SU DUNG PHUONG TiCH - TRUC PANG PHUONG
TRONG BAI TOAN CHUNG MINH PONG QUY, THANG HANG

PHAN 1: PAT VAN PE

Céc bai toan Hinh hoc phing 1a mot phan quan trong trong cac chuyén dé
toan hoc va dong thoi néd cling 14 mot mang khé trong chuong trinh toan THPT
chuyén. Chinh vi thé trong cac ki thi hoc sinh giéi qudc gia, thi Olympic Toan
quéc té va khu vuc, nhitng bai toan Hinh hoc phéang ciing hay duoc dé cap va
thuong duge xem 1a bai toan kho cua ki thi. Trong cac dang toan lién quan dén
Hinh hoc phang thi bai toan dong quy, thang hang vira duoc coi 1a bai toan quen
va la, vira d& vira kho. Boi bai toan dong quy, thang hang da dugc 1am quen tir
khi cac em bat dau hoc Hinh hoc cho dén ching ta cam thay rat quen thudc voi
Hinh hoc n6 van hién hitu. N6 lai 14 bai toan c6 tAn suit xuét hién nhiéu nhét
trong tit ca cac ki thi HSG cac cip voi rat nhiéu hinh thai khac nhau, mic do
khac nhau thm chi 1a rat kho.

Céac em hoc sinh bic Trung hoc phd thong thuong gip mot sé kho khin
khi tiép can cac dang toan lién quan dén bai toan dong quy thang hang ndi riéng
va bai toan Hinh hoc phing néi chung bai khong biét phai bat dau tir dau va kho
khin khi dinh huéng vé& hinh phu. Cai kho cta cac em chinh 1a khong nam dugc
tuong tan cac phuong phap giai quyét tir @6 dan dén kho khin trong khau dinh
hudng. Pé hiéu va van dung tdt mot sb dang toan co ban va van dung kién thtrc
Hinh hoc phang vao giai toan dong quy thang hang thi thong thuong hoc sinh
phai co kién thirc nén tang Hinh hoc tuong d6i ddy du va chic chan trén tat ca
céc linh vuc cta nd. D6 1a mot kho khan rat 16n ddi vai gido vién va hoc sinh
khi giang day va hoc tap phan cac kién thiic can thiét trong Hinh hoc.

Trong s rat nhidu cac phuong phap dé giai quyét bai toan dong quy,
thang hang tac gia lua chon cong cu “Phuong tich, truc dang phuong”. Pay 1a

mot trong nhimg cong cu manh va hitu hiéu dé giai quyét 10p bai toan nay.



PHAN II. NOI DUNG
SU DUNG PHUONG TiCH - TRUC PANG PHUONG
1.1 Ly thuyét
1.1.1 Phuong tich ciia mét diém dodi véi duong tron.
Pinh 1y 1.1 Cho dudng tron (O; R) va diém M cd dinh, OM = d. Mot dudng
thang thay d6i qua M cit duong tron tai hai diém A va B. Khi d6
MAMB = MO* -R* =d* - R?
Chirng minh:

A

e

N y
\
C
Goi C 1a diém d6i xtmg ctia A qua O. Ta ¢ CB L AM hay B 1a hinh chiéu cta C
trén AM.
Khi doé ta co
MAME = AN = VC.MA (M0 + OC) (V0 + Od) ~ (M0 - 04) (0 + OA)
=MO -04 =0M>-04" =d* - R’
Pinh nghia. Gia tri khong d6i MAMB=d>-R* trong dinh 1y 1.1 dugc goi 1a
phuwong tich ciia diém M doi v6i duong tron (O) va ki hiéu @, -
Khi d6 theo dinh nghia ta ¢6 o =MAMB=d* - R’

Pinh 1y 1.2 Néu hai duong thang AB va CD cét nhau tai P v PA.PB=PC.PD thi
4 diém A, B,C, D cung thuoc mot duong tron.

Chirng minh. Gia sir dudng tron ngoai tiép tam giac ABC cit CD tai D’. Khi d6
ta c6 theo dinh 1y 1.1 ta ¢c6 PAPB=PC.PD',suy ra PC.PD=PC.PD'= D=D'. Suy
ra 4 diém A, B, C va D cung thuéc mot duong tron.

M&ét s6 tinh chat



1) M nam trén dudng tron (O) khi va chi khi Purio) =0
M nim ngoai dudng tron (O) khi va chi khi Pri0) >0
M nam trong dudng tron (O) khi va chi khi ¢ Mio) < 0

2) Khi M nidm ngoai dudng tron (O) va MT 1a tiép tuyén cua (O) thi
/(0 =MT*

3) Néu A, B ¢b dinh va AB.AM =const =M cb dinh. Y tudng ndy gilp ta giai cac
bai toan vé dudng di qua diém cd dinh.

