 + SAz + SA3 =3.

.2 2 PN 7 A > , o .7 A 2 1 I
Gia su dién tich phan chung cua cac cap da giac déu nho hon 3 ta co

1
Sa,+Sa5 <z (4

3
1

Sa1; + 54505 < 3 (5)
1

SA23 + SA123 < g (6)

Cong theo vé (4), (5) va (6), ta c6
354,105 + 541, + 54,5 + 54, < 1.
Trit theo vé (1) va (ID), ta ¢
Say, + Says +Say; +Sa, + Sa, + Sa, > 2.

Piéu nay vé ly do hinh vudng cé dién tich bing 2. Ta ¢6 diéu phai chitng minh.

81

@

(1D



11. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2010-2011 Nguyén Minh Hiéu

— e pEsO 11

PE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2010-2011

Cau 11.1.

a) Phuong trinh da cho tuong duong véi

3sina —4sin®z 4 4cos®>x — 3cosz — 2(cosz —sinz) +1 =0

< 5(sinz —cosz) —4(sinz — cosx)(1 +sinzxcosz) +1 = 0.

2

Ditsinz —cosz =t, |t| < /2 = sinzcosw =

, phuong trinh tré thanh

2
5t—4t(1+ )+1:0<:>5t—4t—2t(1—t2)+1:0<:>t:—1.
- 1 x =k2m
V('iit:—1:>sinx—cosa::—1<:>sin(az—1) =—— <& 3 (keZ).

Vay phuong trinh c6 nghiém z = k27, x = 3% +k2r (k€ Z).

b) Hé da cho tuong duong vé6i

P H 1 H 1 16
z TES T = o=
. . rT+y xT—y 3
1 1 100
z+y)?+(z—y)?+ + = —.
(z+y)" +(z—-y) @tgE  @oyp 9
. 1 1 A e s
bata=z+y+ ——b=x—y+ ——, hé trd thanh
T4y r—y
[ (a =2
16 16 16 10
a+b=— a+b=— a+b=— b=—
3 o 3 o 3 & 3
100 136 20 10
a2—2+62—227 (a—l—b)2—2ab=7 ab:§ CL:?
| lb=2.
'{x:2
r+y=1 _
a=2 w+y+F:2 . y=-1
> V6i 10 = 1y 10 T=Y=9 & x:g
b= 3 r—y+—=—= _ :1 3
—y 3 r—y 3 1
LY~ 3
'{sz
10 PEERTE B THy= y=1
e )@= Tty 3 1 9
» VOi 3 = 1 < rTHy=- < =2
b=2 T —y+ =2 3 3
-y r—y=1 1
L y__g'
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Viy hé di cho c6 bbén nghiém

(z;9) = (2;1), (z39) = (2, 1), (z;y) = (2.}) va (x;y) = (2._})'

373 37 3
[l
A x A ]- \ ~ A \ N /. 7 . ,
Cau 11.2. De thay (—) la day s6 duong. Tt cong thic xac dinh co
In
1 1 1
0< = < —,
Tnt1 /3022 + 3, + 2011 Tn
e 5 1 O 1 o 1 :
suy ra ton tai gidi han cua () bat lim — = Lvatu = ,taco
Tn n—-+oo Zp Tyl /3022 + zp, + 2011
L 2 2 2
L= & L*(2011L° + L+30) = L
V30 + L +2011L2
& L7 (2011L° + L +29) =0
< L=0.
Lai co
3022 2011 1 12
Tng1 _ /8027 + 2 + :\/30++2011<).
Ty Ty n In
Vay
1 1)?
lim L = i \/30 + — +2011 (7> — /30
n—+oo  Tp n—-+oo n T
O
Cau 11.3.
(MNPQ)N (ABC) = MN
a) Tacé { (MNPQ)N (BCD)=PQ = MN, PQ, BC dbi mét song song hoic déng quy.
(ABC)N (BCD) = BC
» Trudng hop MN || PQ || BC, d& thdy M N PQ 1a hinh chit nhat nén 13 hinh thang cén.
> Truong hop M N, PQ, BC d6ng quy dé thiy
MQ # NP. )
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11. D& thi chon hoc sinh gidi I6p 11 Quang Binh n3m hoc 2010-2011 Nguyén Minh Hiéu

