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LOI NOI DAU
Bo gigo duc va Dao tao da cong bd “Hucng dan on tap thi mén Todn THPT va
“Céir tric o€ thi (6t nghidp THDT mén Todn, dé thi dai hoc va cao dling mén Todn,
cu thé):
CAU TRUC PE THI TOT NGHIEP THPT
1. Phan chung cho tit ca céc thi sinh (7 diém)
Cau 1 (3 diém):

= Khao sét, v& do thi ham so.

» C4c bai todn lién quan dén ting dung cua dao ham va do thi cia ham s6: chiéu
bién thién cua ham sd, cuc tri, ti€p tuyén, tiém can (ding va ngang) cta do thi
ham s6. Tim trén d6 thi nhitng diém c6 tinh chat cho trude, tuong giao gitta
hai d6 thi (mot trong hai d6 thi 12 dudng thang)...

Cau 2 (3 diém):

= Ham s, phuong trinh, bat phuong trinh mi va logarit.

*  Gid tri 16n nhat va nho nhat clia ham s6. Tim nguyén ham, tinh tich phan.

»  Bai todn téng hop.

Cau 3 (1 diém): Hinh hoc khong gian (téng hop): tinh dién tich xung quanh ctia hinh nén
tron xoay, hinh tru tron xoay; tinh thé tich ctia khéi lang tru, khéi chép, khéi nén tron
xoay, khéi tru tron xoay; tinh dién tich mat cdu va thé tich khéi ciu.

II. Phan riéng (3 diém)
1. Theo chuong trinh chuin:
Cau 4a (2 diém):

*  Xaic dinh toa do ctia diém, vecto — Mat cAu.
*  Viét phuong trinh dudng thang, mat phang.
* Tinh géc, tinh khodng cdch tir diém dén mat phang. Vi tri twong d6i cta
dudng thang, mat phang va mat cau.
Cau 5a (1 diém):
»  S6 phic: modun ciia s phiic, cdc phép todn trén s6 phiic. Can bac hai cla s
thuc am. Phuong trinh bac hai hé s6 thuc c6 biét thic A am.
» Ung dung ctia tich phan: tinh dién tich hinh phang, thé tich khéi tron xoay.
2. Theo chuong trinh nang cao:
Cau 4b (2 diém): Phuong phép toa do trong khong gian
*  X4c dinh toa do cta diém, vecto — Mat cau.
*  Viét phuong trinh mat phang, dudng thang.
* Tinh géc, tinh khoang céch tir diém dén duong thang, mat phing, khoang
cdch giita hai dudng thang.
* Vi trf twong doi clia dudng thang, mat phang va mat cau.
Cau 5b (1 diém):
»  S6 phic: modun ciia s phiic, cdc phép todn trén s6 phiic. Can bac hai cla s6
phitc. Phuong trinh bac hai hé s phiic. Dang luong gidc clia s6 phuc.
= P06 thi ham phan thic hitu ti bac hai trén bac nhét va mot s6 yéu t6 lién quan.
= Su ti€p xtc cta hai duong cong.
= He¢ phuong trinh mil va logarit.
= Ung dung cta tich phan: tinh dién tich hinh phéng, thé tich khai tron xoay.



CAU TRUC CUA MOT PE THI TUYEN SINH PAI HOC, CAO PANG
I. Phan chung cho tat ca céc thi sinh (7 diém)
Cau 1 (2 diém):

= Khao sét, v& d6 thi ham s6.

»  Céc bai todn lién quan dén ting dung ctia dao ham va d6 thi ctia ham s6: chiéu
bién thién cua ham s6, cuc tri, ti€p tuyén, tiém can (ding va ngang) cta do thi
ham s6. Tim trén d6 thi nhitng diém c6 tinh chat cho truée, tuong giao giita
hai do thi (mot trong hai d6 thi 12 dudng théng)...

Cau 2 (2 diém):

= Phuong trinh, bat phuong trinh va h¢ dai so.

= Cong thic luong gidc, phuong trinh luong giic.
Cau 3 (1 diém):

= Tim gi6i han.

®* Tim nguyén ham. Tinh tich phan.

» Ung dung ctia tich phan: tinh dién tich hinh phang, thé tich khi tron xoay.

Cau 4 (1 diém): Hinh hoc khong gian (tong hop): quan hé song song, quan hé vuong géc ctia
dudng thang, mat phang. Tinh dién tich xung quanh ctia hinh nén tron xoay, hinh tru
tron xoay; tinh thé tich ctia khoi lang tru, khoi chép, khéi nén tron xoay, khoi tru tron
xoay; tinh dién tich mat cu va thé tich khéi cau.

Cau 5 (1 diém): Toén téng hgp.

IL. Phan riéng (3 diém)
1. Theo chuong trinh chuin:
Cau 6a (2 diém): Phuong phap toa do trong mat phang va trong khong gian
*  Xaic dinh toa do cua diém, vecto.
*  Duong tron, elip, mat cau.
*  Viét phuong trinh mat phang, dudng thang.
* Tinh géc, tinh khoang cdch tr diém dén mat phang. Vi tri twong d6i cla
dudng thang, mat phang va mat cau.
Cau 7a (1 diém):
= S6 phc.
* T6 hop, xdc sudt, thong ke.
» Bat dang thitc. Cuc tri clia biéu thic dai so.
2. Theo chuong trinh nang cao:
Cau 6b (2 diém): Phuong phép toa do trong mat phang va trong khong gian
*  Xic dinh toa do cua diém, vecto.
*  Duong tron, ba dudng conic, mit cau.
*  Viét phuong trinh mat phang, dudng thang.
= Tinh géc, tinh khoang céch tir diém dén duong thang, mat phang Khoang cach
giita hai duong thang. Vi tri tuong doi clia dudng thang, mat phang va mat cau.
Cau 7b (1 diém):
= S6 phc.
= P06 thi ham phan thic hitu ti bac hai trén bac nhét va mot s6 yéu t6 lién quan.
Su ti€p xtc cta hai dudong cong.
Hé phuong trinh mi va logarit.
Té hop, xdc suat, thong keé.
Bat dang thitc. Cuc tri chia biéu thifc dai s6.



Dua vao do Nhom Cy Mén ching toi xin trén trong gidi thiéu téi ban doc bd séch:

Cac bai giang trong tam — Mon Toan (36m 3 tap)

miéu ta chi tiet phuong phap giai cho cac dang toan thusng gip trong cae dé thi tot
nghiép THPT, dai hoc va cao d%ng mon Toan.

Véi mon Toan 12 phéan kién thic trong tam:

»  Gial

trinh,

tich bao gom cac chuong I, mét phan kién thic clia chuong I (phuong
bét phuong trinh mi va logarit), chuong 111, chuong 1V.

= Hinh hoc cd mét phéan kién thic clia chuong 1 (tinh the tich ctia khdi ling try,
khéi chop), mdt phan kién thic clia chuong 1T (tinh dién tich xung quanh clia
hinh non tron xoay, hinh try tron xoay; tinh thé tich clia khéi nén tron xoay,
kh&i try tron xoay; tinh dién tich mit céu va thé tich khéi cau), chuong IIL.

Tt do, cudn Cée béi gidng trong tdm — Mon Todn 12 ducc chia thanh 2 phan:

Phan I:

Phan II:

Giai tich, bao gobm céc chu dé:

A - UNG DUNG DAO HAM DE KHAO SAT VA VE PO THI HAM SO
Chu dé 1- Tinh don diéu cia ham s6

Chu dé 2 - Cuc tri cia ham so

Chu dé 3 - Gid tri 16n nhat va gia tri nho nhat cia ham s6

Chu dé 4 - Phép tinh tién hé toa do

Chu dé 5- Dudng tiém can cta do thi ham so

Chu dé 6 - D6 thi ham s6 va cdc bai todn lién quan

B - MU VA LOGARIT

Chu deé 7 - Ham s6 mil va logarit

Chu dé 8 - Phuong trinh mil va logarit

Chu dé 9 - Heé phuong trinh mii va logarit

Chu dé 10 - Bat phuong trinh mii va logarit

C - NGUYEN HAM, TiCH PHAN VA UNG DUNG

Chu dé 11 - Nguyén ham

Chu dé 12 - Tich phan

Chu dé 13 - Ung dung tich phan tinh dién tich hinh phing, thé tich vat thé
D - SO PHUC

Hinh hoc, bao gébm céc chu dé:

Chua dé1- Khéida dién va thé tich cta chiing

Chu dé 2 - Mit cdu, mat tru, mat nén

Chu dé 3 - Toa do cha diém, vecto va cdc yéu t6 lién quan
Chu dé 4 - Mat phing va céc bai toan lién quan

Chu dé 5- Dudng thang va céc bai todn lién quan

Chu dé 6 - Mat ciu va cdc bai todn lién quan



M&i chil € ducc chia thanh ba phan:

A Kién thitc cdn nhS Nhic lai cac ndi dung kién thic co ban ma cac em hoe sinh
can nho.

B. Dhuong phép gidi cdc dang todn fién quar Ducc trinh bay theo phong cach
thudt toan dudi dang cac bude thye hién. Va & mdi dang toan co ban déu o
thi du minh hoa clng nhan xét d€ gilp cac em hoc sinh cling c6 kién thic.

C. Céc béi todn chon loc Bao gdm céc vi du ¢é tinh téng hop cao va duge
trich ra tir cac dé thi tuyén sinh dai hoc, cao ding,

V6i phong céch trinh bay nhu vy, cudn tai liéu s& giup ting chat hiong bai giang
cho cac thay, co gido va véi cac em hoe sinh nd s& cung cp mét bd gido trinh hoan
chinh vé& mit kién thic, d& doc, dé hiéu.

DE cuén tai liéu ngay cang hoan hao hon Nhom Cy Mon ching toi rat mong nhén
dugc nhitng y ki€n dong gop quy bau clia ban doc gan xa.

Ha ndi, ngay 11 thang 9 ndm 2009
Chii bien LE HONG PUC



PHAN I GIAI TiCH
CHUONG 1 — UNG DUNG DPAO HAM
PE KHAO SAT VA VE PO THI HAM SO

é‘ KIEN THUC CAN NHO
I. TINH DON BIEU CUA HAM SO % E

1. PIEU KIEN CAN PE HAM SO PON PIEU

Gia st ham s6 y = f(x) xac dinh trén khoang I thi:
a. Ham s6 f(x) 1a dong bién trén khoang I khi va chi khi véi x tuy y thudc I, ta co:
f(x + Ax) —f(x)
Ax
b. Ham s6 f(x) 1a nghich bién trén khoang I khi va chi khi véi x tuy y thuoc I, ta c6:
f(x + Ax) — f(x)
Ax
Tur d6, ta c6 két qua:

>0,v6imoiAx#0vax+Ax € L.

<0,v6imoiAx #0vax+Ax € L.

Cho ham s6'y = (x) ¢6 dao ham trén khodng 1.
a. Néu ham s f(x) dong bién trén khodng 1 thi f'(x) >0, Vx € L.
b. Néu ham sé' f(x) nghich bién trén khodng 1 thi f'(x) <0, Vx € L.
2. PIEU KIEN PU PE HAM SO PON PIEU
Dinh li 1 (Pinh li Lagrange): Néu ham s6'y = f(x) lién tuc trén [a; b] va cé dao ham
trén (a; b) thi ton tai mot diém ¢ e (a; b) sao cho:
f(b) - f(a)

f(b) — f(a) = £'(c).(b — a) hay f'(c)=

Y nghia ciia dinh Ii Lagrdng: Xét cung AB ctia d6 thi ham s6 y = f(x) v6i A(a; f(a)) va
B(b; f(b)).
Hé s6 goc cua cét tuyén AB la:

f(b)—1f(a)
b-a
Déng thifc:
f V(C) — f(b) - f(a)

c6 nghia 12 hé s6 géc cua ti€p tuyén clia cung AB tai di€ém (c; f(c)) bing hé s6 géc cla cét
tuyén AB. Vay, néu cdc gia thiét clia dinh Ii Lagrang duoc thoa man thi ton tai mot diém
C ctia cung AB sao cho ti€p tuyén tai d6 song song véi cat tuyén AB.



Dinh li 2: Cho ham so'y = {(x) ¢6 dao ham trén khodng 1.
a. Néuf'(x) >0, Vx e [ thi f(x) dong bién trén khodng 1.
b. Néut'(x) <0, Vx € I thi f(x) nghich bién trén khodng 1.
c. Néuf'(x) =0, Vx e 1thif(x) khong doi trén khodng 1.
Ta ¢6 md rong cua dinh 1i 2 nhu sau:
Dinh li 3: Cho ham s6'y = {(x) c¢é dao ham trén khodng 1.
a. Néuf'(x) >0, Vx €1, va ddng thitc chi xdy ra tai mot s6 hitu han diém
trén khodng 1, thi f(x) dong bién trén khodng 1.
b. Néuf'(x) <0, Vx € I, va ddng thiic chi xdy ra tai mot s6 hitu han diém
trén khodng 1, thi f(x) nghich bién trén khodng 1.

Ta tém tat dinh 1i 3 trong cdc bang bién thién sau:

Y,

II. CUC TRI CUA HAM SO
1. KHAI NIEM CUC TRI CUA HAM SO
Dinh nghia: Cho ham s6'y = f(x) xdc dinh trén tdp hop D (D < R) va xo € D.
a. Xo goi la mot diém cuc dai ciia ham s’y = f(x) néu ton tai mot
khodng (a; b) chita diém xo sao cho (a; b) € D va:
f(x) < f(x0) , v6i moi x € (a; b)\{xo}.
Khi d6 f(xo) duoc goi 1a gid tri cuc dai cua ham so6 f(x).
b. xo goi la mét diém cuc tiéu ciia ham s6'y = f(X) néu ton tai mot
khodng (a; b) chita diém xo sao cho (a; b) € D va:
f(x) > f(x0) , v6i moi x € (a; b)\{xo}.
Khi d6 f(xo) duoc goi 1a gid tri cuc dai cua ham so f(x).
Gid tri cuc dai va gia tri cuc tiéu dugc goi chung 1a cuc tri.

2. PIEU KIEN CAN PE HAM SO CO CUC TRI

Xét ham s0 y = f(x) lién tuc trén khoang (a, b) va xo € (a; b).
Dinh li 1: Gid sit ham s6'y = f(x) dat cuc tri tai diém xo. Khi dé, néu f(x) cé dao ham tai
diém X thi f'(xo) = 0.



3. PIEU KIEN PU PE HAM SO CO CUC TRI
Dinh li 2: Gid si ham 56’y = {(x) lién tuc trén khodng (a ; b) chita diém xo va cé dao ham
trén cdc khodng (a; Xo) va (Xo; b). Khi do:
a. Néuf'(x) <0 vdi moi x € (a; xo) va f'(x) >0 vdi moi x € (xo; b) thi ham
50 f(xX) dat cuc tiéu tai diém xo.
b. Néu f'(x) > 0 vdi moi x € (a; Xo) va f'(x) <0 vdi moi x € (Xo; b) thi ham
50 f(x) dat cuc dai tai diém Xo.
N6i mot cdch vén tat: Néu khi x qua Xo, dao ham doi ddu thi diém xo la mét diém cuc tri.

Ta tom tét dinh Ii 2 trong cdc bang bién thién sau:

N
I ——o—TH

Tu dinh 1i 2 ta ¢6 quy tic tim cuc tri sau day:
Quy tie 1: Dé tim cuc tri ctia ham s6'y = f(x) ta thuc hién theo cac budc:
Budc I Tinh £(x).
Budc 2 Tim cac diém x; (i=1,2, ..) tai 46 dao ham ctia ham s6
bang 0 hodc ham s6 lién tuc nhung khong c6 dao ham.
Budc 3 Xét ddu f'(x). Néu f'(x) d6i dau khi x qua diém x; thi ham
sO dat cuc tri tai x;.
Dinh li 3: Gid sit ham s6'y = f(x) c6 dao ham cdp mét trén khodng (a; b) chita diém
xo, T '(X0) = 0 va f(x) ¢6 dao ham cdp hai khdc O tai diém xo.
a. Néu f'(xo) <0 thi ham s6 dat cuc dai tai diém Xo.
b. Néu f'(xo) > 0 thi ham s6 dat cuc tiéu tai diém x.
Tur dinh 1i 3 ta ¢6 quy tac tim cuc tri sau day:
Quy tie 2: DE tim cuc tri cta ham s8'y = f(x) ta thuc hién theo cac budc:
Budc I Tinh £(x).
Bude 2: Tim cac nghiém x; (i =1, 2, ...) ca phuong trinh f'(x) = 0.
Bude 3: V&i mbi i ta tinh £'(x;), khi do:
»  Néu f'(x) <0 thi ham s6 dat cuc dai tai diém x.
= Néu f'(x;) > 0 thi ham s6 dat cuc tiéu tai diém x;.



III. GIA TRILON NHAT VA GIA TRI NHO NHAT CUA HAM SO
Dinh nghia: Cho ham so'y = (x) xdc dinh trén tdp D.
a. Néu ton tai mot diém xo € D sao cho:
f(x) < f(x0) voi moi x € D
thi s6' M = f(xo) duioc goi la gid tri lon nhdt cvia ham so'y = f(x) trén tdp
D néu, ki hiéu M = max f(x).
b. Néu tén tai mot diém xo € D sao cho:
f(x) > f(x0) voi moi x € D
thi s6'm = f(Xo) duioc goi la gid tri nho nhdt ciia ham s6'y = f(x) trén tdp
D néu, ki hiéu m = rgl[gl f(x).

IV. DO THI CUA HAM SO VA PHEP TINH TIEN HE TOA PO
1. PHEP TINH TIEN HE TOA PO VA CONG THUC CHUYEN HE TOA PO

Cho diém I(xo; yo) va diém M(x; y) trong hé toa do Oxy, khi d6 trong hé toa do
IXY diém M(X; Y) sé& c6 toa do:

{sz—xo {XZX-FXO
= .
Y=y-Y, y=Y+y,

2. PHUONG TRINH PUOGNG CONG POI VOI HE TOA PO MOI

Phuong trinh ctia duong cong y = f(x) d6i véi hé toa do IXY c6 dang:
Y = (X + xo) — Yo.

V. DUGNG TIEM CAN CUA DO THI HAM SO
1. PUONG TIEM CAN PUNG VA PUONG TIEM CAN NGANG

Dinh nghia 1: Puong thang y = yo duoc goi la duong tiém cdn ngang (goi tat 12 tiém
cdn ngang) ciia do thi ham so'y = f(x) néu:
lirp f(x) = yo hodc lim f(x) = yo.
DPinh nghia 2: Duong thing x = xo duoc goi la duong tiém cdn ditng (goi tat 12 tiém
cdn dimg) ctia do thi ham so'y = (x) néu:

lim f(x)= o0 hodic lim f(x)= too.

X—Xg X—=Xq

2. PUONG TIEM CAN XIEN

DPinh nghia 3: Duong thing y = ax + b duoc goi la duong tiém cdn xién (goi tat 12
tiém cdn xién) cua do thi ham s6'y = {(x) néu:
lim [f(x) — (ax + b)] = 0 hodc lirp [f(x)—(ax +b)] =0
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Quy tdc: Gia su khi x — o thi f(x) — .
Tatima= lim@ (1)

X—00 X
» Néu gi6i han (1) khong ton tai hoac bang 0 thi d6 thi khong cé tiém can xién.
Trai lai ta di tim ti€p b = lim [f(x) — ax]. 2)
» Neéu gi6i han (2) khong ton tai thi do thi khong ¢6 tiém can xién. Trai lai ta

két luan d6 thi nhan dudng thang (d) c6 phuong trinh y = ax + b 1am tiém
can xién.

VI. KHAO SAT SU BIEN THIEN VA VE DO THI HAM SO

Puong 16i tong quat d€ khao sat va vé d6 thi ham s
Phuong phap
Ta tién hanh theo cac budc sau:
Budc 1: Tim tap xac dinh cta ham sd.
Budc 2: Xét su bién thién caa ham so:
a. Tim gi6i han tai vo cuc va gi6i han vo cuc (néu co) ctia ham s6.
Tim cac dudng tiém can cta d6 thi (néu co).
b. Lap bang bién thién cia ham s6, bao gom:
» Tim dao ham cta ham s6, xét dau dao ham, xét chiéu
bién thién va tim cuc tri ca ham s6 (néu co).
» Dién cac két qua vao bang bién thién:
X

y
y
Budc 3: Vé do thi ham so:

a. Vé cac dudng tiém can cta dé thi (néu co).

b. Xac dinh mot s6 diém dic biét cla thuong la cac giao diém
ctia d6 thi véi cac truc toa do (trong trudng hop dé thi khong
cit cac truc toa do hodc viéc tim toa do giao diém phtc tap
thi b6 qua phan nay).

c. Nhan xét vé dé thi: Chi ra truc d6i xting va tam d6i xing cta
dé thi (néu c6, khong yéu cau ching minh).

@ Cha y: Khi vé d6 thi cdc em hoc sinh can luu y ring "Ddng ciia do thi tuong
ling voi miii tén trong bdng bién thién".

11



B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN
°

§ 1. TiNl PON BPIEU CUA HAM SO

Dang toin 1: Xét tinh don diéu ctia ham s6
Phuong phap
Dé xét tinh don diéu ctia ham s6'y = f(x), ta thuc hién cac budc sau:
Budc 1: Tim tap xac dinh cta ham s6.
Buéc 2: Tinh dao ham y', réi im cac diém t6i han (thong thuong la viéc
giai phuong trinh y' = 0).

Budc 3: Tinh cac gidi han (néu can).

Budc 4: Lap bang bién thién ciia ham s6. Tur d6, dua ra 16i két luan.

@ Chu y: Trong trudng hop phuong trinh f(x) = 0 vo nghiém, tic 12 ham s6 luon
dong bién hodc nghich bién, ta c6 thé bd qua viéc 1ap bang bién thién.

Thi du 1. Khdo sdt su bién thién cuia ham s6'y = 2x* + 3x* + 1.
L5 Gidi
Mién xdc dinhD = R.
bao ham:
x=0
y' = 6x2 + 6X, y':O<:>6x2+6x:O<:>{ .
X =—
Giéi han:
limy=-o00 va limy = +o0,
Bang bién thién:
X — -1 0 + o
y' + 0 - 0 +

y _00/2\1/+oo

Vay, ta c6 két luan:
* Ham s6 dong bién trén cac khoang (—o0; —1) va (0; +0).
= Ham s6 nghich bién trén khoang (—1; 0).

@& Nhdn xét: Qua thi du trén cdc em hoc sinh da biét cdch trinh bay dang toin
"Khdo sdt sy bién thién ciia ham s¢". Va v6i dang todn nay céc
em céan dac biét chd y t6i tap xac dinh cta ham s6 thi méi chic
chin nhan duogc mot bang bién thién ding.
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& Nhdn xét: Ham da thic bac ba téng quat c6 dang:

y =f(x) = ax’ + bx? + cx + d, v6ia = 0.
Khi d6, néu sir dung dao ham dé khao sat su bién thién clia ham s6, ta c6:
Mién xdc dinhD = R.
bao ham:

y'=3ax’+2bx+c¢, y' =0<3ax?+2bx+c=0.
Gi6i han:

lim y = lim x° (a + E + % + %) = (+0)*.a = (+w0).a.

X—>too X—>*0 X X X
Bang bién thién: Dau cua y' phu thudc vao ddu cua a (a > 0 hay a < 0)
va ddu cia A' = b?>—3ac (A' > 0 hay A' < 0), do d6 ta c6 bon trudng
hop bién thién khac nhau.

Thi du 2. Khdo sdt su bién thién ciia ham s6'y = x* — 2x* — 5.
&5 Gidi
Mién xdc dinh D = R.
Pao ham:
y=4x—4x, y=043-Xx=04xx*-1)=0 {XZ
x=t
Gi6i han:
limy = lim [x*(1 — 2 + L) = + 0.
X—>00 X—>00 2 4
Bang bién thién:
X —00 -1 0 1 400
y 0 + 0 0

— - +
-5
y |+ \ P / \ P +00
Vay, ta c6 két luan:

* Ham s6 nghich bién trén cac khoang (—oo; —1) va (0; 1).
= Ham s6 dong bién trén cac khoang (—1; 0) va (1; +0).

@ Nhdn xét: Ham da thiic bac bon dang tring phuong c6 phuong trinh:

y =f(x) = ax* + bx* + ¢, v6i a # 0.
Khi d6, néu sir dung dao ham dé khao sét su bién thién clia ham s6, ta c6:
Mién xdc dinhD = R.
bao ham:

y' =4ax? + 2bx =2x(2ax’> +b), y'=0< 2x(2ax>+b)=0.
Do d6, phuong trinh y' = 0 hodc c6 mot nghiém (a.b > 0) hoac c6 ba
nghiém phan biét. , do d6 ta c6 bon truong hgp bién thién khac nhau.
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Giéi han:

limy = lim ax4(l+L2+—4): . .

x> X0 ax ax —oo khia<0
Bang bién thién: Dau cua y' phu thudc vao ddu cua a (a > 0 hay a < 0)
va dau cua a.b, do dé ta c6 bon truong hop bién thién khac nhau.

Va bat dau tir day, viéc dua ra 10i két luan dua theo bang bién thién
duoc danh cho ban doc.

c Foo khia>0

Thi du 3. Khdo sdt su bién thién cua ham s6' y = X +: )
X —
&5 Gidi
Mién xdc dinh D= R\{1}.
bao ham:
y'= 1) <0 Vx € D = ham s06 ludén nghich bién trén D.
X J—
Gi6i han:
limy=1limy=1va limy=-co, limy=+c0
X—>—0 X—>+0 x—1" x—1*
Bang bién thién:
X | -00 1 +00

y - | -

yl\

@ Nhdn xét: Haim phan thic bac nht trén bac nhat ¢6 dang:
ax+b

H): y= ,vic#0,D=ad —-bc#0.
cx+d

Khi d6, néu sir dung dao ham dé khao sét su bién thién clia ham s6, ta c6:
cx o e d
Mién xéc dinh D = R\{——}.
c
bao ham:
,_ad—bc
ex+d

Néu D = ad — bc > 0 = ham s6 dong bién trén D.
Néu D = ad — bc < 0 = ham s6 nghich bién trén D.

Thi du 4. Khdo sdt su bién thién cia ham s6'y = x + E
X
&5 Gidi
Mién xdc dinh D = R\{0}.
bao ham:
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y':l—iz, y':O<:>l—%<:>X2—3—O<:>X:+ 3
X X
Gid6i han:
limy=-o0, limy =+00; limy=—-o0, limy = +o0.
X—>—00 X—>+00 x—0~ x—0"

Bang bién thién:

X | —oo -3 0 J3 +00
0

y' + — | - 0 +
’ ﬂw////r—zJi\\\‘_w TNt
& Nhdn xét: Ham phan thic bac hai trén bac nhét c6 dang:
(H): y = ax’ +bx+c
dx+e

v6i ad # 0, tir, mau khong ¢6 nghiém chung.

Khi d6, néu st dung dao ham dé khéo sit su bién thién ctia ham sg,
ta thuong lai ham s6 dudi dang:

Y

y=fx)=ox+p + .
X+e

Mﬁn%c@ﬂﬂ):RV—%L

bao ham:
, d o(dx +e)* —yd
y=a- 14~ (dx wzv
(dx+e) (dx+e)
D4u ctia dao ham Ia ddu cla tam thic g(x) = ou(dx + €)* — yd.
Gi6i han limy =ocova lim y = oo.

X—>0 x—>—e/d
Bang bién thién: Ta c6 céc truong hop:
Truong hop o.>0
Phuong trinh y' = 0 ¢6 hai nghiém x, < X.
X | —o X1 —e/d X2 + 0
y' + 0 - [ 0 +

-
y _OO/CD\ _OO||+OO\ CT/ 400

Phuong trinh y' = 0 v6 nghiém
X | —o0 —e/d + ©

'

y + | +

y |- /+OO —00/

+00
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Truong hop <0
Phuong trinh y' = 0 ¢6 hai nghiém x| < X2
X | —oo X1 —e/d X2 + 0
y' 0 + | + o -

, ‘OO\CT/+°O|_OO/CD\_OO

Phuong trinh y' = 0 v6 nghiém
— 00 —e/d +00

+oo\ +OO\_OO

—00

< >

Thi du 5. Khdo sat su bién thién ciia ham so' y =~2x —x”.
&5 Gidi
Ta c6 diéu kién:
2x —x220<0<x<2=D=][0; 2].
Pao ham:
. 2-2x 1-x
Y= 2\/2)&—)(2 - \/2)&—)&2 ,
Bang bién thién:

y=0c1-x=0=x=1.

X - 0 1 2 +00
Yy o+« 0 -
y //AO/I\O A

& Nhdn xét: Haim vo ti dang:
(H):y= vax®> +bx+c,véiaz0.
Khi d6, néu sir dung dao ham dé khdo sat su bién thién clia ham sg, ta c6:
Mién xdc dinh D = {xe R | ax® + bx + ¢ > 0}.
bao ham:
2ax +b

N e
2vVax” +bx +c

Bang bién thién: ¢6 4 trudng hop khéac nhau vé chiéu bién thién.
Thi du 6. Khdo sdt su bién thién ciia ham s6"y = x —Jx.
&S Gidi
Ta c6 diéu kién:
x>0 = D =[0; +0).
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1

1 1 1

lel-—=0=x=—.

1

WA 2x 4

Bang bién thién:

X

—o 0 1/4 +00

'

y

y

Do

7 T~ —" "

Dang toan 2: Xéac dinh m d€ ham s6'y = f(x, m) déng bién (hoic nghich

bién) trén khoang I

Phuong phap
Ching ta can thuc hién cac budc sau:

Budc 1: Tim tap xac dinh cta ham s6.
Buéc 2: Tinh dao hamy'.
Budc 3: Lap luan cho cac truong hop (tuong tu cho tinh nghich bién)
nhu sau:
a. Ham s6 dong bién trén I khi:
Ham s6 xac dinh trén1
{y‘ >0, Vx €1, ddu dang thic chi xay ra tai hitu han diém
b. Ham s6 dong bién trén doan c6 do dai bang k
y'>0, Vx [a-k; a] , ddu déng thic chi xdy ra tai hitu
{han diém cua [a-k; a] vd x e[a-k; a] khong thoda min
& Chu y: Dé giai cac biéu thic diéu kién cla y' phuong phip duoc sit dung phd
bién nhat 1a phuong phdp tam thic bac hai, tuy nhién trong nhiing
trudng hop riéng biét c6 thé sir dung ngay phuong phap ham s6 dé giai.
Thi du 1. Cho ham s6'y = 4x* + (m + 3)x* + mx. Tim m dé:

a. Ham s6 dong bién trén R .
b. Ham s& dong bién trén khodng [0; + ).

c. Ham so nghich bién trén doan [-1/2;1/2].

d. Ham s6 nghich bién trén doan cé do dai bang 1.

&5 Gidi

Ham s6 xac dinh trén D = R.

Pao ham:

y'=12x%+ 2(m + 3)X + m,

y' =0 f(x) =12x*+ 2(m + 3)x + m = 0. (1)
a. Ham s0 dong bién trén R khi:

y'20,VxeR & f(x)20,VxeR <& A'<0
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Sm+3)-2m<0<e (m-3°<0eom-3=0m=3.
Vay, v6i m = 3 thdéa man diéu kién dau bai.
b. Ta c6 thé trinh bay theo hai cdch sau:
Cdch I: Ham s6 dong bién trén khoang [0; + o) khi:
y' 20, Vxe [O; +00) < f(x) 20, Vxe [0; +00)

i 2
A'<0 (m=3)" <0 m=3
2

(1) vo nghiém hoac ¢6 nghiém kép A'>0 (m-3)">0 m#3

= = =

(1) c6 nghiém x, <x, <0 S<0 _mg3<0 m > -3
P>0 m/1230 m2=0
< mz20.
Vay, véi m 2 0 thdéa man diéu kién dau bai.
Cdch 2: Nhan xét rang phuong trinh (1) luon c6 nghiém x = —% vax = —% .

Tir d6, ham s6 dong bién trén khoang [0; + o) khi:
y' 20, Vxe[0;+x) < f(x) 20, Vxe[0; + o)

A=0 m=3
1 7 h',\ k/ -
(1) c6 nghiém kép LMy l0cm<3 em20.
(1) ¢6 nghiém x, <x, <0 2 6
m 1 m>3
-——<—-—x<0
6

Vay, v6i m 2 0 thoa man di€u kién dau bai.
Cdch 3: Ham s6 dong bién trén khoang [0; + o) khi:

y'20, Vxe [0; +oo) S 12x2+2(m+3)x +m 20, Vxe [0; +oo)
< m2x + 1) 2 —12x* - 6x, Vxe[0; +0) < m>-6x, Vxe|[0; +)

< m2> Max (-6x)=0 <& m20.

xe|0; +oo)

Vay, v6i m 2 0 thoa man di€u kién dau bai.

c. Nhan xét rang phuong trinh (1) luén ¢6 nghiém x = —% vax=-—

o |3

T d6, ham s6 nghich bién trén doan [—%; %} khi:

y' =0, Vxe [—l; l} < f(x) <0, Vxe [—l; l} o
2 2 2 2

Vay, v6i m 2 3 thdéa man diéu kién dau bai.

18



d. Ham s6 nghich bién trén doan c6 do dai bang 1 khi:
y' <0, trén doan ¢6 do dai bang 1
< (1) ¢6 hai nghiém phan biét x;, X, thoa man |x; — xo| = 1

A'>0
A'>0 m=9
= = A SAVJA'=6 & (M -3)P=36<
{Xl—x2|=1 AT, ( ) {m:—3
12

Vay, ham s6 nghich bién trén doan c6 do dai bing 1 khi m = 9 hodc m= 3.
& Nhdn xét: Trong 10i giai trén:

* V6i noi dung cau b), cdc em c6 thé thay rang phuong phdp
ham s6 thuong dugc uvu tién lua chon.

*  Véinoi dung cau ¢), ta nhd lai rang phuong trinh ax* + bx + ¢ =0
(a # 0) néu c6 hai nghiém x;, x; thi:

AL 2JA
|X1 — Xo| = — hoac [x; — Xo| = ——.

la| la|
Ngodi ra, vi phuong trinh (1) Tuén o6 nghiém x, = —% VAX, = —%

va y’ nhan gid tri am trong khoang nay nén ta c¢6 diéu kién la:
1 m m=9
|X1—X2|:1C> —-—+— .