4) Cho hai duong thang AB, MT phan biét cit nhau tai M (M khong trung véi
A, B, T). Khi d6, néu m4MmB=m7* thi dudng tron ngoai tiép tam gidc ABT tiép
xuc vo1 MT tai T.

1.1.2. Truc ding phwong ciia hai dwong tron.

Pinh 1y 1.3 Cho hai dudng tron khong dong tam (O;; Ry) va (O; Ry). Tap hop
cac diém M c6 cung phuong tich dbi véi hai dudng tron 1a mot duong thang,
duong thang nay dugc goi 1a truc dang phuong cta hai dudng tron (O1) va (02).

Chirng minh:

01 H I 02

Gia st diém M c6 phuong tich dén hai dudng tron bang nhau.

Goi H 14 hinh chiéu cua M trén 0,05, T 13 trung diém cta 0,0,. Ta cé:



Do) = Prion) & MO} =R} = MO; =R} < MO} —MO; = R} — R}
& (MH? + HO? ) ~(MH” + HO, ) = R} =R} < HO — HO,” =R} - R,

& (HO, - HO,)(HO, + HO,) = R} - R} < 0,0,2HI = R} ~ R;
(1)

R R

o IH =212
20,0,

~

Tir day suy ra H ¢6 dinh, suy ra M thudc duong thang qua H va vudng goc voi
0,0..

Vay tap hop nhitng diém M c6 phuong tich ddi véi hai duong tron bang nhau 13
duong thang di qua diém H (xac dinh nhu (1)) va vudng goc véi 0,0,.

Mot s6 hé qua

Cho hai dudng tron (O;) va (O,). Tir dinh 1y 1.3 ta suy ra dugc cac tinh chat sau:
1) Truc dang phuong cta hai dudng tron vudng goc véi duong thang ndi tm.

2) Néu hai duong tron cat nhau tai A va B thi AB chinh 14 truc dang phuong cua
ching.

3) Néu diém M c6 cung phuong tich dbi v6i (O)) va (O,) thi dudng thang qua M
vudng goc véi 0,0, 14 truc dang phuong ciia hai duong tron.

4) Néu hai diém M, N ¢6 cung phuong tich dbi voi hai dudng tron thi dudng
thang MN chinh 14 truc dang phuong ctia hai dudng tron.

5) Néu 3 diém c6 cung phuong tich d6i v6i hai duong tron thi 3 diém d6 thang
hang.

6) Néu (O)) va (0,) tiép xtic nhau tai A thi duong thang qua A va vudng goc vai
0,0, chinh 1a truc dang phuong cua hai dudng tron.

1.1.3. TAm ding phuwong.

Pinh 1y 1.4 Cho 3 dudng tron (C)), (C,) va (C3). Khi d6 3 truc dang phuong cua
cac cap duong tron hodc tring nhau hodc song song hodc cing di qua mot diém.
Néu céc truc dang phuong d6 cung di qua mot diém thi diém d6 duoc goi 13 tim
dang phuong cta ba dudng tron.

Chirng minh.



Go1 dj la truc dang phuong cta hai dudng tron (C) va (C;). Ta xét hai truong
hop sau.

TH1: Gia str c6 mot cip dudng thang song song, khong mat tinh téng quat ta gia
su dyz // das.

Ta ¢6 d, 100,,d, 10,0, suy ra 0,0,,0, thang hang. Ma d,, L 0,0,suy ra
d/dylld,

TH2: Gia st di; va da; c6 diém M chung. Khi d6 ta co:

Puio) =Puio,) B Med
_ = Pui0) = Cuio,) = M €ady;
Pui0,) = Puio,)

T day suy ra néu co hai dudng thang tring nhau thi d6 ciing 1a truc dang
phuong cta cip dudng tron con lai. Néu hai truc didng phuong chi cit nhau tai
mot diém thi diém d6 ciing thudc truc dang phuong con lai

Mét sé hé qua.

1) Néu 3 dudng tron d6i mot cat nhau thi cac day cung chung cing di qua mot
diém

2) Néu 3 truc dang phuong song song hoic tring nhau thi tim cua 3 dudng tron
thang hang.

3) Néu 3 duong tron ciing di qua mot diém va co cac tim thang hang thi cac truc

dang phuong trang nhau.



1.2 Bai tap minh hoa

Bai 1 (VMO 2018). Cho tam giac nhon khong can ABC va D 1a mot diém trén
canh BC. Trén cac canh 4B, AC léy cac diém E,F sao cho DEB = DFC va
DF,DE lan luot cit cic canh AB,AC tai M,N. Goi (1,).(1,) lan luot 1a céc
dudng tron ngoai tiép cac tam gidc DEM,DFN. Ky hiéu (/) la duong tron tiép
xtic véi (I,) tai D va tiép xtc véi 4B tai K, (J,) la dudng tron tiép xtc véi
(1,) tai D vatiép xtic véi AC tai H. Goi P 1a giao diém cua (1,) va (I,), O la
giao diém cta (J,) va (J,) (P,Q = D).

a) Chung minh rang P,Q,D thang hang.

b) Cho dudng tron ngoai tiép tam gidc AEF cat dudng tron ngoai tiép tam giac
AHK va duong thiang 40 tai G va L(G,L# A). Ching minh rang tiép tuyén tai
D cua dudng tron ngoai tiép tam gidc QLG cat dudng thang EF tai mot diém
nam trén dudng tron ngoai tiép tam giac DLG.

