VIV 7 | S asdion

CAC DANG TOAN CO YEU TO MAX- MIN TRONG SO PHUC
Giao vién: Truwong Ditc Thinh - Nguyén Thu Hang
Nhom gi4o vién ti€p strc Chinh phuc ky thi THPT 2021

Bai toan cé yéu t0 max-min trong s6 phttc la mot trong nhitng dang toan kho 6 trong chuong
trinh mon Toan THPT va thweong dwoc Ira chon ¢ cac cau VD-VDC mang tinh phan loai thi sinh.
Trong dé tham khao ctia b ndm 2021 ciing c6 mdt cau 6 mirc d nhu vay. Ching ta cung phan
tich cau 49 dudi nhitng géc nhin khac nhau dé€ tim ra cac hudéng xtt Iy cho dang toan nay.

A. Phén tich bai todn sé phirc trong dé tham khéo 2021
Vidy 1. (Cdu 49-Dé tham khdo 2021) Xét hai sd phtic 2,2, thoa man ‘Zl‘ = 1,‘2 ‘ =y

2
va ‘21 — 22‘ — /3. Gia trj 16n nhat ‘i’)z1 + 2, — 52" bang

A. 5—19.  B. 54419, C. —5+2v19. D. 5+2v19.
Phan tich hwéng giai
Déi voi dang todn c6 yéu t6 max-min trong s6 phiic ta ¢6 2 hudng tiép cin chinh nhu sau:

+) Hwong 1: St dung cac phép toan sé phitc lién quan t6i médun dé dwa bai toan vé
ham sd mot bién roi khao sat hoic dung cac bat dang thitc dé danh gia.

+) Huéng 2: Pwa vé bai toan cuec tri hinh hoc quen thudc

Can ctt vao yéu cau bai toan tim gia tri Ién nhat ctia bi€u thic ‘3z1 7, = 52" c6 dang
modun ctia mot tdng, bai toan ¢ thé dugc giai quyét néu ‘321 + zz‘ la mot hang s6, tir d6
ta manh dan di tinh ‘321 + 22‘ ttr cac gia thiét cua bai toan. Sau d6 ta sé sit dung mét trong

2 hudng ké trén hoac tong hop cac hudng dé két thiic bai toan.
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Loi giai tham khao
+ Trudc hét ta tinh ‘3z1 + zQ‘ ta c6 mot vai cach tinh nhw sau
Cdch 1: Tinh todn truc tiép
Day 1a cach tiép can don gian nhat cho bai toan chi st sung nhitng kién thirc co ban
cua s6 phttc d€ bién doi.
Dit 2, = a+bi,z, = ¢+ di v6i a,b,c,d € Rva i* = —1.Theo gia thiét ta suy ra
|=lea+b =1
2‘:2<:>02—|—d2:4
‘zl —22‘=\/§ & (a—c)l +(b—d) =3.

g

E

Khai trién va rat gon a* —2ac+ ¢ +b° —2bd +d* = 3 = ac+bd = 1.

Tacd 3z, + 2, = (3a +c) + (3b + d)i nén
‘3z1 - z2\2 =Ba+ec) +(3b+d) =9’ +b°)+ (¢’ +d*)+ 6(ac + bd) = 19.

Suy ra ‘321 +22‘ = \/E

Cdch 2: Str dung cdc ding thitc modun

D€ st dung cach nay doi hoi cac em phai c6 k¥ ndng bién d6i phép toan trén s6 phtic
& dang hinh thitc. Ta c6 dang thiic

‘mz1 + nzz‘2 =m’ ‘zlr +m’ ‘zzr + mn (21% + z_lzz) c

’ - , 2 - < - -
Dang thitc nay ta duwoc chitng minh nho hai tinh chat co ban ‘z‘ =2z VA z +z, =z +2,

That vay

‘mz1 + nz, ‘2 = (mz1 + 71,22>.(rrzz1 + nz2) = (mz1 s nz2)(7nz1 I nz2>

2 2 -
=m’ ‘zl‘ +m? ‘22‘ +mn (zl z, + zlz2) (diéu phai chttng minh).

Ap dung dang thitc trén ta duoc:

‘3z1 + 22‘2 = Q‘zl‘z + ‘22‘2 + 3(z1%+z_1.z2) =13+ 3(z1%+z_1.z2).
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Laico 3= ‘21 — z2‘2 _ ‘21‘2 n ‘22‘2 _ (Z1z_2 +z_1.z2) = (z1z2 + zl.z2) =2 . Thay lai ta duoc

‘3z1 + zQ‘ = \/E
Cdch 3: Swr dung hinh hoc

Dé st dung dwoc phap phép nay cic em can phai van dung linh hoat vé biéu dién

hinh hoc ctia s6 phitc, két hgp vdi kién thire vé vécto hay hé thiee lwgng trong tam gidc...dé
giai quyét bai toan.