2 6 m=-3

=1 <:>|m—3|=6<:>{

x—1

Thidy 2. Cho ham s’ y = .
X—m
Vi gid tri nao cua m:
a. Ham so nghich bién trén méi khodng xdc dinh cuia né ?
b. Ham sé dong bién trén khodng (—o; 0) ?
L5 Gidi
Mién xdc dinh D = R\{m}.
bao ham:
,1-m
T emy
a. Ham s6 nghich bién trén moéi khoang xac dinh cua né khi:
y' <0, VxeD va dau dang thitc chi x4y ra tai mot s6 hitu han diém
< 1l-m<0&m>1.
Vay, v6i m > 1 thoa man diéu kién dau bai.
b. Trudc hét 1a ham s6 can xdc dinh trén (0; +o0), di€u kién 1a m > 0. *)
Ham s6 dong bién véi trén (0; +o0) khi:
y' >0, Vxe(0; +o0) va dau dang thiic chi xay ra tai mot s6 hitu han diém
Sl-m>0om<1 <(:)>0£m<1.

Vay, véi 0<m<1 thoa mén diéu kién dau bai.
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@ Cha y: Rat nhiéu hoc sinh khi thuc hién bai ton trén:
a. O cau a), d nhan ca nghiém m = 1, béi thiét lap diéu kién 1a
1 —m < 0. C4ac em hoc sinh can nhé ky ndi dung dinh 1i 2.
b. O cau b), da khong kiém tra diéu kién xdc dinh ctia ham s trén
khoang (—o0; 0).
Ngoai ra, cdc em hoc sinh cling cdn nhé rang ham phan thic bac
nhit trén bac nhat luon don diéu trén mién xdc dinh cua né.
2 2
Thidy 3. Cho ham s6' y = % Vi gid tri nao cia m:
a. Ham so dong bién trén moi khodng xdc dinh ciia né ?
b. Ham s6 nghich bién trén cdc khodng (0; 1) va (2; 4) ?

&5 Gidi
Mién xdc dinh D = R\{1}.
bao ham:
2 2
y'=x 2x+1-m , V=0 x-2x+1-mM=0=x2=12m.

(x-1)
a. Ham s6 dong bién trén moi khoang xdc dinh ctia n6 khi:
y' >0, VxeD va diu dang thic chi xay ra tai mot s6 hitu han diém
< x2=-2x+1-m?>0, VxeD va ddu "=" chi xdy ra tai mot s6 hitu han diém
SAN<0em’<0&m=0.
Vay, v6i m = 0 thoa man diéu kién dau bai.
b. Nhan xét rang y’ chi nhan gia tri am trong khoang (x;; x2)\{1}.
T d6, ham s6 nghich bién trén cac khoang (0; 1) va (2; 4) khi:
{1—m£0<4£1+m {levam23

c>|m|23.

1+m<0<4<1l-m m<-lvam<-3

Vay, véi |m|>3 thod man diéu kién du bai.
& Cha y. Dé hiéu duoc lap luan trong 16i giai cau b) ctia vi du trén cdc em hoc
sinh hay phac thdo bang bién thién clia ham sd, cu thé:

X — X1 1 X2 + o0
y' + 0 — || — 0 +

y —oo/CD\ o \~CT/'+OO

dé dat duoc cdc diém x = 0, x =2, X = 4 vao vi tri thich hop.

+00

Thidv 4. Cho ham s6'y = —x*+ 2mx* — m?. Vi gid tri nao cia m:
a. Ham so nghich bién trén (1; +o0) ?
b. Ham s6 nghich bién trén (—1; 0) va (2; 3)?
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&5 Gidi
Mién xdc dinh D = R.
Pao ham:
y' = —4x3 + 4mx, y =0 —4x* +4mx =0 < —4x(x> —m) = 0.
a. Ham so nghich bién trén (1; +o0) khi:
y' <0, Vxe(l; +0) < —4x(x*> —m) <0, Vxe(1; +o0)
< x(x2—m) >0, Vxe(l; +o0)
Sfx)=x2-m>0,Vxe(l;+0) < f(1) >0 1-m>0<m< 1.
Vay, v6i m < 1 thoa man diéu kién dau bai.
b. Ham s6 nghich bién trén (—1; 0)U(2; 3) khi:
y' <0, Vxe(-1; 0)u(2; 3) < —4x(x? —m) <0, Vxe(-1; 0)u(2; 3)
S 4x(x2-m) =0, Vxe(-1; 0)u(2; 3)
- 4x(x* —m) >0, Vx e (~1; 0) - f(x)=x>-m<0, Vx e(-1; 0)
4x(x* —m) >0, Vx €(2; 3) f(x)=x*-m=>0, Vx €(2; 3)
S(0,m) {f(—l) <0 {1 -m<0
= =
£(2)>0 4-m>0

Vay, v6i 1 <m <4 thoa man dié¢u kién dau bai.

< 1<m<A4.

@ Cha y. Dé hiu duoc 1ap luan trong 15i giai trén cdc em hoc sinh hay lua

chon mot trong hai cich sau:

Cdch I: Nhan thay d6 thi ham s6 f(x) = x* — m 12 mot Parabol nhan

truc Oy lam truc d6i xiing va cat Oy tai diém S(0; —m).

Cdch 2: St dung khai niém dudng tron cta hinh hoc giai tich trong

mat phang.

Dang todn 3: S dung tinh don diéu cta ham s6 d€ ching minh ding

thiic, bat ding thitc
Phuong phap
Béng viéc xét ham s6 f(x) trén doan [a; b], ta co:

a. Néu f'(x) = 0, Vxe[a; b] & Ham s6 f(x) la ham hang trén [a; b]
= f(x) = f(xo) v6i xo€[a; b].

b. Néu f'(x) >0, Vxe[a; b] < Ham s6 f(x) dong bién trén [a; b]
= f(a) < f(x) < f(b).

c. Néu f'(x) <0, Vxe[a; b] < ham s6 f(x) nghich bién trén [a; b]
= f(b) < f(x) < f(a).

Thi du 1. Chitng minh biéu thiic sau khong phu thudc vao x:

A =sin’(x — %n) + sin’x + sin*(x + %).



&5 Gidi
Xét ham s6
. 2 . . 2
A =sin’(x — ?n) + sin’x + sin’(x + ?n).
Ta co:

A = 2sin(x —23—n).cos(x —%n) + 2sinx.cosx + 2sin(x +2?n).cos(x +2?n)
= sin(2x — %) + sin2x + sin(2x + %)
= 2sin2x.cos% + 8in2xX = — sin2x + sin2x =0

<> Ham s6 khong déi.

Ngoai ra taconco A = A(0) =

N | W

Vay,tacé A = % khong phu thudc vao x.

@& Nhdn xét: Qua thi du trén cdc em hoc sinh da biét cdch trinh bay dang todn
"Ung dung tinh don diéu ciia ham sé ching minh ddng thirc "'. Va
& day, cdc em cin nhé ring ciing c6 thé sit dung céc phép bién
déi luogng gidc thuin tuy dé thuc hién yéu cau trén, cu thé & day ta
st dung cdc cong thic ha bac.

Thi du 2. Chiitng minh cdc bdt ddng thitc sau:
a. sinx < x voi moi x > 0. b. sinx > x vdi moi x < 0.

&5 Gidi
Xét ham s6 f(x) = sinx — x véi 0 < x < g
Pao ham:
f(x)=cosx—1<0v6i0<x< g < ham s6 f(x) nghich bién trén (0; g).
a. Do do:

f(x)<f(0)v610<x<g@sinx—x<0v6’iO<X<g

. L T
& sinx <X voi 0 <x < 3
b. Sk dung két qua trén véi 1ap luan:
X <0 —x>0 = sin(—x) < —X < —sinx < —X < sinx > x, dpcm.
@ Nhdn xét: 1. Qua thi du trén cdc em hoc sinh da biét cach trinh bay dang toan
"Ung dung tinh don diéu ciia ham s6 chitng minh bat déng thiic".
Va & day, cdc em can nhd rang phuong phap nay thudng duoc ap
dung cho nhiing bat dang thiic khong mau muc.
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2. Doi khi chiing ta khong thé khang dinh duoc ngay rang f(x) > 0,
Vxe[a; b] (hoac f '(x) < 0, Vxe[a; b]), trong cac trudng hop
nhu vay, mot thu thuat thong thuong duogc ap dung la ching ta
lién ti€p tinh dao ham dé ha bac din da thiic 4n x.

3. Tu nhitng bat dang thiic don gian trén ngudi ta c6 thé xay

dung ra nhitng bat dang thic phiic tap hon, cu thé:
= Vi bat dang thiic sinx < x chiing ta xay dung dugc bai toan:
"Chitng minh rdng trong moi AABC nhon ta déu cé:
sinA + sinB + sinC < "
= Vi bat dang thiic tanx > x chiing ta xay dung duoc bai todn:
"Chitng minh rang trong moi AABC nhon ta déu co:
tanA + tanB + tanC > 1"
Va khi d6, dé chitng minh nhiing bat dang thic dang trén
chiing ta can thuc hién theo cac budc:
Budc I Lua chon ham dac trung (y = sinx — x hodc tanx — x).
Budc 2: Ching minh ham s6 luon don diéu trén D.

Budc 3: Ap dung.

Thi du 3. Chitng minh cdc bdt ding thiic sau:
X3 X3
a. sinx >Xx — o véimoix>0. b. sinx<x-— v v6i moi x < 0.
&S Gidi
3
a. Xétham s6 f(x) = x — % — sinx véi x > 0.
Pao ham:
2
f(x)= 1- X? — cosx, f'(x) = —X + sinx,

f"(x) = =1 + cosx < 0 v6i x > 0 < f'(x) nghich bién vé6i x > 0
= f'(x) < f'(0) v6i x > 0 < '(x) < 0 v6i x > 0 < f'(x) nghich bién véi x >0
= f'(x) < '(0) v6i x > 0 < f'(x) < 0 v6i x > 0 < f(x) nghich bién véi x >0
3
= fx)<f0)véix >0 x - % —sinx <0 v6ix>0

. x> .
<:>smx>x—?V01x>O.

b. St dung két qua trén véi 1ap luan:
(—x)*
6

. x’ .
< sin(—Xx) < —x + o < —sinx

x<0e=x>0=(=x)-

. X3
S SinX <X — ? dpcm.
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& Cha y: Vi du tiép theo s& minh hoa mot phuong phdp khdc, d6 1a st dung
céc phép bién déi dai s6 dé xac dinh ddu clay’.

Thi du 4. Chiing minh rdng sinx + tanx > 2x vdi moi x € (O; gj .
L5 Gidi
Xét ham s06 f(x) = sinx + tanx — 2x, ¢c6 dao ham:

f'(x) = cosx + -2

cos” X

Nhan xét ring v6i x e D = (0; gj ta co:

Cosi
—2>cosx + -2 >2-2=0

CcoS X COS X

COSX +

SIE)>0v6i0<x< g < ham s0 f(x) dong bién trén D

Sfx)>f0)veil<x< g Ssinx +tanx —2x >0 véi0<x < g
<& sinx + tanx > 2x véi moi x € D.
@ Cha y: 1. Bat ding thic sat hon so v6i bét ding thic trén 1a:
2sinx + tanx > 3x v6i moi X € (0;%)

2. Vatir bat dang thitc ndy nguoi ta xay dung dugc:
"Chitng minh rang trong moi AABC nhon ta déu cé:

%(sinA+sinB+sinC)+%(tanA+tanB+tanC)>n"

Va dé giai bai todn trén ta thuc hién nhu sau:

Viét lai bat dang thic du6i dang:
2(sinA +sinB+sinC)+(tanA+tanB+tanC)>3n
< (2sinA+tanA-3A)+(2sinB+tanB-3B) +

+(2sinC+tanC—-3C)>0

Xét ham s6 f(x) = 2sinx + tanx — 3x trén khoang [O;gj .

Ham s6 dong bién trén (O;gj — Theo chiing minh trén.

Vay, ta dugc:

2sinA + tanA — 3A > 0. (1)
2sinB + tanB — 3B > 0. 2)
2sinC + tanC — 3C > 0. 3)

Cong theo vé (1), (2), (3) ta duoc bat dang thiic cin chiing minh.
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Dang tosn 4: St dung tinh don diéu ctia ham s& d€ giai phuong trinh,
bat phuong trinh va hé
Phuong phap
St dung cac tinh chat don diéu ham s6 dé giai phuong trinh la dang toan
kha quen thudc, ta c6 cac huéng ap dung sau:
Huong 1: Thuc hién theo cac budc:
Buéc 1. Chuyén phuong trinh vé dang:
f(x) = k. (1)
Bube 2- Xétham s6'y = f(x), ding lap luan khing dinh ham s6 don diéu.
Bude 3. Khi d6, phuong trinh (1) néu c6 nghiém thi nghiém d6 1a duy nhat.
Tim x¢ sao cho f(x¢) = k.
Vay, phuong trinh c6 nghiém duy nhat x = xo.
Huong 2: Thuc hién theo cac budc:
Buéc 1. Chuyén phuong trinh vé dang:
f(x) = g(x). @)
Budc 2- Xét cac ham s0'y = f(x) va y = g(x).
Ding lap luan khing dinh ham s6'y = f(x) 1a dong bién con ham
56 y = g(x) 1a ham héng hodc nghich bién.
Budec 3. Khi d6, phuong trinh (2) néu c6 nghiém thi nghiém d6 la duy nhat.
Tim x¢ sao cho f(xo) = g(Xo).
Vay, phuong trinh c6 nghiém duy nhat x = xo.
Huong 3: Thuc hién theo cac budc:
Buéc 1. Chuyén phuong trinh vé dang:
f(u) = f(v). . 3)
Budc 22 Xétham so 'y = f(x). Dung lap luan khang dinh ham s6 don diéu.
Bude 3: Khi do:
(3) < u=vvdi Vu, veD,.

Thi dv 1. Gidi phuong trinh tanx — x = 0.
&5 Gidi

Diéu kién:

cosx #0 <:>X¢§+kn,keZ.

Xét ham so f(x) =tanx —x v6i x #—+kmn, ke Z., ta co:

£(x) =

—l=tan’x >0, Vx¢E+kn,keZ.
cos” X 2

<> Ham dong bién trén D=R\ {ng km, k e Z}.
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Do d6, néu phuong trinh f(x) = 0 c¢6 nghiém thi nghiém d6 la duy nhat.
Ta thay:
f0)=0-0=0
nén x = 0 1a nghiém duy nhat cua phuong trinh.

& Nhdn xét: Qua thi du trén cdc em hoc sinh da biét céch trinh bay dang todn
"Ung dung tinh don diéu ciia ham sé gidi phuong trinh". Va &
day, cdac em can nhd rang phuong phdp nay thuong duoc dp dung
cho nhitng phuong trinh khong mau muc.

Thi du 2. Gidi phuong trinh 1—x —/1+x =2x> + 6x.

&5 Gidi

Diéu kién:
I-x20 x <1
{ =S { < x| <1
I+x2>0 x>-1
Téi day ta c6 thé trinh bay theo céc céach sau:
Cdch I: Viét lai phuong trinh dudi dang:
Vi—x —1+x -2x* —6x =0.
Xétham s6 f(x)=+1-x —+/1+x —2x* —6x trén D = [-1; 1], ta c6:
1
2J1-x  24/1+x
< Ham nghich bién trén D.
Do d6, néu phuong trinh f(x) = 0 c6 nghiém thi nghiém d6 la duy nhat.
Ta thay:
f0)=1-1=0
nén x = 0 1a nghiém duy nhat cua phuong trinh.
Cdch 2: Ta lan luot:
»  Xétham s f(x)=+1—x —/1+x trén D =[~1; 1], ta c6:
, 1 1
BN e
»  Xét ham s6 g(x) =2x*+ 6x trén D = [-1; 1], ta c6:
g’ (x) =6x2+ 6 >0, VxeD < Ham s6 g(x) dong bién trén D.
Do d6, néu phuong trinh f(x) = g(x) c6 nghiém thi nghiém dé 1a duy nhat.
Véi x =0, ta thay:
1-1=0+0<0=0, ding
nén x = 0 la nghiém duy nhét ctia phuong trinh.
Cdch 3: Viét lai phuong trinh duéi dang:

VI=x+(1-x) =41+x +(1+x)’. @8

fi(x)=— —6x°-6<0,VxeD

<0, Vx € D < Ham s0 f(x) nghich bién trén D.
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Xétham s6 f(t) =+/t + > trén trén D = [0; +0), ta ¢6:

f'(t)= # +t* >0, Vx e D = Ham s6 luon dong bién trén D.
t
Khi dé:

DHefl-x)=fl+x)=1-x=1+x<x=0.
Vay, phuong trinh c6 nghiém x = 0.

Thi dy 3. Giai bat phuong trinh:
= x*=3x+2|+6x—-7>0.
L5 Gidi
Xét ham s0 f(x) = x> — x> = 3x + 2| + 6x — 7.
* MiénxdcdinhD=R.
=  DPao ham:
3 —2x+9 nfux >2vx<l . R e
f’(x) = = ham s6 dong bién trén D.
3x* +2x+3 néul<x <2
Mat khac ta c6 f(1) = 0, suy ra bat phuong trinh cé nghiém la x > 1.

@ Nhdn xét: Qua thi du trén cdc em hoc sinh da biét cdch trinh bay dang toin
"Ung dung tinh don diéu ciia ham s gidi bdt phuong trinh". Va &
day, cdac em can nhd ring phuong phdp nay thuong duoc dp dung
cho nhing bat phuong trinh khong mau muc.

Thi du 4. Tim m dé phuong trinh sin™x + cos™x = 1 nghiém diing véi moi X.
L5 Gidi
bat f(x) = sin™x + cos™x, khi d6 yéu cAu bai todn dugc phat biéu dudi dang:
f'(x)=0, Vx 1
fx)=1,Vx & () @
f(n/4)=1 (2)
Giai (1): Ta duoc:

m.cosx. sin™~ 'x — msinx.cos™ " 'x =0, Vx

. . m = O m= 0
<> m.sinx.cosx(sin™ %x — cos™ %x) =0, Vx < { sy = {
X, VX

sin™? x = cos™” m=2
Ta xét ting trudong hop clia m dé giai (2):

=  Véim =0, ta duogc:

0 0
f[gj = [f} + (\/fj =2, khong thoa man.

»  Véim =2, tuong tu ta dugc f (gj =1, thod man.

Vay, v6i m = 2 phuong trinh nghiém ddng véi moi x.
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Thi du 5. Giai hé phuong trinh:

{smx siny=y X, VixeDe (O; Ej-
X+2y=m 2
&5 Gidi
Viét phuong trinh thit nhat cta hé duédi dang:
sinx + X = siny +y. *)
Xét ham s0 f(t) = sint + t trén D, ta ¢6:
f'(t)y=cost+1>0vGi x e D <> Ham s6 f(t) dong bién trén D.
Vay, phuong trinh (*) dugc viét dudi dang:
f(xX)=f(y)ox=y.
Khi dé6, hé c6 dang:

X=y X=y T
= S x=y=—.
X+2y=m 3x=mn 3

Vay, hé phuong trinh c6 nghiém x =y = g

@ Nhdn xét: Qua thi du trén cdc em hoc sinh da biét cdch trinh bay dang todn
"Ung dung tinh don diéu ciia ham s gidi hé phuong trinh". Va &
day, cdac em can nhd rang phuong phdp nay thuong duoc dp dung
cho nhitng hé phuong trinh khong mau muc.

§2. CUC TRI CUA HAM SO

Dang toin 1: Tim cuc tri cia ham s6
Phuong phap
Pé tim cuc tri clia ham s6 y = f(x), ta thuc hién theo c4c buéc sau:
Budc 1: Tim tap xac dinh cia ham s6.
Bugc 2: Tinh dao ham y', r6i tim cac diém t6i han (thong thuong la viéc
giai phuong trinh y' = 0), gid st ¢6 x = X.
Budc 3: Lua chon mot trong hai huéng:
Hudng 1: Néu xét dau dugc y' thi lap bang bién thién 16i dua ra
két luan dua vao dinh li:
Pinh li 1: Néu ham so'y = {(x) ¢6 dao ham trong khodng
(a; b) va y'(xo) = 0 vdi xoe(a; b).
a. Néu qua xo dao ham doi ddu tir dm sang duong thi
ham sé dat cuc tiéu tai Xo.
b. Néu qua xo dao ham doi ddu tir duong sang dm thi
ham s6 dat cuc dai tai Xo.
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Hudng 2: Néu khong xét ddu dugce y' thi:
Tim dao ham bac hai y".
Tinh y"(Xo) r6i dua ra két luan dua vao dinh Ii:
Pinh li 2: Néu ham so'y = {(x) ¢ dao ham trong khodng
(a; b) va y'(xo) = 0 vdi xoe(a; b).
a. Néuy"(xo) <0 thi ham so' dat cuc dai tai diém Xo.
b.  Néuy"(xo) > 0 thi ham s6 dat cuc tiéu tai diém Xo.

Thi du 1. Tim cuc tri ciia ham s6'y = N8 —x* .
&5 Gidi

Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Sir dung quy tdc I): Ta l1an luot c6:

» Tac6 diéu kién:

8-x20e |x| <242 = D=[-242; 2421.
* DPao ham:
VL 2x _ X

N/ N e
» Bang bién thién:

X | -0 —22 0 22 +00

Ly + 0 - 7
y AO/;%\ A

Vay, ham s6 dat cuc dai tai x = 0 va gia tri cuc dai cua ham s6 la f(0) = 22
Cdch 2: (Sir dung quy tdc 2): Ta lan luot c6:
» Tac6 diéu kién:
8-x20e |x| <242 = D=[-242; 2421.
* DPao ham:

y=0&x=0.

y=—_—2% ____X y' =0 x=0
28— x? Ja—xt
= Taco:
" 8 "

(8 _ X2 )3/ 2
Vay, ham s6 dat cuc dai tai x = 0 va gia tri cuc dai cua ham s6 1a f(0) = 202

@ Nhdn xét: Qua thi du trén cdc em hoc sinh da biét hai c4ch trinh bay dang toan
"Tim cuc tri ciia ham s6" dua trén hai quy tac tuong tng. Va & day,
cdc em can nhé rang quy tac 2 thudng chi duge sir dung khi gap khé
khan trong viéc xét ddu y’ hoac véi bai toan chita tham so.
Va bat dau tir day, viéc dua ra 10i két luan dua theo bang bién
thién dugc danh cho ban doc.
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Thi du 2. Tim cdc khodng tdng, gidm, cuc tri cua ham so:

yz%x3+2x2+3x—l.

&5 Gidi
Mién xdc dinhD = R.
bao ham:
y=x*+4x+3, y=0<x*+4x+3=0< x=-1hoiac x =-3.
Giéi han:
limy=-0 va limy = +o0.

Bang bién thién:
X | —o0 -3 -1 +00
y' + 0 - 0 +

Cb CT + 00
y | - — —1\—7/3/
Ban doc tu két ludn dua theo bdng bién thién.

& Nhdn xét: Haim da thic bac ba tong quét c6 dang:
y=f(x)=ax’+bx*+cx+d,véia=0
c6 dao ham:
y'=3ax>+2bx+c¢, y' =0<3ax*+2bx+c=0.
Tur d6, suy ra ham s6 ¢6 2 cuc tri hoac khong cé cuc tri.

Thi dy 3. Tim cdc khodng tang, giam, cuc tri ciia ham so:
y=x'-2x*-1.
L5 Gidi
Mién xdc dinhD = R.
bao ham:
y' =4x3 — 4x, y=0&4x}—4x=0< x =0hodc x =+1.

Gi6i han lim y = lim y = +oo.

Bang bién thién:
X — 0 -2 -1 0 1 2 + ©
y' - 0 + 0 - 0 +

7 CT Cb CT 7
y +OO\_2/_1\_2/+OO

Ban doc tu két ludn dua theo bdng bién thién.

& Nhdn xét: Ham da thic dang tring phuong c6 3 hoic 1 cuc tri.

x> —3x+3

Thi dvy 4. Tim cdc khodng tdang, giam, cuc tri ciia ham s6'y = .
X —
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&S Gidi
Mién xdc dinh D = R\{1}.

Pao ham:
1
=1- , y=0&1- =0< x=0hoacx =2.
R S x— 1) |
Giéi han:
limy= limy=-w, limy = limy = +oo.
X0 X1 X—>+0 x—>1*
Bang bién thién:
X —00 0 1 2 + 00
y' + 0 - I - 0 +
b +00 1 + o0
y |- -3 \—oo \CT /

Ban doc tur két ludn dua theo bang bién thién.

@& Nhdn xét: Him phan thiic bac hai trén bac nhat téng quét c6 2 cuc tri hoic

khong c6 cuc tri. Cac em hoc sinh cin nhé rang gid tri cuc tri clia

ham phan thic y = u(x) tai X =xo 12 y(x,) = M
v(x) v'(x,)
That vay:
_ U'X)v(x) —u(x)v'(x)
B V(%) ’
Vo = 0 e LODVED) UGV _ g

V(x,)

u®y) _ UXo) _ v dpem,

& U'(X0).v(Xo) = u(Xo).V'(Xp) & Vo) = o

Két qua trén duge sir dung dé:
1. Xdc dinh gia tri cuc tri cua cdc ham phan thic hitu ti.
2. Lap phuong trinh duong thang, duong cong di qua cdc diém cuc

tri ctia cac ham phan thic hitu ti.
Ngoai ra, v6i ham phan thiic hitu ti ¢6 cuc dai va cuc tiéu thi
yep < yer , diéu nay khéng dinh su khéc biét giita khai niém vé
cuc dai, cuc tiéu va gid tri 16n nhat, nhd nhat ctia ham so.
Dé tim cuc tri chia ham s6 chita ddu gia tri tuyét doi ta thuc hién
theo céac budc sau:
Budc 1: Bién doi ham so vé dang:

f,(x) v6i x € D,

y=3-
f,(x) véixeD,
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Budc 2: Tim mién xdc dinh clia ham s6.
Buoc 3: Tinh dao ham:
f' (x) voi x e D, \ {x | f,(x) =0}

2

y:

f', (x) v6i x e D, \ {xIf (x)=0}

y’ =0 = nghiém (néu co).
Buidc 4: Bang bién thién, tir d6 dua ra 16i két luan.
Thi du 5. Tim cdc khodng tding, gidm, cuc tri cua ham s6'y = |x|(x + 2).
&5 Gidi
Mién xdc dinh D = R.
Viét lai ham s6 duéi dang:
| =x(x+2) v6ix <0 vy -2x-2 v6ix <0
T xx+2) veix>0 70 | 2x+2 véix>0’

GiGi han limy =-oc0, limy = +oo.

Bang bién thién:
X | —o0 -1 0 +00
y' + 0 - 0 +
Cb CT +00
y —o0 / 1 \ 0 /
Ban doc tur két ludn dua theo bang bién thién.
& Chu y: Cic vidu 2,3, 4,5 damiéu ta cuc tri ciia ba dang ham s6 co ban trong
chuong trinh phé thong. Cac thi du tiép theo s& minh hoa viéc sir dung
dau hiéu 2 cho cac ham lugng giac hoac khong mau muc.

Thi dy 6. Tim cdc khodng tdang, giam, cuc tri ciia cdc ham so-
a. y=x-—sin2x + 2. b. y=3-2cosx — cos2x.
L5 Gidi
a. Mién xdcdinhD = R.
bao ham:
y'=1-2co0s2x, y" = 4sin2x.
y'=0&1-2c0s2x =0 <> cos2x = % & x:ig+kn,k€Z.
Ta c6:

= Véi x= —g-i-kTC ta nhan dugc:
y”(—ngknj = 4sin(—§+2knj =-23 <0

N ~ . -, LR T
= ham s0 dat cuc dai tai cac diém x = —g+ kn,keZ.
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- T N
= V6i x= r +kn ta nhan dugc:

y"(%ﬂmj = 4sin(§+2knj =23 >0

= ham s¢ dat cuc tiéu tai cdc diém x =%+ kn,keZ.
b. Mién xdc dinhD= R.
bao ham:
y'=2sinx + 2sin2x, y" =2cosx + 4cos2x.
y'=0 < 2sinx + 2sin2x = 0 < 2(1 + 2cosx)sinx =0

& x:iz?n+2kn hoac x =km, ke Z.
Ta co:

= Véi x= i23_n + 2k ta nhan duoc:

y"(ir23—TE+2knj < 0= ham s6 dat cuc dai tai cic diém x=i2?n+2kn,keZ.

=  Véix =kn ta nhan duoc:
y"(km) = 2cos(km) + 4cos(2kn) = 2cos(kn) + 4 >0
—> ham s& dat cuc tiéu tai cdc diém x = kn, ke Z.

Dang todn 2: Tim m dé ham s6'y = f(x, m) ¢6 cuc tri
Phuong phap
Dé thuc hién cac yéu cdu vé diéu kién c6 cuc tri ctia ham s6 y = f(x) ta
thuc hién theo cac budc:
Budc I Mién xac dinh.
Budc 2 Tinh dao ham y'.
Lua chon theo mot trong hai huéng:
Hubng I Néu xét dugc dau cta y' thi st dung dau hiéu I véi
lap luan:
Ham sé’cok cuc tri
< Phuong trinh y' = 0 c6 k nghiém phan biét va
d6i dau qua cac nghiém do

:

Huéng 2 Néu khong xét dugc dau ctia y' hodc bai toan yéu cau
cu thé vé cuc dai hoac cuc tiéu thi st dung ddu hiéu
II, bing viéc tinh thém y". Khi d6:
1. Ham s8¢0 cuc tri < hé sau c6 nghiém thuoc D

y'=0
y";tO'
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2. Ham s6 c6 cuc tiéu < hé sau c6 nghiém thudc D
y'=0
{y" >0
3. Ham s6 c6 cuc dai < hé sau c6 nghiém thudéc D
y'=0
{y" <0’
4. Ham s6 dat cuc tiéu tai xo diéu kién la:
x,€D
X, ladiém t6i han .
¥'(x,)> 0
5. Ham s6 dat cuc dai tai xo diéu kién la:
X, €D
X, ladiém t6i han .
¥'(x,) <0
Ngoai ra, véi ham da thic y = f(x) thi diéu kién dé
" HAam s6 dat cuc tri tai diém x," 1a:
{y'(xo) =0
y"(XO) * O .
Thi du 1. Chiing minh rdang véi moi gid tri cia m, ham so:
x> —m(m+1Dx+m’ +1

y:

X—m
Iuon cé cuc dai va cuc tiéu.
&5 Gidi
Mién xdc dinh D = R\{m}.
Viét lai ham s6 duéi dang:

y=x-m>+ !
X—m
Pao ham:
1
':1_—,
Y (x—m)’
y'zO@l—ﬁ =0 x-mP-1=0<x2=m=1eD.
X—m

Téc 1a y' = 0 ludn c6 hai nghiém phan biét thuoc D va déi ddu qua hai nghiém
nay, do d6 ham s6 luon c6 cuc dai va cuc tiéu.

& Nhdn xét: Qua thi du trén céc em hoc sinh dd biét cich trinh bay dang toan
"Chiing minh ham sé luén cé cuc tri " dua trén quy tac 1.
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Trong trudng hop bai toan trén dugc phét biéu dudi dang "Tim m
dé ham so" c¢é cuc tri" thi dé tang do khé cho yéu cdu nguoi ta
thuong doi hoi thém nhu sau:
a. Hoanh do (hodc tung do) cdc diém cuc tri thuéc khodng K, khi
d6 ching ta chi can thiét 1ap diéu kién :
mtl ek
hoacy(m = 1) €e K< [2x — m(m+1)]m=+1) € K.
b. Toa dé cdc diém cuc tri thod man diéu kién K, khi d6 ching ta
thuc hién:
= Toa do cdc diém cuc tri la:
m+1,2+m-m)va(m-1,-2+m-m?
= Thiét 1ap diéu kién K, tir 6 nhan dugc gia tri ctia m.
c. Phuwong trinh duong thdng di qua cdc diém cuc tri thod man
diéu kién K, khi d6 ching ta thuc hién:
= Phuong trinh duong thang di qua céc diém cuc tri la:
(d:y=2x—m(m+1)
= Thiét 1ap diéu kién K, tir d6 nhan dugc gia tri cia m.

Va trong tat ca cac doi hoi kem theo chi can cac em hoc sinh biét
cach phan tich, dé tir d6 dua ra duoc mot lugc doé thuc hién thich hop.
Thi du 2. Tim cdc hé sé a, b, ¢ sao cho ham s6 f(x) = x> + ax* + bx + ¢ dat cuc tri
bdng 0 tai diém x = =2 va do thi ciia ham s6 di qua diém A(1; 0).
&5 Gidi
Dao ham f'(x) = 3x? + 2ax + b va f’(x) = 6x + 2a.
Dé ham so6 dat cuc tri bang 0 tai diém x = —2 va do thi ctia ham s6 di qua diém
A(1; 0) diéu kién la:
f(-2)=0 —-8+4a-2b+c=0

a=3
f'(-2)=0 12—-4a+b=0
Ry < <b=0 .
f"(-2)=0 —-12+2a#0 4
c=—

f(1)=0 l+a+b+c=0

Vay, véi a =3, b =0 va c = —4 thdéa man diéu kién dau bai.

@ Nhdn xét: Qua thi du trén cdc em hoc sinh da biét hai c4ch trinh bay dang toan
"Tim diéu kién dé ham so cé cuc tri tai diém xo" dua trén quy tac 2.
Thi dy 3. Tim m dé cdc ham sé sau cé cuc tri:

a. y=%x3—mx2+(2m2—3m+2)x+8. b. y=sinx — mx.

&5 Gidi

a. Talan luot c6:
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» Tap xdc dinh D = R.
* DPao ham:
y'=x?—2mx + 2m? — 3m + 2,
y'=0< x> - 2mx +2m?> - 3m+2 =0.
Ham s6 ¢6 cuc tri khi phuong trinh y’ = 0 ¢6 nghiém va doi dau qua nghiém do:
SANy>0eom’-2m’+3m-2>0om’-3m+2<0< 1<m<2.
Vay, véi 1 <m < 2 théa man diéu kién dau bai.
. Talan luot c6:
» Tap xdc dinh D = R.
* DPao ham:
y'=cosXx —m, y" = —sinx.
y'=0< cosx —m =0 < cosx =m.
Ham s6 ¢6 cuc tri khi hé sau c¢6 nghiém:
{y(x)—O <::>{|m|.sl <:>{|m|£1 c}{|m|£1 c>|m|<1.
y'(x)#0 —sinx # 0 x #kn m # *1

Vay, v6i |m| <1 thoa man di€u kién dau bai.

@& Nhdn xét: Qua thi du trén cdc em hoc sinh da biét hai céch trinh bay dang

todn "Tim diéu kién dé ham so c¢6 cuc tri " dua trén hai quy tic
tuong ing. Va & day, cdc em cin nhd ring quy tac 2 thudng chi
duogc st dung khi gap khé khan trong viéc xét ddu y’ hoac yéu
cau cu thé vé cuc dai, cuc tiéu cia ham s0.