Loi giai

a) Do duong tron (J,) tiép xtic trong véi duong tron (DEM) tai D va tiép xtic
v6i EM tai K nén theo tinh chit quen biét, DK 1a phan gidc trong ciia goc

EDM, tuong tu EDN. Do hai goc ndy d6i nhau nén D,K,H thang hang. Tir gia



thiét DEM = DFN, suy ra ADEM ~ ADFN. Dé y rang K,H 1a chan cac duong

phan giac trong goc D trong cac tam giac trén nén AKD = AHD. Do vay AAKH

can tai A.
Taco P, =AK’ =AH =P, = A,D,0 thang hang.

Mat khac do tu giac EFNM ndi tiép nén

= AEAM = AF AN = P, . = A,D, P thang hang.

P A1)

A/(1)
Vay 4,D,P,0 thang hang.

b) Trudc hét ta chimg minh rdng G thudc duong tron (AMN). That vy, ta co

GKE = GHF va GEA=GFA (cung chin cung (/?74\) nén ciling cé EGK = FGH.
Suy ra AGKE ~ AGHF.
Tu nhan xét ADEM ~ ADFN va K,H la chan cac duong phan giac trong goc D

clia cac tam gidc ndy (¢ phan a), ta c6 KE _ E tur day va do AGKE ~ AGHF
KM HN’

ta suy ra AGEM ~ AGFN = GMA = GNA. Viy G thudc duong tron (AMN). Xét
cac dudng tron (AGEF),(AGKH),(AGMN) c6 céc truc dang phuong (cua timg
cap) 13 AG,EF,MN dbng quy. Trong t& gidc toan phdn EFNMSA, ta c6
A(M,N,S,D)=-1. D& ¥ ring 4,L,D thang hang (theo két qui cau a) va Q

thudc duong tron (AGKH )

— e

(do KOH = KOD + HOD = AKH + AHK =180° — KAH) nén ap dung phép chiéu 4
1én cac duong tron (AEF),(AGK), ta suy ra céc ti gidc GELF va GKQH diéu
hoa.

Tt tinh chat ddng dang cua cac tam giac & trén, ta co

DE DK EK GE GK
DF DH FH GF GH

. Do vay cac duong tron (GDQ),(GLD) 1a cac

duong tron Apolonius qua dinh G trong cac tam giac GKH,GEF. Do D vatam

cua duong tron (GDQ) déu ndm trén dudng thang KH nén tiép tuyén tai D véi



(GDQ) vubdng gbc v6i KH va vi KH 1a phan giac ngoai cua EDF nén giao
diém T cua tiép tuyén nay voi EF chinh 13 chan dudong phan gic trong goc
EDF cla tam gidc ADEF. Vay T phai thudc dudng tron (GLD).

Bai 2 (VMO 2014) Cho tam giac nhon ABC ndi tiép duong tron (O), trong d6
B, C ¢ dinh va A thay ddi trén (O). Trén cac tia AB va AC lan luot 1dy cac
diém M va N sao cho MA = MC va NA = NB. Cac dudng tron ngoai tiép cac
tam giac AMN va ABC cit nhau tai P (P=A4). Duong thang MN cét duong
thang BC tai Q.

a) Chung minh rang ba diém A, P, Q thang hang.

b) Goi D 1a trung diém cta BC. Cac duong tron ¢ tdm 1a M, N va cung di qua
A cit nhau tai K (K #4). buong thang qua A vudng goc vdi AK cat BC tai E.
Puong tron ngoai tiép tam giac ADE cét (O) tai F (F # A4). Chimg minh rang
duong thang AF di qua mot diém cb dinh.

Giai:




a) Khong mat tinh tong quat, ta gia sit AB<AC nhu hinh v&, cac truong hop
con lai hoan toan tuong tu. Khi d6, M nam ngoai doan AB va N nam trong doan
AC. Do NA = NB nén NBA = NAB va do MA = MC nén MCA = MAC . Tt day suy
ra NBA=MCA hay ti giac BMCN ndi tiép va khi d6 ta duoc QM.QN = QB.QC.
Tir day suy ra Q c6 cung phuong tich dén hai dudng tron (O) va (AMN) nén né
nam trén truc dang phuong cta hai dudng tron nay. Truc dang phuong dé chinh
1a day chung AP nén suy ra A, P, Q thing hang.

b) Ta thiy rang duong tron (ODC) tiép xtc véi (O) tai C nén truc dang phuong
ctia hai dudng tron nay chinh 1a tiép tuyén d cta (O) & C. Ta s& chimg minh rang
O € (ADE).