Goi A, B,C, D1a cac diém biéu dién cua 2, 2,,3%,, — %, gia thiét tro thanh
‘zl‘zlﬁ)OA:l;‘szQ@OBzQ;‘zl—z2‘:\/§@AB:\/§.
Khi d6 [3z, + 2,| = CD.

y A

D

Stt dung dinh ly Cosin trong tam gidc OCD va d€'y CoD I AOB = 180° ta duoc

CD? = 0C? + 0D* —20C.0D.cosCOD =13 —12 COSCTOTD =134+12cos AOB

OA? + OB* — AB?

=13 +1275 =S =19 Suy ra 32, + 2, = CD = V19.

Tiép theo ta tim gi4 tri 16n nhit cua bi€u thic ‘321 + 2z, — 52"
Cich 1: Str dung bét dang thirc tam gidc 6 dang moédun

+ |5, + 2,| < |2, 47, Ding thirc xay ra khi va chi khi % =0

z,=0,3keREk>0:2 =kz,

)2

4] ==

. Péng thtic xay ra khi va chi khi
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Ap dung bat dang thikc tam giac 6 dang mddun ta c6

32, + 2, — 51| <[32, + 2| +|-5 = V19 + 5.

Dau bang xay ra khi 3z, + z, = k(—5z’), k>0=32 +2 = —19i.

Cdch 2: Swr dung hinh hoc

Goi M, N Tan luot 1a diém biéu dién cta 3z, +2,,5i suyra OM = \/E nhu vay M thudc

dudng tron tim O ban kinh R = /19 va can tim gi4 trj 16n nhat MN .

St dung két qua quen thudc ta dwgc MN < MO +ON =5+ J19 . N

Dau bang xay ra khi M,0,N theo thtt tu thang hang hay M (0; 19 ) .

Mot cach tong quat ta cd thé xay dung bai toan Max-min lién quan cac ¢ !
yéu td cua sd phtec theo cac dang sau: M

B. Cac dang toan thuwong gap £

Dang1l: S& dung bién déi dai sd két hop v&i cac bat dang thirc quen
thudc dé danh gia
1.Kién thirc can chuan bi:
1.1. Dang thirc Mddun:
Cho s phitc 2 = a +bi (0,b € R &4* = —1) modun ctiaz ky hiéu la |¢| va |+ = va* +?

2 —_—
+ z‘ :z.z;‘zl.ZQ‘z‘zl‘.‘zQ‘; —| =7

zn(nGN*);

2 2
+ mzl—l—an‘ :m2‘z1‘ —I—n‘ ‘ —|—mn(zz —|—zz>v01mn€Rvaz 2, eC.
2 2
Z+Z1—|—Z2| +z1_22|
2|

2 2
+ z—f—zl‘ —|—‘z—|—zz‘ =2

B, [l

+z+z‘— + 117,
Bl

1.2. B4t dang thirc thuong dung

LI V)

‘ voi 2z, 2,z €C.

VOi 2, 2,1a cac s6 phirc khac 0

+ B4t dang thikc tam gidc & dang modun
z,=0

‘21‘+‘ ‘ ‘z +z‘ Dangthucxayrakhlvachlkm 2, = 0,3k € Ryk > 0:
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z. =0

2

< ‘zl + zQ‘.Déng thitc xay ra khi va chi khi 5 =03k ERK<S0: 5 = ks,

2l =
+ B4t dang thitc Bunhiacopxky (ax I by)2 < (a2 + b2)<x2 = y2) ddu "="xay ra & 8-z
by

Vidy 2. Xét cac sO phtic 2,2, thda man ‘2z1 + zQ‘ _ \/g va ‘3z1 — 2z2‘ = 7. Gia tri 16n nhat
ctia biéu thitc T = |z, | +|z,| bang
A. 4. B. 5. C.2V3 D. 5.
Phén tich tim 1&i gidi : Tuong tu nhu dé minh hoa khi biét 2z, +z,| =35 va [3z,-2z,|=7 ta 6
thé tinh dwoc m*|z[ +n’|z,| = p, dén day dung bat dang thiic Bunhiacopxky la c6 thé danh
gia duoc T=|zl|+|zz|.
Loi giai

_ , -
Nhan xét z.z = ‘z‘ va z, +2, =2z +2,

35 = (221 + 22>(22_1 —|—z_2) = 4‘21‘2 + ‘22‘2 + 2(212—1—2_1,22)
19 = (32, - 25,)(35, —22,) = ]2 +4Js,[ —6(22,+ 22,

2 2 2 2
= 21|z + 7|2, =84=3[a] +]5,| =12

éﬂ][g\zlr e f] =4

R L SJ

Ding thitc xay ra khi va chi khi 2| =3 2| =
y ra khi va chi khi 5 ) & .
Bla)| +|o| =12

Vay gia tri 1én nhat ctia T béang 4.
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Vidu 3. Cho s8 phtic z théa man |z—1—-i|=5. Biét biéu thic T =2|z—-8i|-|z—7-9i| dat gi4 tri
16n nhat khi z=x+yi (x, yeR). Khi d6 gia tri x—2y bang
A.9 B. 8 C.7 D. 6
Phén tich tim I&i gidi : D& don gian ta dat u =z—1-i, khi d6 |u|=>5va can tim gia tri 16n nhat
ctia T =2[u+1-7i|—|u—6-8i|. Ta nghi dén bat déng thirc tam gidc & dang mddun, tuy nhién c6

mot tro ngai & day 1a hé s6 cuia z khong giong nhau do vay ta sé tim cach d€ duwa vé hé s6

giong nhau.
Loi giai

Goi u=a+bi;a,beR,i’ =-1, gid thiétsuyra a’ +b°-25=0.