&5 Gidi

Thi du 4. Tim cdc hé s6 a, b, ¢, d ciia ham so f(x) = ax® + bx* + ¢x + d sao cho
ham so dat cuc tiéu tai diéem x = 0, £f(0) = 0 va dat cuc dai tai diém
x=1,f1)=1.

bao ham:

f'(x) = 3ax® + 2bx + ¢, f"(x) = 6ax + 2b.
Pé ham s6 dat cuc tiéu tai diém x = 0, f(0) = 0 va dat cuc dai tai diém x =1,

f(1) = 1 diéu kien la:

d=0
f(0)=0 va f(1)=1 a+b+c+d=1 a=-2
f'(0)=0vaf(1)=0 < 3¢c=0 & 4b=3
£"(0)>0 va f'(1)<0 3a+2b+c=0 c=d=0
2b >0 va 6a+2b<0

Vay, véi a=-2,b =3 vac=d=0 théa man dicu kién dau bai.

Thi du 5. Cho ham s6'f(x) = x* + px +q.

a. Vi diéu kién nao dé ham sé"cé mot cuc dai va mot cuc tiéu ?



b. Chitng minh rdng néu gid tri cuc dai va gid tri cuc tiéu trdi ddu thi
phuong trinh:
x*+px+q=0 (1)
c6 ba nghiém phdn biét.
c. Chitng minh rang diéu kién can va du dé phuong trinh (1) cé ba
nghiém phdn biét la 4p* — 27q*> > 0.

&5 Gidi
a. MiénxdcdinhD=R.
bao ham:
f'(x) =3x*+p, fx)=0<3x2+p=0. (*)

Dé ham s6 c6 mot cuc dai va mot cuc tiéu diéu kién la:
Phuong trinh (*) c6 hai nghiém phan biét < p < 0.
Vay, véi p < 0 thdéa man diéu kién dau bai.
b. V6i ham s6 trén (lién tuc trén R ), ta ¢6 ngay nhan xét Xcp < Xcr.
Khi dé:
f(XCD) >0va f(XCT) <0

lim f(X) = —00, V@y ton t@.i C1 < Xcp dé f(C1) < O,

X—>—00

lim f(X) =+ 00, Vay ton té_li Cy > XcT dé f(Cz) >0,

suy ra:

f(c1).f(xcp) < 0; f(xcp).f(xcr) < 0; f(xcr).f(c2) < 0.
Vay phuong trinh (1) luén c6 c6 ba nghiém phan biét.

c. Taco:
f(xcp).f(xcr) <0 < (x%y + PXep + (X} + pXer+q) <0
< (3%, +3pxep +39)(3 %%, +3pxer+3q) <0
< [(3 XéD + p)XCD + ZPXCD + 3q] [(3 XéT + p)XCT + 2pXCT + 3q] <0
< (2pxop + 39)(2pxcr + 3q) < 0 < 4p*)cp.Xcr + 6q(Xcp + Xcr) + 992 < 0

p
S 4p?| T3 | +99° <0< 4p’ - 279> 0.

@ Cha y: 1. Céc em hoc sinh cén ghi nhan phat bi€u clia cau b) nhu mot
phuong phdp dé tim diéu kién clia tham s6 sao cho phuong trinh
bac ba c6 ba nghiém phan biét.

2. Qua cac thi du 2, 3, 4 ching ta budc dau lam quen véi viéc tim
cuc tri cia ham da tic bac ba (la dang ham s6 co ban cua
chuong trinh toan THPT). Thi du tiép theo s€ minh hoa cach
thuc hién khi bai todn ghép thém tinh chat K cho cdc diém cuc
tri cua dang ham so nay.
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Thi dy 6. Cho ham s6:
y =x’ —3mx* + 4m’.
Xdc dinh m dé cdc diém cuc dai va cuc tiéu ciia do thi ham soé doi xiing
nhau qua duong thang y = X.
&5 Gidi
Mién xdc dinh D = R.
Pao ham:
y' = 3x? — 6mx,
y=0<3x*-6mx=0< f(x) =x*>-2mx =0 (1)
[xl =0
& :
X, =2m
Tru6c hét, ham s6 c6 cuc dai va cuc tiéu
<> (1) c6 hai nghiém phan biét < m = 0.
Khi dé, toa do céc diém cuc tri 1a A(0, 4m?) va B(2m, 0).
Dé cac diém cuc dai va cuc ti€u clia d6 thi ham s6 d6i xding v6i nhau qua dudng
thang (d): y = x diéu kién 1a:
{ABJ_(d) {A—BLi {2m—4m3 =0
. = &
trung diém I ctia AB thudc (d) I(m;2m*) e (d) m-2m’=0

m=#=0

& m==

1
>
Vay, véi m = i% thoa man diéu kién dau bai.

@ Chu y: Trong trudng hop nghiém phuong trinh (1) chita can thic, ta nén chon

phuong phap sau:
Mién xdc dinhD = R.
Pao ham:
y' = 3x? — 6mx,
y=03x2-6mx =0< f(x) =x> - 2mx =0 (1)

Ham s6 ¢6 cuc dai, cuc tiéu khi (1) ¢6 hai nghiém phan biét, tic:
A'=36m*>0< m#£0.
Khi dé, hoanh do céc diém cuc dai , cuc tiéu thod man:
X, +Xz =2m
{x X =0 '
Thuc hién phép chia da thic y cho y' (thuc chit chia cho f(x)), ta duoc:
y = (x? = 2mx)(x — m) — 2m?x + 4m>,
nén néu M(xXo; yo) 1a di€ém cuc tri ctia ham s thi:
yo=—2m*xo + 4m?® = A(xa; —2m?x 5 + 4m?) va B(xg; —2m’xp + 4m>).
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Goi I 1a trung diém clia AB, ta c6:
X, +X
X, = % =m = yi=-2m’x; + 4m’ = 2m’ = I(m; 2m?).
Dé cédc diém cuc dai va cuc tiéu ctia d6 thi ham s6 d6i xting v6i nhau
qua duong thang (d): y = x diéu kién la:

{ABL(d) - {kAB.k<d) =—1 m=0

" m=x=
trung diem I ctia AB thuoc(d)

1
I(m;2m*) e (d) 2
Thi du 7. Cho ham so:

mx’ +3mx +2m +1

B x—1
Xdc dinh cdc gid tri ciia tham s6 m dé ham sé ¢é cuc dai, cuc tiéu va
hai diém dé ndm vé hai phia doi véi truc OX.
5 Gidi
Mién xéac dinh D = R\{1}.
bao ham:
2
y':mX 2mx 25m l,y':0©mx2—2mx—5m—1:0. (1)
(x=1)
Ham s6 ¢6 cuc tri
< phuong trinh (1) c¢6 hai nghiém phan biét khéc 1

m#0 m#0 m>0
SIAS>0 o {m’+m>0 < 1. )
fy20  |-6m-120 |™ %

Téi day chiing ta c6 thé lua chon mot trong hai céach trinh bay sau:
Cdch 1. Véi diéu kién (2) phuong trinh (1) c6 hai nghiém phan biét x;, X, thod man:
X, +Xx,=2

Sm+1-
X —

X, =

-2

m
Ta c6:
(mx2 +3mx +2m+ 1)'

(x=1)’
* Hai diém cuc dai, cuc tiéu nam vé hai phia d6i v6i truc Ox
< y(x)y(x2) < 0 < (2mx; + 3m)( 2mxz + 3m) < 0
Smdxx+6(x1+x2)+9]<0eem?-4m<0<0<m<4. (3
Két hop (2) va (3) ta duoc 0 < m < 4.
Vay, v6i 0 < m < 4 thod man di€u kién dau bai.
Cdch 2: (St dung do thi): Hai di€ém cuc dai, cuc tiéu nim vé hai phia doi véi truc Ox
<y =0 v06 nghiém < mx? + 3mx + 2m + 1 = 0 vo nghiém *)
SA<0) oM’ -4m2m+ 1) <0< m*-4m<0< 0<m<4. (3"

y(x1) = (x,) =2mx; +3m, y(x2)=2mxz+ 3m.

39



Két hop (2) va (3') ta duoc 0 < m < 4.
Vay, v6i 0 < m < 4 thod man diéu kién dau bai.

& Chu y: Thuc t&, dé phuong trinh (*) vo nghiém ta can xét hai trudng hop:
Truong hop 1. Véim =0
Truong hop 2. V6i m # 0, khi d6 (*) vo nghiém khi:

A<0
A=0
L
2a
Tuy nhién, v4i bai todn trén ta chi can A < 0 vi tir (2) dé thay:
b 3
—— =—==1.
2a 2

& Cha y: Thi du ti€p theo, ching ta s& quan tam t6i tinh chét cuc tri ciia ham
trung phuong.

Thi dy 8. Cho ham so:
y = x*-2mx*+2m.
Xdc dinh m dé ham s6 cé cdc diém cuc dai, cuc tiéu:
a. Ldp thanh mot tam gidc déu.
b. Ldp thanh mét tam gidc vuong.
c. Ldp thanh mot tam gidc 6 dién tich bang 16.
&5 Gidi
Ta lan luot c6:
* MiénxdcdinhD=R.
* Pao ham:

y'= 4x* —4mx =4x(x>—m), y'=0< x(x*—m)=0. (D)
Ham s6 ¢6 cuc dai, cuc tiéu khi:
(1) c6 ba nghiém phan biét < m > 0. *)

Khi d6, (1) ¢6 ba nghiém phan biét x = 0, x = ++/m va toa do ba diém cuc tri:
A(0; 2m), B(=v/m ; -m? + 2m) , C(+/m ; —m? + 2m)
a. Tac6 AABC déu khi:
AB=AC (ld 2 2
1D AB=BC o (—\/E) +(-m?) =(2\/5)
AB =BC
®
om-3m=0 o m -3=0 < m=33.
Vay, v6i m = /3 thod man diéu kién dau bai.
b. Do tinh d6i xing cta hai diém B, C qua Oy (A thudc Oy) nén AABC chi c6 thé
vuong tai A.
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Khi do, ta c6 diéu kién:
ABLAC & ABLAC & ABAC=0 < —/m/m-m” (-m”)=0
S-m+m*=0m’-1=0 ©m=1.
Vay, v6i m = 1 thoa man diéu kién dau bai.
c. Vi AABC can tai A nén:
*)
%AO.BC <16 :%|2m|.2\/5 =2mVm < m’'=64 ©m=4.
Vay, v6i m = 4 thoa man diéu kién dau bai.

S

AABC —

& Chu y: Trong céc dé thi dai hoc va cao ding mot cau hoi don 1& ¢6 thé duoc
dat ra vé diéu kién cuc tri cia cdc dang ham so6 khéc (tri tuyét doi, vo
ti, ...) khi do chi cin ciac em nim viing kién thitc da dugc trinh bay
trong bai to4n tong quét.

X+a

Thidy 9. Cho ham sé'y = N Tim a dé"
x°+1
a. Ham so'khong cé cuc tri. b Ham s cé cuc tiéu.
L5 Gidi
Mién xdc dinh D = R.
Pao ham:
' ax y'=0e1—ax=0. (1)

Y= —————>
(x? +DVx* +1

a. Ham s6 khong c6 cuc tri khi:
Phuong trinh (1) vo nghiém < a = 0.
Vay, véi a = 0 thoa mén diéu kién dau bai.
b. Ham s6 ¢6 cuc tiéu khi:
(1) c6 nghiém va qua dé y' doi dau tir am sang duong < a < 0.
Vay, véi a < 0 thoa mén di€u kién dau bai.

§3. GIA TRI LON NHAT
VA GIA TRI NHO NHAT CUA HAM SO
Dang todn 1: Tim gia tri 16n nhat (gtln), gia tri nho nhat (gtnn) cia ham s6
Phuong phap
Dé tim gtll, gtnn cta ham s6'y = f(x), ta lwa chon mot trong ba cach sau:
Cdch 1: (Phuong phdp khdo sat truc tiép): Lap bang bién thién ctia ham s¢
trén D, r6i dua vao d6 dé két luan.
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Cdch 2: V&i yéu cau " Tim gtin, gtnn cua ham s6'y = f(x) trén doan [a; b]", ta
thuc hién theo cac budc:
Budc 1: Tinh y' réi gidi phuong trinh y' = 0 v6i xe(a; b). Gia st cac
nghiém la x, xo, ...
Bugc2: Tinh f(a), f(b), f(x,) , f(x2), ...
Budc 3: So sanh cac s6 via tinh, tir do:
= Maxy = Max{ f(a), f(b), f(x1) , f(x2), ...}.

xela;b]

= Miny =Min{ f(a), f(b), f(x1) , f(x2), ...} .

x€la;b]

Cdch 3: (Phuong phdp khdo sat gian tiép): Ta thuc hién theo cac budc:
Budc 1: Dat doi s6 mdi X = o(x).
Tim tap gia tri Dx cho X.
Budc 2: Lap bang bién thién cta ham s6 y = F(X) trén Dx, r6i dua
vao d6 dé két luan.

Thi du 1. Tim gid tri [6n nhdt va nho nhdt ciia ham sé'y = Nx -2 + J4—-x.
L5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Diéu kién:
{x—220

< 2<x<4 = Tapxdac dinh D = [2; 4].
4-x20

1 1 1
y: — s y‘:()@ =
20x =2 24 —x 20x =2 244 —x

Bang bién thién:

< x=3.

X | —0 2 3 4 4+

Y + 0 - 7

y %ﬁ/%})\ﬁ 7
Vay, ta c6:

= Maxy =2, dat duoc khi x = 3.

xeD

" Miny = V2, dat duoc khi x =2 hoic x = 4.

Cdch 2: Diéu kién:

x-=220 L
&2 <x <4 = Tap xdc dinh D = [2; 4].
4-x20
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bao ham:

1

1 1

1

Vay, ta c6:

1 1
y = - , y=0& =
20x =2 244 —x 20x =2 244 —x

< x=3.

" Maxy =Max{f(2), f(3), f4)} = Max{ V2,2, V2 1 =2, dat dugc khi x = 3.

" Miny = Min{f(2), f3), f(4)} = Min{ V2,2, V2 ) = V2, dat duoc khi x =2

hoac x =4.

Cdch 3: Diéu kién:
x—22>0

{4 -x2>0

Ta lan luot c6:

y=+x-2

&2 <x <4 = Tap xdc dinh D = [2; 4].

Bunhiac6pxki

+N4-x < JA+D(x-2+4-x) =2

= Maxy =2, dat dugc khi vx-2 =+V/4-x & x=3.

xeD

y=+x-2

= Miny =
xeD

+Vh-x oy =x-2+4-x+2Jx-2)4-x) 22 y=2
V2, dat duoc khi \/(x —2)(4 —x) =0<>x=2hoacx =4.

& Nhdn xét. Qua thi du trén cic em hoc sinh da dugc lam quen véi ba phuong
phdp co ban dét tim gtln va gtnn clia ham s6 va:

1.

2.

3.

O cdch 1, chiing ta di st dung bang bién thién dé nhan duoc gtln
va gtnn ctia ham s6. Tuy nhién, mot cau hoi thuong duge dat ra &
day 1a "Bdng cdch nao dé cé duogc ddu cua y’ trong bdng bién

thién d6 7", cau tra 16i khd don gian 12 véi x =%e (2;3) ta duoc

y'(%j = % >0 do d6 trong khoang (2; 3) dao ham y’ s& mang dau

duong.

O cdch 2, chinh 1a phuong phap tim gtln va gtnn cia ham s6 trén
mot doan.

O cdch 3, chiing ta da str dung kién thitc vé bat dang thitc.

Thi du 2. Tim gid tri 6n nhdt va nhd nhdt cia ham sé f(x) = sin*x + cos*x.

&5 Gidi

Ta c6 thé lua chon mot trong hai cach:

Cdch 1: (Str dung dao ham): Vi ham s6 tuan hoan véi chu ki 7 va 1a ham s6 chan nén

ta xét trén D = [0; g].
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Pao ham:
y' = 4cosx.sin’x — 4sinx.cos’x = 2(sin’x — cos?x)sin2x = —sin4x,
y=0&sindx =0<<x= kn =>x=0,x= T vax="T.
4 4 2
Bang bién thién:
x |0 /4 /2
y' — 0 +

1 12 1
y CT/

Dua vao bang bién thién, ta c6:

" yun= 4. datduockhix=" + XF ke 7.
2 4 2

" ymax = 1, dat duoc khi x = % ke Z.
Cdch 2: (Su dung cdch danh gid): Ta co:
f(x) = sin*x + cos*x = (sin’x + cos’x)? — 2sin’x.cos’x = 1 — %sin22x
Tur d6, suy ra:

f)>1-+ =L = Minfx) = L, dat duge khi:
2 2 xeR 2

sin2x=1<cos2x=0< x = +%,keZ.

K
4
f(x) < 1 = Maxf(x) = 1, dat duoc khi:

sin22x:0<:>sin2x:0<:>xzk2—n,keZ.

Thi du 3. Tim gid tri [6n nhdt va nho nhdt cia cdc ham so-
a. y=2sin’x + 2sinx — 1. b. y=cos?2x — sinx.cosx + 4.
L5 Gidi
a. Datt=sinx, diéu kien |t|< 1.
Ham s6 dugc viét lai dudi dang:

y=20+2t— 1.
bao ham:

y =4t+2, y‘:0©4t+2:0<:>t:—%.
Ta c6:

Ly b=23 yay=
y=1=~1, y( 2) 2,}’(1) 3.
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Vay, ta nhan duoc:

=  Maxy = Max{- 1,—%, 3} =3 dat dugc khi:

xeR

tzl@sinle@ng+2kn,kez.

*  Miny =Min{-1, 3,3}=—§datduqckhi:
xeR 2 2
1 | x=—£+2k7‘c
t:—acsinx:—E@ 76 ke Z.
X =2+ 2kn
6

b. Datt=sin2x, diéu kien |t|< 1.
Ham s6 dugc viét lai dudi dang:

y = (1 — sin*2x) — %sin2x +4=—>— %t+ 5.

bao ham:
‘——2t—l '—0<:>—2t—l—0c>t——l
y 2’ y ) 1
Ta co:
1
yD=— ,Y(——) (1)——
Vay, ta nhan duoc
] Maxy— Max {2 817 —}:—datduackhl
16° 2 16
| | X =a+km
t=—— < sin2x = —— =sin20 < T ,keZ.
4 4 x=——oa+kn
2
] Mmy —Mm{g f—é E}:—datdlmckhl

t:1<:>sin2x:1<:>x=z+kn,keZ.

& Chu y: Trong nhiéu trudng hop, ching ta cin sir dung mot vai phép bién déi
dai s6 dé 1am xu4t hién 4n phu cho huéng giai quyét gian tiép.

Thi du 4. Tim gid tri lon nhdt va nho nhdt cia ham s6'y = |1 + 2cosx| + |1 + 2sinx|.
&S Gidi
Viy >0 v6i moi x nén ta di xét ham so:
Y = y? =6 + 4(sinx + cosx) + 2|1 + 2(sinx + cosx) + 4sinx.cosx
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Pat X = sinx + cosx diéu kién [X|< 2 = 2sinx.cosx = X2 — 1.
Vay, ta dugc:

Y =6+ 4X + 2|1 +2X + 20X - 1)|

X2 +8X +4 khi X e [—ﬁ,_lgﬁ]u[_lg‘g,ﬁ]

_4X? +8 khiXe[_l_‘g,_l;@]

» MiénxdcdinhD=[-+2;+2].
=  Pao ham:

8X +8 khi X e [—\E,_l_z‘/g]u[_lg‘/g,ﬁ]

Y'=
X khi xe[o¥3 Z1HNB)
2 2
» Bang bién thién: datx; = _1_2\/5;)(2: _1_;\/5
X _1 :
- + 0 -
Y \ \ / ~—cr / \\

Dua vao bang bién thién, ta c6:

. MinY:min{Y(_l_\/g ).Y( ”*/—
XeD 2 2

. l\)é[e})xY=max{Y(—\/§ 2.Y(0),Y(~/2)}=4(+/2 +1)2 = Maxy = 2(1/2 +1).

1= (v/3-1)* = Miny =/3- 1.

- 6 6
Thi du 5. Tim gid tri [6n nhdt va nho nhdt cua ham sé'y = 1+S%H4X+COS4X .
j 1+sin™ x +cos™ X
L5 Gidi
Bién d6i ham s6 vé dang:
3.,
3 2—Zs1n 2x _ 8-3sin’2x _ 3sin’2x-38
Y 2—;sin22x 8-2sin*2x  2sin’2x-8
biat X = sin?2x dicu kien 0 < X < 1.
Khi dé:
3X-8
=FX)=——.
T
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Mién xdc dinh D = [0; 1].
bao ham:

y'= <0, VXeD = ham s0 nghich bién trén D.

(2X-8)°
Ta c6 ngay:

= Miny = F(1) = S dat duogc khi:
XeD 6

X=losin2x=1<cos2x =0 x= = + , ke Z.

T, ke
4 2
] l\)ﬁl%xy = F(0) = 1 dat dugc khi:

X:0<:>sin22X:O<:>sin2X:O<:>x:k—n, ke Z.

Dang toan 2: Ung dung gtln, gtnn cia ham s6 d€ gidi phuong trinh, bat
phuong trinh
Phuong phap
1. Giai phuong trinh: D& st dung gié tri 16n nhat, nhd nhat ctia ham s6 vao
viéc gidi phuong trinh:
f(x, m) = g(m). (1)
ta thuc hién theo cac budc sau:
Budc I: Lap luan s6 nghiém cda (1) 1a s6 giao diém cta d6 thi ham s&
(C): y = f(x, m) va dudng thing (d): y = g(m).
Budc 2: Xétham soy = f(x, m)
* Tim mién xac dinh D.
* Tinh dao ham y', rdi giai phuong trinh y' = 0.
* Lap bang bién thién cua ham s6.
Budc 3: Kétluan:
* Phuong trinh c6 nghiém < 1116151 f(x, m) < g(m) < max f(x, m).

= Phuong trinh c6 k nghiém phan biét khi (d) cat (C) tai k diém
phan biét.
»  Phuong trinh vo nghiém < (d) N (C) = .
2. Giai bat phuong trinh: D¢ st dung gia tri 16n nhat, nhd nhat ctia ham s
vao viéc giai bat phuong trinh:
f(x, m) < g(m),
ta thuc hién theo cac budc sau:
Buoc 1: Xétham s6'y = f(x, m):
* Tim mién xac dinh cia ham s6.
* Tinh dao ham y', 16i gidi phuong trinh y' = 0.
» Lap bang bién thién cia ham so.
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Buoc 2:  Kétluan cho cac truong hop nhu sau:

» Bat phuong trinh ¢6 nghiém véi xeD < miny < g(m).

» B4t phuong trinh nghiém dang v6i moi xeD < max y < g(m).
Tuwong tu cho bat phuong trinh f(x, m)>g(m) véi 161 két luan:

» B4t phuong trinh c6 nghiém vdi xeD < maxy > g(m).

» B4t phuong trinh nghiém ding v6i moi xeD < miny > g(m).

Thi du 1. Tim m dé phuong trinh x* — 3x* + m = 0 ¢é ba nghiém phdn biét.
&5 Gidi
Bién déi phuong trinh vé dang:
x¥ = 3x? = —m.
S6 nghiém cuia phuong trinh bang s6 giao diém cua d6 thi ham s6 y = x* — 3x2
v6i duong thang y = —m.
Xéthamsoy = x*—3x*tréen D= R, ta ¢6:

y' = 3x% - 6x, y'=0<3x*>-6x=0< x =0hoic x =2.
Bang bién thién:
X |- 0 2 + o0
y' + 0 0 +

0
Dé phuong trinh ¢6 ba nghiém phan biét diéu kién can va du Ia:
4<-m<0<0<m<4.
Vay, v6i 0 < m < 4 thod man di€u kién dau bai.

@ Chu y: Trong céc dé thi dai hoc va cao déng dé tang do khé cho ngudi ta c6
thé hoi thém "Hay xét ddu cdc nghiém" hoac "Chiing tJ rdang khi dé
phuong trinh luén cé6 mot nghiém dm" hodac "Chiing tJ rang khi dé
phuong trinh luén cé hai nghiém duong", ..., va khi d6 ching ta st
dung nhan xét rang gia sir ba nghiém 1a x; < X» < x3, ta luon ¢6:

x1<0<x2<2<Xxs.
Ngoai ra, v6i cau hdi "Bién ludn theo m sé nghiém cua phuong trinh
trén khodng (a; b) hodc doan [a; b]" chung ta s& nhing khoang hoac
doan d6 vao bang bién thién dé bién luan. Thi du vé6i cau hoi "Bién ludn
theo m sé nghiém cuia phuong trinh trén (—1; 4]", chiing ta s& c6:
X |- -1 0 2 4 + 00

'

y + 0 - 0 +

y _Ooj/vO\_él- }'+oo
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Tu do, ta co:

= V6i m < —4, phuong trinh vo nghiém trén D = (—1; 4].

= Véi m = —4, phuong trinh cé nghiém duy nhét x = 2 thudc D.

= V6i —4 <m < 0, phuong trinh c6 ba nghiém phan biét thudc D.
= V6i m =0, phuong trinh c6 hai nghiém phan biét thuoc D.

= V6i 0 <m < 16, phuong trinh c6 mot nghiém thuoc D.

= V6i m > 16, phuong trinh vo nghiém trén D.

Thi du 2. Tim m dé bdt phuong trinh —x* + 3mx — 2 < —% nghiém diing voi
X
moi x > 1.
&S Gidi
V6i x > 1, ta bién déi bat phuong trinh vé dang:
6 3
3mx < x*+2-— % = Lfl > 3m.
X X
6 3
Xét ham s6 f(x) = % trén tap D = [1; +00), ta 6
X
3 3
f'(x) = 2 -D+4 >0, Vx € D = Ham s0 f(x) dong bién trén D.

XS

Vay, bat phuong trinh nghiém ding khi:

[\

mi}lF(x)23m<:>F(1)23m©223m©mS—.

W

e 2 9 ~ LN A N N
Vay, v6i m < 3 thoa man diéu kién dau bai.

Thi dy 3. Tim m dé hé sau c6 nghiém:
x’-3x—-4<0
X3—3|X|x—m2—15m20.

&5 Gidi
Giai (1) tadugc — 1 <x<4.
Xét bai toan nguoc * Tim m dé hé vo nghiém *, tic:
x?=3x|x = m? - 15m < 0 Vxe[-1; 4] < x3 - 3]x|x <m? + 15m Vxe[-1; 4].

Xét ham so
x® +3x% khi—-1<x<0

y=x3—3xx = )
x*—=3x? khi 0<x<4

* MiénxdcdinhD=[-1,4].
= Pao ham:
_|3x*+6x khi—-1<x<0

y = .
{3){2—6){ khi 0<x<4
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= Bang bién thién:
X | =2 -1 0 2 4
y 0 - 0 - 0 +
» N —\
Vay, hé vo nghiém khi
Max y < m?+ 15m < Max{f(— 1), f(4)} <m?+ 15m

—1<x<4

1
o 16< m2+15m<:>m2+15m—16>0<:>{m> .
m<-16

Vay, hé c6 nghiém khi —16 <m < 1.

§ 4. DO THI CUA HAM SO
PHEP TINH TIEN HE TOA PO
Dang todn 1: Phép tinh tién hé toa do
Phuong phap
Cau hdi thuong dugc dit ra la:
"Viét cong thiic chuyén hé toa do trong phép tinh tién theo vecto Ol
voi l(xo; yo) va viét phuong trinh cua duong cong (C): y = f(x) doi voi
hé toa do IXY".
Khi @6, ta thuc hién theo cac budc:
Budcl  Cong thic chuyén hé toa d6 trong phép tinh tién theo vecto OI la:
{sz—xo {X=X+X0
= .
Y=y-y, y=Y+y,
Bude 2 Khi d6 trong hé toa d6 IXY dudng cong (C) ¢ phuong trinh:
(O):Y =£(X + x0) — yo <= (O): Y = F(X). *)
@& Nhdn xét: Ta c6 hai trudng hop dic biét:
# Néu ham s6 Y = F(X) 1a ham 1€ ta suy ra rang I 1a tam doi
xtng cua duong cong (C).
+ Néu ham s6 Y = F(X) la ham chédn ta suy ra rang duong
thang x = X la truc do6i xtng ctia duong cong (C).
Thi du 1. Cho parabol (P): y = 2x* —3x + 1.
a. Xdc dinh dinh 1 cua parabol (P).

b. Viét cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol
va viét phuong trinh cia parabol (P) doi véi hé toa do IXY. Tu do,
chi ra phuong trinh truc doi xiing cua parabol (P).
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&S Gidi
a. Toa do dinh I(E;—lj )
4 8

b. Cong thiic chuyén hé toa do trong phép tinh tién theo vecto oI la:

X=x—E x=X+é
el
Y=y+— =Y-——
Y 8 Y 8
va khi dé trong hé toa do IXY parabol (P) c6 phuong trinh:
2
P)Y- % = 2(X+%) - 3(X+%j +1< (P):Y=2X%

Nhan xét ring, trong hé toa do IXY ham s6 Y = 2X? 1a ham s6 chdn d6 d6 do thi

ham s6 nhan dudng thing x = % lam truc doi xung.

& Nhdn xét: Qua thi du trén, ta c6:
a. 'VGi ham da thic bac hai (Parabol) (P): y = ax* + bx + ¢, ta ¢0:
+ Diém I(—L; —Aj chinh 1a dinh clia parabol.

2a  4a
£ D6 thi (P) luon nhan duong thing x = —23 I3 true d6i xing.
a
b. Dé chiing minh d6 thi ham s6 y = f(x) nhan duong thang x = a
lam truc do6i xtng, ta thuc hién theo cac bude sau:
Bude 1: V6i phép bién déi toa do:

X=x-a x=X+a
=
Y=y y=Y

ham s6 c6 dang:
Y=fX+a) < Y=FX). (*)
Budc 2: Nhan xét rang ham s6 (*) 1a ham s6 chidn nén d6 thi
ham s6 nhan duong thang x = a 1am truc d6i xdng.

va diém 1(-2; 2).

Thi dy 2. Cho duong cong (C) c6 phuong trinh'y =2 — ! 5
X+

Viét cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol va
viét phuong trinh cia duong cong (C) doi vdi hé toa do IXY. Tw do,
suy ra rang I la tam doi xiing cua duong cong (C).

&5 Gidi

51



Cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol la:

X=x+2 x=X-2
=
Y=y-2 y=Y+2
va khi d6 trong hé toa do IXY ham s6 cé phuong trinh:
Y+2=2- 1 ov=-1 (*)
X-2)+2 X

Nhan xét rang, trong hé toa do IXY ham s6 (*) 1a ham s6 1¢ d6 d6 n6 nhan diém I
lam tam d6i xung.
& Nhdn xét: Qua thi du trén, ta c6:
ax+b .

a. V6i ham phan thiic bac nhat trén bac nhat (H): y = 1 vGi
cX +

a=0,c=0,taco:
+ Diém I[—g; 3) chinh 1a giao diém cta hai dudng tiém
cc
can (tiém can ding va tiém can ngang).
+ Do thi (H) luon nhan diém I lam tam doi xing.
+ Khong ton tai tiép tuyén cua do thi qua L.
b. Dé chitng minh dé thi hAm s6 y = f(x) nhan diém I(a; b) 1am
tam doi xung, ta thuc hién theo cac budc sau:
Budc 1: Véi phép bién déi toa do:
X=x-a x=X+a
=
Y=y-b y=Y+b
ham s6 c6 dang:
Y+b=f(X+a)< Y =FX). *)
Buée 2: Nhan xét rang ham s6 (*) 1a ham s6 1€ nén d6 thi ham
s6 nhan diém I(a; b) lam tam doi xdng.
Thi dy 3. Cho ham so:
f(x) =x*—3x*+2x — 1.

a. Xdc dinh diém 1 thuoc do thi (C) ciia ham s6 da cho biét rdng
hoanh dé ciia diém 1 la nghiém cua phuong trinh '(x) = 0.

b. Viét cong thitc chuyén hé toa do trong phép tinh tién theo vecto Ol
va viét phuong trinh ciia duong cong (C) doi voi hé toa do IXY. T
do, suy ra rang 1 la tam doi xiing cia duong cong (C).

c. Viét phuong trinh tiép tuyén cia duong cong (C) tai diém 1 doi véi
hé toa do Oxy. Chitng minh rang trén khodang(—oo; 1) duong cong
(C) nam duoi tiép tuyén tai 1 ciia (C) va trén khodng (1; +0) duong
cong (C) nam trén tiép tuyén do.
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&5 Gidi
a. Talan luot co:
* Miénxdc dinhD=R.
* DPao ham:
f'(x) =3x>—6x -2, f"'(x) = 6x — 6,
f'x)=06x-6=0=x=1=1I(1;-1).
b. Cong thic chuyén hé toa do trong phép tinh tién theo vecto Ol la:

X=x-1 x=X+1
{Y=y+1 < {yzY—l
va khi d6 trong hé toa do IXY duong cong (C) c6 phuong trinh:
OC:Y-1=X+1)P-3X+1)P+2X+D)-1<0):Y=X-X.
Nhan xét rang, trong hé toa do IXY ham s6 Y = X* — 3X 1a ham s6 1é dé d6 n6
nhan diém I 1am tam d6i xding.
c. Phuong trinh tiép tuyén ctia dudng cong (C) tai diém I d6i vé6i hé toa do Oxy, c6 dang:
@:y=fxpx—-xD+fx)<=d:y=-5x-1)-1<(d):y=-5x+4.
Xét hiéu:
H=x>-3x>+2x-1-(-5x+4)=x>-3x>+7x - 5=(x - D(x*-2x +5)
T d6, suy ra:
" NeuH>0e x-1DE*-2x+5)>0<x-1>0< x> 1. Tdc 1a, trén
khoang(1; +o0) dudong cong (C) ndm trén ti€p tuyén (d).
" NeuH<O0e x-1DE?2-2x+5)<0< x-1<0< x< 1. Tic 13, trén
khoang(—o0; 1) dudng cong (C) nam dudi ti€p tuyén (d).

& Nhdn xét: Qua vi du trén, ta thiy véi ham da thic bac ba:
(O):y=ax’+bx*+cx +d,
ta co:

+ Diém I thuoc do6 thi chia ham s6 v6i hoanh do cua diém I 1a
nghiém clia phuong trinh "(x) = 0 dugc goi 1a diém uon cua
do thi.

4+ DO thi (C) luon nhan di€ém uon 1am tam d6i xdng.

+ Tiép tuyén tai diém u6n cta do thi cat do thi.

Ngoai ra, ti€p tuyén tai I s€ c6 hé s6 géc 16n nhat hoac nho
nhat tuy thudc vao diu cua a.