That vay, ta c6 O,M cung nam trén trung truc cua AC nén OM L AC. Tuong tu
thi ON 1L AB nén O la tryc tdm tam gidc AMN. Suy ra AO L MN.

Xét hai duong tron (M, MA), (N, NA) thi do day chung vuong goc voi duong
ndi tdm nén ta c6 AK L MN. Tur day suy ra A, O, K thang hang nén OAE =90°.
Hon nita, ta cling ¢c6 ODE =90° nén t&t giac AODE ndi tiép hay O € (ADE). Do
do6, truc dang phuong ciia (ADE) va (ODC) chinh 13 OD. Ngoai ra, truc dang
phuong cua (O) va (ADE) 1a AF.

Xét ba duong tron (0), (ADE), (ODC) c6 céc truc dang phuong cia timg cip
duodng tron la

OD, d, AF nén ching s& dong quy tai mot diém. Vay AF di qua giao diém cta
OD vo61 duong

thang d va d6 1a mot diém cd dinh.

Nhan xét.

Cau a) ctia bai toan nay co thé d& dang giai quyét bang ¥ tudng ching minh céac
diém B, M, N, C cung thugc mét duong tron Q va cac doan AP, MN, BC déu la
cac truc dang phuong twong ung cta hai trong ba dudng tron (0), Q, (AMN)
nén sé& dong quy tai tim ddng phuong Q. Hudng tiép can nay c6 thé nhan thay

duoc.



Tuy nhién, ¢ y b) do co su xudt hién cia nhiéu duong tron, duong théng hon voi
yéu cau “di qua diém cb dinh” thi nhiéu ban gip khé khan. Nhung néu dé y can
than ta c6 thé dé dang tim duoc diém ¢d dinh I béng cach cho A tién dan dén hai
diém ddi xtmg véi B, C qua tam (O) dé phat hién ra rang diém c6 dinh néu c6 thi
phai ndm trén tiép tuyén cua (O) tai B, C. Va ciing khong khé dé nhan ra mo
hinh quen thudc vé tir gidc diéu hoa hodc dudng dbi trung. Cu thé thi ABEC 1a
tr giac diéu hoa tuong ung véi AF 1a duong d6i trung cua tam giac ABC. Loi
giai néu trén thuc té 1a ching minh lai cc tinh chat cia m6 hinh ndy ma thoi. Ta
biét trong trong tir giac diéu hoa thi tiép tuyén cta dudng tron ngoai tiép tai hai
dinh d6i nhau thi dong quy voi duong chéo di qua hai dinh con lai, con duong
dbi trung thi ddi xtimg v&i trung tuyén AD qua phan gidc goc A (ciing co thé coi
day 1a mot phan ciia mo hinh tir gidc diéu hoa). Thong qua cach dung diém E 14
giao diém cua tiép tuyén cua (O) v6i BC, bai toan xay dung thém duong tron
duong kinh EO dé c6 mdt ttr giac nhu vay. Trén thuc té, hai budc xdy dung trén
d3 bi che gidu di ban chat thong qua cac diém thang hang va cac diém dong vién
nham loai di vai tro cua diém O.

Bai 3 (IMO 2013). Cho tam giac ABC nhon, ké dudong cao AD,BE,CF cat
nhau tai 4. Cho K 1a mot diém tuy ¥ trén canh BC va khac B, C. Ké dudng kinh
KM cua dudng tron ngoai tiép tam giac BFK va duong kinh KN cia duong tron
ngoai tiép tam giac CEK. Chting minh rang ba diém M,H,N thang hang.

Giai:

10



Goi L 1a giao diém thr hai cta hai duong tron (BKF) va (CKE), khi d6 dé thay
A,L,K thang hang (Do AF.AB = AH.AD = AE.AC nén A c6 cung phuong tich

voi1 2 dudng tron).

Ta ¢6 AH.AD=AF.AB=ALAK, suy ra to giac DHLK ndi tiép, suy ra
HL 1 AK .

Ma ML 1 AK nén M,H,L thing hang. Tuong tu thi N, H,L thang hang.

Do d6 M,H,N thang hang (dpcm).

Nhin xét 1. Gia st EF cit BC tai diém S. Ta s& di xem xét khi nao thi dudng
thang HL di qua diém S, n6i mot cach khac 1a véi vi tri nao cia diém K trén
canh BC thi ba duong thang EF, HL,BC ddng quy ?

* Néu HL di qua S thi tir t&r giac DHLK 16i tiép, ta ¢6 SD.SK = SH.SL = AL.AK .
Mit khac nim diém A4,F,H,L.E d6ng vién nén SH.SL=SE.SF. Tl d6 suy ra
SD.SK = SE.SF, hay t giac DFEK ndi tiép, diéu nay chimg t0 K nam trén
duong tron Euler ctuia tam gidc ABC (duong tron nay di qua D,E,F'), do do K 1a

trung diém canh BC.

