SO GD&PT VINH PHUC KY THI CHQON HQC SINH GIOI LOP 12
S— : CHUONG TRINH THPT CHUYEN NAM HQC 2019-2020
BE CHINH THUC PE THI MON: TOAN

Thoi gian: 180 phiit, khéng ké thoi gian giao dé

Cau 1.

n

x, +3

a) Cho day s6 (x,) dugc xac dinh béi x, =1 va x,, = v6i moi neN'. Chimg

minh rang diy sd (x ) c6 gidi han hiru han, tim giéi han do.

n

b) Tim tat ca cac ham s6 xéac dinh, lién tuc trong khoang ( 0; +00) va thoa man:

2 +2x-2
f(x)zf[xJr j+x i ); vo1 moi x > 0.

x+3 X+
Cau 2.
a) Cho sb tu nhién ¢>2 thdéa man a+1 cd udc nguyén td 1& p. Ching minh réng
(a”2 + l)fpz.

b) Ching minh rang tn tai vo sd nhitng s6 tu nhién »n sao cho (2019” +1) N

Ciau 3. Cho tam giac nhon ABC c¢6 dudng cao AH. Puong tron ndi tiép (I) cua tam giac
ABC tiép xtc v6i cac canh BC,CA, AB lan luot tai D, E,F. Pudng tron (4) c6 tim A4 ban
kinh AE cit doan thing AH tai diém K. Puodng thang IK cit duong thang BC tai P. Cac
duong thang DK va PK cit duong tron (4) 1an lugt tai O va T khic K.

a) Chtrng minh rang t&r giac TDPQ ndi tiép va ba diém O, 4, P thang hang.

b) Duong thang DK cat dudng tron () tai diém tht hai 1a X. Ching minh rang ba
duong thang AX,EF,TI ddng quy.

¢) Chiing minh rang dudng tron dudng kinh 4P tiép xtc véi dudng tron (7).
Cau 4. Cho P(x) 1a mot da thirc khac hang s6 véi hé s6 thuc sao cho tat ca cac nghiém
cia no déu la s6 thuc. Gid st ton tai mot da thie Q(x) véi hé s6 thuc sao cho
(P(x))’ =P(0Q(x)) v6i moi xeR. Chimg minh ring tat ca cdc nghiém cua da thirc P(x)
déu bang nhau.
Ciu 5. Mot tap hop gdom 3 s6 nguyén duong duoc goi 1a tip Pytago néu 3 sd nay 1a do
dai ba canh cia mot tam gidc vudng. Chirng minh rang voi hai tap Pytago P, O bat ky, ta
luén tim dugc m tap Pytago P,P,..,P, (m>2) saocho P=P, P,=Q va P(\P,#J Vb1

moi 1<i<m-1.

HET
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SO GD&DPT VINH PHUC

(Pap an co 05 trang)

HUONG DAN MON: TOAN

I. LUU Y CHUNG:

- Huéng dan chdm chi trinh bay mét cach giai voi nhimg ¥ co ban phai ¢6. Khi chim bai hoc

sinh 1am theo cach khac néu diing va du y thi van cho diém t6i da.

- Piém toan bai tinh dén 0,25 va khong 1am tron.

KY THI CHON HQC SINH GIOI LOP 12
CHUONG TRINH THPT CHUYEN NAM HOQC 2019-2020

- Véi bai hinh hoc néu thi sinh khong v& hinh phan nao thi khong cho diém tuong tmg véi phan