Dang todn 2: Tim tAm d6i xting, truc d6i xing cua d6 thi
Phuong phap
Str dung cac két qua trong hai nhan xét ctia thi du 1 va thi du 2.
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Thi dv 1. Xdc dinh tdm doi xiing ciia do thi ham s6'y =
&S Gidi
Goi I(xo; yo) 12 tam d6i xing ctia d6 thi ham s6, khi d6 cong thitc chuyén hé toa
do trong phép tinh tién theo vecto oI la:
{sz—xo {X=X+x0
=
Y=y-y, y=Y+y,

va khi d6 trong hé toa do IXY ham s6 c6 phuong trinh:

+1.
x—1

Y+yo=—2 oY= 2 +1 —yo. (*)
X+x,-1 X+x,-1

Dé 1(xo; yo) 1a tam doi xdng ctia d6 thi ham s6 diéu kién 1a ham s6 trong (*) phai
la ham 1€, suy ra:

X, —1=0 X, =1
& = I(1; 1).
Yo—1=0 Yo =1

Vay, tam d6i xding cta d6 thi ham s6 1a I(1; 1).
Thi dy 2. Cho ham so:
y =x*+4mx’ — 2x* — 12mx.
Xdc dinh m dé do thi ham so cé truc doi ximg song song voi Oy.
&5 Gidi
Gia str d6 thi ham s6 c6 truc d6i xing song song véi Oy la x = a (a = 0). Khi d6,
v6i phép bién ddi toa do:

X=x-a x=X+a
=
Y=y y=Y

va khi d6 trong hé toa do IXY ham s6 cé phuong trinh:
Y =(X+a)*+4m(X + a)’ — 2(X + a)> — 12m(X + a) 1a ham s6 chan.
Ta cé6:
Y= X+a*+4m(X +a)’ - 2(X +a)> - 12m(X + a)
= X*+4a2X? + a* + 4aX? + 2a’X? + 4a°X +
+4m(X? + 3X%a + 3X a® + a®) — 2(X? + 2Xa + a%) — 12m(X + a)
= X*+4(a+m)X3 +2(3a> + 6am — 1)X? +

+ 4(a® + 3ma’® — a — 3m)X + a* + 4ma’ — 2a’> — 12ma. (1)
Ham s6 (1) 1a ham s6 chan khi:
4(a + m) =0 a=-m a#0 = m=0
i & m==l.
4(a’ +3ma’ -a—-3m)=0 4m’ —4m=0

Vay, v6i m = £ 1 d6 thi ham s6 ¢6 truc d6i xung song song véi Oy.
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§5. DPUGNG TIEM CAN CUA BO THI

Dang toin 1: Tiém can ctia d6 thi ham phan thitc httu t
Phuong phap

s s T yn 1 - -+
1. Moi ham phan thtc hitu ti bic nhat trén bac nhat y = ax +b

1 (a0, b0
CX +
va TS, MS khong ¢6 nghiém chung) déu c6 hai tiém can la:

. . d . ..
+ Tiém can ding x =—— vi lim y=o0.

d
X—>——

c

+« Tiém cin ngang y = L lim y = 2,

+ DO thi ham s6 nhan giilo dién; cla ﬁai duong tiém can lam tam do6i xung.
2. Moi ham phan thic hitu ti bac hai trén bac nhat y = a)(z;& (a#0,d=0

va TS, MS khong ¢6 nghiém chung) déu c6 hai tiém C@?l -121?

+ Tiém can ding x = —% vi lirrdlt y=00.

# Tiém can xién duoc xac dinh tc)ﬁng cach chia TS cho MS, gia str:

y=y=kx+m+

dx+e
thi dudong thang y = kx + m 12 tiém can xién vi:
lim [y—(kx+m)]= 0.
X—>to0
+ DO thi ham s6 nhan giao diém ctia hai dudng tiém can lam tam d6i xiing.
Thidy 1. a. Tim tiém cdn ditng va tiém cdn xién cia do thi (C) cia ham so-
X*+x—4

X+2
b. Xdc dinh giao diém 1 ciia hai tiém cdn trén va viét cong thiic chuyén
hé toa do trong phép tinh tién theo vecto OI.
c. Viét phuong trinh cua duong cong (C) doi voi hé toa do IXY. T
dé, suy ra rang do thi (C) nhdn diém 1 lam tam doi xing.

&S Gidi
a. Viét lai ham s6 dudi dang:
y=x—-1- 2 .
X+2

Tap x4c dinh D = R\ {3).
Tir d6, ta nhan duoc két luan:
=  DPuong thang x = -2 Ia tiém can ding vi lim y = oo,

=  DPuong thang y = x — 1 1 tiém céan xién vi lim [y — (x — 1)] = 0.
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b.

C.

Ta lan luot ¢6:
= Giao diém I(-2; -3).
= Cong thic chuyén hé toa do trong phép tinh tién theo vecto oI la:
{X:x+2 {x:X—2
=

Y=y+3 y=Y-3
Khi dé trong hé toa do IXY (C) c6 phuong trinh:
2 2
0:Y-3=X-2)-1-— < H):Y=X-=.
© X=2)=1- oo e =

Nhan xét rang, trong hé toa do IXY ham s6 Y = X — % la ham s6 1& d6 d6 nd

nhan goc toa do I lam tam dai xung.

@& Nhdn xét: Qua thi du trén, ta thiy v6i ham phan thic bac hai trén bac nhét

Thi dy 2. Tim cdc duong tiém cdn ciia do thi ham sé'y =

2
(H): y= %ﬁ”c v6ia=#0,d=0vaTS, MS khong c6 nghiem
X+e

chung, ta c6:

+ DO thi (H) luon nhan diém giao diém I cua hai dudng tiém

can lam tam doi xding.

+ Khong ton tai ti€p tuyén cta do thi qua L.

Ngodi ra, v6i cdc ham hitu ti khac ching ta sit dung dinh nghia dé
xdc dinh tiém can ding, tiém can xién (hoac tiém can ngang) cho
d6 thi ham so.

x> +2

x? —2x

&5 Gidi

Mién xéac dinh D = R\ {0, 2}.

Viét lai ham s6 duéi dang:

4x 42

x?—2x

Tur d6, ta nhan dugc két luan:

=  Duong thang x = 0 1 tiém can ding vi lgr(} y = 0.

y=x+2+

=  DPuong thang x = 2 12 tiém can ding vi limy = oo,

x—2

=  Puong thang y = x + 2 1a tiém can xién vi lim [y — (x +2)] =0.

Vay, do thi ham s6 c¢6 ba duong tiém can.

@ Chu y: Thi du tiép theo s& minh hoa cdc yéu cdu thudng dc dat ra véi tiém
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Thi du 3. Cho ham s6 y=—""2F1

x+1-m

a. Chiing to rdang véi moi m do thi ham s luon cé hai tiém cdn.

b. Tim m dé khodng cdch tir tam doi xiing cuia do thi ham sé” dén goc
toa do bang 1.

c. Tim m dé khodng cdch ti tam doi xiing ciia do thi ham sé dén goc
toa do nhd nhdt.

d. Tim m dé hai duong tiém cdn ciia do thi ham so tao véi hai truc
toa do mot hinh chit nhdt cé dién tich bang 2.

&5 Gidi
a. DO thi ham s6 khong c6 tiém can khi TS va MS c6 nghiém chung, tic la:
m

T:]; < m(l-m)=1 SmP-m+1 =0, vénghiém.
—m

Vay, v6i moi m do thi ham s6 luon c¢6 hai tiém can la:
=  Duong thang (d;): x =m — 1 13 tiém can ding vi lim y = oo,

x—m-1

= DPuong thang (d»): y = m 12 tiém can ngang vi limy =m .

b. Véi tam doi xting I(m — 1; m), ta c6:
Ol=1lom-1+m?=2<2m?>-2m=0< m=0hoicm=1.
Vay, véi m = 0 hoac m = 1 thod man di€u kién dau bai.
c. Véi tam doi xting I(m — 1; m), ta c6:

2
OF=(m- 1>+ m?*=2m?-2m + | :2(m+%j +=>

1
2

N |~

suy ra MinOI = 1 , dat dugc khi m= —%.

V2
Vay, v6i m = 0 hoac m = 1 thoa man di¢u kién dau bai.
d. Tacé:
«  (dy) cit Ox tai diém A(m — 1; 0).
= (dy) cat Oy tai diém B(0; m).
Khi do, tir gia thiét ta c6:
OAOB=2< |m-1|m| =2 [m-m| =2
m’-m=2 m’-m-2=0 m=-1
& =S = .
m’ —m=-2 m’ —m+2 =0, vo nghiém m=2
Vay, véi m = —1 hodc m = 2 thoa man di€u kién dau bai.
Thi dy 4. Cho ham s6:
Cu):y=
x—1

Tim m dé tiém cdn xién cua do thi ham so tao vdi cdc truc toa do mot
tam gidc co dién tich bang 18.

x> +mx—1
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&5 Gidi

Viét lai ham s6 duéi dang:

m
y=x+m+1+ .
x—1
Trudc tién, dé d6 thi ham s6 ¢6 tiém can xién diéu kién 1a m = 0. (*)

Khi d6, d6 thi ham s6 c6 tiém can xiénla (d): y=x +m + 1.
Goi A, B theo thit tu 1a giao diém ctia (d) véi céc truc Ox, Oy, ta dugc:
A(-m—1;0)vaBO; m+ 1).
Dé tiém can xién clia d6 thi hAm s6 tao véi cdc truc toa do mot tam gidc c6 dién
tich bang 18 diéu kién la:

Saoas= 18 < 18 = %OA.OB= “m—1]./m+1] = %(m+1)2

2|
2

=5 .
S m+1)Y°=36< {m - thoa man diéu kién (*).
m=-—

Vay, v6i m = 5 hoac m = —7 thoa man di€u kién dau bai.

& Nhdn xét: Qua thi du trén, cic em hoc hinh cin ghi nhan viéc xdc dinh diéu
kién dé do thi ham phan thitc hitu ti bac hai trén bac nhat c6 tiém
can xién.

Dang toin 2: Tiém can ctia d6 thi ham vo H

Phuong phap

Stt dung dinh nghia va quy tic tim tiém can hai phia.
Véi ham s6:
(C): y= VAX*+Bx+C,v6iA>0vaB*—4AC=0
dé tim c4c duong tiém can cta (C) ta thuc hién theo céc budc:

Budc 1: Giast(d): y=ax + by la tiém cdn xién bén phdi cha d6 thi ham s0, ta co:

2
a= lim —“AX*'B’H'C:_\/X,

X—>—%0 X
b= lirfl [\/Ax2 +Bx+C +x\/KJ

) Bx+C
= lim

B
== JAx? + Bx+C —xvJA WA

Khi d6, ta dugc tiém céan xién bén phai cta do thi (C) la:

B
d):y=—vVAX - —.
@d):y=-vAx- -7

Budc2: Giast(d): y= ax +b la tiém cdn xién bén trdi cia d6 thi ham s0, ta c6:

JAX? +Bx +C \/—
X

a= lim = VA

X—>+00
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b= lim [\/sz +Bx+C —x\/X}

X—>+00

) Bx+C
= lim

B
> JAX? +Bx + C + xvVA WA

Khi d6, ta duoc tiém can xién bén trdi cua do thi (C) la:

(d):y= JA x + %

Phuong phéap dugc mé rong cho 16p ham so:
y=cx+ d+ JAX> +Bx +C; y=4AX +A, X+ A,
Thi dy 1. Tim cdc duong tiém cdn cuia do thi cdc ham sé

a. y=+vx*+x+1. b. y=+/x" —4x+3.

L5 Gidi
a. Mién xdcdinhD = R.
*  Giasu(dy): y=aix + by la tiém cdn xién bén phdi cta do thi ham s0, ta c6:

2
ar=lim ¥ = tim XX L— /1+l+i2J=— 1,
X—>—00 X X—>—0 X X—>—00 X X

b= lirp [y —ax] = lirp [VX*+x+1 + x]

. X+1 1
= lim —— =—

2 x4+ x+1-x 2

Vay, duong thang (d;): y = —x — % la tiém cén xién bén phai cta (C).

= Giast(dy): y= ax + by la tiém cdn xién bén trdi cua d6 thi ham sg, ta co:

2
. . NXT+x+1 ) / 1 1
a= lim R lim ——— = lim ,[1+—+— = 1,
X—>+00 X X—>+00 X X—>+00 X X

b, = lim [y —ax] = lim [\/x2+x+1—x} = limx—_'_1 = l
X—>+00 X—>+00 xa+wm+x 2

Vay, dudng thing (d2): y = x + % la tiém can xién bén trai cua (C).

b. Mién xéc dinh D = (—o0; 1] U [3; +00).
= Giast(di): y=ax + b la tiém cdn xién bén phdi cua do thi ham s, ta c6:

Ly AXP—4x+3 4 3
a=lim ==Ilm ———=1lim | - [1-—+— |=-1,
X—>—00 X X—>—00 X X—>—00 X x

by = lim [y —ax]= lim [Vx*—4x+3 +x]= lim —Ax+3 =2.
X X o X —4x+3 —x

Vay, dudng thang (d): y = — x + 2 12 tiém can xién bén phai ctia (C).
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»  Gid st (dy): y= ax + by la tiém cdn xién bén trdi cua d6 thi ham sg, ta co:

y . \/ —4x+3

2= lim = = lim 1__+_

X400 X X—>+00 x4)+3o

by = lim [y — ax] = lim [\/x2—4x+3—x} lim X3

X_’“’"\/x —4x+3+x

Vay, dudng thing (d»): y = x — 2 12 tiém can xién bén trdi ctia (C).

& Hoat dong: Qua thi du trén, cdc em hoc hiy giai thich tai sao can c6 diéu

kién A >0 clia ham s6 y =+ Ax” + Bx +C.

Thi du 2. Tim cdc duong tiém cdn cua do thi cdac ham sé
a y=x++x"+1. b. y=x++x" 1.
&S Gidi

a. MiénxdcdinhD= R.
= Giast(di): y=ax + by la tiém cdn xién bén phdi cia d6 thi ham s, ta c6:

/2
a = lim < = lim [1+ . +1]:Iim (1— 1+%J:0

X—>-0 x X—>—0 X X—>—0 X

b = lim (y — ax) = lim (X+\/x2 +1): lim — =0
X—>—w0 X—>—w0 X—>—w0 X — [X2 + 1
Vay, duong thang (d): y = 0 12 tiém can ngang bén phai ctia (C).
»  Gid st (dy): y= ax + by la tiém cdn xién bén trdi cua d6 thi ham s, ta co:

2
a, = lim ¥ = lim [1+ X +1J:Iim (1+ /1+%}:2
X400 X X0 X X—>+0 X

b, =lim (y —ax) = lim ((\/x2 +1 —x): lim _—1 =0.
X—>+0 X—>+00 X —>+00 m + X

Vay, dudng thing (d»): y = 2x 12 tiém can xién bén tréi cta (C).
b. Diéu kién:
- 120 |x| >1=D=(—w0;— 1] U[L; +o0).

Mién xdc dinh D = (—o0; — 1] U [1; +00).
*  Giasu(dy): y=ax + by la tiém cdn xién bén phdi cta do thi ham s0, ta c6:

2_
ai = lim ¥ = lim [1+ . 1J=lim (1— 1—%}:0
X—>—w0 ¥ X—>—00 X X—>—0 X

by = lim (y — ax) = lim (x+\/x2 —1): lim — L =0
X—>—0w0 X—>—0 X—>—0w0 X — [XZ _1

Vay, dudng thang (d;): y = 0 12 tiém can ngang bén phai ctia (C).
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= Giasu(dy): y= ax + by la tiém cdn xién bén trdi cua d6 thi ham sg, ta co:

2
a> = lim < = lim {1+X—1J: lim (1+ /1—%}:2
X400 X X—>+00 X X—>+00 X

by = lim (y — ax) = lim ((\/x2 1 —x)= lim Jz_‘—l - 0.
e X = UxP—14+x

Vay, dudng thing (d»): y = 2x 12 tiém can xién bén tréi cta (C).

@ Hoat dong: Qua thi du trén, cic em hoc hay giai thich tai sao hai ham s& d6
lai ¢6 cung tiém can.
& Chu y: V6i cac d6 thi ham s6 vo ti dang khdc, dé xdc dinh céc dudng tiém
can ta c6 thé thuc hién theo cic budc:

Buéc 1: Tim mién x4c dinh D va mién gia tri I (néu c6 thé) chia ham
s0, n€u D hoac I c¢6 chita oo thi thuc hién budc 2 con trai lai
két luan do6 thi ham s6 khong c6 tiém can.

Budc 2: Dua vao D va I tim cédc tiém can cua d6 thi ham s6. Néu
ham s6 chita can bac chan, néi chung ta thuong phai tim
cdc tiém can bén trdi va bén phai.

Thidy 3. Tim cdc duong tiém cdn cia do thi cdc ham so:

a. y=+v2-x". b. y=4vVx’—x+1-x.
L5 Gidi
a. Diéu kién:
2-x*20< |x| <42 = D=[-+2;v2]= D khong chita .
Mién gid tri I ctia ham s6 dugc xdc dinh nhu sau:
2-x2<2= 0<42-x> <42 < 1=1[0; /2 ] = I khong chia .
Vay, d6 thi ham s6 khong c6 tiém can.
b. Ta c6 diéu kién:

VxZ=x+1-x>0 o Vx*—-x+1>x

x<0
x> —x+1>0 x<0
= D =(—x; 1].

=
x>0 0<x<l1
x> —x+1>x>
Ta cé:

limy = lim {vx* —x+1—-Xx =+0.

X—>—00 X—>—0
Vay, d6 thi ham s6 khong c6 tiém can.
@ Cha y: Vi céc d6 thi ham s6 vo ti dang phan thiic hitu ti, ching ta c6 thé
danh gid dugc su ton tai cua tiém can xién hoac tiém can ngang dua
trén viéc danh gid bac cua tlir s6 va mau so.
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Thi du 4. Tim cdc duong tiém cdn cua do thi cdc ham so:
X X
a. (O):y= — b. (C):y=x,—-.
| x+1
&S Gidi

a. Diéu kién:
x-1>0 |X| >1 = D= (—o0; —1) U (1; +00).
Ta lan luot:
* Vi lim y=o00 nén do thi (C) c6 tiém can ding bén phai la x = —1.

x—>—1"

* Vi limy=o00 nén do thi (C) c6 tiém can ding bén trdi la x = 1.

x—1*

= Tiém can ngang bén phéi ta co:

limy = lim = lim = lim ———

X—>—0 X—>— oo\/x _1 X——0 X|\/ x~>—oo_X 1 s
2

Vay, d6 thi (C) c6 tiém can ngang bén pha1 lay=-
= Tiém can ngang bén trii, ta c6:

limy = lim ——— = lim = lim

X —
X—>+00 xa+w\/x2 X~>+30| |\/ X~>+00X I_L
\’ 2
X

Vay, d6 thi (C) c6 tiém can ngang ben trailay =1.
b. Diéu kién

x>0
>0 & = D = (—o0; —1) U [0; +00).
x+1 x<-1

Ta lan luot:

" Vi lim y=00 nén do thi (C) cé tiém can ding bén phai la x = 1.
x—>-1"
= Tiém can xién (d): y = ax + b, ta cé:
a=limY = lim, | =1.
x>0 x x>0\ x 4+1]

b—hm(y X) = lim ,/ X = limx ,fi—l
X x+1 X x+1

( X J -1 X
X+l - lim—X+1_ X+1 —lim —X+1
X—>0 X—>0 X—>0 1+1

x+1 x+1 x+1

Vay, do thi (C) c6 tiém can xién la (d): y=x _E
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§6. KHAO SAT SU BIEN THIEN
VA VE PO THI CUA MOT SO HAM BA THUC

Dang to4n 1: Khao sat su bién thién va vé d6 thi ham da thitc bac ba
Phuong phap

Véi ham s6:

y=f(x)= ax*+bx*+cx +d,véia=0

ta 1an luot c6:

a. TapxdcdinhD=R.

b. Su bién thién ctia ham s6:

= Gi6i han cta ham s6 tai vo cuc:

X—>*oo X—>Ho0 2

X X X

limy = lim |:X3 (a + E+i + %ﬂ =a(+o)’ = a(+o).

= Bang bién thién:
y'=3ax*+2bx+c, y =0« 3ax>+2bx+c=0.
Lap bang bién thién:

X —00 +00

y
y
Dua vao bang bién thién dua ra két luan vé cac khoang dong bién, nghich
bién va cuc tri clia ham so.
c. Do thi:
*  Diém uon:

y" = 6ax + 2b, y”=0<:>6ax+2b:0<:>x:—3£,
a

~ Qe N . - 2 b A N . N ~ z A R A
Vi y" doi dau khi x qua diém —— nén do thi ham s6 c6 mot diém udn

3a
b b
U(—3—a, f(—3—a)).

» Giao diém ctia do thi vé6i cac truc toa do (trong trudong hgp do thi khong
cét cdc truc toa do hodc viéc tim toa do giao diém phic tap thi bd qua
phan nay).

Nhdn xét: D6 thi ham s6 nhan diém uén U 1am tam d6i xing.
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Do ¢6 bon truong hop khac nhau vé chiéu bién thién nén do thi cia ham bac
ba c¢6 bon dang sau day:

Véia>0 Véia<0
Co6 hai cuyc tri | Khong c6 cuc tri |  C6 hai cuc tri | Khong ¢ cuc tri

M

0o . .
/ —bBa X | O /—b/3a x |O] -b/3a \' 0 —b/3a\ X

Thidu 1. Cho ham so:
y=x+3x*—4.
a. Khdo sdt su bién thién va vé do thi cuia ham so.
b. Tuy theo gid tri ciia m hdy bién ludn s6 nghiém cuia phuong trinh:
—x*=3x*+4+m=0.
c. Viét phuong trinh tiép tuyén ciia do thi tai diém uon.
d. Ching minh rang diém uoén la tam doi ximg cuia do thi.

L5 Gidi
a. Talan luot c6: Vs
1. Ham so xdc dinh trén D = R. D _ / -
2. Su bién thién ctia ham so- 0
* GiGi han ctia ham s0 tai vo cuc:
limyy= lim [X(1+ > - )] N—|-2
X—>to0 X—>to0 X X"
_ | +o0 khi x — +o0
| —o khix > -0 —4
= Bang bién thién:
=0
y' =3x%+ 6x, y'=0©3x2+6X=0©[X 5
X=-
X | —0 -2 0 +00
y' 0 0+

+ _
Cb —4 +00
N — 0 ¢t
Tir bang bién thién, ta co:
— Ham s6 dong bién trén moéi khoang (—oo; —2) va (0; +o0).
— Ham s6 dong bién trén khoang (-2; 0).
— Ham sd dat cuc dai tai diém (-2; 0) va cuc tiéu tai diém (0; —4).
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3. Do thi cua ham so:
*  Diém uon:
y"=6x + 6, y'=06x+6=0<=x=-1.
Vi y" doi ddu khi x qua diém —1 nén dé thi hAm s6 c6 mot diém uén 1a
I(~1; -2).
» Giao ctia d6 thi ham s6 vdi truc tung 1a A(0; —4).
» Giao ctia d6 thi ham s6 véi truc hoanh:

~1
X3+3x2—4=0<:>(x—1)(x2+4x+4)=0<:>{X , = B0,
X

b. Viét lai phuong trinh dudi dang:
x}+3x* -4 =m.
Khi d6, s6 nghiém ctia phuong trinh chinh bang s6 giao diém cua d6 thi ham s6
v6i dudng thing y = m, do dé ta c6 két luan:
*= V6i m < —4 hoac m > 0 phuong trinh ¢6 nghiém duy nhat.
* Véi m =—4 hoac m = 0 phuong trinh c¢6 hai nghiém phan biét.
*  V6i—4 <m < 0 phuong trinh c6 ba nghiém phan biét.
c. Phuong trinh ti€p tuyén ctia do thi tai diém uén I c6 dang:
d):y+2=y(-DHEx+1)< (d): y=-3x-5.
d. Cong thic chuyén hé toa do trong phép tinh tién theo vecto oI la:
{X:x+1 {x:X—l
=
Y=y+2 y=Y-2
va khi d6 trong hé toa do IXY (C) c6é phuong trinh:
(C):Y-2=(X-1P+3X-12-4< H):Y=X-3X.
Nhan xét rang, trong hé toa do IXY ham s6 Y = X? — 3X 1a ham s6 1é d6 d6 né
nhan géc toa do I lam tam dai xung.
Vay, diém uo6n 1a tam do6i xing ctia do thi.
Thi dy 2. Cho ham s6:
y=(x+ 1)X*+2mx + m + 2).
a. Tim cdc gid tri ciia m dé do thi ham sé da cho cdt truc hoanh tai
ba diém phdn biét.
b. Khdo sdt va vé do thi ciia ham s6 véi m = —1.
&5 Gidi
a. Phuong trinh hoanh do giao diém:
x+1=0
X+ DE*+2mx+m+2)=0< ,
gxX)=x"4+2mx+m+2=0 (1)
Dé d6 thi ham s d cho cit truc hoanh tai ba diém phan biét diéu kién 1a:
Phuong trinh (1) c¢6 hai nghiém phan biét khiac —1
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{mz—m—2>0©{m<—l )

A'g>0
= = .
g-1)=0 3-m=#0 2<m=#3

Vay, véi m thda man (*) thi d6 thi ham s6 da cho cit truc hoanh tai ba diém phan biét.

b. Ban doc tu gidi.

Dang todn 2: Khdo sat su bién thién va vé d6 thi ham trung phuong

Phuong phap

V6i ham so:

y=1f(x)= ax*+bx>+c,véia=0

ta 1an luot co:
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a.

Tap xdc dinhD = R.

b. Su bién thién ctia ham s6:

C.

=  Gi6i han ctia ham s6 tai vo cuc:

. . b C +oo khia>0
limy= limax*(1+ — + —) = ) .
x>0 x>0 ax ax —oo khia<0
= Bang bién thién:

y' = 4ax? + 2bx = 2x(2ax? + b), y'=0 < 2x(2ax* + b) = 0.

Lap bang bién thién:
X | —o0 +00
yY
y

Dua vao bang bién thién dua ra két luan vé cac khoang dong bién, nghich
bién va cuc tri clia ham so.

Do thi:

*  Diém uon:

y" = 12ax> + 2b. (1)
Néu (1) ¢6 hai nghiém phan biét thi d6 thi ham s6 ¢6 hai diém uon:
Ui(xy; f(x1)) va Ua(xz; £(X2)).

* Giao diém clia d6 thi véi céc truc toa do (trong trudng hgp do thi khong
cét céc truc toa do hodc viéc tim toa do giao diém phic tap thi bd qua
phan nay).

Nhdn xét: D6 thi ham s6 nhan truc Oy lam truc d6i xdng.

Do c6 bon trudng hop khac nhau vé chiéu bién thién nén d6 thi cia ham bac
ba c6 bon dang sau day:

C6 mot cuc tri |

Véia>0
C6 ba cuc tri

| Cémotcuctri |

Véia<0
C6 ba cuc tri

y' y4 vt ‘
o NgXNx [ d \x T ¢ | x



Thi dy 1. Cho ham s6:
y =x*—2mx? + 2m.
. i N aa e N . 1
a. Khao sdt su bién thién va vé do thi cua ham so voi m=5. Vieét
phitong trinh tiép tuyén cua do thi tai haidiém uon.
b. Tim cdc gid tri cua m sao cho ham s6 ¢é ba cuc tri.
L5 Gidi
- |
a. Vi m= 5 ham s6 c6 dang:

y=x*—x*+1.
Ta lan luot c6:
1. Ham s6 xdc dinh tréen D= R.
2. Suw bién thién cua ham so:
» Gidi han ctia ham s0 tai vo cuc:

. . 1 1 4
limy = lim {x4(1——2+—4ﬂ=(ioo) = +00,

X—>Fo0 X—>to0 X X
= Bang bién thién:

1
"=4x3 - x, '=0=4x’-2x=0<x=0hodc x=+—.
y y d \/5
X | —o0 —1/\/5 0 1/\/7 +00
y 0 + 0 - 0

g \‘3/4/'CD \3/4/

Ban doc tu két ludn dua theo bang bién thién.
3. Do thi cua ham so:
*  Diém uon:

y'=12x2-2, y'=012x>-2=0<x = +—

N

Viy" d6i ddu khi x qua céc diém + 1 nendo thi hAm s6 ¢6 hai diém uén

NG
o) w ol 5)

» Tatim thém vai diém trén do thi A(-1; 1), B(1; 1).
Ban doc tu vé hinh.
Ta 1an luot nhan duoc hai tiép tuyén la:
4 13 4 13
(d)y=—=x+— va (do):y= —=x+—.
N TR N T
b. Mién xdcdinhD=R.
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Pao ham:
y' =4x3 — 4mx, y=04x3-4dmx=0<4xx>-m)=0. (1)
Pé ham sd ¢6 ba cuc tri diéu kién 1a:
Phuong trinh (1) c6 ba nghiém phan biét < m > 0.
Vay, véi m > 0 thdéa man di€u kién dau bai.
Thi du 2. Cho ham s6'y = x* — (m + 1)x* + m.
a. Khdo sdt va vé do thi ciia ham s6' véi m = —1.
b. Chitng minh rdng do thi ham sé dd cho luén di qua hai diém c6
dinh voi moi gid tri cua m.
&5 Gidi
a. Ban doc tu gidi.
b. Gia st M(Xo; yo) la diém c¢& dinh cta ho (Cy).
Khi dé:
yo=x; —(m+ 1)x) +m, Vm < (1 - x))m + x; — x; —yo=0, Vm

1-x2=0 x,=1 =y, =0
- 0 o | 0 Yo '
N X, =—1=y,=0

Xg—Xs—Yy,=0
Vay, ho (Cy) luon di qua hai di€ém c6 dinh M;(~1; 0) va Mx(1; 0).
Thi du 3. Cho ham s6:
f(x) = x* - x2
a. Khao st va vé do thi cia ham s6 da cho.
b. Tirdé thi ham s6'y = f(x) suy ra cdch vé d6 thi chlaham s6 y = | f(x) | .
&S Gidi M y=[f(x)|
a. Ta lan luot c6:
1. Ham s6 xdc dinh tréen D= R.

2. Su bién thién ctia ham sé: V212 V2/2 -
*  Gidi han ctia ham s6 tai vo cuc: -1 1 x
limy = lim [x*(1 — iz)] = 400, y=f(x)
X—>00 X—>0 X _1/4
= Bang bién thién:
A2k, Y20 Ad—2x=0 |0
=4x° — 2X, = X’ —2Xx = .
Y Y x=+2/2
X |- —2/2 0 V2/2 +o0
y' _ 0 + 0 - 0 +
y |+ CT Cb CT +o0
—1/4/ 0 Ry

Ban doc tu két ludn dua theo bdng bién thién.
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3. Do thi cua ham so6:
*  Diém uon:
y'=12x*-2, y'=012x*-2=0&x = +—

N

Viy" d6i ddu khi x qua céc diém +— nén do thi ham s6 ¢6 hai diém u6n

‘\/—

1 5 1 5
AU |-—=-—|vaU,|—=——|.
) ( Jo %J“ 2(@ 36J

* Tatim thém vai diém trén d6 thi A(-1; 0), B(1; 0).
b. Do thiy = |f(x)| gom:
1. Phan tir truc hoanh trd 1én cta do thi y = f(x).
2. Da6i xing phan d6 thi phia dudi truc hoanh qua truc hoanh.

§7. KHAO SAT SU BIEN THIEN
VA VE PO THI CUA MOT SO HAM PHAN THUC HUU Ti
Dang toin 1: Khdo sat su bién thién va vé d6 thi ham phan thitc bac
nhat trén bac nhat
Phuong phap
Vi ham so:

©):y= X icx0,D=ad—bec0
cx+d

ta 1an luot c6:
P d
a. Tap xdc dinh D=R\ {——} .
c
b. Su bién thién ctia ham so:
= Gi6i han ctia ham sd tai vo cuc, gidi han vo cuc va cac duong tiém can:
. a A
limy= — nény = — la duong tiém can ngang.
c

X—>Hoo

lim y = oo nén x = —— la dudng tiém can ding.
: c

X—>——
C

» Bang bién thién:
. ad-bc
(cx+d)*
- NéuD =ad - bc >0 = ham s6 dong bién trén D.
- Neé&u D = ad — bc < 0 = ham s6 nghich bién trén D.
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Lap bang bién thién:

Truong hop D >0
X | —0 —d/c +00
y + o+

y[e—"" |—°°/%

C

Truong hop D <0
X | —oo —d/c +00
y - -

T

c C
Dua vao bang bién thién dua ra két luan vé cic khoang nghich bién cua
ham s6 va ham s6 khong ¢6 cuc tri.
c. Do thi:
* Tim giao diém cta do thi véi cdc truc toa do (néu co).

a z N . N e A . R d a 2 . N A A
Nhdn xét: D6 thi ham s6 nhan giao diém I[——; —j cua hai duong tiém can
c c
lam tam do6i xung.
Do ¢6 hai trudng hop khac nhau vé chi€u bién thién nén do6 thi cia ham s6 cé

hai dang sau day:
VoiD >0 VoiD <0
x=— d/e x=—dle
1 K y=a/c \] y=a/c
. N o x+1
Thidu 1. Cho ham so y = X
e X —
a. Khdo sdt su bién thién va vé do thi cua ham so. Tw dé, suy ra do
thi ham sé' y = X+l.
2-Xx

b. Chitng minh rdng giao diém 1 ciia hai duong tiém cdn ciia do thi la
tam doi xiing cuia né.

c. Viét phuong trinh tiép tuyén cia do thi tai giao diém A cia do thi
VOi truc tung.

d. Viét phuong trinh tiép tuyén cua do thi da cho, biét rdng tiép tuyén
doé song song vdi tiép tuyén tai diém A. Gid su tiép tuyén nay tiép
xtic voi (H) tai A’, chitng t6 rang A va A’ doi xiing voi nhau qua
giao diém 1 ciia hai duong tiém cdn.
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&5 Gidi
a. Talan luot c6:
1. Ham s6 xdc dinh trén D=R\{2}.
2. Su bién thién ctia ham so-
=  Gidi han ctia ham s6 tai vo cuc, gidi han vo cuc va cac duong tiém can:
limy=1 nény =1 la dudng tiém can ngang.

X—0

limy =oc0 nén x =2 la duong tiém can ding.

x—2
» Bang bién thiin: yA X=2
y'= - <0 v6i moi xeD
(x-2) .
= ham s6 nghich bién trén D. ,[ )
X —0 2 +00 y= 1 1 /’,’,—
y' + | + - >
1 +00 12\
y \ o \1 y= -1 \ ............
3. Do thi ciia ham sé: Lay thém cic diém: :

A(O; —%) va B(—1; 0).