T=2|u+1—7i|—\/(a—6)2 +(b=8)" +3(a? +b” ~25) =2|u+1-Ti|~4a® +4b* ~12a~16b+25

}

u—§—2i
2

2
=2|u+1—7i|—2\/(a—%) +(b-2)’ :2(|u+1—7i|_

Tt d6 T=2|:|—1+7i—u|— u—%—Zl} <2 —1+7i—u+u—%—2i =5\/§.
JkeR,k<0
u—%—Zz’:O _
Déng thitc xay ra khi va chi khi 3 <:>{ :4 -
(—1+7i—u)=k(u———2i) u=smd

juf =5
T u=4-3i=z=5-2i. Vay x-2y=9.

Ngoai ra ta ¢é thé st dung cong thirc can hé sd dé€ bién doi, tuy nhién cong thirc nay khong thuc

sw phd bién. Ap dung cong thtc |z, +z,| = %zl +%z2 V6i z,, z, 1a cac s6 phikc khac 0
“ “
Ta c6 \u—(6+8i)\=||6+8i|u— d -(6+8i) =2 u-3-2i.
‘ |u| |6+81| 2
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Vidy4. (Dé thi thitso GD&DT Hai phong 2021) Xét hai s6 phtic z,z, thoa man
|, +6—8i| =7 —|z,| va |5, — 2| = 3. Goi M,n lan luot la gié tri 16n nhat va nho nhét cta
biéu thirc P = |7, + 2z, + 21— 3i|. Khid6 M’ —n’ bing
A. 220. B. 124. C.144. D. 225.
Phan tich tim &1 gidi : Bi€u thitc can danh gia ctia bai nay tuong ty nhu dé tham
khao tuy nhién gia thiét cho rat kho dé tinh duoc |z, +2z,|. Tinh ¥ mot chit cic em sé
phét hiénra |6—8]=10=7+3 vanhu vay ta lai c6 thé dung bat dang thitc tam gidc &
dang modun.
Loi giai

‘zl—z2‘—‘6—82'H:7.

Gia thiétsuy ra 7 = |2, +- 6 — 8i —|—‘zz‘2‘z1—22—|—6—8i‘2

z,=0
Suy déng thirc twong duong [z, =0, 2, +6 —8i =kz,, k < 0.
z, —z, :m(6—8i), m <0

Do‘zl—zQ‘:3:>zl—z2 :I—S(G—Si).

+)Néu z, = 0 suy ra 1:1—3(6—81') = P =341,
+) Treong hop 2, = 0, 2, + 6 — 8i = kz,, k < 0 thay vao ta duoc

7

_M _ R = —_— — &7

o 10(k—1)( )= 10(k—1)(6 5.
Khid6 2, +22, = —2 P22 (6 g;). Dt o = —on 120 g T2 oy < 23
T 10(k-1) 10(k —1) 5 10

Thay vao ta dugc P = |z (6 — 8i) + 21— 3i| = V10027 + 300z + 450.

Khao sat ham s6 theo bién z ta dwoc 15 < P < 3\/Z .

Nhu vdy ta duoc 15 < P < 3v41 do dé M? —n* = 144.
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2+ 37Lz‘ =

Vidu5. Xétso phtc z thoa man 3 2 —3i Zz 4 9‘ . Goi M, m lan luot la gia tri

16n nhat va gia tri nho nhat cta |2 — 1+ 5i|. Khi d6 M* — 2m” thudc khoang
A. (0;13). B. [13;40). C. [40;55). D. [55;,70).
Phan tich tim &1 gidi : Gia thiét bai todn sé tré nén quen thudc néu cac em dé'y

73

‘2—31":

:|Z+3i|;‘z2 +9‘ :‘22 —9i2‘=‘(2—3i)(2+3i)‘-

Loi giai

Khai thac gia thiét, ta co:

2+ 9+

2 —i—3iz‘ = 8|2 + 3| « |2 — 3|2 + 3i| + |2 |2 + 31 = 3|z + 3

\z+3i\:0
\z—3i\+\z\=3'

+Truong hop 1: |2 + 3] = 0 4 2= =3 = [z —1+5i =|[-1+2] = 5.
+ Truong hop 2: ‘z‘+‘3i—z‘ =3.

Dit z =z +yi(z,y € R) va i = —1, khi do |2 =31+ = 3
= o + (33 +E =3 (1),
Tacs VT(1) = (3—y) +y =3—4| +]s| = 3=vP(1).

=0
0<y<3

Y 0 3
Vay |z —1+5i :‘—1+(y—|—5)i‘=\/y2+10y+26.
Khao sat ham sd f(y)=\/y2+10y+26véi 0<y<3.