Goi K 1a trung diém BC ta c6

(KAD)N (MNPQ) = I
(KAD)N (BAD) = AD

=M AD.
(MNPQ)N(BAD) = MQ @l
1J | AD
Suy ra
(BAD)N (MNPQ)=MQ
(CAD)N (MNPQ) = NP
= MQ| NP. 2)
(BAD)N (CAD) = AD
MQ | AD
T dién ABCD déu nén
AM = DQ
AN =DP = AAMN = ADQP = MN = QP. (3)
MAN = QDP = 60°
Tu (1), (2) va (3), ta ¢c6 M N PQ la hinh thang can.
b) Ky hiéu Sy la dién tich hinh H ta c6
1 1
Savan = =AM - AN -sin60° = —xy - ﬁ = ﬁxy
2 2 2 4
1 . o 1 av/3 1 V3
SAMA[ = 5AMAISIH30 —§xT§—§aw
1 .. 1 a/3 1 V3
SANA[ = §ANAISII130 —ing—E(ly
Khi do
V3 V3 V3
Samar +Sanar = Saman & T W= e a(x +y) = 3xy.

Theo bit ding thitc AM — GM ta c6

(z+y)?  alz+y)  (z+y)?
< & <
4 A 3 1

4a
<:>§<x+y.

Goi H 1a trung diém AB, ta c6

HM:AM—AH::):—%
NC =AC - AN =a —y.

Xét tam giac THM va ICN c6

(e

IH = -IC
3
21 :>HM<NC<:>x—%<a—y<:>x+y<?a.
IM<§IN
4a 3a
Do d6 — < —.
o do 3 r+y< 5
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c) Tacod
M@Q=BM=a—x; NP=CN=a-y;
MN = /AM? + AN2? — 2AM.AN.cos600 = /22 + 2 — zy
Goi h 1a chiéu cao ctia hinh thang M N PQ ta c6

[MQ - NP % (e-y)? _1
_ 2 _ 22—y — _ - 2 1 42) —
h—\/MN 7 2 +y? —ay 7 2\/3(55 + y?) — 2zy.
Khi d6
1 1
Sunpg = §(MQ+NP)h:z(a—x+a—y)\/3(x2+y2)—2xy
1 1 8a(x +
LB ey = a2 - 2D
1
= 1(20,—8) 382—8?)824\1/3(2(1—8)\/982—8(18.

. 1
Vay Synpg = m@a — $)V9s% — 8as.

]
Cau 11.4. Dit f(z) = az® + (2b+c)x + 2d + ¢, g(x) = az* + bx3 + cx® + dx + ¢, ta cod f(4) = g(2).
TH1: a=b=c=d=0,tacd f(z) cd nghitm nén e =0 = g(x) = 0 = g(x) c6 nghiém.
TH2: a=b=c=0taco f(x) c6 nghiém nén 2d + e = 0 = ¢(2) = 0 = g(z) cd nghiém.
TH3: a=b=0,c#0,tacd f(x) = cx +2d+evag(x) = cx?® +dr +e.
> Néu ¢ > 0 thi xgrfoof(x) = 400 = ¢(2) = f(4) < 0 ma xgrfoog(x) = 400 = g(x) co

nghiém.
> Néu ¢ < 0 thi lim_f(z) = —c0 = g(2) = f(4) > 0ma lim g(z) = —c0 = g(z) b
nghiém.