Ham s6 y = ;Hl duoc viét lai dudi dang y =— x+l , nén do6 thi cta né dugc suy
ra bang céach 14y d6i xing do thi (H) qua truc Ox (dudng nét dut).
b. Ban doc tu thuc hién bdang phép tinh tién toa do.
c. Phuong trinh tiép tuyén tai A c6 dang:
1

1 3
d,):y+=—=y'x & (d,):y=—>x——.
(dy):y > Y (0 (dy):y 4 >

d. Tiép tuyén song song vaGi (da) nén cé hé s6 goc k = —%.

Hoanh do tiép diém A’ clia ti€p tuyén véi do thi (H) 1a nghiém ctia phuong trinh:
-3 3 5 x—2=2 x=4

s=—— S Ex-2)y=4s = ,

(x—2) 4 x =0 loai

X—2=-2
= A'(4; %) = A va A’ d6i xting v6i nhau qua L.

Khi d6, phuong trinh ti€p tuyén tai diém A’ c6 dang:
5 3 11
d):y——=y'4,.x-4) & (dy):y=—>"Xx+—.
(A)Y2Y(4)( ) (dp):y 1 5
& Nhdn xét: Cic em hoc sinh khi quan s4t hinh v& trén s& riit ra dugc phuong phép
dé v& do thi ham phan thiic bac nhat trén bac nhat, cu thé vi céc
dang ham s6 nay luon don diéu trén mién xéc dinh ctia né va luoén
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nhan giao diém clia hai dudng tiém can lam tam d6i xiing nén dé vé

diing d6 thi ctia n6 cac em hoc sinh hay thuc hién nhu sau:

a. Trong phan 3 (D6 thi clia ham s6) chiing ta 1ay hai diém A, B
thuéc mot nhanh cta d6 thi (c6 hoanh do 16n hon hoidc nho

hon gia tri clia tiém can ding).

b. V& hé toa do cung véi hai dudng tiém can véi luu y dé tam

doi xing I ¢ gitta hinh.
c. V&nhdnh do thi chita hai diém A, B tua theo hai tiém can.

d. Lay hai diém A’, B’ theo thit tu doi xtng vé6i A, B qua I, rdi

thuc hién vé nhanh do thi chita A’, B’.

X —4m
2(mx—1)
a. Khdo sdt va vé do thi ciia ham s6' véi m = 1.

Thi dy 2. Cho ham s6 (Hw): y =

b. Chiing minh rdng véi moi m # i%, cdc duong cong (Hw) déu di

qua hai diém c6 dinh A va B.

c. Chitng minh rdng tich cdc hé s6 goc cua cdc tiép tuyén voi (Hy) tai

hai diém A va B la mot hang soé khi m bién thién.

&S Gidi

a. V6im=1ham s6 cé dang:
_ x—4
YT

1. Ham s6 xdc dinh trén D =R \{1}.
2. Su bién thién ctia ham so-
»  Gidi han cia ham s6 tai vo cuc, giGi han vo cuc va cac duong tiém can:
lim y=1nény =1 la dudng tiém can ngang.

X—>0

limy =ocnén x = 1 la duong tiém can ding.

x—1

» Bang bién thién:

y'= W > 0 v6i moi xeD = Ham s6 dong bién trén D.
< —

X |- 1 + o0
y' + I +

+ 12
3. Do thi cua ham sé — Ban doc tu vé hinh.
b. Gia st M(Xo; yo) 1a diém c6 dinh ctia ho (H,,). Khi dé:
_ X,—4m
2(mx, —1)°

Yo Vm < 2(Xoyo + 2)m — Xo — 2y =0, Vm
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{xoy0 +2=0 {XO =-2y, {A(—Z;l)
< = = .
—X, =2y, =0 (2y,)y, +2=0 B(2;-1)
Vay, ho (Cy) ludn di qua hai di€ém c6 dinh A(=2; 1) va My(2; -1).
c. Trudc tién, ta co:
. 4m* -1
y=————"7-
2(mx —1)
Khi d6, tich cdc hé s6 géc cla céc tiép tuyén v6i (Hp) tai hai diém A va B dugc
cho bdi:
4m’® -1 4m* -1 4m’® - 1) 1
knks=y(Qy@=_ o Am ol GmZb
2(=2m—1 22m—1  42m+1>~.2m—1} 4

Dang todn 2: Khao sat sy bién thién va vé d6 thi ham phan thic bac hai
trén bac nhat
Phuong phap
V6i ham s0:

2
= acC +bx+c , v6i ad # 0, tr, mau khong c6 nghiém chung
dx+e
ta 1an luot co:
Viét lai ham s6 duéi dang y = f(x) = ax + P + — .
dx +e

a. Tap xdc dinhD =R\ {—%} .

b. Su bién thién ctia ham s6:
=  Gidi han ctia ham s6 tai vo cuc, gidi han vo cuc va cac duong tiém can:
Jim y =<
. € 8 aa .
lim y =oonénx = ) la dudng tiém can ding.
X*)*E
lim [y — (ax + B)] =0 nén y = ax + 3 1a duong tiém can xién.
X—>Hoo
= Bang bién thién:
vd _oa(dx+ e)’ —yd
(dx +e)’ (dx+e)®
D4u cua dao ham 1a ddu cua tam thic g(x) = a(dx + e)* — yd.
Vay phuong trinh y' = 0 hoac v nghiém hoac c6 nghiém kép hoic c6 hai
nghiém phan biét. Do d6, ham s6 hoac khong ¢6 cuc tri hoac ¢6 hai cuc tri.

y=o-

Lap bang bién thién:
X | —oo —e/d +00
y |
y ||
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Dua vao bang bién thién dua ra két luan vé cdc khoang déng bién va
nghich bién va cuc tri (néu c¢6) cia ham s6.

d. D6 thi:

* Tim giao diém ctia d6 thi véi cic truc toa do (néu co).
Nhdn xét: D6 thi ham s6 nhan giao diém I cha hai dudng tiém can 1am tam

d6i xtng.
Do ¢6 bon trudng hop khdc nhau vé chiéu bién thién nén d6 thi cia ham s6 c6
bon dang.

A RN

Thidy 1. Cho ham so' (H): y ——.

a.

&5 Gidi

a. Viét lai ham s6 du6i dang y =x —i

1. Ham s6 xdc dinh trén D =R \{1}.

2. Su bién thién cua ham so: ) /
» Gi6i han clia ham sd tai vo cuc, gidi han vo cuc va —l./ -2

cdc duong tiém can: / 112
limy = —o0, lim 1y = +00, '.“ /

-1

Khdo sdt su bién thién va vé do thi cia ham so. T dé, suy ra do

PN U, X" —x—-2
thi hamso (H’): y=——

-1
Chitng minh rdng giao diém 1 cua hai duong tiém cdn ciia do thi la
tdm doi xiing cila no.
Viét phuong trinh tiép tuyén ciia do thi da cho, biét rang tiép tuyén
dé di qua diém A(3; 3).

x—1" ¥

X—>—00

limy =ocnén x = 1 la duong tiém can ding.

x—1

lim (y —Xx) =0nény = x 1a dudng tiém can xién.
X—>0

= Bang bién thién:

y=1+ Lz >0 VxeD = ham s6 luon dong bién.

(x=1)
X | —o0 1 + o0
y' + I +
+ +00
y —OO/ QD| —o0 /
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3. Do thi cia ham sé: Lay thém hai di€ém A(0; 2) va B(-1; 0).
Ta c6:
x*-x-2 .
X2 —x—2 T voi x>1
y = ———=
|x—1| x> -x-2 .
— Vb x<—1
x—1
Tl d6, d6 thi ham s6 (H’) gom hai phan:
* Phan d6 thi (H) v6i x > 1.
» L&y doi xtiing phan do thi (H) véi x < 1 qua truc Ox.
b. Ban doc tu thic hién bang phép tinh tién toa do.
c. Gia sirhoanh do ti€p diém la x = xo, khi d6 phuong trinh tiép tuyén c6 dang:
@:y=y' X)X —X0)+y(Xo) = @):y=|1+—7F |.(X—X0) + X, — .
(X, —=1 X, —1

Piém Ae(d) nén:

3= |:1+(X0L12:|.(3—X0)+ Xy~

X, —1

0

@3:3—X0+%.[2+(1—X0)]+x0— 2 Rt 4 - = 4
(xo =1 X, —1 (xo—1) X, —1
C)Xo—l=l<:>X0=2.
Khi d6, phuong trinh ti€p tuyén tai diém c6 hoanh do xo = 2 c6 dang:
(d):y=y'(2).x-2)+y(2) < (da)y =3(x—-2).

& Nhdn xét: Céc em hoc sinh khi quan sat hinh vé& trén s& rit ra dugc phuong
phdp dé v& d6 thi ham phan thitc bac hai trén bac nhat, cu thé vi
cac dang ham so nay luon nhan giao diém clia hai dudng tiém
can lam tam d6i xiing nén dé vé ding do thi cia né cdc em hoc
sinh hay thuc hién nhu sau:

Khd ndng 1: Néu ham s6 ¢6 cuc tri thi trong phan 3 (D0 thi cia ham

s6) chiing ta 14y hai diém A, B d6i xtng v6i nhau qua I, tir d6:

a. V& hé toa do cung vdi hai dudng tiém can véi luu ¥ dé tam doi
xtng I & gitta hinh.

b. V& nhdnh do thi chita diém A va cuc tri tuong Gng tua theo hai

tiém can.
c. V& nhdnh do thi chita diém B va cuc tri tuong ting tua theo hai
tiém can.

Khd ndng 2: Néu ham s6 khong c6 cuc tri ching ta 1ay hai diém A,

B thuoéc mot nhanh cta dé thi (¢6 hoanh do 16n hon hoac nho hon

gia tri cua tiém can ding):

a. V& heé toa do cing vdi hai dudng tiém can véi luu y dé tam doi
xtng I & gitta hinh.

b. V& nhanh do thi chia hai diém A, B tua theo hai tiém can.
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c. Ldy hai diém A’, B’ theo tht tu déi xting v6i A, B qua I, roi
thuc hién v€ nhanh do thi chia A’, B’.

Thidu 2. Cho ham so:
X2 +2mx +2

(Cn): y= "

a. Khdo sdt sy bién thién va vé do thi ham s6 véi m = 1.
b. Tim m dé ham s6 cé diém cuc dai, diém cuc tiéu va khodng cdch
tir hai diém dé dén dwong thang x +y + 2 = 0 bang nhau.
&S Gidi

a. V6im =1, ham s6 c¢6 dang: 1

y
X+ 2x+2 1 L/
y="—"" —x+ 1+ .
Xx+1 x+1

Ta lan luot c6: 21
1. Ham s6 xdc dinh trén D= R\ {-1}. 1|0 X

2. Su bién thién ctia ham so: -2
= Gi6i han cia ham s6 tai vo cuc, gidi han vo cuc

va cdc dudng tiém can:
limy=-c0 ; limy=+00.

X—>—00 X—>+0

limy = o nén x = —1 la duong tiém can

x——1

y=x+1 x=—1

2,

dang.
lim[y—(x+1)] =0nény=x + 1 Ia dudng tiém can xién.

= Bang bién thién:

2 =O
y'=1- ! 2:X+2)2(, y=0x2+2x=0< x
x+1 (x+1) Xx=-2
X | —o0 -2 -1 0 +00
y' + 0 - - 0 +
Cb +00 CT +00
y —oo/ —2\_00 \2 /
3. D0 thi ctia ham s6.
b. Ham s6 c6 dao ham:
2 —
y= X ¥2x¥2m-2 y'=0e f(x)=x2+2x +2m -2 =0. (1)
(x+1)
Ham s6 ¢6 cuc dai, cuc tiéu khi:
(1) c6 hai nghiém phan biét khic —1
f-1)=0  [2m-3%0 3
& & &oSm< —. )
A'>0 3-2m >0 2
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Khi d6, phuong trinh (1) c6 hai nghiém phan biét x,, X, thoa man:
X, +X,=-2
XX, =2m—2
va toa do hai diém cuc tri 12 A(x;, 2x; + 2m) va B(xz, 2x2 + 2m).
Goi di, d» theo thit tu 12 khodng céch tir cdc diém cuc tri A va B dén dudng thang
x+y+2=0,tacé:

13x, +2m+21| 13x, +2m+2 |
d=————vady= —————
NG N
Do dé:

di=dy & 3x; + 2m + 2| = |3x2 + 2m + 2|
X, =X, (loaivix, #X,) 1 .
< 4m -2 =0< m = —, thoa man (¥).
3(x, +x,)+4m+4=0 2

Vay, v6im = % thoa man diéu kién dau bai.

§&. MOT SO BAI TOAN THUONG GAP VE PO THY

Dang toan 1: (Ung dung cua do thi gidi phuong trinh): Bién luan theo
m s6 nghiém ctia phuong trinh F(x, m) = 0 (1)
Phuong phap
Gia st ta da c6 d6 thi (hodc bang bén thién) ctia ham s6 (C): y = f(x), ta c6
thé thuc hién theo cac budc sau:
Buéc 1: Bién d6i phuong trinh ban dau vé dang;
f(x) = h(m) 2
Buéc 2: Khi d6, s6 nghiém phan biét phuong trinh cta (1) la s6 giao
diém ctia d6 thi (C) va dudng thing (d): y = h(m).
* Béng viéc tinh tién (d) theo Oy va song song vdi Ox, ta bién
luan dugc s6 nghiém ctia phuong trinh (1).

Thidu 1. a. Khdo sdt su bién thién va vé do thi cua ham s6'y = —x* + 3x* — 1.
b. Tuy theo gid tri ciia m hay bién ludn so nghiém ciia phuong trinh:
—x*+3x*—1=m. A IR
SO I .

& Gidi \ D
a. Talan luot cé: :\ 1-_7[/ i \y—m

1. Ham s6 xdc dinh tren D = R. : L X

2. Sy bién thién ciia ham s6: -1 \Q/1 2\

* GiGi han ctia ham s6 tai vo cuc: -1 ©

limy = lim [-xX’(1- =+ —) =
X—>0 X—>0 X X’

3 1 +00 khi X = —©
—o0 khi X —> +o0
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Bang bién thién:

y'= -3x24+6x, y=0c-3x24+6x=0<x=0hoacx=2.
X | —o0 0 2 +00
y ~ 0+ 0 _
-1 Cb
y ~+00 \CT/ ; \_Oo

3. D06 thi ctia ham s6:
DPiém uon:

"=—6X + 6, y'=0-6x+6=0<x=1.
Vi y" d6i dau khi qua diém x = 1 nén do thi ham s6 ¢6 mot diém uon 1a U(1; 1).

Ta tim thém vai diém trén do thi A(-1; 3), B(3; —1).

Nhan xét: D6 thi nhan diém uon U(1; 1) lam tam d6i xtng.

b. Nhan xét ring s6 nghiém ctia phuong trinh chinh bang s6 giao diém cta do thi
ham s6 v6i dudng thang y = m, do dé ta c6 két luan:

*= V6i m < -1 hoac m > 3 phuong trinh ¢6 nghiém duy nhat.

* V6i m =—1 hodac m = 3 phuong trinh c6 hai nghiém phan biét.

* V6i -1 <m < 3 phuong trinh c6 ba nghiém phan biét.

@ Nhdn xét: Qua thi du trén:

1. O cau a), cdc em hoc sinh c6 thé kiém nghiém duoc tinh ding

dan cta noi dung chi y sau dang todn 1. Tix d6, tién trinh dé vé

duoc d6 thi trén c6 thé duoc gidi thich nhu sau:

* Tu bang bién thién va phan tim diém u6n, ching ta méi c6
dugc ba diém thudc dé thi 12 diém cuc dai (BCPD), diém cuc
tiéu (OCT), diém uon (PU) va ba diém nay luon thang hang
(theo tinh chat cia ham da thiic bac ba), nén chi tao ra duogc
nhanh gitta cta do thi (ing véi bang bién thién).

»  Pé v& dugc nhanh phia trdi cin 14y mot diém A c6 hoanh do x < 0.

» P& v& dugc nhanh phia phéi can 14y mot diém B c6 hoanh do x > 2.

* Tu tinh d6i xiing cha do thi ham s& bac ba (nhan diém u6n
lam tam do6i xing) chiing ta 14y hai diém A, B c¢6 hoanh do
doi xing qua diém U.

* Noi bang dudng thing mo A — CT — U — CD — B. Sau d6
luon mot dudng cong di qua céc diém do.

Luu ¥ rang trong phan d6 thi ham s&, chdng ta b qua:

* Viéc tim giao diém cua do6 thi ham s6 vé6i truc Oy boi d6
chinh la diém CT.

* Viéc tim giao diém clia d6 thi ham s6 v6i truc Ox bdi phuong
trinh —x* + 3x? — 1 = 0 khong ¢6 nghiém nguyén.

. Dé tang do kho cho cau hoi bién luan s6 nghiém cta phuong

trinh, ngudi ta c¢6 thé thay né bing "Tim diéu kién ciia m dé
phuong trinh ¢é nghiém x > 3", khi d6 dua vao do thi cau tra
1oi [am < —1.



Thi dy 2. (D¢ thi dai hoc khéi A — 2006):
a. Khdo sdt sy bién thién va vé do thi ciia ham so'y =2x> —9x* + 12x — 4.
b. Tim m dé phuong trinh 2|x°| — 9x* + 12|x| = m ¢6 6 nghiém phdn biét.
&5 Gidi y
a. Talan luot c6:
1. Ham s6 xac dinhtrén D = R.
2. Su bién thién clia ham s6:
* Gidi han ctia ham s6 tai vo cuc: 1

oA [ y=m-4
limy = limx3(2—2+g—i3 -2 -1:\0 H\L’j X
X—>*too X—>to0 X X X
| o0 khi x — +o0
_|:—ookhix—>—oo. D

= Bang bién thién:
y'= 6x>— 18x + 12,

y=0<6x>—18x+12=0<x=1hoacx=2.
X —00 1 2 +00
¥ 0+ 0

1 CT )
Y Lo " T~ —
3. Do thi ctia ham s6:
* Piém uodn:

y' = 12x — 18, y"=0<:>12x—18=0<:>X:%.

Vi y" déi ddu khi qua x :% nén d6 thi ham s6 6 mot diém u6n 1a U(%; %)

D6 thi nhan diém uén U lam tam d6i xtng.
»  Tatim thém vai diém trén dé thi A(0; —4), B(3; —1).
b. Ham s0y =2[x3| — 9x% + 12|x| — 4 1a ham s6 chdn, nén d6 thi (T) ctia n6 gébm hai phan:
= Phén cta d6 thi ham s6 y =2x* —9x? + 12x —4 v6i x >0.
= L&y d6i xiing phan ctia do thi trén qua Oy.
Viét lai phuong trinh dudi dang:
21} —9x*+ 12|x| —4=m —4.
S6 nghiém ctia phuong trinh chinh bang s6 giao diém cta d6 thi (T) véi dudng
thang y = m — 4, do d6 dé n6 c6 6 nghiém phan biét diéu kién 1a:
O<m-4<l<4<m<3s.
Vay, v6i 4 < m < 5 thoa man diéu kién dau bai.
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Dang todn 2: Giao diém cta hai d6 thi
Phuong phap
Vé6i yéu cau thuong gap 1a " Vit phuong trinh duong thing (d) c6 hé s6
gock di qua diém M(xo; yo), bién ludn theo k S6 giao diém cua (d) va do thi
ham s6(C): y = f(x)", ta thuc hién theo cac budc sau:
Budc 1: Tim tap xac dinh D ctia ham s6'y = f(x).
Budgc 2: Phuong trinh dudng thing (d) dugc cho béi:
y = k(X — Xo) + Yo. .
Budc 3: Phuong trinh hoanh d¢ giao diém cta (C) va (d) la:
f(x) = k(x — Xo) + Yo. (D)
Khi d6 s6 giao diém cta (d) va (C) 1a s6 nghiém phan biét thudc
tap D cta phuong trinh (1).

Thi du 1. (D€ thi dai hoc khoi D — 2006): Cho ham s6-
O:y=x’-3x+2.
a. Khdo sdt su bién thién va vé do thi cua ham so.
b. Goi (d) la duong thing di qua diém A(3; 20) va cé hé sé géc m. Tim
m dé duong thang (d) cdt do thi (C) tai ba diém phdn biét.

&S Gidi
a. Ban doc tu gidi.
b. Puong thing (d) c6 phuong trinh y = m(x — 3) + 20.
Hoanh do giao diém 12 nghiém ctia phuong trinh:
x2=3x+2=m(x-3)+20 <= (x - 3)(x*+3x+6—-m) =0.
x=3
o 2 . M
g(x)=x"+3x+6x—-m=0
Pé dudng thang (d) cat d6 thi (C) tai ba diém phan biét diéu kién 13 he (I) c6 ba
nghiém phan biét, tic:
Phuong trinh g(x) = 0 c6 hai nghiém phan biét khac 3
A, >0 4m-15>0 15
= = & —<m = 24.
g(3)20  [24-m=0 4

Vay, véi @% <m# 24 thoa man diéu kién dau bai.

Thi dy 2. Cho ham so-
(O):y=2x+3x*+ 1.
a. Khdo sdt su bién thién va vé do thi cua ham so.
b. Tim cdc giao diém ciia duong cong (C) véi parabol (P): y = 2x* + 1.
c. Viét phuong trinh cdc tiép tuyén cia (C) va (P) tai cdc giao diém
cua chiing.
d. Xdc dinh cdc khodng trén dé (C) nam phia trén hodc phia dudi (P).

80



&S Gidi
a. Ban doc tu gidi.
b. Phuong trinh hoanh d6 giao diém c6 dang:

2x3+3x°+1=2x>+1 < 2x*+x2=0 (1)
x=0 =y=1
& xz_l:yzi'
2 2

Vay, ta dugc (C) A (P) = [A(0; 1), B(—%; %)}.

c. Vi A la giao diém kép (x = 0 1a nghiém kép) nén phuong trinh ti€p tuyén tai A
ctia (C) va (P) giéng nhau, cu thé:
da):y-1=y(0)x <= (da):y=1.
Tai giao diém B l4n luot vé6i (C) va (P):
= Véi(O)tacdy' = 6x>+ 6x do d6 phuong trinh ti€p tuyén tai B ¢6 dang:
3 1 1 3 3
de)y—-==y(=)x+ )= @a)y=—->x+=.
(B)y2 Y(z)( 2) (d'a)y SX* 3
=  V6i (P) taco y' = 4x do d6 phuong trinh ti€p tuyén tai B c6 dang:
3 1 1 1
dB)ry—- = =y(=).x+ )= (s y=-2x+ —.
(B)Y2Y(2)( 2) (d%s):y 5
d. Bing viéc xét ddu biéu thic & VT cua (1), ta c6 két luan:

- (C) nim duéi (P) khi x thuoc (—: —%).
= (C) nam trén (P) khi x thuoc (—%; +0o\{0}.

Thidu 3. a. Védo thi (P) ciia ham s6'y = x> — X + 1 va do thi (H) ctia ham s6'y = b

x+1
b. Tim giao diém ciia hai duong cong (P) va (H). Chitng minh rdng
hai duong cong dé cé tiép tuyén chung tai giao diém ciia chiing.
c. Xdc dinh cdc khoang trén dé (P) nam phia trén hodc phia dudi cua (H).
&S Gidi
c. Bandoc tu gidi.
d. Hoanh do giao diém 12 nghiém ctia phuong trinh:
3
=0 (L

X
XX—x+1=

x+1 x+1
=>x=0x=0= A(0; 1).
Vay, hai dé thi (P) va (H) cit nhau tai diém A(0; 1).
Ta lan luot c6:
=  Phuong trinh ti€p tuyén cua (P) tai A c6 dang:
d):y-1=yp0)x<d):y=—x+1.
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»  Phuong trinh ti€p tuyén cta (H) tai A c6 dang:
(d):y-1=yw0)x <= (d): y=—x+ 1.
Nhan thay (di) = (d»), tic 1a (P) va (H) c6 tiép tuyén chung tai A.
e. Bing viéc xét ddu biéu thic & VT cua (1), ta c6 két luan:
= (H) nam du6i (P) khi x thudc (—oo; —1) va (0; +o0).
= (H) nam trén (P) khi x thuoc (-1; 0).

Thi dy 4. Cho ham s6:

2x—1

x+1

a. Khdo sdt sy bién thién va vé do thi ctiia ham so.

b. Véi cdc gid tri nao ciia m duong thdng (dw) di qua diém A(=2; 2)
va ¢ hé so géc m cdt do thi ciia ham so da cho:
= Tai hai diém phadn biét ?
»  Tai hai diém thudc hai nhanh ciia do thi ?

y:

&5 Gidi
a. Ban doc tu gidi.
b. Puong thing (dm) c6 phuong trinh:
dn):y=mxX+2)+2 < (dn): y=mx +2m + 2.
Phuong trinh hoanh do giao diém ctia (d.) v6i do thi ham s6 1a:

2x -1 =mx +2m + 2
x+1
< f(x) =mx? 4+ 3mx +2m + 3 =0 vGi x #—1. (1)

= Duong thang (d.) cat dé thi ham sé tai hai diém phan biét:
< phuong trinh (1) ¢6 hai nghiém phan biét khac —1
m=#=0 m#0 m=0
< {A>0 < {9m’-4m(2m+3)>0< sm’ —12m >0
f(-1)=0 320 320

<> m < 0hoac m > 12.
Vay, v6i m < 0 hodc m > 12 d6 thi ham s6 cat dudng thang (d.) tai hai diém
phan biét.
= DPuong thang (dn) ct do thi ham s6 tai hai diém thudc hai nhanh ctia d6 thi:
< phuong trinh (1) c6 hai nghiém phan biét x; < —1 < x,
< af(-1) <0 m3<0&m<0.
Vay, v6i m < 0 dé thi ham s6 cat duong thang (dn) tai hai diém thuoc hai
nhdnh cta do6 thi.

Thi dy 5. Cho ham so:
X+2
(H):y = .
Y 2x +1
a. Khdo sdt sy bién thién va vé do thi ctiia ham so.
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b. Chitng minh rang duong thang y = mx + m — 1 luén di qua mot
diém co dinh cua duwong cong (H) khi m bién thién.
c. Tim cdc gid tri ciia m sao cho dwong thdang dd cho cdt duong cong
(H) tai hai diém thuoc cung mot nhdnh cua (H).
&5 Gidi
a. Ban doc tu gidi.
b. Gid stt M(Xo; yo) 12 diém c6 dinh ctia ho duong thang.
Khi do:
yo=mxo+m-—1,Vm< (xo+ I)m -1 -yo=0, Vm
{x0+1=0 {XO:—I
& = = M(-1; -1) € (H).
—1-y,=0 Yo=-1
Vay, ho dudng thing luon di qua diém c6 dinh M(—1; —1) ctia duong cong (H) khi
m bién thién.

c. Phuong trinh hoanh d¢ giao diém clia dudng thang véi dé thi ham so 1a:

X+2
=mx+m-1
2x+1
<:>f(x):2mx2+3(m—1)x+m—3:OV(’iix;t—%. (1)

DPuong thang cit do thi ham so tai hai diém thuoc mot nhanh clia d6 thi:

&> (1) ¢6 hai nghiém phan biét x;, X, v€ mot phia cuia —%

X1<X2<—l 2m =0 m=#=0
= . S {A>0 Sim+6m+9>0 < -3#m<0.
<K <X, mf(-1/2)>0  |m<0

Vay, v6i =3 # m < 0 thoa man diéu kién dau bai.

‘ e 2x* —x+1
Thi du 6. Cho ham so (H): y = %
X —
a. Khdo sdt su bién thién va vé do thi cua ham so.
b. Vi gid tri nao ciia m thi duong thang y = m — X cdt do thi ham sé
dd cho tai hai diém phdn biét ?
c. Goi A va B la hai giao diém dé. Tim tdp hop cdc trung diém M clia
doan thing AB khi m bién thién.
L5 Gidi
a. Ban doc tu gidi.
b. Phuong trinh hoanh do giao diém clia dudng thang véi dé thi ham s6 a:
2x* —x+1

" =m-x<f(x)=3x>-Mm+2)x+m+1=0vsix=1. (1)
X —
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D6 thi ham s6 cat dudng thang (d) tai hai diém phan biét A, B
< phuong trinh (1) c6 hai nghiém phan biét x;, X, khic 1
{A>O {m2—8m—8>0 m>4+2y6
= = = .
f(1)=0 " |20 m<4-2J6
Vay, v6i m >4 + 2./6 hodc m <4 — 24/6 thoa man didu kién ddu bai.
c. VG6i két qua trong b), phuong trinh (1) c¢6 hai nghiém xa, xs thoa man:
m+2

2)

X, +X5 =
j— A(XA, m — XA), B(XB, m— XB).

< x _m+1
ATB 3
Khi dé, toa do trung diém M(x; y) ctia AB duoc cho boi:
X, +X; X, +Xg m+2
I X= 6x=m+2
2 2 6 Q{
m+2

= =
YAtV X, +Xg 6y =5m-2

=m— =m-—-
2 Y 2 Y 6
=30x-6y-12=0<=5x-y—-2=0.
Vay, tap hop céc trung diém M clia doan thang AB khi m bién thién thuoc duong
thing 5x —y -2 =0.

Thidu 7. Cho ham s6'y =x*— (m + 1)x* + m.
a. Khdo sdt va vé do thi ciia ham so' véi m = 2,
b. Tim cdc gid tri ciia m sao cho dé thi ham sé da cho cdt truc hoanh tai
bon diém, tao thanh ba doan thdng c6 do dai bang nhau.

X

L5 Gidi
a. Ban doc tu gidi.
b. D6 thi ham s6 da cho cit truc hoanh tai bon diém, tao thanh ba doan thing c6 do
dai bing nhau titc 12 d6 thi ham s¢ cat truc hoanh tai bén diém phan biét v6i hoanh do
lap thanh cép s6 cong.

Hoanh do giao diém clia d6 thi ham s6 véi truc hoanh 1a nghiém cta phuong
trinh:

y=x*—(m+ 1)x>+m=0. (1)
bat t =x2,t >0, khi d6 (1) ¢6 dang:
t?—(m+ Dt+m=0. 2)

D6 thi ham s6 cét truc hoanh tai bon diém phan biét thi phuong trinh (2) phai c6
hai nghiém phan bi¢t duong 0 < t; < t»

A'>0 (m+1)*—4m>0
& {-b/a>0& {\m+1>0 =S0<m=#1,
c/a>0 m>0

va khi d6 bon nghiem ctia (1) la—Jt, , —/t, , Jt, , &, -
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Bon nghiém trén 1ap thanh cdp s6 cong:

i -2
=3 tr = 9ty. 3
@{_ﬁwgﬂﬁ@@ Ju et 3)

Theo dinh 1i Vi - ét ta cé:

t,+t,=m+1
D
t,t,=m
Thay (3) vao (I) dugc:
t,+9t,=m+1 [10t, =m+1 m=9
o SIM?-82m+9=0< 1.
t,.(9t,)=m 9t’ =m ng

L < | N Cpa 28 N
Vay, v6i m =9 hoac m = 9 do thi ham so6 cat truc hoanh tai bon diém, tao thanh

ba doan thing c6 do dai bang nhau.

Dang todn 3: Su ti€p xtc cta hai d6 thi
Phuong phap
Stt dung ménh dé:
"Hai do thi ham s6 y = f(x) va y = g(x) tiép xuic nhau khi va chi khi hé
phuong trinh sau co nghiém:

{f(x> =g(x)
f'(x)=g'(x)
Khi d6, nghiém ctia hé phuong trinh chinh 1a hoanh d6 tiép diém.
Thi du 1. Chiing minh rdng doé thi cua hai ham so'
1 3 3x
f = — 2 + — ) =
(%) 2x 2xva 2(x) >

tiép xiic véi nhau. Xdc dinh tiép diém ciia hai duong cong trén va viét
phuong trinh tiép tuyén chung ciia chiing tai diém do.

&S Gidi
Xét h¢ phuong trinh:
LT N
f(x)=g(x) 2 2 x+2 a _
& &x=0=>y=0.
f'(X) = g'(x) 3 6
X+—=
2 (x+2)

Suy ra, d6 thi hai ham s6 y = f(x) va y = g(x) ti€p xtdc véi nhau tai goc O.
= Phuong trinh ti€p tuyén chung c6 dang:

d:y=g0)x<=W):y= %X.
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Thi du 2. Chiing minh rdng cdc doé thi ciia ba ham so:
f(x)=—x*+3x+6,g(x)=x’—x*+4vahx)=x>+7x + 8
tiép xiic voi nhau tai diém A(-1; 2).
&S Gidi
Ta lan luot thuc hién:
= Xét hé phuong trinh:
{f(x)zg(x) x> +3x+6=x"—x*+4 x*=3x—-2=0
' e &
f'(x)=g'(x) —2x+3=3x"-2x 3x*-3=0
Sx=-l=>y=2.
Suy ra, d6 thi hai ham s6 y = f(x) va y = g(x) tié€p xdc vdi nhau tai diém A(-1; 2).
= Xét hé phuong trinh:
f(x)=h(x) X’ +3x+6=x"+7x+8 X +2x+1=0
S S
f'(x)=h'(x) —2x+3=2x+7 4x+4=0
Sx=-1=y=2.
Suy ra, d6 thi hai ham s6 y = f(x) va y = h(x) tiép xtic véi nhau tai diém A(~1; 2).
Thi du 3. Tim cdc hé sé a va b sao cho parabol y = 2x* + ax + b tiép xiic vdi
hypebol y = 1 tai diém M(%; 2}.
X
&S Gidi

Dé (P) ti€p xuc v6i (H) diéu kién 1a hé sau c6 nghiém x = %:

2
2x2+ax+b=l 2:2.(1j +a.l+b
P 2 2

a=—6vab= 2.

1 2

dxta=-—— 4—+a=—4
X 2

Vay,véia=-6vab= g thoa man diéu kién dau bai.

Dang todn 4: Tiép tuyén cta d6 thi ham s6
Phuong phap
V&i ham s6:
©ry=1x)
1. Tiép tuyén tai diem My(xo; f(xo)) ctia (C) c6 phuong trinh:
(d):y = yo=f(Xo)(X — Xo).
2. V&i yéu cAu "Lap phuong trinh tiép tuyén voi do thi ham sé di qua
diém A(xa; ya)", ta c6 thé lua chon mot trong hai cach:
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Céch I Thuc hién theo cac budc:
Budc I Gia st hoanh d6 tiép diém la x = xo, khi d6 phuong
trinh ti€p tuyén c6 dang;:
. (d):y — y(xo) = f(X0)(X = Xo).
Budc 2 Diém A(xa; ya) € (d), ta co:
Ya — y(Xo) = f(Xo)(Xa — Xo) = Tiép diém xo
= Phuong trinh tiép tuyén.
Céch 2 Thuc hién theo cac budc:
BudcI:  Phuong trinh (d) di qua A(Xa; ya) c6 dang:
(d): y=k(x —xa) + ya.
Bude 2- (d) tiép xudc voi d6 thi ham s6 khi hé sau c6 nghiém:
{f(x) =KX )y, = Hé s6 goc k
f'(x)=k
= Phuong trinh tiép tuyén.