Do do tir suy ra (1) & 1

f(y)/
Taduocm:\/g,M:\/%.SuyraMQ—2m2:55. 26
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Dang 2: S{r dung biéu dién hinh hoc cta s6 phirc

dwa vé cac bai toan cuec tri quen thudc

2.1 Cac quy tich co ban

Goi M(z;y) la diém biéu dién so'phitc z = = +yi (v, y € R) va * = —1.

Moi lién hé gitta z vd y

Két lugn tdp hop diém M(z;y)

o Az 4+ By+C =0.

La dwong thing
d:Ax+ By +C =0.

La dwong trung truc ctia dogn thing

o MA= MB.
Dang s6 phtrc ‘z —a— bi‘ = ‘z —c— di‘

AB.

(z—a) +(y—b) =R’
2+ 1y —2ax —2by +c=0

Dang s phtic |z —a — bi| = R

La dwong tron (C) c6 tdm I(a;b) va
bin kinh R = +Ja® +b* — c.

(z—a) +(y—b)’ <R
2 +y’ —2ar —2by +¢c <0

Dang s0 phtic ‘z —a— bi‘ <R

La hinh tron (C) co tdm I(a;b) va bin

kinh R=+a’ 4+ —c (dwong tron ké

cd bén trong)

o R’ <(z—a) +(y—b)’<R.
Dang s6 phtic R, g‘z—a—bz"ng

La nhitng diém thudc mién c6 hinh
vanh khin tao boi hai dwong tron
dong tam 1(a;b) va ban kinh Iin lugt
R va R,

2 2
T
s
a b

o

" ME+MF;:2a
=1 voi .
F;F2=2c<2a

Dang s6 phtrc ‘z — c‘ + ‘z + c‘ =2a

O va tiéu cw la 2¢ trong do

La mot elip co truc lon 2a, truc bé 2b

a*=b+c, (a>b>0).
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2.2 Mét sé két qué quan trong cén nho’:
Goi diém biéu dién cta sd phttc z, z, lanlwotla M, A.Khi dd ‘ 2 — zO‘ = MA.
Mot s bat ddng thirc hinh hoc thudng dung: A

1. Cho M di dong trén duong thang A, A 1a diém c6 dinh.

MA > d(4;A), d&u déng thite xdy ra khi va chi khi AM 1 A. 5
2. Cho M di dong trén duong tron (I;R), A 1a diém c8 dinh.
MA<AI+R,ddu"=" xéyra@ﬂTTﬂ@MzN.

I Wi A
,ddu"="xayra < AI 1| IM

3. Cho M di dong trén Elip (E) c6 truclén A, d6 dai 2a, tm I, A la

diém c6 dinh trén truc 16n /BQ\

c
MASAI+a,dé’u":"xéyra@ﬂﬁ]ﬂ. M T [Y3 A

MAZ\AJ—R

MAZ‘AI—a,dé’u = xéyra(:A_I.TlIﬂ.

4. Cho M di dong trén duong thang A. A, B 1a hai diém c& dinh khac phia véi A

MA+MB>AB ddu"="xayra < M =ABNA. 1
5. Cho M di dong trén duong thang A
Va A, B la hai diém c6 dinh cung phia v4i A Z
MA+ MB > AB'dau "="xayra < M = AB'NA trong d6 B' \
M x

d6i xttng v6i B qua A. M

6. Cho M di dong trén duong thang A

-
A, B la hai diém c6 dinh cung phia véi A
‘MA—MB‘ <AB ddu"="xayra < M =ABNA.

7. Cho M di dong trén duong thang A va A, B 1a hai diém c8 dinh khac phia véi A
‘MA — MB‘ < AB'dau"="xayra & M = AB'NA trong d6 B' d6i xtng véi Bqua A.
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Vidy6. Xéthais§phitc 2, w thoa man zz=1va [w—3+4i = 2. Gié trj 16n nhat ctia biu

thiec P = ‘z - w‘ bang
A5, B.S. C. 10. D.5+42.
Phan tich tim 1oi gidi: Ta thdy rz=1e ‘z‘ =1 nhu vy diém biéu dién cta hai s§ phtic déu ndm
trén duong tron va ta dua vé bai toan hinh hoc quen thudc: Tim hai diém trén hai duong tron

sao cho khoang cach gitta chiing la 16n nhat.
Loi giai
Goi M (x;y) 1a diém biéu dién cuas§ phitc 2, zz =14 > + ¢ =1 = M €(C,) 6 tam
0(0:0), bankinh R, = 1. Goi N la diém biéu dién cua s§ phitc w.
w—3+4]=2= N e(C,): (2 - 3)2 +(y+ 4)2 — 4, c6 tam I(3,—4), ban kinh R, = 2.

Do Ol =5> R + R, = (C’l);(CQ) nam ngoai nhau.

P=|z—u|=MN. Tac6 P~R —R,=MN—OM—IN <ON—IN <Ol =5= P <8.
Dau bang xay ra M, O, I, N theo tht tw thang hang.