* Nguoc lai, néu K 1a trung diém cta BC thi rd rang tir gidc DFEK noi tiép, do
vy néu goi S 1a giao diém cta EF voi BC thi SD.SK = SE.SF , suy ra S ¢6 cing
phuong tich v6i hai duong tron (DHLK) va (AFHLE), ttc 1a S thudc truc dang
phuong HL cua hai duong tron nay.

Két lugn: Ba duong thang EF,HL,BC d6ng quy tai S khi va chi khi K 13 trung

diém BC.
11



Nhdn xét 2. Khi ba duong thang EF, HL,BC ddng quy tai S thi H ciing 1a truc
tam tam giac ASK, suy ra HK 1 AS. Ta co ST.SA = SE.SF = SB.SC, nén T thudc

duong tron ngoai tiép tam giac ABC.

Bai 4 (VMO 2007) Cho hinh thang ABCD c¢6 day 1én BC va ndi tiép duong
tron (O) Goi P 1a diém thay d6i trén BC va nam ngoai doan BC sao cho PA
khéng 1a tiép tuyén cua duong tron (O) Puong tron dudng kinh PD cit (O)
tai E(E#D).Goi M la giao diém cua BC véi DE, N l1a giao diém khac 4
v6i (0). Chimng minh duong thang MN qua mét diém co dinh.

Loi giai.

Goi A' 1a diém d6i ximg cia 4 qua tim O. Ta ching minh N,M, A" thang
hang, tir 46 suy ra MN di qua A4' ¢6 dinh.

12



That vay, ta c6 DE 1a truc dang phuong cta dudng tron (0) va dudng tron ( 7/1)
dudng kinh PA'. Gia st DA' ¢it BC tai F,do ADA'=90° = PFA'=90" nén
BC la tryc dang phuong cta (,) va (7,). Vi cac truc dang phuong dong quy
tai tam dang phuong, suy ra DE, BC va NA' dong quy tai diém M . Vay

M ,N, A' thang hang.

Bai 5 (Ha tinh TST 2014). Cho hai dudng tron (C,) va (C,) tiép xuc ngoai véi
nhau tai tiép diém M. Goi 4B 1a mot tiép tuyén chung cua (C,) va (C,) v6i 4, B
phan biét 1an luot 13 cac tiép diém. Trén tia tiép tuyén chung Mx cta hai dudng
tron (Mx khong cit AB) 1ay diém C khac M. Goi E va F lan luot 1a giao diém thur
hai ctia C4 véi (C,) va CB véi (C,). Ching minh rang tiép tuyén cia (C,) tai E,
tiép tuyén cua (C,) tai F va Mx dong quy.

Giai:

Cach 1:

Ta ¢6 CACE =CM* =CF.CB, suy ra ti giac ABFE ndi tiép. Goi tiép tuyén cua
(C,) tai E 1a Ey, khi d6 £yEA = ZEAB = ZEFC, suy ra Ey ciing 1a tiép tuyén cia
dudng tron ngoai tiép tam gidc CEF hay cac duong tron (C,) va (CEF) tiép xuc
nhau tai E.

Tuong ty, tiép tuyén Fz cua (C,) tai F ciing 13 tiép tuyén ciua (CEF) va céac

duong tron (C,), (CEF) tiép xuc nhau tai F.

13



Goi I 1a giao diém cua céc tiép tuyén Ey va Fz. Ta c6 IE = IF nén I thudc truc
dang phuong cua hai duong tron (C,) va (C,) hay I € Mx. Vay ta c6 diéu phai
ching minh.

Cach 2: Ta ¢c6 CA.CE=CM’ =CF.CB nén phép nghich dao cuc C, phuong tich
Tacod p=CM? bién (C,) va (C,) thanh chinh nd, bién (CEF) thanh AB. Ma AB
tiép xtic voi (C,) va (C,) nén (CEF) tiép xuc véi (C,) va (C,) tai E va F. Do d6 3
duong can ching minh 1 cac truc dang phuong cua (C,), (C,) va (CEF) nén
chtng dong quy.

Bai 6 (Iran TST 2014). Cho tam giac ABC va diém M thudc trung truc cua BC.
Goi K 1a diém lién hop dang giac voi M trong tam gidc ABC va L 1a truc tAm tam
gidc MBC. Chimg minh ring KL di qua truc tdm H ctia tam giac ABC.

Léi gidi.

Gia stt BH, CH cat AC, AB tai E va F; BK, CK cit AC, AB tai P va Q.

Ta c6 KCP=MCB=MBC =KBQ, suy ra ti gidac BCPQ ndi tiép. Goi (0,),(0,)
lan luot 1a tAm duodng tron duong kinh CQ va BP thi 0,,0, la trung diém cia
CO,BP.