3. Véiyéu cau "Ldp phuong trinh tiép tuyén voi do thi ham so” biét hé so
goc cua tiép tuyén bangk", ta c6 thé lua chon mot trong hai cach:
Céch I Thuc hién theo cac budc:

Budc I Xétham s0, ta tinh dao ham y' = f'(x).
Budc 2 Hoanh d6 tiép diém la nghiém phuong trinh:
f'(x) = k = Hoanh d¢ tiép diém x.
Bude 3: Khi d6, phuong trinh tiép tuyén c6 dang;:
(d):y — y(xo) = f(X0)(x = Xo).
Céch 2 Thuc hién theo cac budc:
Budc I:  Phuong trinh v6i hé s6 goc k 6 dang:

-

(d): y=kx+b.
Budc 2 DE (d) tiép xic v6i d6 thi ham s6 khi hé sau c6
nghiém:
f =
O=kx+d _ Giduib
f'(x) =k

= Phuong trinh tiép tuyén.
@ Chu y: Khi sir dung cich 1 ngoai viéc c6 dugc phuong trinh tiép tuyén chiing
ta con nhan dugc toa do tiép diém.
Thi dy 1. (D¢ thi dai hoc khéi B — 2004): Cho ham s6'(C): y = %x3 —2x% + 3x.
a. Khdo sdt su bién thién va vé do thi ham so.

b. Viét phuong trinh tiép tuyén (d) cia (C) tai diém uén va chiing
minh rang (d) la tiép tuyén ciia (C) c6 hé so géc nhd nhdt.
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&5 Gidi
a. Ban doc tu lam.
b. Phuong trinh tiép tuyén (d) tai diém uon cha (C) 1a:

@:y=yox-2)+ % S d:y=—-x+ %
Ta c6:
y =x?—4x+3,
suy ra hé so6 géc cud ti€p tuyén tai diém c6 hoanh do xo thuoc dé thi ham s6 (C) la:
k=y'(x0)=x; —4x0+3=(x0—2)*-1>-1,
tic 12 kmin = — 1 dat duoc khi xo = 2 = xy, dpcm.

Thi dy 2. (D¢ thi dai hoc khoi D — 2005): Cho ham so-

(Cn):y= %x3— %x2+ %, véi m la tham so.

a. Khdo sdt su bién thién va vé do thi ham s6 véi m = 2.
b. Goi M la diém thuéc (Cw) cé hoanh dé bang — 1. Tim m dé tiép
tuyén ciia (Cy) tai diém M song song véi duong thing 5x —y = 0.

&5 Gidi
a. Ban doc tu lam.
b. Ta cé:

y'=x%— mx.
Tir gia thi€t, suy ra M(-1, —%) va tiép tuyén clia d6 thi ham so tai diém M c6
phuong trinh:
@:y=yecnx+1)- % S@:(1+mx—y+1+ % =0.

Dé (d) song song véi dudng thang 5x —y = 0 diéu kién la:

I+m=5
S m=4.
1+ 220
2
Vay, v6i m = 4 thod mén diéu kién dau bi.
. . . ax’—bx
Thidy 3. Cho ham so'y = 1
X_

a. Tim a va b biét rang do thi (C) ciia ham s6 dd cho di qua diém
5 N ™ 9 . .2 , N N, N
A(—l; 5] va tiép tuyén cua (C) tai diém O c6 hé so goc bang —3.
b. Khdo sdt va vé do thi ciia ham s6 vdi cdc gid tri ciia a va b da tim

duoc o trong cdu a).
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&5 Gidi
a. Trudc tién ta co:

2 —
y' = ax(z—j))(;b = hé s6 gbc clia ti€p tuyén tai diém O 1a ko = y'(0)
X —
& -3=bob=-3.
Vi diém A thuoc d6 thi ham sd nén:
2
S _aEh -E3)ED -
2 -DH-1
Vay, v6i a = -2 va b = -3 thoa man diéu kién dau bai.
b. Ban doc tu gidi.

a=-2.

x+1

x-2

a. Viét phuong trinh tiép tuyén cua do thi ham so tai giao diém A ciia
do thi voi truc tung.

b. Viét phuong trinh tiép tuyén cua do thi ham so, biét tiép tuyén di
qua diém B(3; 4).

c. Viét phuong trinh tiép tuyén cua do thi ham so, biét rang tiép tuyén
dé song song vdi tiép tuyén tai diém A.

Thi dv 4. Cho ham s6' (C): y =

L5 Gidi
a. Toa do giao di€ém A 1a nghiém clia hé phuong trinh:
x=0 x=0 |
x+1 < 1 QA(O;——)
x—=2 2
Khi d6, phuong trinh ti€p tuyén tai A c6 dang:

(da): y =y'(0).x — % & (da): y= —%x —%.

b. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Gia st hoanh do ti€p diém la x = xo, khi d6 phuong trinh ti€p tuén c6 dang:

(@2 y — y(x0) = F(Ro)(X = X0) <> (d): y=———— (x—x,)+ 22+ L
(X, -2) X, -2

Ti€p tuyén (d) di qua diém B nén:

b= 3 3oxy+et]
(x,—2) X, —2

0

S X —6X,+9=0 < x0=3.

Khi d6, phuong trinh ti€p tuyén c6 dang:
(d): y=-3(x-3)+4 < (d): y=-3x+ 13.
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Cdch 2: Puong thang (d) di qua diém B(3; 4) nén c6 phuong trinh y = k(x — 3) + 4.
Dé (d) tiép xiic vdi (C) khi hé sau c6 nghiém:

XJr;=1<(><—3)+4 | X

X SN _(x=3)+4 < xP—6x+9=0
-3 _ x—2 x-2)

(x—2)°

& x=3 =>k=-3.
Khi d6, phuong trinh ti€p tuyén (d) c6 dang: y = —3x + 13.

c. Ta c6 thé trinh bay theo hai céch sau:

Cdch I: Ti€p tuyén song song vdi (da) nén cé hé s6 goc k =—=
Hoanh do ti€p diém cua ti€p tuyén ctia do thi ham s6 1a nghiém clia phuong trinh
x-2=2 {x =4
=

x—-2=-2 x =0 loai

(x —2) 4
Khi d6, phuong trinh tié€p tuyén tai diém c6 hoanh do x = 4 ¢6 dang:
11

@5y =y @x—4) 4y & @: y=—ox+ L

S 3 <:>(x—2)2:4<:>{

Cdch 2: Puong thang (d) song song v6i (da) nén c6 phuong trinh y=—=x+b.
Dé (d) tiép xiic vdi (C) khi hé sau c6 nghiém:
X+1:_§X+b x+l =—§x+b X+l =—§x+b
x—2 x—=2 4 x—2 b_ll
33 T [x-2=2 S x4 S b=
(x=2) 4 x—2=-2 x = 0 (loai)
11

Khi d6, phuong trinh ti€p tuyén (d) c6 dang: y = _ZX +? .

Thi dy 3. (D¢ thi dai hoc khéi B — 2006): Cho ham so:
2
X +x-1
C)y=———
X+2
a. Khdo sdt su bién thién va vé do thi cria ham so.
b. Viét phuong trinh tiép tuyén cua do thi (C), biét tiép tuyén dé vuong
goc vai tiém cdn xién cua (C).
5 Gidi
a. Ban doc tu thuc hién.
b. D6 thi ham s6 c6 tiém can xién (da): y =x — 1.
Tiép tuyén vuong goc véi (da) nén cé hé s6 goc k = —1.
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Hoanh do ti€p diém cua ti€p tuyén chia d6 thi ham s6 1a nghiém clia phuong trinh:

! 2

1- s=-1 & x+2)’=2& x="2+—.
(x +2) 2

Khi do:

= Véi x=-2+ g , ta duoc tiép tuyén:

(dl):yzy'[ ﬁ]{x+2—g}—y’[ ﬁ] & (d):y=-x+242-5.

42
2

= Vé6i x=-2 —% , ta duoc tiép tuyén:

2
(dy):y=y' NG (X+2+7 +y' N <:>(d2):y=—x—2\/5—5.
-4 -
Vay, ton tai hai ti€p tuyén (d,), (d2) thoda man diéu kién dau bai.

Dang toin 5: Piém va d6 thi
Phuong phap
1. Véi yéu cdu "Tim diém c6 dinh cua ho (Cn): y = f(x, m) véimeR ", ta
thuc hién theo cac budc:
Buoc 1: Gia st M(xo; yo) 1a diém ¢6 dinh ctia ho (Cn).
Budc 2: Khi do:
yo= f(Xo, m), Vm.
Nhom theo bac cia m 16i cho cac hé s6 bang 0 ta nhan dugc
cdp gia tri (Xo; yo).
Budc 3: Kétluan.

2. Véi yéu cAu "Tim diém M thudc do thi ham s6'(C): y = f(x) théa man
diéu kién K", ta thuc hién theo cac budc:
Budc 1: Gia st M(xo; yo) = M(Xo; f(x0)).
Budc 2: Thiét lap diéu kién K cho diém M.
Budc 3: Kétluan.
Thi du 1. (D¢ thi dai hoc khoi D — 2004): Cho ham s6-
(Cn): y =x* = 3mx* + 9x + 1, m 1a tham s6.
a. Khdo sdt su bién thién va vé do thi ham s6 voi m = 2.
b. Tim m dé diém uon ciia (Cu) thuéc duong thingy = x + 1.

&S Gidi
a. Ban doc tu lam.
b. Mién xac dinhD= R.
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Ta 1an luot ¢6 cac dao ham:
y’=3x>—6mx +9, y"=6x—6m,
y'=06x-6m=0<x=m,
tirc 1a v6i moi m ham s& luon ¢6 diém uén U(m, —2m> + 9m + 1).
Pé U thuoc dudng thang y = x + 1, diéu kién la:
—2m*+9m+1=m+ 1< m’-8m=0< m=0hoac m==2.
Vay, v6i m = 0 hoac m = 2 thoa man di€¢u kién dau bai.
mx—m-—2
+1
a. Khdo sdt sy bién thién va vé do thi ciia ham sé' voi m = 1.
b. Chitng minh rang ho (Cw) luén di qua mot diém co dinh. Tim diém
cd dinh dé.

Thi du 2. Cho ham s6' (Cy): y =

&S Gidi
a. Ban doc tu gidi.
b. Gia st M(Xo; yo) 1a diém c6 dinh ctia ho (Cy,), khi d6:

—m— X, +1#0
yO:mxo m 2,Vm<:> 0 vm
X, +1 X, -Dm-2-x,y,-y,=0
X, #—1
X, =1
< 9x,—-1=0 <:>{ 1<::>M(1;—1).
Yo=—
—2-X,¥,~ Y, =0 0
Vay, ho (Cy) luon di qua mot diém c6 dinh M(1; —1).
. , -1
Thi du 3. Cho ham 56 (C):y = ~— .
X+2

a. Khdo sdt sy bién thién va vé do thi ctia ham so.
b. Tim trén do thi ham so'tdt cd nhitng diém cé cdc toa do la nguyén.
c. Tim hai diém A, B thuéc hai nhdnh khdc nhau cua do thi dé
khodng cdch giita chiing la nho nhdt.
&5 Gidi
a. Ban doc ty gidi.
b. Viét lai ham s6 duéi dang y =1 3 .
X+2
Diém A(Xo; yo) (Xo# — 2) thuoc d6 thi ham s6 ¢6 hoanh do nguyén khi:
Xo + 2 1a udc cua 3.
Ta c6 bang liét ké sau:

X0+ 2 -3 -1 1 3

X0 -5 -3 -1 1

Yo 2 4 -2 0
bi€m | Ai(-5;2)  Ax(-3;4)  As(-1;-2) Aq(1; 0)
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Vay, cdc di€ém Ai( =5; 2), Ax(=3; 4), As(=1; =2), As(1; 0) thudc d6 thi ham s6 c6
toa do nguyén.
c. D6 thi ham s6 c6 duodng tiém can ding la x = 2.
Xét hai diém A, B thuoc hai nhanh ctia d6 thi, ta c6:
A(-2 — x5 (-2 — x1)), B(-2 + x2; f(-2 + X2)) v6i X1, X2 > 0.
Suy ra:
AB*=[(-2-x1) = (2 +x) PP+ [ f(-2 — x1) — (-2 + x2)]?

O | =ewri Ge=rrsd |
—2-x,+2 2+x,+2

2
= (X2 + x1)* + 9(i+i} =(X2+X1)2(1+ 292} >12

XX XX,

Vay, ta dugc ABwmin = 12, dat duoc khi:

X1:X2
X, =X
9 @{1 23<:>X1=X2=\/§.

1= XX, =

XX
Vay, hai diém A, B cdn tim ¢6 hoanh do tuong tng 12 —2 — /3, =2 + /3.
Thi dy 4. Cho ham s6:
(©): y= —x*+3x*-2.
a. Khdo sdt su bién thién va vé do thi cua ham so.
b. Tim cdc diém thudc do thi (C) ma qua dé ké dugc mot va chi mot
tiép tuyén voi do thi (C).
&5 Gidi
a. Ban doc tu gidi.
b. Xét diém A(a; —a’ + 3a> — 2) thudc do thi ham s6.
Tiép tuyén qua A tiép xuc vGi do thi ham s6 tai M(xo, y(Xo)) c6 dang
(d):y=(3x, +6X0)(x —Xo) — x; +3x; —2.
Piém A e(d) khi:
—a'+322-2=(-3x2 +6x0)@a—%X0) — X, +3x% =2
& (=3x +6x0)@a—x0)+a’ =322 — x} +3x2 =0
< (—3x; +6xo+a%+axo+ x; —3a—3x)(a—x0) =0
< (—2x; +3x0+a%+axo—3a)(a—x0) =0

& (a+2x0— 3)(a - xo)(a — X0) = 0 < xo = a hoic x, :3;‘,
Dé qua A ké dugc mot tiép tuyén vdi (C) ta phai co:
a=2dea=1.

Vay, diém A(1; 0) thoa man diéu kién dau bai.
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Thi du 5. Cho ham so:

©): y=x+l+L

x—1
a. Khdo sdt sy bién thién va vé do thi ctiia ham so.
b. Tim nhitng diém trén do thi (C) cé hoanh do 1én hon 1 sao cho tiép
tuyén tai diém do tao voi hai duong tiém cdn mot tam gidc cé chu
vi nho nhdt.

&5 Gidi

a.
b.
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Ban doc tu gidi.
Ta c6:
= Tiémcanding x =1 vi limy=o0.

x—1
* Tiémcanxiény=x+1vi lim(y—-x—-1)=0.
* Toa do giao diém I cha hai tiém can 12 I(1; 2)
1
(x-1°
biém M(a, y(a))e(C) véi a > 1, khi d6 phuong trinh tié€p tuyén tai M c6 dang:

2 2

= Pahamy' =1-

' a” —2a
@d: y=y@x-a+y@ <@ y=——Kx-a)+ -
(a-1) a—1
Toa do giao diém A cua tiép tuyén (d) va tiém can ding 12 nghiém cta hé:
x=1 x=1
2 2 . 23
a"—2a a~ < 2a < Al —).
y=——(x-a)+ =— a—1
(a-1) a— a—1
Toa do giao diém B cla ti€p tuyén (d) va tiém can xién 1a nghiém cta hé:
=x+1
Y= x=2a-1
a’—-2a a? & < B(2a — 1; 2a).
y= ~(x—a)+ y=2a
(a-1) a—1
Ta c6:
Al=|xa—xi|= |22 —o= 2
a—1 la—1]

B = (xg—x1)?+ (ys—y)* = 2a—2)* + (2a—2)*=8(a— 1’ = Bl=2~/2 Ja— 1],
ALBI= —2 22 la-1]=42,

la-1|
AB?=AI* + BI* - 2AI.BI.COS% = Al + B2 — +/2 ALBL
Chu vi AABI duoc cho bai:

CV = Al + Bl + VAB® = Al + BI + AP + BI> —~2ALBI

> 2 JALBI + 2ALBI-+2ALBI =442 +22(J2-1).




Suy ra CVmin = 442 +24/2(+/2 -1), dat dugc khi:

Al=Bl <

2 1
=2 ja-1|lca=1+——.
oy 2R %

1

Vay, toa do ctia diém M cdn tim A M(1 + —; 2 + 42 + %).

5 "

C. CAC BAI TOAN CHON LOC a

Trong phin nay, dé thuan tién cho viéc on tap, cdc bai toan chon loc
s€ dugc phan loai theo cac dang ham s6 co ban.

I. HAM PA THUC BAC BA
Mot s6 tinh chat cia ham da thiic bac ba:

Tich chadt 1:

Tich chdt2:

Tich chdt 3:

Tich chdat4:

Ham s6 dong bién trén R khi:

a>0
A'<0
Ham s6 nghich bién trén R khi:
a<0
A'<0’
Ham s6 ¢6 cuc dai, cuc tiéu khi:
A'=b?—-3ac>0.
Dé tim gi4 tri cuc tri ctia ham s6 tai diém x, trong trudng hop xo 12 s6
1¢, thuc hién phép chia da thic y cho y' ta dugc y = y'.g(x) + h(x).
Suy ra:
Yo = y(Xo) = ¥'(X0).g(X0) + h(Xo) = h(xo).
Khi d6 "Phuong trinh duong thang di qua cuc dai va cuc tiéu ciia do
thi ham s6 c¢é dangy = h(x) ".
D6 thi nhan diém uén U 1am tam doi xiing.
That vay, doi truc bang tinh ti€n vé goc U(xo, yo), trong do:
b

Xg=——

3a
Yy, =ax, +bxg +cx, +d
theo cong thic doi truc la:
{X =X+X,
y=Y+y, .
Thay x, y vao phuong trinh ham s6 ta duoc:
Y + yo=aX + x0)* + b(X + x0)* + ¢(X + x0) +d
&Y =aX? + g(xo)X.
Ham s6 nay 1a ham 1é nén do thi nhan U lam tam d6i xting.
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Tich chdt5:

Tich chdt 6:

Ti€p tuyén tai diém udn cta do thi ham s6 c¢6 hé s6 géc nhd nhat néu
a >0 va hé so géc 16n nhat néu a < 0 trong cac tiép tuyén cua do thi.
That vay, ta c6:

y' =3ax? + 2bx + ¢,
suy ra hé so goc cua ti€p tuyén tai x = xo la:

2 12
k=y'(xo) = 3ax§ +2bxg+cCc= 3a(xo +£) + 3ac—b .
3a 3a
2
" Véia>0, thikun= 225" dat duoc khi xo= -2 |
3a 3a
2
" Véia<0, thikye = 22572 dat duge khi xo = ——.
3a 3a
Mé y" — 6aX + 2b nén X0 = —33 Chl/l'lh lé hOél’lh do dlém U6n, tl\I d() suy
a

ra diéu phai chiing minh.

Néu dé thi cit truc hoanh tai ba diém cdch déu nhau thi diém u6n nim
trén truc hoanh.

That vay, hoanh do giao diém ctia d6 thi ham s6 véi Ox 1a nghiém cua
phuong trinh:

f(x)=ax’*+bx>+cx+d =0. (1)
* Do thi ham so cat Ox tai ba diém A, B, C cdch déu nhau khi:
X] + X3

(1) c6 ba nghiém phan biét x; < X, < X3 thod man =Xz

& X1+ X3 = 2Xo. (2
» Mat khéc theo dinh Ii Vi - ét ta c6:

X1+X2+X3=—E. 3)
a
= Tu(2)va(3)suyra
Xy = _b vavif(x2)=0 <:>f(—£) =0.
3a 3a

= Taco:
y' = 3ax? + 2bx;

y”:6ax+2b,y”=0<:>x=—£,
3a

dé 12 hoanh do diém uén U ctia d6 thi ham s6, ma f(—3£) =0, suy ra
a

U(—L ; 0)eOx.
3a

@ Chu y: Két qua trén cho ta diéu kién can d€ d6 thi ham bac ba cit truc hoanh
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tai ba diém cdch déu nhau (hodc "do thi ham so cdt truc hoanh tai ba
diém phan biét véi hoanh do ldp thanh cdp so cong ). Khi dp dung
diéu kién can da néu trén, ta cin thir lai dé c6 diéu kién can va da.



Tich chat 7:

V6i phuong trinh bac ba:
ax*+bx>+cx+d=0, véia=0. (1)
a. Du doan nghiém va phan tich thanh nhan t{r
= Néua+b+c+d=0thi(l)conghiémx=1.
= Néua—-b+c—d=0thi(l)c6nghiémx =—1.

* Néua,b, c, d nguyén va (1) c6 nghiém hiru ty £ thi p, q theo
q

tha tu 1a udc cta d va a.
* Neéu (1) ¢6 nghiém xo, thi
(1) & (x —x0)(ax?> + bix + ¢1) = 0.
b. Cac phuong phdp xé4c dinh diéu kién clia tham s6 dé phuong trinh
bac ba c6 k nghiém phan biét
<> d6 thi ham s6 cat Ox tai k diém phan biét

Phuong phdp 1: Dai s6
Doan nghiém x, cta (1).
Phan tich (1) thanh:
X = Xo
(x—xo)(@ax*+bix+c¢)) =0 5
g(x)=ax"+b;x+c; =0 (2)

Vay, ta dugc:
* (1) c6 nghiém duy nhat (khi d6, d6 thi ham s6 cat Ox tai mot
diém) khi:

Ay <0
(2) vo nghiém
Ay =0

. <~
(2) c6 nghiém kép x
g(xp) =0

» (1) ¢6 ding hai nghiém phan biét (khi d6, d6 thi ham so ti€p
xuc véi Ox) khi:

Ay =0
(2) c6 nghiém kép khac x, - 2(xg) =0
(2) ¢6 hai nghiém va mot nghiém 12 x,, {Ag >0
g(x9) =0
* (1) c6 ba nghiém phan biét (khi d6, d6 thi ham s6 cat Ox tai ba
diém phan biét) khi:
. . . A, >0
(2) c6 hai nghiém phan biét khic xo < { & .
g(xp) # 0
Phuong phdp 2: Ham so6 dang I
Bién doi (1) vé dang g(x) = h(m).
Lap bang bién thién ctia ham s y = g(x).
Dua vao bang bién thién bién luan vi tri tvong doi clia dudng thing
y = h(m) v6i d6 thi ham s6 y = g(x).
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Phuong phdp 3: Ham so dang 11

Xétham s6 (C): y= ax®+ bx® +cx + d.

* (1) c6 nghiém duy nhat khi (C) cit Ox tai mot diém

A, <0
y

Hamso luon don diéu
A, >0

Hams6 c6CD,CTthoamany ..y, > OC:} {
Yep-Yer >0
= (1) c¢6 ding hai nghiém phan biét khi:
(C) cat Ox tai hai diém ((C) ti€p xtc véi Ox)
<> Ham s6 ¢6 cuc dai, cuc tiéu va yep.ycr =0
{y' =(0c62nghiémx,,x, phan biét
y(x,)y(x,)=0 '
* (1) c6 ba nghiém phan biét khi:
(C) cat Ox tai ba diém phan biét
<> Ham s6 ¢6 cuc dai, cuc tiéu va yep.ycr < 0
{y' = (0co6hainghiémx,x, phanbiét
y(x,).y(x,)<0 ’

Vidu 1: (DPé thi dai hoc khéi B —2003): Cho ham s6:
(Cn): y =x* = 3x? + m, vdi m la tham 0.

a. Tim m dé do thi ham so (Cw) ¢6 hai diém phdn biét doi xing véi
nhau qua goc toa do.

b. Khdo sdt su bién thién va vé do thi ham sé' véi m = 2.

&S Gidi

a. Hai diém:
A(Xa, ya) VOi ya = X3 — 3x5 +m, (1)
B(xs, yp) VOi yp = X3, — 3xj, +m. )

thuoc do thi ham s6.
Hai diém A va B doi xiing v6i nhau qua goc toa do
X, +x,=0 3
- { AT Xp A3)
Yatyg=0 (4)
Thay (1), (2), (3) vao (4) ta duogc:
3x; =m. (&)
Dé ton tai hai diém A va B thi phuong trinh (5) phai ¢6 nghiém va do x5 >0
nén diéu kién 1a m > 0.
Vay, m > 0 thoa man diéu kién dau bai.

b. Ban doc ty lam.

98



Vidu 2: (DPé thi dai hoc khoi A — 2002): Cho ham so-
y=—x’+3mx*+ 3(1 - m?)x + m* — m’
a. Khdo sdt su bién thién va vé do thi ham so' véi m = 1.
b. Timk dé phuong trinh — x>+ 3x> + k> — 3k* = 0 ¢4 3 nghiém phdn biét.
c. Ldp phuong trinh duong thdng di qua diém cuc dai va cuc tiéu cia
do thi ham so.
&5 Gidi
a. V6im=1ham s6 cé dang:
(O):y =—x*+3x%
Ban doc tu gidi tiép.
b. C6 thé lua chon mot trong hai cdch sau:
Cdch 1: Viét lai phuong trinh duéi dang:
-x3+3x2= - K>+ 3k% (1)
Vay s6 nghiém ctia phuong trinh 13 s6 giao diém clia do thi (C) va dudng thiang
y = —k* + 3k?, do d6 phuong trinh c6 3 nghiém phan biét khi va chi khi:
k’ -3k <0 {O¢k<3
=
k’ -3k’ +4>0 —1<k=#2
Cdch 2: Bién d6i phuong trinh vé dang:
¥k o343k =0 (x K[+ (k—3)x + k2 —3k] =0

0<—k3+3k2<4©{ & ke(=1, 3\{0, 2}.

x—-k=0
=
f(x)=x"+(k-3)x+k*>-3k=0 (¥
Vay, phuong trinh ¢6 3 nghiém phén biét khi va chi khi:
Phuong trinh (*) c6 hai nghiém phan biét khac k
{Af>0 {—3k2+6k+9>0 {—1<k<3
= =

< ke(-1, 3)\{0, 2}.
fk)=0 3k* -6k #0 k#0Ak =2

c. C6 thé lua chon mot trong hai céch sau:
Cdch I: Ta cé:
y' =-3x2+6mx+3(1-m?),y'=0< —3x>+6mx +3(1 —-m?) =0. (2)
Nhan xét ring Ay = 1 > 0, Vm <> ham s6 luon c6 cuc dai va cuc tiéu.
Khi dé thuc hién phép chia y cho y', ta dugc:
y:y‘.(%x— ?)+2X—m2+m.
Goi (xo; yo) 12 toa do diém cuc dai hodc cuc tiéu ctia do thi thi y'(xe) = 0. Do do:
1
Yo =y(Xo) = y'(Xo).(EXO - ?) +2x —m?+m.

Ciac diém cuc dai va cuc tiéu cung thoa phuong trinh:
y=2x —m?+m. (*)
Vay phuong trinh duong thang di qua diém cuc dai va cuc tiéu ctia d6 thi ham s6
c6 dang y =2x — m? + m.
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Cdch 2: Ta cé:
y'=-3x%*+ 6mx + 3(1 — m?),
‘ a=1>0 [x =m-1
y=0<-3x*+6mx+3(1-m?) =0 < .
X,=m+l1
Tiic 13, ham s6 luon ¢6 cuc dai va cuc tiéu, va toa do ctia ching 1a:
Am-1;-m?>+3m-2)vaB(m+ 1; —m? + 3m + 2).
Khi dé, dudng thang di qua diém cuc dai va cuc tiéu ctia d6 thi ham sé chinh 1a
duong thang (AB), c6 phuong trinh cho boi:
J— J— p— — 2 -—
(AB): x—(m-1) _ 2y(m+31r122)
m+1l-(m-1) -m" +3m+2—(—-m"+3m-2)

< (AB): y =2x —m? + m.
Vidu3: Cho ham s6'(C): y=x*-3x+ 1.
a. Khdo sdt sy bién thién va vé do thi ctiia ham so.
b. Bién ludn theo m s6 nghiém ciia phuong trinh |x* —3x + 1| —m = 0.
c. Ldp phuong trinh cdc tiép tuyén ciia (C) biét rang tiép tuyén di qua

diém A(E;—lj. y=Ix" = 3x + 1l 7t
9 N\
&S Gidi ;
a. Talan luot c6: U
(1). Ham s6 xac dinhtrén D= R. T, 0
(2). Su bién thién ctia ham so: y=x*—3x+1 —1

* Gidi han cua ham s06 tai vo cuc:

. . 3 3 1 +o0 khi X — 400
limy=lim x*| l-——+— | = . .
X% X% X~ X —oo khi X = —0

» Bang bién thién:
y=3x2-3, y=03x-3=0sx=411.
X | —o0 -1 1 +00
y 0 - 0 +

+
Cb CT +00
y —oo/ 3 \—1
(3). DO thi ctia ham s6:
*  Diém uon:
y'" = 6x, y'=06x=0<x=0.
Vi y" déi dau khi x qua diém 0 nén do thi ham s6 c6 mot diém uon 1a U(0; 1).
Nhdn xét: D6 thi ham s6 nhan diém u6n U 1am tam doi xding.
b. Viét lai phuong trinh duéi dang:
Ix*—3x + 1| =m.
Do vay s6 nghiém ctia phuong trinh 12 s6 giao diém ctia do thiy = [x* —3x + 1|
v6i duong thing y =m + 1.
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D6 thi cia ham s6 y = [x* — 3x + 1| gbm:
- Phan tir truc hoanh trd 1én cua do thi (C).
- Dai xting phan do thi phia dudi truc hoanh cua (C) qua truc hoanh.
Suy ra:
Vé6i m < 0, phuong trinh vo nghiém.
V6i m =0, phuong trinh c6é 3 nghiém phan biét.
V6i 0 <m < 1, phuong trinh ¢6 6 nghiém phan biét.
Véi m = 1, phuong trinh c6 5 nghiém.
Véi 1 <m < 3, phuong trinh ¢6 4 nghiém phan biét.
Véi m = 3, phuong trinh c6 3 nghiém.
= V6im > 3, phuong trinh ¢6 2 nghiém phan biét.
c. Taluwa chon mdt trong hai cach sau:
Cdch I: Gia st hoanh do ti€p diém la x = xo khi d6 tlep tuyén c6 dang:

(d):y — y(x0) =y’ (X0)(X —X0) < (d): y = (3x; = 3)(x —X0) + x; —3x0+ 1.

DPiém Ae(d) suy ra:
=% =D k) = INet 1e 3x — TR 420

< (xo— DBx; —4x0-4) =0 x0=1 hoacxo:Zhoacxo:—g.
Khi do6:
» Vi xo = 1, ta dugc ti€p tuyén (d;): y = —1.
» Vi xo = 2, ta dugc ti€p tuyén (dz): y = 9x — 15.

2 5 43
»  Véi xo=——, ta duoc ti€p tuyén (d =——X+ —
0==3 p tuyén (ds): y 3 Yh

Vay, qua A ké duoc ba tiép tuyén (di), (d2) va (ds) t6i (C).

Cdch 2: Phuong trinh (d) di qua A v6i hé s6 goc k c6 dang y = k[x —Ej -1.

9
Dé (d) tiép xiic vdi (C), thi hé phuong trinh sau phéi ¢6 nghiém:

x3—3x+1=k(x—%)—l (1)

3x*-3=k (2)
Thay (2) vao (1), ta dugc:

3x3—7X2+4:0©(x—1)(3X2—4x—4):0c>x:lhoacx:2hoacx:—§.

Khi dé:
@)
» Véix=1 = k=0, tadugc tiép tuyén (d,): y = —1.

@
" Véixo=2 = k=9, ta dugc ti€p tuyén (d): y = 9x — 15.

@)
= Véi XO__§ = k-—% ta dugc ti€p tuyén (ds): y——§x+ 43

3 27
Vay, qua A ké duoc ba tiép tuyén (di), (d2) va (ds) t6i (C).
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Vidu 4:

&5 Gidi

Cho ham so (Cw): y = —%mx3 + mx* — X.

Tim cdc diém co dinh ma (Cw) luén di qua khi m thay doi.

Tim m dé ham so luén nghich bién.

Tim m dé ham so cé cuc dai va cuc tiéu.

Tim m dé ham so'cé cuc dai va cuc tiéu nam vé hai phia ciia truc OX.

e. Tim m dé (Cn) nhdn diém U(l; —%) lam diém uon.

po o

f. Xdc dinh m khdc 0 dé (Cn) cdt OX tai ba diém phdn biét véi hoanh
do ldp thanh cdp so cong.

a. Gia stt M(xo; yo) 12 diém c6 dinh ctia ho (Cy), khi do6:

1

yo:—gmxg +mx; — Xo, Vm < (x; —3x;)m + 3x0+ yo =0, Vm

{xz -3x;=0 - {MI(O;O)

3x, +3y, =0 M,(3;-3)

Vay, ho (C) c6 hai diém c6 dinh M;(0; 0) va Max(3; -3).

b. Ham s6 xdc dinh trén D= R.
bao ham:
y'=-mx*+2mx — 1, y=0<fxX)=—mx*+2mx - 1=0. (1)

Ham s6 luon nghich bién khi:
y' <0 véimoi xe R < f(x) <0 v6i moi xe R.
Xét hai truong hop:
Truong hop 1: Néu m = 0 thi:
y'=—1 <0 v6i moi xe R < Ham s6 ludn nghich bién.
Truong hop 2: Néu m # 0 thi diéu kién la:

{

-m<0 m>0 m>0
<> <0<m<1.