Vay gia tri lén nhat ctia P bang 8.
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Vidy 7. (D& tham khao 2018) Xét 8 phic 2 = a + bi (@b €R| thoa man |- —4 - 3] = V5

Khi |2 +1-3i| +|z — 1+ dat gid trj 16n nhat thi gid tri P=a-+b bing

A.P=238. B. P =10. C.rP=4. D. P =6.
Phan tich tim 19 gidi: Ta thdy diém bicu difn cua s6 phitc M (a;b) duong tron. Véi bicu
thttc can danh gid c6 dang MA+ MB  thi ta c6 thé nghi dén bat dang thiic
Bunhiacopxky d€ dwa vé binh phuong d¢ dai va dung cong thitc duong trung tuyén hay
st dung tam ty cee cua mot ho diém dé danh gia tiép.

Loi giai

Goi M (a; b) la diém bifu dién caa sd phtic z.
Theo gia thiét ta co: |z —4 — 3i| = \/g & (a — 4)2 + (b — 3)2 = 5 = Tap hop diém biéu dién

s phtic 2 13 dudng tron tam I(4;3) ban kinh R = /5.

A(-1;3)

Gol B (1;—1)

= Q=] +1-3i+|z—1+4=MA+ MB

Goi E la trung diém cta AB, kéo dai EI cat duong tron tai D
& Q" < (MA+ MB) < 2(MA® + MB?)
Vi ME la trung tuyén trong AMAB
MA* + MB* AP’

= ME* =
2 4
2 A
= MA®> + MB* = 2ME* +Af !
2 2 A32 2 2 :
= Q* <2|2ME* + = AME® + AB”. : .
-1 x

Mit khidc ME < DE = EI + ID = 23/5 + 5 = 345

2
= Q< 4,(3\/3) +20 = 200

MA = MB
:>Q<10\/_:Q —10\/_4:) M=D

— — 4 =2z, —4) z, =6
& El =2ID & & &= M(64)= P=a+b=10.
2=2y,-3) |y,=4
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Vidu8.  (Dé thi thir THPT Trin Nhdn Tong-Quang Ninh 2019) Xét s6 phirc z thdéa man
|+ 1+1]+ 4|z =2+ 5 = 4|(1-7) 2= 4~ 24| . Gié tri I6n nhiit clia |z—1-3i] bing
A 43, B. 45. C. 3/5. D. 36 .
Phan tich tim o1 gidi: Trudc hét ta bién do6i cac bi€u thitc mdédun d€ dwa vé dang quen thudc.

Nhan xét véi moi s6 phtrc u,v ta cd ‘ ‘ v = [ue] v|

Gia thiét |z + 1+ + 4|z =2+ 5[ = 4|(1-1)z = 4 - 2]

|z +1+i+4]z-2+5] = 4|1-i] Yo |2+ 141+ 4]z —2—5i| = 42|z -1-3i]

z—

Goi M la diém biéu dién cta s6 phtc z, A(-L-1),B(25),1(1;3).

Gia thiét tro thanh MA +4MB = 42MI . Gia tri cAn danh gia ndm & vé& phai twong tw nhu

Vi du 7 ta nghi dén bat dang thitc Bunhiacopxky dé dua vé binh phuong d6 dai, tuy nhién

can lira cho hé s thich hop d€ danh gia dwoc vé phai. Rat may ta c6 duoc 14 +21B = 0 nén

MA® +2MB?* =3MI* + [4* + 2IB*. Tir d6 ta chon duwegc hé s8 cho bt dang thitc Bunhiacopxky.
Loi giai:

Gid thi€t |z +1+i+ 4[z =2+ 5i| = 4](1-1) 2= 4 = 21| = [+ 1+1| + 4]z = 2= 51| = 42|z ~1-3i]

Goi M la diém biéu dién ctia s6 phtc z, A(-L-1),B(25),1(1;3).

Gia thiét tro thanh MA+4MB = 42MI . Ta thay 14+ 2B = 0 tir d6 ta c6 danh gid sau

42MI =1.MA + 22 N2MB < \/(1 + (2#52))(MA2 +2MB?)

) — —\2 — =2 e —2
& 32MI £9((MI+IA) +2(MI+IB) )<:>32M12£9(3M1 +2MI(1A+2[B)+IA +21B )

& 32MP <9(3MI” +2MI1.0+ 14> +21B” ) < SMI* <9(20+2.5) < MI < 3-J6.

N\ 1
Diaubangxdyra ——=—— = 3 => Me
SR N RN YV

MA {MB:ZMA MA:% [ 8\/—] (13\/_)
MI =36 =3 3

Ma I4 = \/_ 0<—— \/_ + 3\/5 nén hai deong tron luén cit nhau hay ludn ton tai M.

Vay gié trj 16n nhét cia MI =36.
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Vidu 9.

(Dé thi tht Chuyén Ha Tinh Léan 2- 2021)

= 2. Gia tri nhé nhat ctia biéu thirc

Xét sO phirc z thay d6i thoa man ‘\/gz +1

z+\/§i

AL B. 10 c. 2. D. 8

Phan tich tim 1&i gidi: Lam dep lai gia thiét ta thdy rang diém M biéu dién cua s§

S:P—ﬂ+k+ﬂ+

bang

1 2
N R

S = MA+ MB + MC thdy ring A,B,C € (I;R) honnita AABC déu, dén dy ta st

phttc z thudc dwong tron tam [ [0; - :R = ——. Biéu thttc can danh gia la

dung mot két qua quen thudc néu M thudc cung nho AB thi MC = MA+ MB ti d6 ta
chi viéc danh gia MC'.