do.
II. PAP AN:
Ciu | Y Noi dung trinh bay Piém
1 R [ g - \ x,+2 . . *
a) Cho day so (xn) dwoc xdc dinh boi x, =1 va x, = ”+3 voi moi neN .
X
Chitng minh rang day sé (xn) c0 gidi han hitu han va tim giéi han do. 3.0
b) Tim tit ci cdc ham so xdc dinh va lién tuc trong khoding (0; +00) sao cho ’
x+2] X +2x-2
xX)= + , Vx>0
f( ) f(x+3 x+3
a . £ . n X . b+2 x p
Xét so b>0 la nghiém cua phuong trinh bzﬁ:bzx/g —1. De¢ thay
+
x, >0, Vn=1 nén ta co: 1,0
0<l,—|= o +2 b+2| | x-b | 1 Ly
X, +3 b+3| \x+3 (b+3)| 9
2
Suy r _xn+l—b|S—|xn—b|S[—j xnl—b|S[—) |xl—b|
. 1,0
Do hm[ j |x b| 0 nén theo nguyén ly kep suy ra limx, =b= V-1
b (x+2j Xt +2x-2 (x+2) x+2
Taco f(x)= + = f(x)= - +x
f( ) s x+3 x+3 f() / x+3/ x+3
2 2
Suy ra f(x)—xzf[er )—XJF , Vx>0 0,5
x+3/ x+43
< x+2
bat g(x)zf(x)—x:g(x)zg[—), Vx>0 (1)
x+3
s L . x +2 .
Chon a >0 tuy y, xét day (xn) xac dinh béi x, =a; x,,, == 3’ VneN.
X +
N A - 0,25
Hoan toan twong tu phan a) thi limx, =b=+3-1
Tu (1) suy ra g(a)zg(xl)zg(xz)=...=g(xn), VneN
Do ham g (x) lién tyc trén (0;+c0) nén
g(a)=limg(xn)=g(limxn)=g(\/§—l)=c 0,25

Suy ra g(x)zc hay f(x)=x+c¢ voimoi x>0.




Thir lai ta thdy ham s6 can tim 1a f(x) =x+c véimoi x>0, cla hing sb tay y.

a) Cho s6 tw nhién a>2 sao cho a+1 cé wéc nguyén t6 Ié la p. Chirng

minh rang a” +1' p*. 2,0
b) Chirng minh rang ton tai vé sé nhitng sé tw nhién n sao cho 2019" +1:n.

Tacod a” +1=(ap)p +1=(m+1)(mp’] -m" +...—m+1)=(m+1)A, véi m=a’. 0,5
Doplénén a” +1:a+1:p = m+1: p=m=—1(mod p). Do d6

A=m""'—=m"? +..—m+1=p=0 (mod p) 5

Suyra (m+1)4:p’, ticla a” +1ip’. 0,5
Trudc hét ta chimg minh ménh dé sau bang quy nap theo k: Cho s tu nhién a >2

sao cho a+1 co u6c nguyén t§ 16 1a p. Khido a” +1: p*, Vke N (1)

Theo gia thiét thi ta thay ngay (1) dung v6i k=1.

Gia sur (1) ding vdi £, ta chimg minh (1) ding véi k+1.

Ta ¢6 a’ +1 =(a”k )p +1 :(m+1)(m”'] -m"? +...—m+1) =(m+1)4, trong d6| 0,25
m=a" . Theo gia thiét quy nap m+1:p*. Lai c6 m+1ip=>m= —1(mod p).

Dodé A=m""' —m"? +..—m+1=p=0 (mod p)

Suy ra (m+1) 4: p™", tc 1a a’" +1:p™ . Vay (1) dang véi k+1.

Tré lai bai toan: Vi a=2019 thi a+1=2020 c6 udc nguyén to 1¢ 1a 5 nén theo

(1) céc sd ’n:Sk s& thoa méin 2019"+1§n.’ ) | oas
Chii y: Néu hoc sinh chiing minh trwc tidp 2019° +1:5", Vk e N thi vén cho t6i |
da diem.

Cho tam gidc nhon ABC cé dwong cao AH. Pwong tron ndi tiép (1 ) clia tam
gidc ABC tiép xiic véi cic canh BC,CA,AB lan lwot tai D,E,F. Puiong tron

(A) c6 tim A bdn kinh AE cit doan thing AH tai diém K. Puwong thing IK cdt
duong thing BC tgi P. Cdc dwong thang DK va PK cat dwong tron (A) lin ligt

tai Qva T khac K. 3,0

a) Chirng minh rang tir gidc TDPQ néi tiép va ba diém O, A, P thing hang.
b) Duong thing DK cit dwong tron (1) tai diém thir hai la X. Chirng minh ring
ba dwong thing AX,EF,TI dong quy.