-
A <0 m’ -m<0 0<m<l1

Vay, ham s6 luon nghich bién khi 0 S m < 1.

c.  Ham sd c6 cuc dai va cuc tiéu khi:
(1) c6 hai nghiém phan biét va déi dau qua hai nghiém

a=0 m=0 m>1
& & & .
A', >0 m’ —m >0 m<0

Vay, ham s6 ¢6 cuc dai va cuc tiéu khi m € (—o0; 0)U(1; +00).

d. Phuong trinh hoanh do giao diém cta (C,) va Ox c6 dang:

—%mx3+mx2—x:0<:>x(mx2—3mx+3):0©{
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Ham s6 ¢6 cuc dai va cuc tiéu nam vé hai phia cta truc Ox khi:
Ham s6 cit truc Ox tai ba diém phan biét <> (*) c6 hai nghiém phan biét khac 0

a#0 m#0 4

) m>—

<144,>0 < 9m" -12m>0 < 3.
g0=0 320 m <0

Vay, v6i m e (-o; 0) U [% + ooj thoa man diéu kién dau bai.

e. Tacdy"=-2mx +2m.
D6 thi ham s6 nhan diém U lam diém u6n khi:

m#=0 m=#0
y'1H)=0 & <2m+2m=0 S m=1.
1 1 1
y() = 3 3m+m 1= 3
Vay, v6i m = 1 d6 thi ham s6 nhan diém U lam diém u6n.
f. Ta lwa chon mdt trong ba cach sau:
Cdch 1: D€ (Cy) cat Ox tai ba diém phan biét v6i hoanh do lap thanh cap s6 cong thi

diém uon U cha do thi ham s6 thudc Ox, tic 1 yy = 0. 2)
Ta cé
y" =-2mx + 2m, yV'=0< 2mx+2m=0<xp=1

do dé, diéu kién (2) trd thanh:

—%m+m—1:0©m:

D | W

Thtr lai: V6im = % ham s6 c6 dang y = —%x3 + %)@ - X.
Phuong trinh hoanh do giao diém la:
- %x3+ %x3—x:0©x(x2—3x+2):0©x1:O,X2: 1,x3=2
nhan thy xi, X», X3 1ap thanh cép s6 cong.
Vay, véi m = % thoa man diéu kién dau bai.
Cdch 2: Phuong trinh hoanh do giao diém ctia (Cy) vdi truc hoanh Ia:

—%m)@+mx2—x=0<:>mx3—3mx2+3x=0. 3)

Dé d6 thi ham s6 cat Ox tai ba diém phan biét v6i hoanh do lap thanh cip s6 cong
thi phuong trinh (3) c6 ba nghiém xo — d, X0, X0 + d. Khi d6:
mx? — 3mx? + 3x = m[x — (Xo — d)](X — Xo)[X — (X0 + d)] = m(x — Xo)[(x — Xo)* — &’]
=mx® — 3mxex> + m(3x; —d?)x — x; + md*xo.
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-3m =-3mx, X, =1
= 13=m3x; -d*) = 1d=+1
0=—x; +d’x, m=3/2
Vay, v6i m = % thoa man diéu kién dau bai.
Cdch 3. D6 thi ham s6 cét truc hoanh tai ba diém phan biét v6i hoanh do lap thanh
cap s6 cong khi:
(3) ¢6 ba nghiém phan biét x; < x> < X3 thoa man % =X & X1 + X3 = 2Xo.

Mat khéc theo dinh 1i viét ta co6:
Xi+xX+x3=33x=3x=1.

Dé x, = 1 langhiém ctia 3) thim-3m+3=0<m= %
Thr lai: Tuong tu nhu trong cach 1.

- 3 a1
Vay, v6i m = 5 thoa man diéu kién dau bai.

Vidu5: Cho ham 56’ (Cn): y = (x — 1)(x* + mx + m).
1. Voim=2:
a. Khdo sdt su bién thién va vé do thi (C) cua ham so.
b. Tinh dién tich hinh phdng gici han béi (C), truc hoanh va cdc
duong thang x =0, x = 1.
c. Viét phuong trinh tiép tuyén voi (C) biét tiép tuyén dé vuong géc
véi duong thang x — 5y +4 = 0.

2. Tim cdc gid tri ciia m dé do thi vA
ham s& tiép xiic vdi truc hoanh. =24 =in VAN
Xdc dinh toa do tiép diém trong X
moi truong hop tim duoc.
&S Gidi —sob
1. V6im =2 ham s6 c6 dang: / —52p1ii,
©O): y= X+ x2-2. (©) [ ‘
a. Ban doc ty gidi. -2

b. Dién tich S phai tim duogc cho boi:

1 1

1 1 17
S=|Ix>+x*=2ldx = — |(x’ +x* =2)dx =—(—x*+ = x*=2x)I; = — (dvdt).

{ j ( x =X+ 2 )y = - (dvdo

c. Tiép tuyén vuong géc v6i dudng thang x — 5y + 4 = 0 nén c6 hé s6 géc k = 5.
Té6i day, ta lua chon mdt trong hai cich sau:

Cdch I: Hoanh do ti€p diém la nghiém ctia phuong trinh:

y=5&3x3+2x=53x*+2x - 5=0 < x0 =1 hoac Xo=—§~
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Khi do:
»  Véi xo = 1, ta duoc ti€p tuyén:
(d):y—y(1)=5(x—-1)<=(d1): y=5x-5.

= Véix, = 3 ta duoc ti€p tuyén:

: - —2 = 2 . = E
(d2): y — y( 3) 5(x+3)c>(d2).y 5x + T

Vay, ton tai hai ti€p tuyén (d,), (d2) thoa man diéu kién dau bai.

Cdch 2: Phuong trinh (d) v6i hé s6 goc k =5 c6 dang y = 5x + m.

Dé (d) tiép xiic véi (C), thi hé phuong trinh sau phéi ¢6 nghiém:
X’ +x*—2=5x+m m=x"+x"-5x-2 m=35
S S .
3x* +2x=5 x =1 hoac x=-5/3 m=121/27
Khi do:
» Véim =5, ta dugc ti€p tuyén (di): y = 5x — 5.

121 . . 121
= V&éim=—, taduoc ti€p tuyén (dz): y = 5x + —.
77 e tiép tuyén (d2): y 7

Vay, ton tai hai ti€p tuyén (d;), (d2) théa man di€u kién dau bai.

2. D6 thi ham so tiép xdc véi truc hoanh khi hé sau ¢6 nghiém:

{y:O {(x—l)(x2+mx+m)=0 x="Zvam=4

et x=0vam=0
y'=0 3x* +2(m-1Dx =0 a—lvaim=—1/2
Vay, ta dugc:

*  Vé6im =4, do thi ham s6 ti€p xudc v6i Ox tai ti€p diém M;(=2; 0).
*  V6im =0, dé thi ham s6 tiép xtc v6i Ox tai ti€p diém Mx(0; 0).

. 1 N . “ e N , so o e Q2
= Véim= 5 do thi ham so ti€p xdc v6i Ox tai ti€p diem Ms(1; 0).

Vidu6: Cho ham s6 (Ca):y = %;a _m—x+m+ 1,

a. Khdo sdt su bién thién va vé do thi ciia ham s6 voi m = 0.

b. Ching minh rang véi moi m ham so'dd cho luén cé cuc dai va cuc tiéu.
c. Ldp phuong trinh duong thang di qua cuc dai va cuc tiéu.

d. Tim m dé ham so dong bién trén khodng (1; + o).

&5 Gidi

a.
b.

Ban doc tu gidi.
Tap xdc dinh D = R.
Pao ham:
y'=x2-2mx — 1, y =0 f(x) =x>-2mx — 1 =0. (1)
Tac6A'=m?>+1>0, Vm do d6 (1) luon c6 hai nghiém phan biét.
Vay, v6i moi m ham s6 di cho luon ¢6 cuc dai, cuc tiéu.
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c. Toa do cic diém cuc dai va cuc tiéu théa man heé:

3
=X o Sy [ XCm2 e ke Zme
y—3 mx X+m+1© y Y~(3 3j 3( )X 3
y|:0 yvzo
2, 2
:>y:—§(m + x + §m+1. )

Nhan xét r;fmg toa do cdc diém cuc dai va cuc (iéu cung thoa man (2), nén phuong
trinh duong thang di qua cuc dai va cuc ti€u cta d6 thi ham s6 c6 dang:

(d):y= —%(m2 + Dx + %m +1.
d. Ham s¢ déng bién trén khoang (1; +o0) khi:

x? -1

y20Vx>1lex*-2mx-120Vx> 1< 5 >m, Vx> 1. (*)
X

x> =1

Xét ham s0 y = c6 tap xac dinh D = (1; +o0) va:

2
y= X2 tl >0, Vx > 1 <> ham s6 luon dong bién trén D.
X
Tur do, ta duge (*) & m<y(1)=0.
Vay, v6i m < 0 thdéa man diéu kién dau bai.

Vidu7: Cho ham s6 (Cy):y = (m + 2)x* + 2(m + 2)x* — (m + 3)x — 2m + 1.
1. Véim=-1:
a. Khdo sdt sy bién thién va vé do thi (C) ciia ham so.
b. Tim a dé (C) cdt duong thang (d): y = ax + 3 tai ba diém phdn biét.
2. Chitng minh rdang ho do thi ham s6 (Cn) luon di qua ba diém cé
dinh, va ba diém dé ciing ndm trén mot duong thdng.
3. Tim m dé ham sé nghich bién trén R.
L5 Gidi
1. V6im=-1ham s6 c6 dang (C): y = x> + 2x*> — 2x + 3.
a Ban doc ty gidi.
b Phuong trinh hoanh do giao diém cta (d) vé6i d6 thi ham s6 (C) 1a:
XP+2x2-2x+3=ax+3 x> +2x>-(@+2)x=0

x=0
=
f(x)=x*+2x—-a-2=0 (¥)
Duong thing (d) cat d6 thi ham s6 (C) tai ba diém phan biét khi phuong trinh (*)
¢6 hai nghiém phan biét khéc 0:
Ay >0 I+a+2>0 a>-3
= =
f(0)=0 —-a-2=#0 azx-2

Vay, v6i —3 < a # —2 thda man diéu kién dau bai.

& -3<az-2.
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2. Ta c6 thé trinh bay theo hai céch sau:

Cdch 1: Gia sit M(x; y) 1a di€ém c6 dinh ctia ho (Cy), khi do:
y=(m+2)x*+2(m+2)x> - (m+3)x —2m + 1, Vm
SEI+2x2-x-2m+2x*+4x2-3x— +1 -y =0, Vm

3 2 2 M, (=2,7)
X +2x"—-x-2=0 x+2)x"-1)=0

e ran ol lyma st o | B
y=2x"+4x" -3x+ y=2x"+4x" -3x + M, (~1:6)

Vay, ho (Cy) c6 ba diém c6 dinh M (- 2; 7), Ma(1; 4) va Ms(—1 ; 6).
Suy ra:

MM, (3; -3) va MM, (1;—1) = M,M, =3.M,M, .

Vay, ho (Cn) luon di qua ba diém c6 dinh va ba diém d6 ciing nim trén mot
duong thang.

Cdch 2: Gia sit M(x; y) 1a diém c6 dinh ctia ho (C.), khi dé:
y=(m+2)x*+2(m+2)x* = (m + 3)x —2m + 1, Vm
SE+2x2-x-2m+2x*+4x*-3x - +1-y=0,Vm

x> +2x%—x-2=0 x+2)x*=1)=0
Py =
y=2x+4x* -3x+1 y=2(x*+2x* =x-2)—x+5

- {(x +2)x>-1)=0 (1)
y=—x+5 )
Khi dé:
* Vi (1) c6 ba nghiém phan biét nén ho (Cy,) ludn di qua ba diém cd dinh.
» Toa do cic diém c6 dinh dé thda man (2) — 12 phuong trinh dudng thang.
Vay, ho (Cy) luon di qua ba diém c6 dinh va ba diém d6 cling nim trén dudng
thing y = —x + 5.
3. TapxacdinhD=R.
Pao ham:
y' =3(m + 2)x* + 4(m + 2)x —m — 3. ()
Ham s6 nghich bién trén R khi:
y<0,VxeR ©3m+2)x>+4m+2)x —m—-3<0,VxeR.
Ta xét hai truong hop:
Truong hop 1: V6im + 2 =0 < m = -2, ta dugc:
y'=—1< 0 = Ham s06 nghich bién trén R .
Truong hop 2: V6im + 2 # 0 < m # -2, diéu kién la:
A", <0 < 4(m +2)? +3(m + 2)(m + 3) <0 < (m + 2)(7Tm + 17) <0

& —¥Sm£—2.

Vay, v6i —177 <m<-2 théa man di€u kién dau bai.
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Vidu8: Cho hamso'y= §x3—mx2—x +m+ 1.

a. Khdo sdt sy bién thién va vé do thi cuia ham sé' voi m = 1.

b. Chitng minh rdang véi moi m ham sé da cho luén cé cuc dai va cuc
tiéu. Hay xdc dinh m sao cho khodng cdch giita cdac diém cuc dai
va cuc tiéu la nho nhat.

&5 Gidi

a
b

Ban doc tu gidi.
Mién xdc dinhD = R.

Pao ham:
y'=x2-2mx — 1, y=0&x2-2mx—-1=0, (1)
Ta co:

A'=m?+1>0, Vm < (1) luén c6 hai nghiém phan biét.
Vay, v6i moi m ham s6 da cho luon c6 cuc dai , cuc tiéu va hoanh do cac diém

cuc dai , cuc tiéu thod man:

X|+Xy =2m
X1X2:—1 '
Thuc hién phép chia y cho y' ta dugc:
11 2, 2
=y.(=x—-m)— =(m*+ Dx+ =m+ 1.
y=YA(5x - Tm) = 2 Dxk 2
Vay, tung do céc diém cuc dai, cuc tiéu la:
y1:—%(m2+1)x1+§m+1véy2:—%(m2+1)X2+§m+1.

Vay, toa do cdc diém cuc tri cia d6 thi ham s6 1a A(xy; y1) va B(x2; y2).
Do d6 khoang cdch giita cdc diém cuc dai, cuc tiéu dugc cho boi:

AB® = (x1 — x0)* + [%(m2 + Dxi — %(m2 + Dxo?

= (xi—x2)[1 + g(m2 + 1) = (4m2+4)[1 + g(m2+ el
batt= m?+ 1, =1, ta duoc:
AB® = 41(1 + gﬁ) - g(4t3 +91)

Do d6 AB nho nhat khi 4t* + 9t nho nhét.
Xét ham s0 y = 4> + Ot.
» Mién xdc dinh D=[1, + ).
=  Pao ham:
y' =122+ 9> 0, Vt >1 <> ham s6 luon dong bién trén D.
Suy ra ymin = y(1) = 13.

Vay, ta dugc:
ABzmin = % <~ ABmin = @ dat dlIO‘C khit=1<m=0.
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II. HAM TRUNG PHUGNG
Mot s6 tinh chat cia ham trung phuong;:

Tich chdt 1:
Tich chdt 2:

Tich chdt 3:

Tich chdt 4:

Tich chdt 5:

Tich chdt 6:

Tich chdt 7:
Tich chdt 8:

Tich chdt 9:

Ham s6 ¢6 cuc tri véi moi gia tri cua tham s6 sao cho a # 0.
Ham s6 ¢6 cuc dai, cuc ti€u khi:
. . .o N b
y' =0 c6 ba nghiém phan biét < 2 <0.
a
Ham s6 ¢6 hai cuc dai vA mot cuc tiéu khi:

a<0
{b >0
Ham s6 ¢6 mot cuc dai va hai cuc tiéu khi:
a>0
{b <0’

Ham s6 ¢6 hai diém u6n khi:

y" =0 c6 hai nghiém phan biét < % <0.
Ham s6 khong c6 diém uon khi:

y" =0 c6 hai nghi¢ém phan biét < 2% > 0.
Do thi ham s6 nhan truc tung lam truc d6i xdng.
Phuong trinh tring phuong:

ax*+bx>+c=0, voia=0. (1)
Dat t = x? v6i t > 0, phuong trinh ¢6 dang:
at> + bt + ¢ = 0. (2)

= Néu (2) c6 nghiém to> 0 thi (1) ¢6 nghiem x = £/t .

* (1) c6 nghiém duy nhat khi (2) ¢c6 nghiém t; <0 = t,.
= (1) c6 hai nghiém phan biét khi (2) c6 nghiém t; <0 <t hoac 0 <t =t.
= (1) c6 ba nghiém phan biét khi (2) c6 nghiém 0 =t < ta.
= (1) c6 bon nghiém phan biét khi (2) c6 nghiém 0 < t; < to.
* (1) c6 bon nghiém phan biét 1ap thanh cép s6 cong khi:
(2) coOnghiem 0 =t; <t va t, = 9t;.

Phuong phép tim diéu kién clia tham s6 dé d6 thi ham s6 y = ax* + bx? + ¢
ti€p xdc v6i Ox tai hai diém phan biét
Phuong phdp 1: Dai s6
Diéu kién 1a (1) ¢6 hai nghiém kép phan biét khi:

ax* + bx? + ¢ = a(x — x1)*(X — X2)? Vi X1 # Xa. 3)
Str dung phuong phdp hang s6 bat dinh ta xdc dinh duoc gid tri ctia
tham s0.
Phuong phdp 2: Ham so
Tap xdc dinhD = R.
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bao ham:
y' =4ax® + 2bx =2x(2ax’> +b), y'=0< 2x(2ax>+b)=0. (4)
Diéu kien 1a

LI ab <0

2a & 4 b0’

(/b /22)=0 a=b =
Vidul: Choham s6(C):y =—%x4—x2+ %

a. Khdo sdt sy bién thién va vé do thi ham so.
b. Tinh dién tich hinh phdng giéi han bdi duong cong (C) va truc OX.
c. Ldp phuong trinh cdc tiép tuyén ciia (C) biét rdang tiép tuyén di qua
diém M(0; 4).
&5 Gidi
a. Talan luot c6:
1. Ham s6 xac dinh trén D = R.
2. Su bién thién ctia ham s6:
» Gidi han cua ham s06 tai vo cuc:
limy = lim {x“(—l— L

x—>#o0 X—>to0 2 X2 2X4

» Bang bién thién:
y==-2x3-2x, y=0-2x*-2x =0 -2xx*+1)=0<x=0.

X |- 0 +
y' + 0 -
T e~

— —

1. DO thi ctia ham so:
*  Diém uon:
y" =—6x%—2 <0, do thi ham s6 khong c6 diém u6n va 16i trén D.
*  Giao cuia do thi ham s6 v6i truc hoanh la céc diém A(-1; 0), B(1; 0).
Nhdn xét: Do thi ham s6 nhan truc Oy lam truc d6i xdng.
b. Do tinh d6i xiing nén dién tich S phai tim dugc cho bai:

1
1 3 1 1 3 32
S=2|(—=x*'-x*+2)dx =2(——x’— = x>+ =x)I = = (dvdt).
l(z % T 3 p Pl = 15 (Vd)
c. Talua chon mdt trong hai cich sau:
Cdch I: Gia slr hoanh do ti€p diém 1a x = x khi d6 tiép tuyén c6 dang:

(d):y — y(x0) = y’(Xo)(X — X0) < (d): y = (-2 x — 2X0)(X — Xo) + %Xg +x2 _%,

biém Me(d) suy ra:

4 = (-2x] — 2Xo)(—x0) + %x3+x§ —% & 5%, +6x; —11=0 < xo=t1.
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Khi dé:
»  Véixo =1, ta duoc ti€p tuyén (di): y =4x + 4
»  Véixo =—1, ta dugc ti€p tuyén (d2): y = —4x + 4.
Vay, qua A ké dugc hai ti€p tuyén (di), (dz) t6i (C).
Cdch 2: Phuong trinh (d) di qua A v6i hé s6 géc k c6 dang y =kx + 4.
Dé (d) tiép xiic vdéi (C), thi hé phuong trinh sau phéi c6 nghiém:

L (1)
2 2

2x*—=2x =k ()
Thay (2) vao (1), ta dugc:

—%X4—X2 +%=x(—2x3—2x)+4 S 3xP+2x2-5=0<x=+¢I.

-7 +4=0=x-1DBx*-4x-4)=0=x=1 hoeftcx:2hoacxz—§
Khi dé:
@
" Vé6ix=-1 = k=4, tadugc tiép tuyén (d,): y =4x + 4.
@
" VéGix=1 = k=-4,tadugc tiép tuyén (d,): y = —4x + 4.
Vay, qua A ké dugc hai ti€p tuyén (di), (d») t6i (C).
Vidu2: Cho ham s6'(C):y =x*—2x*+ 1.
a. Khdo sdt su bién thién va vé do thi ham so.

b. Dua vao do thi (C) bién ludn theo m so nghiém ciia phuong trinh
x'=2x*+1-m=0.

L5 Gidi
a. Talan luot c6:
1. Ham s6 x4c dinh trén D = R. y
2. Su bién thién ctia ham s6: ©
» Gidi han ctia ham s0 tai vo cuc: 1
. . 4 2 1
Xlirgcy Xlirgo {x [1 2 + = H +00. ~0l = >

= Bang bién thién:
y'=4x*—-4x, y'=0<4x*-4x=0< x=0hoac x ==I.
X | —o0 -1 0 1 +00
y' - 0 + 0 - 0 +
+ o0 CT b CT +0
y \ 0 /’Cl \ 0 /
3. Do thi ctia ham s6:
*  Diém uodn:

y'=12x*—4, y'=012x*-4=0<x=¢

-
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. P . geq ) VI .
Vi y" doi dau khi x qua cac diém £— nén do thi ham s6 c6 hai diém uén

RU|-—— 2 vau,[ L2
R 379

= Taldy them diém A(~/3;4), B(—+/3 ; 4) trén d6 thi.
Nhdn xét: D6 thi ham s6 nhan truc Oy lam truc d6i xdng.

ey

b. Viét lai phuong trinh dudi dang: x* — 2x> + 1 = m.

Do vay s6 nghiém cta phuong trinh 12 s6 giao diém cta d6 thi (C) véi dudng
thang y = m. Suy ra:

=  Vé6i m <0, phuong trinh vo nghiém.

= V6im =0, phuong trinh c6 hai nghiém nghiém kép x = +1.

*= V6i0<m< 1, phuong trinh ¢6 4 nghiém phan biét.

*= V6im = 1, phuong trinh c6 3 nghiém.

= Vé6im > 1, phuong trinh c6 2 nghiém phan biét.
Vidu3: Cho ham s6' (Cyn):y =x"+mx*—m -1

a. Chitng minh rdng (Cw) di qua hai diém c6 dinh A va B. Tim m dé
cdc tiép tuyén tai A va B vai do thi vuong géc voi nhau.

b. Xic dinh m dé’ do thi ham so'tiép xiic voi duong thang (d): y = 2(x — 1)
tai diém c6 hoanh do x = 1. Khdo sdt su bién thién va vé do thi
ham s6' voi m tim duoc.

c. Sur dung do thi J cdu b), bién ludn theo k s6 nghiém cua phuong
trinh 4x*(1 — x*) =1 -k.

L5 Gidi
a. Gia sit M(xo; yo) 1a diém c6 dinh ctia ho (Cy,). Khi d6:
yo=xg +mx, —m—-1,Vm < (x; — Dm+ x; —yo— 1 =0, Vm
{xé ~1=0=0 {A(I;O)
2= 2= .
B(-1;0)

Vay, ho (Cy) c6 hai diém c6 dinh A(1; 0) va B(~1; 0).
Ta cé:

X =Yy —1=0

'(X,)=4+2m
y' =4x° + 2mx = yxs) .
y'(Xg)=—4-2m
Dé cic ti€p tuyén tai A va B v6i do thi vuong gbc v6i nhau diéu kién 1a:
y'(Xa). Y'(xg) =—-1 < (4 + 2m)(—4 — 2m) = -1
< (m+2)° :l & m:—g hoac m:—z.
4 4 4

b. Dat:
f(x) = x*+mx*—m - 1 = f'(x) = 4x* + 2mx,
gx)=2(x—-1)=>g'(x)=2.
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Khi d6, dé (Cy) ti€p xtdc vdi (d) tai diém c6 hoanh do x = 1 diéu kién la:

f(1) =g 0=0
= < m=-1.
£'(1)=g'(1) 442m-m—1=2
V6i m = —1 ham s6 ¢6 dang (C): y = x* — x2. Y1 ©
1. Ham s6 x4c dinh trén D = R.
2. Su bié.'n 'thién C}ﬁa ham s§: ' 142 o 1/42
=  @Gidi han cua ham so6 tai vo cuc: C D ;

fimy= lim H%LH -

= Bang bién thién:
y' =4x3 - 2x,

-1/4

y=0<4x3-2x =0 2x(2x* - 1) IO@XIOhOQCX:iL.

Np

+00

X | —o0 —1/\/5 0 1/\/5
y 0 + 0 0

'

3. D0 thi cia ham so:
*  Diém uon:

1
"=12x*-2,y"'=0= 12X -2=0cx=+—.
Y Y NG

oo CT ) CT
y S~ i 0 T~ _i4

+
/+OO

e a2 ge . . ges 1 v ey s 3 .
Vi y" doi dau khi x qua cac diém £— nén do thi ham s6 c6 hai diém uén
6

1 5 1 5
laUvU,|-—;——|valU,|—;——|.
( J6 36J Q[JE 36)
» Giao ctia d6 thi ham s6 véi truc hoanh:

o= 0o -1 =0 |
X ==1

Nhdn xét: D6 thi ham s6 nhan truc Oy lam truc d6i xdng.

c. Viét lai phuong trinh dudi dang:

i_yoo K1
4

X

= C(~1; 0) va D(1; 0).

S6 nghiém ctia (1) 12 s6 giao diém cta (C) va dudng thang y = %, ta co:

k-1 1

= Néu < 2 & k <0, phuong trinh vo nghiém.

= _i < k =0, phuong trinh ¢6 hai nghiém.
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= Néu —i < % <0< 0 <k < 1, phuong trinh ¢6 bon nghiém.
. k-1 N p I

= Néu e 0 < k =1, phuong trinh c¢6 ba nghiém.

= Néu —— >0 < k> 1, phuong trinh c6 hai nghiém.

Vidu 4: (Dé thi dai hoc khéi B —2002): Cho ham s6:
y =mx* + (m? — 9)x* + 10, v6i m 1a tham s0.
a. Khdo sdt sy bién thién va vé do thi ham s6 véi m = 1.
b. Tim m dé ham so cé ba cuc tri.

&5 Gidi
a. Ban doc tu gidi.
b. Tacé:
Mién xdc dinhD = R.
bao ham:
x=0
y' =4mx® + 2(m? — 9)x, y=0& ., )
f(x)=2mx"+m -9=0 (1)

Ham s6 ¢6 3 cuc tri < (1) c6 hai nghiém phan biét khac 0
o mm’-9) <0 [O<m<3
m<-3
Vay, ham s6 ¢6 3 cuc tri khi me(—o0; =3) U (0; 3).
Vidu5: Cho ham 56’ (Cn): y =mx* + (m — 1)x* — 2m + 1.
a. Voim= %, Viét phuong trinh cdc tiép tuyén ké tir goc toa do O tdi

do thl (C1/2)
b. Tim m dé do thi ham sé cé ding mot diém cuc tri.
L5 Gidi
N S 1, 1,
a. Véim= > ham s6 ¢6 dang (Cip): y = SX-o%
Puong thang (d) di qua O véi hé s6 géc k c6 phuong trinh y = kx.

Pudng thang (d) 12 ti€p tuyén ctia (Ci2) khi hé phuong trinh sau c6 nghiém:
k=0

lx‘* _lxz =kx lx“ —lx2 =(2x% —x)x 3x*—x*=0

27 2 =120 2 N ) Sl k=1/3V3

213 —x =k k=2x> —x k=2x"—x k=-1/33
Khi d6:

»  Véik =0, ta duoc ti€p tuyén (d,): y = 0.
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* Véik= 1 , ta duogc ti€p tuyén (da): y = —Lx,

33 W3
1 . . 1
» Véik=——,tadugc ti€p tuyén (d3): y = —X.
33 P N
Vay, qua O ké duoc ba ti€p tuyén (1), (d2) , (ds) t6i d6 thi (Cip).
b. Ta co:
y'=4mx® + 2(m — 1)x = 2x(2mx* + m — 1).

x=0
y=02x2mx’+m-1)=0<

f(x)=2mx>+m—1=0 (*)

Ham s6 chi ¢6 mot diém cuc tri khi:
(*) vo nghiém
L(O) =0 '
Truong hop 1: Néu f(x) = 0 vo nghiém
= Véim=0,taco:
(*) < —1 = 0 mau thudin = (*) vo nghiém.
*  Véim =0, dé (*) vo nghiém diéu kién 1a:
A<0 < —8mm—1)< 0 {m“ .
m<0
Truong hop 2: Néu f(0) = 0, tic la:
m-1=0<m=1.
Vay, ham s6 ¢6 ding mot diém cuc tri khi m > 1 hodc m < 0.
Vidu 6: Cho ham 56’ (Cn): y = x* — 4x* + m.
1. Khdo sdt sy bién thién va vé do thi ham s6 véi m = 3.

@

2. Xdc dinh m dé do thi (C) cdt truc hoanh tai bon diém phadn biét.

3. Vi két qud trong 2) hdy xdc dinh m sao cho:

a. Bon diém phdn biét dé c6 hanh do ldp thanh mot cdp sé cong.
b. Hinh phdng gidi han bdi do thi (C) va truc hoanh cé dién tich

phdn phia trén va phdn phia dudi truc hoanh bang nhau.

&5 Gidi
1. Dé nghi ban doc tu lam.
2. Phuong trinh hoanh d¢ giao diém cua (C) va Ox 1a x* = 4x>+ m = 0.
bat t = x?%, t > 0, khi do:
() f(t)=—4t+m=0
D6 thi (C) cit truc hoanh tai bon diém phan biét khi:

)
2)

(1) ¢6 bon nghiém phan biét < (2) ¢6 hai nghiém thoa man 0 < t; < to. (¥)

Téi day ta c6 thé trinh bay theo hai c4ch sau:
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Cdch 1: St dung dinh Ii Vi—ét diéu kién (*) duoc chuyén thanh:
A'>0 4-m>0
S>0 < :4>0 & 0<m<4.

P>0 m >0
Vay, v6i 0 < m < 4 dé thi (C) cét truc hoanh tai bon diém phan biét.
Cdch 2: S6 nghiém duong clia phuong trinh (2) bang s6 giao diém clia dudng thang
y =m véi d6 thi ham s6 y = —t? + 4t trén (0; +o0).
Ta c6:
= Tap xdc dinh trén D = (0; +00).
» Su bién thién ctia ham so:
y==2t+4, y=0-2t+4=0<1t=2.
X |0 2 +00
y' + 0 —

Cb
Suy ra di€u kién 1a 0 <m < 4.
Vay, v6i 0 < m < 4 d6 thi (C) cét truc hoanh tai bon diém phan biét.
3. Vi két qua trong 2) thi d6 thi (C) cét truc hoanh tai bon di€ém phan biét ¢6 hoanh
do twong tng 12 =1, , =1, , i, i, -

a Bon hoanh do trén lap thanh cép s6 cong khi:
o -2

t, =3t t2 = 9ty. 3

oy = =3 e @

Theo dinh 1i Vi—ét ta c6:

t,+t,=4
. I
e ®
Thay (3) vao (I) dugc:
t,+9t, =4 5t,=2 36
= = m=—.
t,.0t)=m |9t =m 25

Vay, v6i m =§ d6 thi ham s6 cét truc hoanh tai bon diém phan biét v6i hoanh

do 1ap thanh cap s6 cong.
b Nhan xét rang ham s6 y = x* — 4x? + m 1a ham chan (nhan Oy lam truc d6i xing)
nén dién tich hinh phing giéi han bdi d6 thi (C) va truc hoanh c¢6 phan phia trén va
phan phia dudi truc hoanh bang nhau khi:

o

I (x*'—4x* +m)dx =0 < (%x5 - %x3 + mXx) 5/5 =0

0

%(\/E)S—%(\/g)3+m(\/g)=0<:>3t§—2Ot2+15m:0. “)
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(4)

Mat khéc, do t, 1a nghiém cta (2),nén t; —4+m=0 = m= 5

Vay, v6im = % thoa man diéu kién dau bai.

III. HAM PHAN THUC BAC NHAT TREN BAC NHAT
Mot s6 tinh chat ctia ham phan thitc bac nhat trén bac nhat:

Tich chadt 1:
Tich chdt 2:

Tich chdt 3:

Tich chdt 4:

Ham s6 luon don diéu trén tap xac dinh cta nd.
D6 thi nhan giao diém cua hai dudng tiém can lam tam d6i xdng.
Hudng dan chitng minh
Budc 1: That vay, diém I(Xo; yo) 1 giao diém ctla hai dudng tiém can, ta
doi truc bang tinh tién vé goc 1. Cong thic doi truc 1a:
{x =X+X,

y=Y+y, .
Thay x, y vao ham s6 ta dugc:
¥ yo AKX D
c(X+x,)+d

Budc 2: Ham s6 nay 1a ham 1€ nén d6 thi nhan I 1am tam déi xing.
Khong ¢6 bét cit dudng ti€p tuyén nao ctia d6 thi ham s6 di qua tam doi
xtng 1.
Huodng dan chitng minh

&Y =FX).

Buce 1: Ly diém M(xo; yo)(H), khi d6 yo = X072
cx, +d
Phuong trinh ti€p tuyén tai M Ia

(d): y = yo=y (Xo)(X = Xo) (1)
Budc 2: Gia st 1e(d), khi dé:

a , d

— = Yo=Yy’ (Xo)(=— — Xo) 2

(& C

Tir (2) suy ra di€u mau thuan.
Budce 3: Vay khong c6 bat cit dudng tiép tuyén nao cua do thi ham s6
di qual.
M la diém tuy y thuoc d6 thi ham s6. Néu tiép tuyén tai M cit hai tiém
can tai A, B thi:
a. M la trung diém AB.
b. AIAB c6 dién tich khong doi.
c. Tich cac khoang cach tir M tGi hai dudng tiém can 1a mot hang so.
Huong dan chitng minh

Buoe 1: Lay diém M(xo; yo)e(H), khi d6 yo = ax, +b )
cx, +d
Phuong trinh ti€p tuyén tai M 1a
(d): y = yo =y (Xo)(X = Xo). (1
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Buée 2: Xac dinh toa do clia A, B theo thit tu 12 giao diém clia dudng

thang (d) véi tiém can ding (tcd) x = _d va tiém can ngang
c

(tcn) y = a .
c
Budc 3: Ta cé:
a. Nhan xét ring xa + xg = 2xm <> M 12 trung diém AB.
b. Sams= %IA.IB = const.
c. Goi cac khoang céch:
di =d(, ted) = [xo + g|, d» =d(, ten) = |yo — a l.
c c
Khi dé6:
di.d> = const.
Truong hop ddc biét: Cho ham s6 (C): y = 1 va dudng thang (d): y = ax + b.
X

a. Tim diéu kién ctia a, b dé dudng thang (d) tiép xtc véi (C) ?

b.  Gia sir diéu kién trén duoc thoa man. Khi d6 (d) cat Ox, Oy tai A, B
» Chiing t6 ring tam gidc OAB c6 dién tich khong déi.
» Chiing t0 ring trung diém cta AB Ia ti€p diém ctia (d) vdi (C).
= Khi nao thi khoang cach tir goc toa do O dén (d) 1a 16n nhat ?