14



Do KB.KP=KC.KQ nén P,

KI(0) — By,

. Mit khac d& thiy P

HI(0) — B

1/(0,) e

(0:)
HK 1a tryc dang phuong cia (0,),(0,). Nhu vay ta chi can ching minh L ¢6
cung phuong tich déi véi (0,),(0,).

Goi T 1a giao diém thr hai ctia (02) v6i BL va S 1a giao diém thir hai cta (01)
v6i CL. Ta can ching minh LT.LB = LS.LC,hay LT = LS.

Gia st BM va CM 1an luot cit LC, LB tai X va Y, ta can chira SX =TV la xong.

That vay, ta ¢6 If_g —sin PCY =sin PCM =sin KCB = 1231% , voi R 1a ban kinh dudng

tron ngoai tiép BCPQ, suy ra TY _PCBO  Hoan toan tuong tu ta duogc
S_X:P_C:SX _PCBO Dy do SX=TY. Bii toan dugc chimg minh hoan
BO 2R

toan.

Bai 7 (Ninh Binh TST 2019). Cho tam giac ABC ndi tiép dudng tron tim O.
Dung ra phia ngoai tam giac ABC cac hinh binh hanh ABMN va ACPQ sao cho
tam giac ABN d6ng dang v6i tam giac CAP. Goi G 1a giao diém cua AQ va BM,
H 1a giao diém cta AN va CP. Puong tron ngoai tiép cac tam giac GMQ, HNP
cit nhau tai £ va F (E nam trong dudng tron (0)). Chtng minh ba diém 4, E, F
thang hang.

Loi giai
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Goi (01), (0») 1an lugt 14 duwong tron ngoai tiép cac tam giac GMQ, HNP suy ra
EF 1a truc dang phuong cta (0)), (0>).

Goi D 14 giao diém cua BM va CP suy ra AGDH 14 hinh binh hanh

Vi AABN ~ ACAP = (4B, AN) = (CA, CP)

(BA, BD) = (4B, AN) = (CA, CP) = (CA, CD) = A, B, C, D dong vién.

Suy ra (CA4, CB) = (DA, DG), (AB, AC) = (DG, DC) = (GD, GA)

AB _ GD _ AH

AC GA AG
AB:CPjAH:CP:AQ
CA AN  AG AN AN

suy ra hai tam giac ABC va GAD dong dang =

Ma AABN ~ ACAP =

— AH.AN = AG.AQ

= Pyo,) = Lo,

Ma EF 1a truc dang phuong cta (0)), (02) = A€ EF .

Viy 4, E, F thang hang.

Bai 8 (Ha Nam TST 2019). Cho tam giac ABC nhon, khéng cin noi tiép duong
tron (O). Cac dudng cao AD, BE va CF cit nhau tai H, M 13 trung diém canh
BC. Pudng tron (J) ngoai tiép tam giac AEF cit duong tron (O) tai diém thir hai
1a K (K khong trung voi 4), AM cat duong tron (J) tai diém tht hai 1a O (O
khéng trung véi 4), duong thang EF cat duong thang AD tai P, doan thang PM
cat dudng tron (J) tai N.
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a) Ching minh rang cac duong thang KF, EQ va BC hoic dong quy hoidc song
song.

b) Chimg minh ring dudng tron ngoai tiép tam gidc DMN va dudng tron ngoai
tiép tam giac BNC tiép xtic nhau.

Loi giai

Khong mét tong quat gid st C(QSDE) = —1=> (QFBA)=-1

a) Goi 4’ 1a diém d6i xtmg véi H qua M, suy ra BHCA’ 13 hinh binh hanh.
Do d6 A'C//BH;A'B//CH suyra A'CA= A'BA=90". Do d6 AA' 1a duong kinh
ctia dudng tron ngoai tiép tam giac ABC.

Suyra A'K L AK (1)

D& thiy AH la duong kinh caa duong tron (J), suy ra HK L AK (2).

Tu (1) va (2) suy ra K, H, A’ thang hang.

Ma H, M, A’ thang hang nén suy ra K, H, M, A’ thang hang.

Goi L 1a giao diém cua 4K va BC.

Tir cac két qua trén va gia thiét, suy ra H 13 truc tAm ctia cac tam gidc ALM.
suy ra LH vudng goc v6i AM, goi Q'=LHNAM = Q'e(J)= Q'=Q

Do d6 céc ti giac: ABDE, ALDQ ndi tiép, suy ra HL.HQ = HA.HD = HB.HE

Suy ra t& giac LBOE ndi tiép.
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Ta co: AF.AB= AE.AC = AK.AL = AQ.AM = AF .AB.
Suy ra cac tr giac KLBF, CMQE noi tiép
Nhu vay: LB la truc dang phuong ctia hai duong tron (LBOE) va (KLBF);

KF 1a truc dang phuong cua hai dudng tron (KLBF) va (J);