¢) Chitkng minh rang dwong tron dwong kinh AP tiép xiic véi dwong tron (I )




B® i b » °c

2) Ta co @:@:%ﬁz%o—m:ﬁﬁ{:@.Suyratl'rgiéc TDPQ noi 10
tiép.
Ta co I?Q\AzA/K\Qzﬁ(\Hzl?D\I (1)
DE théy IF 14 tiép tuyén cua (4) nén ID* = [F* = IK.IT = AIDK ~ AITD 05
Suy ra KDI = ITD = KOP (2). Tix (1) va (2) suy ra KOA=KOQP .
Do d6 ba diém O, 4, P thiang hang.
0
T
> E
t
L I
Y
B H ‘ P °C
b Goi Y 1a giao diém th hai ctia AX véi (I ) .Taco
IX* = IF* = IKIT = ITX = IXK = IDX = AKX (Vi 4K ||ID) e
Lai co AK2’=AF2:E.E:>A/K7(:A/Y\K. Suy ra ITX = AYK . Do dé tit giac
XKYT néi tiép.
Xét ba dudng tron: (XKYT);(1);(A), lan luot c6 truc dang phuong la KT, XY, EF. 0.25
9

Do d6 ba duong thang K7, XY, EF dong quy tai tim dang phuong ciia ba duong




tron trén. Vay ba duong thiang AX, EF, TI dong quy.

Goi Z la giao diém tht hai cia duong thang PT voi dudng tron duong kinh AP.
Khi 46 AZ L KT va Z la trung diém KT. Do IE va IF 1a tiép tuyén ciia (4) nén

0,25
(TKSI)=-1, theo h¢ thirc Macloranh ta duoc SZ.SI = SK.ST =SX.SY .
Suy ra tir gidc XZYI noi tiép, suy ra 7YX = ZIX 0,25
Mit khac IXD = ITD = DOP = IX || PO = ZIX = ZPA. Vay ZYX = ZPA 0.25
Suy ra ti giac AZYP ndi tiép, suy ra Y thudc dudng tron dudng kinh AP. ’
Ve tiép tuyeén Yt cua (1), ta co
ﬁ(:%ify=9o°-1?¥=90°—ﬁ/=90°—17/17>=@.
, ; 0,25
Do d6 Yt 1a tiép tuyén cua duong tron duong kinh AP. Vay duong tron duong kinh
AP tiép xtic v6i dudng tron (1) tai diém Y (dpem).
Cho P(x) la mot da thirc khdc hang sé véi hé sé thuwe sao cho tit ci cdc nghiém
ciia né déu la sé thwe. Gida siv ton tai mét da thirc Q(x) hé sé thuc sao cho L0
(P(x)) = P(Q(x)) v6i moi x €R. Chitng minh rang tit cd cdc nghiém ciia
P(x) déu bang nhau.
Gia st P(x)=A(x-x)" .(x-x)" ..(x=x)", rong d6 x, <x, <..<x, 1a tAt ca 025
cac nghi¢m thyc cua P(x) . D@ thay degQ(x) =2= Q(x) =ax’ +bx+c. ’
Khi d6 ta duogc
k
A (x=x )" (=) (x=x )" = Al J(ax® +bx+c—x, )d'
i=1
Do d6 véi mdi chi s6 i thi nghiém cua da thie ax’ +bx+c—x 1a x,x,, voi s,t nao
b
d6. Theo dinh 1y Viet ta duge x, +x =—2. 0,25
a
Nhu vay tAt ca céc nghiém cta P’ (x) dugc chia thanh cac cap (xs,xt) ma téng cua
. . . . b
hai sO trong moi cdp bang nhau va bang ——.
a
Gia su x, ghép cdp véi x, va x, ghép cap voi x,. Tu x <x;x <x, va
X, +X =X, +X tasuyra x, =x;x =x,. VAy x, chi c6 thé ghép cip véi x,. Lap
luan hoan toan twong tyr suy ra mdi cip chi co dang (xj,x,ﬁlfj). Ap dung dinh ly | 0,25
Viettaco x,.x,, = % , V&1 m nao do.
‘ a
Y .. C—X N A . 1 -2 A +1
Do c6 dung k gia tri “ va cac s0 dang x.x,,, . chi chita nhi€u nhat >
4 ‘ ‘

K+l e o[ 0,25
gia tri phan biét nén k < ik Tur bat dang thic nay ta suy ra ngay k=1. Khi do ’
P (x) = A(x —X, )dl , VA suy ra tat ca cic nghiém ctia P(x) déu bang nhau (dpcm).