Loi giai
Goi M la diém biéu dién ctia s8 phtic z.
‘\/gz +i=2& |z + ﬁ = % = M thudc duong tron tam I[O;—%];R — %
Goi A(l;O),B(—l;O),C(O;—\/g). Tathdy 4,B,C €(I;R) va AABC deéu.
Khong mat tinh tong quat, gia s M thudc cung nhéd AB.
Lay diém £ € MC sao cho MB = MC do BMC = BMC = 60° \
nén MB = MC = BE . A
Tir d6 suy ra dugc ABCE = BAM (c.g.c) = MA= EC B
vadoddé MC = MA+ MB
=8 =MA+MB+ MC =2MC <2.2R = . c

3P

Déu “=" xay ra khi M,I,C thang hang.
Chii ij: Ban nao chuyén sau hon c6 thé st dung dinh ly Ptoleme cho t& giac ndi tiép AMBC
AB.MC = AC.MB + BC.MA clng suy ra duoc MC = MA+ MB (do AABC déu).
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Vidu 10. Xét sd phtec 2z thoa man ‘z +1-— z‘ + ‘z — 31 z‘ =6.Gia trilon nhat caa T = ‘z + 275‘ bang

A.@. B.%. C. 2. D.2++5.

Phan tich tim 1&i gidi: Nhin vao gia thiét ta thdy rang tap hop cac diém biéu dién cua 2 sd1a duong
Elip, do d6 ta dua vé bai toan danh gia khoang cach ttt mot di€m cu thé dén mot diém thay
ddi trén duong Elip. Kho khan gap phai 6 day la ta phai dua phuwong trinh duong Elip vé
dang chinh tic d€ thuan tién cho viéc tinh toan. Ta xét cach d6i bién sau

Dit 2 = u +a + bisa,b € R. Khidé ‘u+a+1+(b—1)i‘+‘u+a—3+(b+1)i‘=6.

ta duoc ‘u+(2—i)‘+‘u—(2—i)‘:6.

Ta ch b h a+1l=—-a+3 a=1
achon a,bsaochoy, . . < b—0

Dbén day chi viéc chia 2 v€& cho ‘2 + z‘ ta s€ dwa duoc Elip vé dang chinh tic.
Loi giai

Taco |z +1—i+|e =3+ =6 (:)‘(2—1)4—2—i‘+‘(z—1)—(2—i)‘=6

P i P28 an 22l ) taseduave ‘t+1‘+‘t—1‘:i.
—1 2—1 \/3 2—1 \/g
Nhu vay ta dwoc tap hop diém biéu dién ctia ¢ 1a mot duong Elip ¢6 truc 16n 2a = i, tiéu
)
ro72 2 2 4 \ \ , 5582 5y2
cx2c=2,dodd b =a" —c¢ =gsuyraphuongtrmhduongEhp:T—kT:l,(E).
Tt cach dat Z_l—t#z—<2—z>t+1thayva0T—‘ t+1+2z‘—\/_‘t+z‘

—1

Goi M (7;y)1a diém biéu dién cia t, M (z3y) € (E)va A(0;—1) khido T = V5MA.

9 y
! M
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2 9 5 2 5 14
Laicd MA* =2+ (y+1) =1 —-Z¢* |+ (y+1) =—=¢" + 2y +—.
: (y ) : 4y (y ) 41/ Yy 2

/4 \ ~N 14
Khao sat ham s6 f(y) = —zyQ + 2y +E,y €

2 2

5 Vb

ta duoc gia tri 16n nhét cta f (y) la % :

Thay vao ta dugc gid tri 1én nhat cta 7 la 32

Dang 3 : M&t vai cach héi khac cho bai todn sé phirc & mirc dé VD-VDC

Quan sat dé tham khao va dé thi chinh thtic qua cac ndm gan day chiing ta thdy rang cac
cau 0 muc do van dung cao thwong khong dap khudn theo dé tham khao ma chi lién quan
dén dé tham khao & mang kién thitc nhat dinh, vi vy ngoai viéc ndam chic kién thikc co
ban, thanh thao cac bai toan goc cac em con phai ren luyén thém tu duy nhay bén dé€ xx ly
duoc cac bai toan mét cach nhanh nhat. Dudi day la moét vai dang toan khac lién quan téi
cau sO phtrc mirc d6 van dung cao.