EQ 14 truc dang phuong ctia hai duong tron (J) va (LBOE).
Do d6 3 dudng thang KF, EQ va BC dong quy hodc d6i mot song song.
b) Ta c6 AK 1a truc dang phuong cta hai duong tron (O) va (J); EF 1a tryc dang
phuong cua hai dudng tron (J) va (BFEC); BC la truc dang phuong cua hai
duong tron (BFEC) va (0), ma AK cit BC tai L, suy ra AK, EF, BC dong quy tai
L.
Ta c6 M 1a tAm cua dudng tron (BFEC), suy ra MJ L EF két hop v6i JD L LM
Suy ra P 1a tryc tAm tam giac JLM. Do d6 MP L JL. Goi S 1a giao diém cua JL
va MP, ta c6 tir gidc LDPS ndi tiép, suy ra JS.JL = JP.JD (3)
Xét tir giac toan phan AEHFBC, ta ¢6 (4, H, P, D) = -1, ma J 1a trung diém AH,
suy ra JH? = JP.JD (4).
T (3) va (4) suy ra JS.JL=JH* =JN*, ma NS LJL suy ra LN la tiép tuyén cua
(J). Suy ra LN>=LK.LA=LB.LC = LN la tiép tuyén cia dudng tron (BNC)
(3).
Tt AKM = ADM = 90° suy ra 4 diém 4, K, D, M cing thudc mot duong tron.
Suy ra LN? = LK.LA=LD.LM = LN 14 tip tuyén cua dudng tron ngoai tiép tam
giac MND (6).
T (5) va (6) suy ra hai dudng tron (BNC) va (MND) tiép xtic nhau tai N.
Bai 9 (IMO shorlist 2011 - G4). Cho tam giac ABC nhon véi AB < AC ndi tiép
duong tron (0). Goi B,,C, la trung diém cta canh AC va AB. D 1a hinh chicu
ciia 4 trén BC va G 1a trong tdm tam gidc ABC. Goi (@) la duong tron qua
B,,C, va tiép xtic voi (0) tai diém X khac 4. Chimg minh rang D,G, X thing

hang.

18



Loi gidi.

Goi a va x 1a tiép tuyén tai 4 va X cla dudng tron (0) va goi (@) 1a duong
tron ngoai ti€p tam gidc 4B,C,. DE thdy a ciing la tiép tuyén cla (@) tai 4 va a
1 truc dang phuong cla hai dudng tron (0) va ().

Nhu vay ba duong thang a,x va B,C, lan luot 13 truc dang phuong cuia cc cap
duong tron (0) va (@,);(0) va (@);(®) va (@), do d6 a,x va B,C, dong quy
tai diém M.

Ta c6 MA =MD = MX nén M 1a tAm dudng tron ngoai tiép tam gidc ADX. Goi T
1a giao diém thur hai ctia DX véi (0), chi ¥ 1a O (). Ta c6

DAT = ADX — ATD =%(360° —A/MY)—%A/OT( ~180° —%(M+A/07() —90°, suy ra

AD 1 AT = AT || BC. Do d6 ATCB la hinh thang can.

1

Goi 4, la trung diém cia B,C,. Xét phép vi ty V.2 bién Ar> 4,; B> By;
C—Cy;

T T', suyra T/C??:T‘/CE) . Mt khac @:@:@:@) . Do do
T'=D,trd6 suyra D,G,T thang hang va ta c6 diéu phai chimg minh.

Bai 10 (IMO shorlist 2014-G3). Cho tam gidc ABC nhon ndi tiép dudng tron
(0) v6i AB>BC. Phan gidc cua géc ABC cit (O) tai M khac B. Goi (&) 1a
duong tron dudng kinh BM. Phén gidc clia goc AOB va BOC cit (&) tai P va
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Q. Trén duong thang PO liy diém R sao cho RB=RM . Chimg minh rang
BR|| AC.

Loi gidi.

Goi K 1a trung diém ctia BM thi K 13 tm cta (&). OK va OM chinh 14 trung truc
ctia BM va AC, do d6 R 1a giao diém ctia PO véi OK.

Goi N 1a giao diém thr hai cia OM véi dudng tron (&), ta c6 ngay BN || AC.

Ta chi can chimg minh duong thang BN di qua R 13 xong. Diéu d6 ddng nghia
v6i ba dudng thing BN, PQ,0K ddng quy.

Ta s& dung ra ba dudng tron ma cac dudng thang BN, PQ,0K lan luot 1a truc
dang phuong cia cac cip dudng tron, tir d6 sé thu duoc diéu can ching minh.
Tir dic diém vudng goc tai N va K ta suy ra N va K niam trén dudng tron (a))
duong kinh OB. Tiép theo ta s& ching minh O,K, P,Q nim trén dudng tron.