M5t tip hop gom 3 so nguyén dwong dwgc goi la tgi]g Pytago néu 3 sé nay la dp 1.0

dai ba canh ciia mgt tam gidac vuéng. Chirng minh rang voi hai tap Pytago P, QO




bét ky, ta luén tim dwoc m tip Pytago P,P,..,P, (m>2) saocho E=P, P =0
va PO\P, #J véimoi 1<i<m-1.

Bo dé: V&i mdi s6 nguyén duong n >3, ludn ton tai mot tip Pytago chia sb .

Ta chiing minh ménh dé trén bang quy nap theo n.

Dé théy ménh dé dang véi n=3,4,5 vi {3,4,5} la mét tap Pytago.

Xét n>6, gia st ménh d& dung voi moi s nho hon n, ta cin chimg minh ménh dé
dang véi n.

+ Néu n chén, n=2k thi 3<k <n. Theo gia thiét quy nap, ton tai 1 tip Pytago A 0,25
chira s6 k. Giasit A= {k, a,b} .Khidotap B= {n,2a,2b} la tap Pytago chura sb n.
+ Néu n 1¢, ta thay tap 4= {n;%(n2 —l);%(n2 +l)} 1a tap Pytago chira sd n.
Vay ludn ton tai mot tap Pytago chira s6 n.
Néu hai tap Pytago P,Q thoa mén yéu cau cta bai toan thi ta ndi cip (P, Q) la mot
cap “dep” vaki hi¢ula P~ Q.
Nhu véy ta can ching minh moi cip Pytago (P, Q) déulacap dep (1)
Nhdn xét: Ta chi can ching minh ménh dé (1) dung trong truong hop P = {3, 4, 5} .
Chung minh: Xét P = {3,4,5} va gia sir ¢l voi tap O la tp Pytago bat ki thi (P,Q)
la cap dep. Xét hai tap Pytago bat ki 1a O,R, khi @6 (P,Q) va (P,R) la cap dep 025
nén  ton  tai  day 0,0,..0, va R.R,,...R sao cho
0 =PR={345;0,=0:R=RvaQNQ,#Z;, RNR,, #D
Khi d6 day Q0 ,0. .,...0.R,.R,,...R théa min yéu cau bai toan. Suy ra (O.R) la
cap dep.
Qua phép ching minh trén ta ciing suy ra rang néu (P,Q) va (P,R) 12 hai cap dep
thi (Q,R) ciing 1a cdp dep.
Tré lai bai toan, xét P = {3,4,5} , ta tiép tuc chimg minh bai toan bang quy nap theo
phan tir nho nhat cia Q. Gia sit minQ=n
+Néu 3<n<5 thi hién nhién (P,Q) la cip dep.
+ Xét n>6, gia sir ménh dé ding véi moi s6 3<minQ<n.
* Néu n chin, n=2k thi 3<k <n. Theo bo dé va gia thiét quy nap thi ton tai mot
tap Pytago Q’ chira k va (P,Q") l1a cgp dep.
D@ thiy ring khi nhén tt ca cic phén tir ciia mot cap dep v6i s6 2 thi lai cho ta mot | 0,25
cip dep mai. Do d6 néu goi Q'= {k;x; y} thi cac cé@p sau la dep:
({n;2x;2y};{6;8;10}); ({n;2x;2y};Q) (vi c¢6 giao khac rong)
Mat khac ({6; 8;10} ;{3; 4;5}) cling 1a cap dep do chudi xay dung céc tap dep Pytago
sau: {6;8;10} ~ {815;17} ~ {9;12;15} ~ {5;12;13} ~ {3;4;5}
Vay O va {3; 4;5} tao thanh cap dep.
* Néu n 1é thi O~ {n;%(n—l)(nJrl);%(n2 +1)}. Theo bd d thi ton tai tap Pytago
0,25

R chua %(n+1) va tap Pytago H chtra n—1.




Tu 33%(n+1)<n va 3<n-l<n nén theo gia thiét quy nap ta co
R~{3;4;5};H ~{3;4;5}. Do d6
{n;%(n—l) n+1);%(nz+1)}~(n—1)R~(n—1)P~3H~3{3;4;5}={9;12;15}~{3;4;5}

(
Vay O va {3; 4; 5} tao thanh cap dep va bai toan dugc chirng minh hoan toan.