Vi du 11. (Pé thi thir sé GD&DPT Ha ndi 2021)

Xét hai s6 phitc z,z, thoa man |z|=|z+2,|=3 va |z -2z|=33. Gia tri ctia biéu thic

(32) +(z2)

A. 1458. B. 324. C. 729. D. 6561.

bang

Loi giai
Gia thiét |Z1 +22| =3 |Zl|2 +|Zz|2 +(le_2+z_lz2) =9,

|Z1 —22| =3\/§<:>|Zl|2 +|Z2

|2 —(zlz_2+z_lzz) =27.
Twr d6 suy ra |zl|2 +|zz|2 =18=>z2,+2z2,=-9 va |zz| =3,
Biéu thitc can tinh

(52) +(z2)

Vidy 12. C6 bao nhiéu s§ phrc 7 thod mén |z — 6| + |2 + 41| = |z — 3i| + |2 + i| va || < 20217

— 3 - - 2
(zlzz+zlzz) —3zlzzzlzz(zlzz+zlzz) | =1458.

= ‘—93 + 27|Z1|2 |Z2

A. 4032 B. 4034 C. 2021 D. 2020
Loi giai

D4t u =2 —i gid thiét tro thanh |u — 5 + [u + 5i| = [u — 24| + [u + 2i| = 2b .

Nhan xét dwoc 20 > |u — 51 —u —5i| < b > 5.
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+Truong hop 1: b =5 = u = +5i thoa man. e
+ Truong hop 2: b >5 goi M (z;y)la diém biéu dién
ctia u khi d6 M (z;y)thudc 2 Elip
l’2 y2 £U2 y? ~ ,
E: +==L(E):——+==1detha
( 1) b2_25 b2 ( 2) b2_4 b2 y
(E,)N(E,) = (0;4b) = u = +bi,

Véiu=bi:>z:(b+1)ido \4g2021:»5<b§2020.

Véiu:—bi:m:(—bﬂ)z’ do

|2 <2021 = 5 < b <2022. Vay c6 4034 8 = thoa man.
Vidy 13 . C6 bao nhiéu s phitc » thoa man 42° + |z + 3i| 2 — 84 = 0?
Al B.2. C.3. D. 4.
Loi giai
Ta c6 phwong trinh bac 2 theo zc6 a.c = 4.(—84) < 0nén phwong trinh luén c¢é nghiém

thiee. Do d6 2z € R, nén ‘z —|—3z" =22 49

VAay ta c6 42° + 2422 +9 —84 = 0 & 24/2° +9 = 84 — 477

2> =16

152" — 6817 + 7056 =0 | . 147 e=4
> T = < 147 -
2(84-42") >0 5 , = _ 147
2(84—42)> 0 5

Vay c6 2 s6 phtec 2z théa man.
Vi du 14. (Dé thi THPT NAM 2018)
C6 bao nhiéu s6 phitc z théoa man |z|(z-4—i)+2i=(5-i)z?
A. 2 B.3 C. 1 D. 4
Loi giai
Ta co |Z|(z—4—i)+2i:(5—i)z
& |Z|Z—4|Z|—|Z|i+2i = (S—i)z & z(|z|—5+i) = 4|z|+(|z|—2)i.

Lay modun 2 vé'ta dugc

el (12| 5) +1=(4l) + (1 -2) &

S| (=5) +1]=(4}el)’ +(2l-2)
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Dat t:|z

, t>0. Phueong trinh (1) tré thanh

£ [(t—s)2 +1} =(4) +(t-2) = ¢ (£ =10 +26) =176 — 41 + 4

t=1
t=1 t~8,95

S 100 +97 +4-4=0 o (t-1)(£ -9 +4)=0 | | &
£ -9 +4=0 |t~0,69
t~-0,64

. 7. Re o7 . _4t+(2_t)l N A 7 2 A M N e 7
Ung v6i mai gid tri ¢ > 0ta dwgc z=———— 1a 1 s8 phttc thoa yéu cau bai toan.

5—i—t
Vay c6 3 s0 phtrc z thdéa man.
Bl _lel el
, 3 4 5 ‘
Vidu 15. Xét cac sO phtkc 2,2,,2, = 0 thoa man 1252z, = 92,2, + 16z 2, . Gia tri ‘Zl + 23‘ bang
‘zl — 22‘ =10

A. 2413, B. 4413 . C. 2v10. D.@.

Loi giai

&

? 1 :?z t >0 suyra ‘zl‘ = 3t;‘z2‘ = 4t;‘z3‘ = 5t

323217 = 2, %%,% + 222z

2 2 2
252122 = 922z3 + 1621,23 < 25t 2z, = 9t 2,2, + 16¢ 22, & 2 ANA 22022

<:>z3:zl+z2<:>z3:zl+z2,
2 2
Suyra z, =2 +2, = ‘z3‘ = ‘zl ~|—z2‘
2 2 2 - - - -
<:>‘z3‘ :‘zl‘ +‘z2‘ +zlz2—|—zlz2<:>zlz2+zlz2:0.

Xét gia thiét |z, — 2, =10 & |5 + || — (zlg + z_1z2> — 100 < 25¢* = 100 = t = 4.