TH4: a =0,b# 0, ta c6 g(x) = bx> + cx?® + dx + e 1a da thitc bic ba nén ¢ nghiém.
THS: o + 0, khi d6
> Néua > 0thi lim f(z) = 400 = ¢(2) = f(4) < 0 ma hm g(x) = +o00 = g(z) cbd

Tr—r—+00 IE—) oo
nghiém.
> Néua < 0thi lim f(z) = —00 = ¢(2) = f(4) > 0ma lim g(z) = —0c0 = g(z) cb
T——00 z—+oo
nghiém.
Nhu viy phuong trinh az* + b3 + ca? + dz + e = 0 ludén cé nghiém. O
Cau 11.5. Taco
2 3

TG GE 0

Data—E b:g,c ,suyraa,b,c>0vaabc=1.Tacod
y’ z
2 2 3
P = 1 + I + 1
et (3+1) @+ (Z+1) @+ ;1)

2b 2c 3a
(c+1)(1+b) + (a+1)(1+¢) + b+1)(1+a)
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Khi dé

2b 2c 3a )
cr0a+0) T arDir0 T 01D+~ 3
3[20(1+a)+2c(1+b)+3a(l+¢c)] =5(1+a)(l+0b)(1+c)
6b + 6ab + 6¢ + 6bc + 9a + 9ac = 5(1 +a+ b+ ¢+ ab + bc + ca + abe)
4a + b+ c+ ab+ be + 4ca > 10.

>

WV

wl
t e ¢

i

Theo bat dang thitc AM — GM ta c6

4a 4+ be > 2vV4abc =4 (1)
b+ 4ca > 2V4abc =4 (2)
c+ab>2vVabec =2 3
Cong theo vé (1), (2) va (3),tacod bat d.'fmg thitc cAn chting minh. O
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— B PESO 12

DE THI CHON HOC SINH GIOI LGP 11
QUANG BINH NAM HOC 2009-2010

Cau 12.1. biéu kién xac dinh —1 <z < 1. batu = *V1+z,v = *¥V1 -z (u,v > 0), phuong trinh

tré thanh

U=

2u —3uv +12 =06 (u—v)2u—-v)=0&
2u = v.

V6i u = v, suy ra
Wi+zrz="V1-rzel+z=1-z2<2=0 (thdaman).

V6i 2u = v. suy ra

1— 22010 ) .
9 201\0/14_7m _ 201m PN 22010(1 + x) =]l—-rxex= m (thoa man).

A . T " S 1 — 22010
Vay phuong trinh c6 hai nghiém x = 0va z = T3 910" O

Cau 12.2. DE thay (u,) 12 day s6 duong nén tit céng thiic xac dinh ta cé:

Uil = \/(u% + 3uy) (u2 + 3up, +2)+1

— \/(u%1 + 3upn)? + 2 (U2 + 3uy) + 1

= \/(u%+3un+1)2
= u? +3u,+1,VeN,

Khi dé
un+1+1:ui+3un+2:(un+1)(un+2),V€N*.
Do dé ) ) ) )
= = — , Ve N,
Hay 1 1 1
= — , Ve N*.
un+2 Un+1 Un+1+1
Do dé .
1 1 1 1 1 1
'Un:Z< - )Z - T2 At
—\ui+ 1w+ 1 u+1 w1 +1 2 uppr+1
Lai co

Uptl — Up = (u721+3un+1) — Uy = (un—i—l)2 >0, Vn € N*.
Suy ra (uy) 1a dy s6 ting, gia st (u,) c6 gi6i han 1a L ta cb
L=L*+3L+1sL=-1 (Wly)= lim u, = +oo.
n—+oo

A

Vay

. . 1 1 1
lm v,= lim |- ———+—— | =—.
n—+o0 n—+oo \2  Up41 +1 2
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Cau 12.3.

a)

b)

A D'
I
| J
B’ K : c g
Q | : ///
I ! ,
| 1 e
N A
\ | ’ a
3 | // //
\\ :// /’/ _ |- P
= SepetE
\\ e ,‘4~”””’ M D
/// 1
B C

Dét?z@,?z@,?:ﬁ,tacé

e
ﬁ = AD/:?—I—?;
1
mo- wom-t ol

a

IN = BN-BI=22+ 2

Tt d6 suy ra
T+ IR =2 (7 +9) = 2T

Do d6 ba vecto m, INvATJ déng phang. VAy bén diém M, N, I, J déng phing.