Goi D va E lan luot 13 trung diém ciia BC va AB thi D ndm trén OQ va E nim

trén OP. Do cac diém B,E,0,K,D clng ndm trén dudng tron () nén ta dugce

—_——

EOR = EBK = KBD = KOD
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Suy ra OK 1a phan gidc ngoai cia goc POQ. Mit khac do K 14 tam cua (&) nén
K nam trén trung truc ctia PQ. Tir d6 suy ra K 1a diém chinh gitta cung POQO

ctia duong tron ngoai tiép tam gidc POQ. Suy ra O,K,P,Q nam trén duong

tron (7).

Khi d6 OK,BN,PQ lan luot 1a truc dang phuong cua cac cip dudng tron (a)) ,

(7)Va‘1 (5)

Vay OK,BN,PQ ddng quy, bai toan dugc chimg minh hoan toan.

1.3 Bai tap tuwong tu

Bai 1. Cho tam giac ABC c6 duong tron tdm I ndi tiép, tiép xtc cac canh
BC,CA,AB tai D,E.F. Al cit dudng tron (I) tai M vaN (M nam gifra
AvaN). DM cit canh EF tai K, NK cét dudng tron (I) tai diém P khac N.
Chung minh rang cac diém 4, P, D thang hang.

Bai 2. Cho tam gidc ABC, mot duong tron cit canh BC tai AA; cit canh CA
tai B,B,; cit canh AB tai ¢,c,. Ching minh ring AA,BB,CC, dong quy khi va
chi khi AA,,BB,,CC, dong quy.

Bai 3. Cho dudng tron tam O duong kinh AB. Mot diém H thudc doan AB.
Puong thang qua H vudng goc voi AB cit dudng tron tai C. Pudng tron dudng
kinh CH cit AC, BC va (O) lan luot tai D, E va F.

a) Chtng minh rang AB, DE va CF dong quy.

b) Puong tron tdm C ban kinh CH cat (O) tai P va Q. Chtirng minh rang P, D, E,
Q thang hang.

Bai 4. Cho diém I 1a trung diém doan thang AB c6 dinh. Pudng tron (O)) tiép
xtc voi dudng thang AB tai A, dudng tron (O,) tiép xuc voi duong thang AB tai
B. Puong tron (C) tim O, ban kinh OB cit duong tron (C,) tam O, ban kinh
0,A tai M va N. Chimg minh rang ba diém I, M, N thang hang.

Bai 5. Cho ttr giac ABCD noi tiép duong tron. Goi E, F lan luot 1a giao diém
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ctia cac cap duong thang AC va BD, AB va CD. Chimg minh rang: diém F, truc
tam tam giac AED va tryc tdm tam giac BEC nam trén mot duong thang

Bai 6 (IMO 1995). Trén duong thang d 1dy 4 diém A, B, C, D (theo thu tu do).
Puong tron dudng kinh AC va BD cat nhau tai X, Y. Puong thang XY cit BC
tai Z. Lay P 1a mot diém trén XY khac Z. Puong thang CP cit dudng tron
duong kinh AC tai diém thir 2 1a M, va BP cit dudng tron dudng kinh BD tai
diém tha 2 1a N. Chting minh rang AM, DN va XY dong qui.

Bai 7. Cho tam gidc ABC khong can ¢ 4, (w) 1a dudng tron di qua B, C cit AC,
AB tai E, F. Goi D la giao diém cua E F, BC. Ching minh ré“mg truc tam H, [, K,
L cia céac tam giac ABC, AE F, BDF, CDE thang hang.

Bai 8 (USA MO 1997). Cho tam gidc ABC. Bén ngoai tam gidc nay v€ cac tam
giac can BCD, CAE, ABF c6 cac canh day tuong tng 1a BC, CA, AB. Chung
minh rang ba dudng thing vudéng goc ké tir A, B, C xudng EF, FD, DE dong
quy.

Bai 9. Cho tam giac 4BC nhon cé chiéu cao AH. Puong tron noi tiép (1) tiép
xtc v6i BC,CA, AB 1an lugt tai D,E,F. Dudng tron (4) c6 tim 4 ban kinh AE cit
doan thing AH tai diém K. Puong thiang IK cit dudng thing BC tai P. Cac
duong thang DK va PK cét duong tron (4) 1an luot tai O va T khac K.

a) Chtng minh rang t&r giac TDPQ ndi tiép va ba diém Q, 4, P thang hang.

b) Puong thang DK cit (1) tai diém tha hai 1a X. Chimg minh ring ba dudng
thang AX,EF,TI dong quy.

¢) Ching minh rang dudng tron dudng kinh AP tiép xtc voéi dudng tron (7).

Bai 10. Cho tam giac ABC khéng cén tai 4, noi tiép duong tron (O). Cac tiép
tuyén tai B, C cta (O) cit nhau 7, duong thang AT cit lai dudng tron tai X. Goi
Y 1a diém xuyén tdm d6i cia X trén (0). Cac dudng thang YB, XC cat nhau tai P,
cac duong thang XB, YC cit nhau tai Q.

a) Chung minh rang P, O, T thang hang.

b) Ching minh cac duong thang PO, BC va AY dong quy.
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