Ta co ‘zl + z3‘=‘2z1 + 22‘ = \/4‘z1‘2 + ‘22‘2 +2(zlg+z_lz2) = 4\/5.
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CAC BAI TOAN LUYEN TAP
Caul: Xétso phtc z thoa man ‘z — (3 + 42)‘ — \/g Goi M, m Tan luot la gia tri 16n nhat va gia tri
2 2
nho nhét ctia P=|¢+2 —|z—i . Tinhgidtri 4 = M* + m®.
A. A=1258. B. A=1758. C. A=1268. D. A=1287.
z,—2,|=22. Gid tri nho

Cau2: Xét cicsd phtic 2,,2,,z théa man |z |=|z,|=2,
nhat ctia biéu thirc P =|z|+|z -z |+|z - z,| bing
A P=2y2+2  B.P=2y2+3. C.P=y2+43.  D.P=v4+3.
Cau3: Xétso phttc 2 thda man ‘z +;‘ —l—‘z —;‘ = ‘zr.Gié trj 16n nhat cta ‘z—4+ 37L‘ bang

A4 +42. B. 412 c V5+2. D. V292,

Caud:  Xétcc s§ phic z,, 2, thoa man |z, — 142 = 3; |z, +2021 61 = |7, + 2021 — 4i| va s phtrc 2

thoa man ring biéu thirc P = |2 — 7| + | — 2,| dat gid tri nho nhat. Gié tri 16n nhat ctia |2] 1a
A. 2021 B.5 .31 D. V26
Cau5: Xétso phuc 2 théa man diéu kién 5‘z — z‘ = ‘z +1-— 37L‘ + B‘z -1+ z‘ . Gia tri 16n nhat cta biéu
thiic |2 — 2 + 3i| bing
A 35, B. 0. c. 25, D. 4/5.

Cau6: Xétcicsd phtic 2,2 théaman |z +5—4i |= 2z, —1+4i |va (1 - z) | 2, |= 2%— (2 —%)z . Gia tri

2 \
nhd nhatcua P = ‘zl‘ + 23 (zlz2 — 2122) bang

4 1 -1
A. —. B. P=—. C. P=0. D. —.
3 3

9
Cau7: Cho cdc s8 phirc w, 2 thoa man |w +i| = % va 5w = (2+1)(z—4). Gid tri 16n nhét cta
biéu thirc P = |z —1-2i[+|2 — 5 — 2 bang
A 67, B. 4+2V13. C. 253 D. 4/13.
Cau8:  Xéthaisdphtic 7,2, thoaman 2|7, + i = |5 — 2 —2i| va |z, — i — 10| = 1. Gid tri nho nhét ctia

biéu thirc |z, — z,| bing

A. 35 1.
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Cau 9:

Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

Cau 15:

[THPT Chuyén Lwong Vin Chanh-Pha Yén 2021] Biét rang hai s§ phtic z, ,z, thda man

|z, -3-4i|=3 va

zz+1+i

=%. SO phttc zco phan thuwc la @ va phan ao la b thda man

a—2b=5. Gia tri nhé nhat cta P=|z—zl|+|z—4zz| bang:

A. 130 B. V130 -2. C. /130 -3. D. \/130 -5.
Xét hai s6 phtic z thoa man z—\/§‘+ z—l—\E‘ :2\/§.Gié tri nhé nhat cda
P=lo+ 23 41| +]o—3v3 + 2 + |z — 3] a

A. 12. B. 6. C. 8. D. 10.

Xét z;,z, lacécsd phiic thoamén |z, —3+2i|=|z, -3+2i|=2 va |Z1 —Z2| =23 . Goi m,n Tan luot 1

gia tri 16n nhat va gid tri nho nhét cta |z, + z, —3-5i|. Gid tri ctia biéu thitc T = m + 2n bing

A T=3J10-2. B. T =6-4/10. C. 6-/34. D. 3/34-2.

Xét s8 phic z thoa man |z|<2. Gia tri nho nhat ctia biéu thic P =2|z+1]+ 2|z 1| +|z—Z - 4i

bang
A. 441243, B. 2+4/3. C 4+ 2 D. 2+ .
J15 J15

[Truong chuyén DH Vinh Ian 2 niam 2021] Cho céc s6 thuc b, ¢ sao cho phwong trinh
z> +bz +c =0 c6 hai nghiém phtc 2,2, théa man |z, —4+3i=1 va |z, -8—6i|=4. Ménh dé
nao sau day dung?

A. 5h+c=4. B. 5b+c=-12. C.5b+c=12. D. 5b+c=-4.

Xét s6 phirc 2,W thda man ‘z+1—z"+‘z—3+z":6 va ‘w—|—2—|—4z": . Giad trj 16n nhat

1
J5
ctia T = [z +w+2i 13 3Ja + b Khid6giatri a +b thudc khoang

A. O;g. B. E,E . C. %,B . D. 4;§.
5 6 5 5 6

Xét sd phtrc 2,2, 1a hai trong cac s6 phtic thoa man cac diéu kién
e~ =]z~ 1}|e, — 2,| = 4v/2 .56 phurc w thoaman 2|w +2 — i + 3|w — 1+ 2] < 62 Gid tri

nho nhat ctia T = |w— 2|+ |w - 2,| bing

A. 33, B. 42 C. 52.

43 Nguyén Chi Thanh, Quan Ba Binh, HA Noi

DT: + 84 24 62831777 Fox: + 84 24 62831777
Email: viv7@vtvvn  Website: www.viv7.gov.vn