Trong mit phing (ABCD), goi P la giao diém cta IM va CD, ta ¢6 P € (MINJ). Trong
mit phang (CDD'C’), goi H la giao diém cta PJ va DD', ta c6 H € (MINJ). Trong mit
phéng (ABB'A"), goi Q 1 giao diém ctia IN va A'B’, ta ¢6 Q € (MIN.J). Trong mit phing
(A'B'C'D’), goi K 1a giao diém ctia Q.J va B'C’, tacé K € (MIN.J). Tit &6 suy ra MINK.JH
13 thiét dién cta hinh 14p phuong cit bdi (MINJ). Ta c¢6

DH bp DP DM

g g = D,H = .
DH _DJ_ Al _ AM v
Tuong tu
BK BQ BQ BN
Ok _CJ BI BN K="
Suy ra

2
IM:IN:JK:JH:\/%+952; MH = NK = v2(a — 1).

Goi p 14 chu vi clia thiét dién MINKJH, ta c6

[ 2
p=4 az+x2+2\/§(a—x).

Theo bit dang thitc Cauchy — Schwarz, ta ¢6
Gro) <2(F+e) o« Tre25(5+2)°
— xT NS — €T - r =z - \z € .
2 4 4 2\2

Do dé

p>4~\}§(g+x)+2\/§(a—x):3\/§a.

DAu bing x4y ra khi va chi khi z = %. VAy chu vi ctia thiét dién MINK JH dit gia tri nhé nhét
bing 3v/2a khi M, N 1an luct 13 trung diém ctia AD va BB'.
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O

1

H 2009}
2010

> — f(x). Ham sb g(x) x4c dinh va lién tuc trén [0; T

Cau 12.4. Xét ham sb g(z) = f (ac

Ta ¢co

9(0) = f<2010) = f(0);
1 2 1
< 010> - f(2010>_f<2010>’
+(505) '
01
2009 2009
g<2010> - f<1)_f(2010>‘
Cong theo vé cic ding thic trén, ta dugc

g(0)+g<20110>—|—g<20210>+ Tt (38(1)3) f(1) = f(0) = 0.

Do @6 ton tai ¢, 6 <2 h ( ) (>< . VA |
odotontaii, j (v6ii,j € Nji#£ jvai,j 009) sao cho ¢ 5010, 9 \ 3010 0. Vay g(x) ludén co6

[\)

[\~
o

2 1
09 } hay phuong trinh f(z) = f (ﬂc + —) c6 nghiém z € [0;1]. O

i 0
it nhat 1 nghiém tré [ ;
it nhat 1 nghiém trén doan |0 5010 2010

Cau 12.5. Bt ding thic di cho tuong duong véi

b A 2 /. 3 \
batz = , Y = = , bat dang thtc tré thanh
a c

i‘i‘ 1 —+ 1 >1
Vg3 T+y3  Vigz27

Theo bat déng thitc AM — GM, ta c6

[T _ 1 N 22 ‘
1+23 /U +=z)(22—z+1) 22+2
1 o2 [T 2
1+y3 ~ y2+2 1+237 2242

1 N 1 N L
x24+2 Y242 224272

Tuong tu, ta cling ¢

Do d6 ta cin chiing minh

—_

Titc 13 cAn chiing minh

1
+ + Z 5
2 c+a\? 2 2
(b—|—6> P ( ; ) 19 (a+b> P
a &
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That v4y, theo bat ding thitc Cauchy — Schwarz, ta cb

1 a2 CL2 a2

= > = .
(b+c)2+2 (b+c)2+2a> " 2024+ c2)+2a®  2(a®>+ b2+ ?)

a

Tuong tu, ta cling ¢

1 N b? ' 1 N ?
<c+a>2+2/2(a2+b2+c2)’ (a+b>2+2/2(a2+b2+c2)'
b c
Cong theo vé cac bit ding thitc trén ta c6 b4t ddng thiic cin chitng minh. O
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