Chitng minh
a. Duong thing (d) ti€p xic véi dé thi (C) khi hé sau c6 nghiém:
1 b
l=ax+b l=—l+b - 3 az0
X X X x 2 *
= = ) = b2 - *)
1 a 1 a b a=——0
—_ = —_—— —_ — =a
x? x’ 2 4

b, Véi diu kien (*), (d) cat Ox, Oy tai A(=2: 0), B(0; b) (luu § A(%; 0)).
a

» Dién tich tam gidc OAB duogc xac dinh boi:

s=L0A.0B= L ixaysl = L1112 b| = 2 khong déi.
2 2 2°2|b
RN ca p X, tXp b .. Lo "
= Goil la trung diém cua AB, ta c6 x; = —5 = - 52 day chinh la nghiém
a

kép clia phuong trinh. Vay, trung diém ctia AB 12 tiép diém ctia (d) v6i (C).
»  Khoang cach tir goc toa do O dén (d) dugc xac dinh bai:
2 2
bl 1 b 1 S b° 1 1

h= & =4 22— =~ oh<2sh< 2.
VaZ +1

h2 16 b’ 16b> 2
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Vay, hma = V2 , dat duoc khi:
2
O 1l e po4ebot2,khidba=—I.
16 b’

Truong hop ddc biét: Hai ti€p tuyén cua Hyperbol (H): y = l Chiing minh rang:
X
a. Hai tiép tuyén cta (H) khong bao gio vuong goc véi nhau.

b. Hai ti€p tuyén song song cuia (H) c6 cdc tiép diém d6i xing nhau
qua tam cua (H).

Chitng minh
Véi A(Xi; L )e(H), ta dugc phuong trinh ti€p tuyén tai A c¢6 dang:
X
1 1 A A 2~ 9 N 1
(da):y =——(x=x1) + — = h¢ s0 géc cua (da) laka =——.
X X X

Véi B(xz; i)e(H), ta dugc phuong trinh ti€p tuyén tai B c6 dang:

X,
1 1 e N 1
(dp):y=——(X—xX2) + — = h¢ s0 gbc cua (ds) laks =——.
X2 X, X2

a. Taco:
1 1
(d0)L(dp) & kake=-1 & (- )(-—) =1 x2.x2 =—1 (MT).
X Xy
Vay hai ti€p tuyén cua (H) khong bao gio vuong géc véi nhau.
b. Tacé:

1 1
(dA)//(dB) < ka :1(]3<:,>——2 =—— = X12 = Xi & X = —Xo.
X4 X5

Suy ra A(x; i) va B(—x; —L) = A, B d6i xting qua tam O ctia (H).

Xy Xy

& Chu y: V6i phép doi truc bing tinh tién vé géc I, theo cong thic doi truc 1a:

x=X—g
C
y=Y+3
C
N ) ax+b k
ta dua phuong trinh cua Hyperbol (H): y = vedang Y = —.
cx+d X
Vidul: Chohamso (C):y= 211,
X+2

a. Khdo sdt su bién thién va vé do thi cua ham so.
b. Tim cdc diém trén (C) ¢6 toa do nguyén.
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c. Tim m dé phuong trinh M = m c¢6 dung hai nghiém phadn
sinx + 2
biét thudc khoang [0; ).

d. Tinh dién tich hinh phdng giéi han bdi (C), truc hoanh va dwong

thing x = 1.
&5 Gidi vt
a. Talan luot c6:
1. Ham s6 xéc dinh trén D = R\ {-2}. | y=2
2. Su bién thién clia ham s6: 1 R
=  Gi6i han va cac duong tiém can: /o1 «x
limy =2 nén y =2 la dudng tiém can ngang.

lim y =oonén x = -2 la dudong tiém can ding. * = -2

x—-2*

» Bang bién thién:

y' = - >0 v6i moi xeD = ham s6 dong bién trén D.
(x+2)
X | —o0 -2 + oo
y + | +
y +00 2
» — " L

3. D6 thi: Giao diém ctia do thi véi céc truc toa do 1a A(O; %) va B(—%; 0] )

Nhdn xét: D6 thi ham s6 nhan giao diém I(=2; 2) clia hai dudng tiém can lam
tam doi xung.

b. Viét lai ham s6 du6i dangy =2 —

X+2
Diém M(xo; yo) (X0 # —2) thudc do thi ham s6 c6 toa do nguyén khi xo + 2 1a uéc
cua 3. Ta c6 bang liét ké sau:

Xo + 2 -3 -1 1 3

X0 -5 -3 -1 1

Yo 3 5 -1 1
Diém | M;(-5;3)  Ma(=3:5)  Ms(-1;-1) My(1; 1)

Vay, cac diém M;(=5; 3), Ma(=3; 5), Ma(—1; —1) va May(1; 1) thuoc d6 thi ham s6
c6 toa do nguyén.
2t+1

t+2
Phuong trinh (1) c¢6 nghiém thudc doan [0; ] khi:

c. batt=sinx, 0 <t<1, phuong trinh c6 dang Q8

Puong thang y = m cat dé thi (C) phan [0;1] & — <m < 1.

N | —
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e Véi % <m < 1 phuong trinh (1) c6 nghiém toe[0; 1)

< sinx =t phuong trinh nay c6 2 nghiém thudc khoang [0; t].
e  Véim =1, phuong trinh (1) c6 nghiém t = 1, ta duoc:

sinx = 1 phuong trinh nay c6 1 nghiém x =g thudc khoang [0; 7]

Vay, véi % <m < 1 thoa man di€u kién dau bai.
d. Dién tich S phai tim duoc cho bai:
2x + 1)dx
S= j( dx I 2-

)dx =(2x = 3Inlx + 2|)II =2 - 31n— (dvdt).
X+2

Vidu 2: (DPé thi dai hoc khéi D —2002): Cho ham s6:
_ (2m-Dx-m’
B x—1
a. Khdo sdt sy bién thién va vé do thi (C) ham sé' véi m = —1.
b. Tinh dién tich hinh phdng giéi han bdi duong cong (C) va hai truc
toa do.
c. Timm dé do thi ham sé (1) tiép xiic véi duong thang y = X.

, voi m la tham so.

&S Gidi
a. Vo6im =-1, ta dugc:
O):y= Xl Ban doc tu thuc hién tiép.
b. Goi S1a dién tich hinh phing giéi han béi (C) va hai truc toa do.
Ta c6:
3x—1

0 -
5= J x—1 X —

-1/3 -1/3
c. Viét lai ham s6 dudi dang:
m’ —2m+1

_ (-4 0 4
‘.dx = j(——?aj.dx = (= dInix — =30, =4in— 1.
3

y=2m-1-
x—1

D6 thi ham s6 tiép xidc véi dudng thang y = x
< hé sau c6 nghiém

2_
2m_1_&?+1=x 1)
—2m+1
— = (2)
(x=1)
Viét lai (1) dudi dang:
2
zm_l_w:(x_l)ﬂ 3)
X_
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Thay (2) vao (3), ta duogc:

2 _ 2 _ _
2m—1—m 2m+1:(x_1).m 2m2+1+1<:> 1 _ 2m 1 @
x—1 (x-1) x—1 m —-2m+1
Thay (4) vao (2), ta duoc:
_1\2
M)y omel
m” —2m+1
Vay, v6i moi m # 1 do thi (1) luon tiép xic véi duong thang y = x.
p N o 2xX
Vidu3: Cho hamso (C):y= .
- X+
1. Khdo sdt su bién thién va vé do thi ham so, ti dé suy ra do thi ham
6 (C):y=— 2x .
x+1
2. Goi 1 la giao diém cua hai duong tiém cdn cua do thi ham so.
Chiing minh rdang:

a. PO thi (C) nhdn diém 1 lam tam doi xing.
b. Khong cé tiép tuyén nao cia do thi ham sé di qua diém 1.
3. M la diém cé hoanh do a# —1, va thuéc (C). Viét phuong trinh tiép
tuyén (d) ciia (C) tai diém M.
a. Tinh khodng cdch tir diém 1 dén dwong thdng (d). Xdc dinh a dé
khodng cdch trén dat gid tri lon nhdt.
b. Xdc dinh a dé tiép tuyén (d) ldp véi hai duong tiém cdn mot tam
gidc c6 chu vi bé nhdt.
5 Gidi
1. Khao sat va vé do thi — Ban doc tu gidi.
Béng phép doi xiing qua truc Ox d6 thi (C) ta ¢6 duge do thi (C)).
2. Giao diém clia hai dudng tiém can clia d6 thi ham s6 1a I(~1; 2).
a. DOdi truc bang phép tinh tién vé goc I theo cong thic doi truc 1a:
{X—X—l Hl 2X-D Ly 2

=Y+
y=Y+2 X-1+1 X

Ham s6 trén 12 ham 1€ nén d6 thi nhan diém I(—1; 2) 1am tam d6i xdng.
b. Pudng thing (A) di qua diém I(—1; 2) c6 phuong trinh y = k(x + 1) + 2.
Puong thang (A) tiép xidc véi do thi ham so khi hé sau c6 nghiém:

X _x+D42  |2——2-% 1) * o
1 x+1 x+1 x+1 R "
= = vO nghiém
2 2 2
7=k 7=k 7=k
(x+1) (x+1) (x+1)

Vay, qua I khong ké dugc tiép tuyén téi do thi.
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3. Diém M(a; 2 ——), do d6 phuong trinh ti€p tuyén c6 dang:
+

2a
a+l

(d):y- 2 y@)(x —a) < d):y= 2
a+1 (a+1)

a. Viét lai phuong trinh tiép tuyén (d): 2x — (a + 1)%y + 2a? = 0.
Khi d6, khoang cach tir I dén (d) duoc cho bai:

‘—2—2(a+1)2 +2a2‘ 4|a+1| cos 4|a+1|
d= —

Vay, ta dugc Mind = 2, dat dugc khi:
(@a+1)=dca+1=+t2 ca=-1+2.
b. Talan luot c6:
» Toa do giao di€ém A cla ti€p tuyén (d) vdi tiém can ding 12 nghiém cta hé
phuong trinh:

x=-1 x=-1
2a-2
2a & 29 -2 & A[—l; j
y= s(x—a)+ y= a+1
(a+ ) +1 a+l
* Toa do giao diém B clia tiép tuyén (d) véi tiém can ngang la nghiém cua
hé phuong trinh:
y=2
=2a+1
a T S B2a+ 15 2),
y= s(x—a)+ y=2
(a+1) a+l

*  Chu vi AIAB duoc cho boi:
Pasg=IA +IB+ AB= IA + IB++IA? +IB? 2 2JIA.IB ++/2IA.IB

:(2+ﬁ)mz(2+ﬁ)\/‘2 2a- ‘|z A1

J2a+2] = 42 +4.

= (2+2) ‘ﬁ

Suy ra Puin = 42 +4 dat dugc khi:

IA=IBe —4 —pa+2/ca=—1+12.
|a+l|
Vidud: Cho ham 6 (C):y= +14 .
X_

a. Khdo sdt sy bién thién va vé do thi ctiia ham so.
b. Xdc dinh tdt cd cdc gid tri cua k dé duong thang (A): y = kx + 3
khong cdt do thi ham so.
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c. M la diém tuy y thuéc do thi ham sé, tiép tuyén tai M cdt hai tiém
can tai A, B. Chiing minh rang:
* M la trung diém AB.
» AIAB c6 dién tich khong doi, véi I la tam doi xiing ciia (C).
» Tich cdc khodng cdch tir M t6i hai diuomg tiém cdn la mot hang so.
5 Gidi
a. BDé nghi ban doc tu lam.
b. Phuong trinh hoanh do giao diém cta (A) véi d6 thi ham s6 1a:
3x+4
x—1
DPuong thang (A) khong cit dé thi ham s6 khi (1) vo nghiém, ta xét hai trudng hop:
Truong hop 1: V6i k =0, thi (1) c6 dang:
-7 =0 (MT) < Phuong trinh (1) vo nghiém.
Truong hop 2: Vé6i k # 0 thi dé phuong trinh (1) vo nghiém diéu kién 1a:

=kx+3<fx)=kx>-kx-7=0v6ix = 1. €))

A<0 k> +28k <0
{A:O S| (K2 428k =0 © 28 <k <0.
f(1)=0 7-0

Vay, v6i —28 < k < 0 dudng thang (A) khong cat d6 thi ham s6.
c. V6i ham s6 ta lan luot co:
* Pao ham:
o1
Ty

* Tiémcandingx =1 vi limy =00
x—1

* Tiém canngangy =3 vi limy =3.

» Toa do giao diém I cha hai tiém can 12 I(1; 3).

M la diém tuy y thuoc d6 thi, gia st M c6 hoanh do bang a, khi d6 M(a; 3a +14j
a p—
va phuong trinh ti€p tuyén tai M c6 dang:
7 3a+4
s(x—a)+ .
(x-1 a—1

y-y@=y@x-a)<y=-—

Ta lan luot c6:
» Toa do giao diém A cia ti€p tuyén tai M va tiém can ding 12 nghiém ctia hé
phuong trinh:
x=1 x=1
7 3a+4 <1 Za+ll @A(l;

_(a_l)z(x—a)-i- 1 y a1

y= a—1

3a+11j
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» Toa do giao diém B cua ti€p tuyén tai M va tiém can ngang 12 nghiém ctia hé
phuong trinh:

y=3

—2a-1
3a+4<:>{x 7 o BRa-1:3).
y= y=3

(a— ) 1
Khi d6, ta 1an luot c6:
* Nhan xét rang:
Xa+xp=1+2a—1=2a=2xy <> M Ia trung di€ém clia AB.
» Dién tich tam giac IAB duogc xac dinh bai:

s= Liamp= HPartl 4
2 2 a-1

a-1-1| = ‘ ‘|2( -1 =14

Vay, ta thay AIAB c6 dién tich khong déi.
= Taco:

d(M, ted).d(M, ten) = [a—1[.

3a+4_3‘ ) ‘_‘
Vay, ta thay tich cdc khoang céch tir M t6i hai duong tiém can 1a mot hing so.

-1
-2
1. Khdo sdt su bién thzen va vé do thi ctia ham so'.
2. Tim m dé duong thang (d): y = x + m cdt (C) tai hai diém phdn biét
ma hai tiép tuyén cua (C) tai hai diém dé song song véi nhau.
3. Tim diém Me(C) dé:
a. Khodng cdch tir M dén tiém cdn ditng bang khodng cdch tir M
dén tiém cdn ngang.
b. Téng khodng cdch tir M dén hai tiém cdn nhd nhat.
c. Tong khodng cdch tir M dén hai truc toa dé nhd nhdt.

Vidu 5: Cho ham s6'(C):y =

&5 Gidi

1. Dé nghi ban doc tu lam.

2. Phuong trinh hoanh d¢ giao diém cta (d) v6i do thi ham s6 1a:
x—1

2:x+m<:>f(x):xz+(m—3)x—2m+1:Ovéix¢2. €))
X_

Khi do6, ta 1an luot co:
= Do thi ham s6 cat duong thang (d) tai hai diém phan biét khi:

A>0
Phuong trinh (1) ¢6 hai nghiém phan biét khac 2 < {f(2>) 0
#+

_ 2 _ 2
@{(m 3)? +4(2m 1)>0<:>{m +2m+5>0©Moim.

10 10
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Khi d6, hai giao diém A, B c¢6 hoanh do thoa mén:
X, +Xg=3-m
{XA.XB =1-2m
» DPé hai tiép tuyén tai A va B ctia d6 thi (C) song song véi nhau diéu kién 1a:

Yo =y o — = b (x, —2Y =(xp-2)

(XA —2)2 (XB —2)2
XA$XB

S X, —2=2-X; ©4=xa+xp=3-mSm=-1.

Vay, v6i m = —1 thda man diéu kién dau bai.

3. Diém M thuoc d6 thi ham s6, ta 6 M(x; X ‘;] .
X —
Khi d6, ta 1an luot c6:
* D¢ khoang céch tir M dén tiém can ding bang khoang cdch tir M dén tiém can
ngang diéu kién la:

x-1 @(x—2)2:1©{x_

x—2)==L _| !
X — |x—2
Vay, hai diém My(1; 0) va Ma(3; 2) thoa méan diéu kién dau bai.
* Téng khodng céch tir M dén hai tiém can duoc cho boi:

C>h—ﬂ

_ Cosi
d=|x-2]+ 2 1_1‘ NN TRy ‘ -2,
X — X— Xx-2
Vay, tong khodng cach tir M dén hai tiém can c6 gié tri nho nhét bing 2, dat
duoc khi:
=1
[x-2|= L ex-p=1e"7 .
x—2 x=3
Vay, hai diém M;(1; 0) va Mx(3; 2) thda man diéu kién ddu bai.
* Téng khodng céch tir M dén hai truc toa do dugc cho bdi d = IxI + x-1 ‘ .
< —

Nhan xét rang: v6i My(0; %) = d(My) = —, nén chi can xét khi:

1
2

<t <o Laxco
2 x—2 2
Véi xeD:[—%;O},tadu’chz—x+ x| , ta c6 dao ham:
X —
d‘:—l—( 12)2 <0, VxeD = d nghich bién trén D.
X —

Vay, ta dugc Mind = % dat dugc tai M, (O; %) .
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X+2

x-2

a. Khdo sdt su bién thién va vé do thi cua ham so.

b. Lua chon phép tinh tién song song véi Ox dé tir (C) suy ra do thi
X

x—4

c. Viét phuong trinh tiép tuyén ciia do thi ham so'di qua diém A(-6; 5).

d. Tim nhitng diém trén truc tung ma tw diém dé ké duoc ding mot

tiép tuyén tdi do thi ham so.

Vidu 6: Cho ham s6'(C):y =

ham s6' (Cy): y =

&S Gidi

a. Dé nghi ban doc tu lam.
b. Gia su:

5 1=1
=f(x+a) < X_o_xrar = <0=a+2 < a=-2.
x—4 x—4 x+a-2
—4=a-2
Vay, ta duogc X =f(x - 2)

Do d6 (C)) dugc suy ra bang phép tinh ti€n theo Ox d6 thi (C) sang phai 2 don vi.

c. Tacoy =- T t6i day ta c6 thé lua chon mot trong hai cach:
X —
Cdch I: Gia st hoanh do ti€p diém 1a x = xo, khi d6 phuong trinh ti€p tuyén c6 dang
, 4 X, +2
(d):y =y (X)X = X0) + y(X0) & (d): y = ———— (X = x0) + ———. (1)
(xy—2) Xy —2
Diém A e(d) khi:
=0
5= (x0T oad k=0 |
(Xg—2) Xy —2 Xy =
Khi dé:

*  Véi xo = 0 thay vao (1) duoc ti€p tuyén (di): y =—x — 1.

* Vi xo = 6 thay vao (1) dugc ti€p tuyén (d2): y = —ix + %
Vay, qua A ké dugc hai ti€p tuyén (d;), (d2) t6i do thi.
Cdch 2: Puodng thang (d) di qua diém A c6 phuong trinh:
(d:y=k(x+6)+5. )
Duong thing (d) tiép xtdc v6i do thi ham s6 khi hé sau c6 nghiém:

1+ =k(x+6)+5 1+
x—=2 - Xx—2
4 K 4

Tx=2? Tx=27?

=k(x-2)+8k+5

k
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4 4

1+X_2=—X_2+8k+5 2 oksl k=-1
4 & qx-2 =1 __ L

_ 2 ==
—(X_2)2—k —(2k+1)" =k 4

Khi dé:
* Vi ki =—1 thay vao (2) dugc ti€p tuyén (di): y =—x — 1.

» Véik,= —i thay vao (2) dugc tiép tuyén (d»): y = —ix + %

Vay, qua A ké dugc hai tiép tuyén (d;), (d») t6i dé thi.

Chu y: Trong 1oi giai trén ching ta da budc dau lam quen véi phuong phap
lap phuong trinh ti€p tuyén cua do thi ham phan thic khong dung
khai niém nghiém kép. C4ch bién doi trong d6 sé rét c6 ich véi cdc
ham s& chita tham s6, cu thé:

Cho ham s6 (C): y = ax+‘3 , voi bd # 0, tr, mau khong c6 nghiém
CX +

chung. Hay tim diéu kién dé dudng thing (d): y = kx + m 12 ti€p tuyén
ctia do thi ham s6 (C).
Phuong phap
Y
cx+d’
Puong thang (d) 12 tiép tuyén clia d6 thi (C) khi hé sau c6 nghiém:

Viét lai ham s6 dué6i dang y = o +

at— —kx+m (1)

cx+d
y.c
S L 2
(cx +d)? @
Viét lai (1) duéi dang:
a+ — = Kexray- XM om, (3)
cx+d C c

Thay (2) vio (3) véi Iuu § chi thay vao biéu thic ~ (cx + d), dugc:
C

o+ —" :—l(cx+d)L—ﬁ+m
cx+d c cx +d)’ c
A S A —E+m
cx+d (cx +d)* c
! = L(—k—d+m—oc]. “4)
cx+d 2y c
Thay (4) vao (2), duge (k) = Ak*> + Bk + C=0. 4)

Khi d6 yéu cdu cu thé cta bai todn duoc dua vé viéc gidi hoac bién luan
diéu kién cho phuong trinh (5).



d. Cic diém thuoc Oy c6 dang M(0; b).
Puong thang (d) di qua M(0; b) c¢6 phuong trinh y = kx + b.
Puong thang (d) ti€p xtic v6i do thi ham s6 khi hé sau ¢6 nghiém:

X+2=kx+b 1+ 4 =kx-2)+2k+b (3)
Xx—2 N X —
4 4
- 7=k - 2= )
(x—4) (x=2)
Thay (4) vao (3), ta duoc:
4 4 1 1
1+ =— +2k+b & =—(2k+b-1). ®)
X—2 X—2 x—-2 8

Thay (5) vao (4), ta duoc:
2
—4[%(2k+b—1)} =k & f(k)=4k* +4k(b+4)+b*-2b+1=0. (6)
Dé tir M ké dugc ding mot ti€p tuyén t6i d6 thi ham s6 diéu kién 1a:
(1) c6 nghiém kép khac % hodc hai nghiém phan biét trong d6 c6 mot
nghiém bang %
(A, =0
1-b 4(b+4)’ —4(b* -2b+1)=0
fl — (=0
1-b=0 b=-—=

A >0 4(b+4) —4(b* -2b+1)>0 b=1

T

2

Vay, ton tai hai diém M, (0; —%) va M>(0; 1) thoa man diéu kién dau bai.

Vidu7: Cho ham s6 (Cy):y = w

X+m
1. Voim=1:
a. Khdo sdt sy bién thién va vé do thi (C) ciia ham so6.
b. Viét phuong trinh tiép tuyén ciia do thi (C) tai cdc giao diém ciia
(C) vai cac truc toa do.
2. Tim m dé"
a. DO thi ham s6 ¢6 hai tiém cdn.
b. Ham so dong bién trén khodng [0; +o).

&5 Gidi

I. Véim=1,ham s6cédangy = 221

Xx+1
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Dé nghi ban doc tu lam: O day ta nhan duogc céc két qua:
1
(x+1)?

» Tiémcandingx=-1<x+1=0; Tiémcanngangy=2<y—-2=0.
Ta lan luot c6:

* DPaohamy'=

= (O)NOx= {A(—%; O)} va phuong trinh ti€p tuyén tai A c6 dang:

da):y =y (Xa)(X —Xa) +y(Xa) < (dy):y= 4(){ +%j & (da):y=4x+2.

» (O)NOy = {B(0; 1)} va phuong trinh ti€p tuyén tai B c6 dang:
(de):y=y' (xp)(x —xp) +y(xg) <> (dg): y=1x+ 1< (dg): y=x+ 1.
Ta lan luot:
Vi cau héi "Do thi ham sé cé hai tiém cdn' ta viét lai ham s6 dudi dang:
2

y=m+1- .
X+m

Tir d6, suy ra véi m # 0 d6 thi ham s6 ¢6 hai tiém can.
Vi cau héi "Ham s6' dong bién trén khodng [0; +o0)" ta thuc hién:
» Tap x4c dinh D =R\ {-m}, vd khi d6 dé ham s6 dong bién trén khoang [0; +w)
trudc tién né can xac dinh trén (0; +o0) tic la:
—-mg[0; +0) & -m<0< m>0.
=  DPao ham:

m2

(x+m)*
Vay, v6i m > 0 théa mian diéu kién ddu bai.

> 0 v6i moi m > 0 < Ham s6 dong bién.

IV. HAM PHAN THUC BAC HAI TREN BAC NHAT
Mot s6 tinh chat cia ham phan thitc bac hai trén bac nhat:
Tich chdt 1: Ham s6 dong bién trén D khi:

—EQD
d

y'>20,vxeD

Tich chdt2: Ham s6 c6 cuc dai, cuc tiéu khi:
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Phuong trinh y' = 0 ¢6 hai nghiém phan biét khic — %.
Khi dé:
e VP 2ax, +b
= (Gid tri cyc tri cua ham sO tai xo la y(Xo) = ———
» Phuong trinh dudng thing di qua cuc dai va cuc tiéu ctia d6 thi ham

s0 cédangy = é(2ax +b).



Tich chdt 3: Ham s6 c6 hai cuc tri trai dau
N , £t ‘A A ‘A ’ SN
< Phuong trinh y' = 0 ¢6 hai nghiém phan biét khic 4 va

phuong trinh ax? + bx + ¢ = 0 vo nghiém.
Tich chdt4: Ham s6 c6 hai cuc tri cing diu
< y' =0 c6 hai nghiém phan biét khic —% va phuong trinh
ax? + bx + ¢ = 0 ¢6 hai nghiém phan biét.
Tich chdt5: D6 thi nhan giao diém I ctia hai dudng tiém can lam tam d6i xtng.
Tich chdt6: M la diém tuy y thuoc d6 thi ham s6. Ta c6:
a. Tich céc khoang céch tir M t6i hai dudng tiém can 1a mot hang so.
b. Néu tiép tuyén tai M cit hai tiém can tai A, B thi M 1a trung diém
AB va AIAB c6 dién tich khong d6i.
Vidul: Cho hamsé' (C):y= % )
—X
a. Khdo sdt sy bién thién va vé do thi ham so.
b. Tinh dién tich hinh phdng giéi han bdi (C) va hai truc toa do.
c. Do thi (C) cdt truc hoanh tai hai diém A, B. Viét phuong trinh cdc tiép
tuyén ciia (C) tai A va B, réi tim toa dé giao diém cuia hai tiép tuyén do.
&S Gidi
a. Ban doc tu lam.
b. Dién tich S phai tim duogc cho boi:

0 3 1 1 3
S= J[_(_x + de =(=x*>-3Inlx — 2I)I91 =—— 4 3In— (dvdt)
’ x—2 2 2 2

c. Hoanh do giao diém A, B 1a nghiém cua phuong trinh:
x> —2x -3 x> —2x-3=0
— =0
2-x 2-x#0
* Phuong trinh ti€p tuyén cua (C) tai A c6 dang:
4
da):y-0=y'-DHx+1)<=(da):y= _E(X +1).

* Phuong trinh ti€p tuyén cua (C) tai B c6 dang:
(ds): y-0= V'(3)(x —3) < (da): y = —4(x = 3).
Hoanh do giao diém K cua (da) va (ds) la nghiém ctia phuong trinh:

—%(x+ 1) = —4(x — 3) & x = 5 = K(5; -8),

—
PN [X , = AC10)aBG:0).
X:

Vidu 2: (Dé thi dai hoc khéi A — 2005): Cho ham so6"
(Cn):y= mx + l, m la tham s0.
X

a. Khdo sdt su bién thién va vé do thi ham sé' véi m = 1/4.
b. Tim m dé ham s6 (Cn) c6 cuc tri va khodng cdch tir diém cuc tiéu
clia (Cn) dén tiém cdn xién ciia (Cu) bing 1/~/2 .

131



&5 Gidi

a. Ban doc tu lam.

b.

Ham s6 xac dinh trén D = R\{0}.

Pao ham:
2 —
y’=m—i2:m"2 L y = 0 f(x) = mx*~1 = 0. (1)
X X
Trudc hét, ham s6 c¢6 cuc tri khi va chi khi:
m=0
(1) c6 2 nghiém phan biét khic0 < <A>0 < m>0.
£(0) %0

1
Khi dé, (1) ¢6 hai nghiém x;, =+ —.
g 12 \/E
Ta c6 bang bién thién:
ol ~1/vm 1/ym + 0
y’ + 0 — 0 +
Vay, ham s6 dat CT tai diém A(——, 2</m ).

Jm
D6 thi (Cn) ¢6 tiém can xién 1a (d): y =mx < (d): mx —y =0.
Dé khoang cach tir diém cuc ti€éu A cta (Cn) dén tiém céan xién cha (Cn) bang

1/4/2 diéu kién 1a:

Vidu3: Cho ham s6 (Cp):y =

Nm-2Jm| 1

m 7 &m = 1.
Vay, véi m = 1 thoda man di€u kién dau bai.
x> +mx +1
+m
a. Khdo sdt su bién thién va vé do thi ham so' véi m = 1.
b. Xdc dinh m dé ham sé cé cuc dai trong khodng (0; m) véi m > 0.
c. Xdc dinh m dé ham so dat cuc dai tai x = 2.

&5 Gidi

a.

Ban doc tu thuc hién.

b. Tap xéc dinh D=R\{-m}.

bao ham:
x> +2mx+m? -1 v _ 2X+2m

1

(x +m)* ’ - (x +m)* '

y=0x2+2mx+m*-1=0< xi,=-m=* 1.
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Ta thdy ngay v6i moi m ham s6 ludn c6 cuc dai va bang bién thién:
X —00 X1 —m X2 ~+00

y' — 0 + I + 0 —
’ +OO\CT / v —w / CD\ —0
1

Ham s6 ¢6 cuc dai trong khoang (0; m) khi0<-m+1<m & 5 <m<1.

Vay, véi % <m < 1 ham s6 dat cuc dai trong khoang (0; m).
c. Ham s6 dat cuc dai tai x = 2 khi:
2¢D 2#-m
y'2)=0 < {m*+4m+3=0 < m=-3.
y"(2)<0 4+2m<0
Vay, véi m = —3 ham s6 dat cuc dai tai x = 2.
Vidu 8: (D¢ thi dai hoc kh6i B — 2005): Cho ham so:
x> +(m+Dx+m+1
(G y = 2D
x+1
a. Khdo sdt sy bién thién va vé do thi ham s6 véi m = 1.
b. Chitng minh rdng véi m bdt ky, do thi (Cw) luén luon cé diém cuc
dai, diém cuc tiéu va khodng cdch giita hai diém dé bdng 20 .

, voi m la tham so.

&5 Gidi
1. Ban doc tu lam.
2. Mién xédc dinh D = R\{-1}.
Pao ham:
x, =0

x% +2x 1
=2

=——,y=0x+2x=0s
(x+1)
Vay, v6i moi m dé thi (Cy,) luon ludn cé diém cuc dai, diém cuc tiéu 1a

A(-2,m-3)vaBO,m+ 1) = AB= \/(-2) + (m+1-m+3)> =+20.

1

X,

2
Vidu 9: (Dé thi dai hoc khoi D — 2003): Cho ham s6'(C): y = #
a. Khdo sdt su bién thién va vé do thi ham so.
b. Tim m dé duong thang (dw): y = mx + 2 — 2m cdt do thi ham s6 (C)
tai hai diém phdn biét.
L5 Gidi

a. Ban doc tu lam.
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b. Phuong trinh hoanh d¢ giao diém ctia (d.) v6i do thi ham s6 1a:
x? —2x+4
X—-2
Dé d6 thi ham s6 (C.) cit (dn) tai hai diém phan biét
< phuong trinh (1) cé hai nghiém phan biét x;, x2khac2<m—-1>0< m> 1.
Vay, m > 1 thoa man di€u kién dau bai.

Vi du 10: (B¢ thi dai hoc khdi A — 2003): Cho ham so-

2
mx- +X+m S N i
Cn):y= — 1 voi m la tham soé.

=mx+2-2m< (m-Dx-22=4véix=2. (1)

a. Khdo sdt su bién thién va vé do thi ham so'véi m = — 1.
b. Tim m dé dé thi ham s6 (Cw) cdt truc hoanh tai hai diém phdn biét
va hai diém dé cé hoanh dé duong.
&S Gidi
a. Ban doc tu lam.
b. Phuong trinh hoanh d¢ giao diém ctia Ox v6i d6 thi ham s6 1a:
2
mx’ +Xx+m »
— = =0 fxX)=mx’+x+m=0v5ix=#1. (1)
X —
Dé d6 thi ham s6 (C.) cét truc hoanh tai hai diém phan biét va hai di€ém dé c6
hoanh d6 duong
< phuong trinh (1) cé hai nghiém phan biét x;, x> khdc 1 va 0 <x; <x»

m#0
az( 5 120
t0)=0 m+2¢ & 1< <0
_ - m .
As0 1—4m® >0 >
S>0vaP>0 |-Lsow™so
m m

Vay, véi —% < m < 0 thod man diéu kién dau bai.
Vi du 11: (D€ thi dai hoc khéi A — 2004): Cho ham s6:
—x*+3x-3
©ry=——"—.
2(x—1)
a. Khdo sdt su bién thién va vé do thi ham so.
b. Tim m dé duong thdang (d): y = m cdt do thi ham so'tai hai diém A,
B sao cho AB = 1.
&S Gidi
a. Ban doc tu lam.
b. Phuong trinh hoanh do giao diém cta (d) va (C) la:

— _ x#l
AR S )=+ 2m-3)x - 2m +3 =0, W
2(x—1)
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Truéc hét, dé (d) cat (C) tai hai diém phan biét
< (1) ¢6 2 nghiém phan biét khac 1
A>0 4m*-4m-3>0 [m>3/2
& & .
f1)=0 -1#0 m<-1/2
Khi d6, ta ¢6 (d)N(C) = {A(xa, m), B(xg, m)}, v6i xa, xg 12 nghiém cua (1) va
thoa man:
{x A TXg=3-2m

X,Xg =3-2m

()

Dé AB = 1 diéu kién 12
AB2 =l (XA — XB)2 =l (XA + XB)2 — 4XA.XB =1

1+5

& G-2mP-43-2m=1em —m-1=0em= "2 thoi (¥).

+ N N .
Vay, véim = 1_2\5 thoa man di€u kién dau bai.
x> +x-5
Vidud: Cho ham sé' (C):y = —
X —

a. Khdo sdt sy bién thién va vé do thi ham so.

b. Chitng minh rdng tich cdc khodng cdch tir mot diém M bdt ky trén
do thi (C) dén cdc duong tiém cdn la mot hang s6 khong phu thudc
vi tri diém M.

c. Tim hai diém A, B thuéc hai nhdnh khdc nhau cua do thi dé
khodng cdch giita chiing la nho nhat.

&5 Gidi
a. Ban doc tu thuc hién.
2 J—
b. Léy diém M(xo; 2203y (0),
Xy —2

Do thi ham s6 ¢6 hai duong tiém cén:
- Tiém can ding x =2 vi limy = co.
x—2*

- Tiémcanxiény=x+3vi lim[y—-(x+3)] =0.

Ta lan luot c6:
» Khoang cach tit M téi tiém can ding, dugc cho bai d; = [xo — 2|.

A PN A e 1 1
»  Khoang cich tit M t6i tiém can xién, dugc cho boi d, = —

R

Suy ra:
1 1
di.dx = |X0—2|.— =

1
. — 1
NoN P R

a hing s6 (dpcm).

135



c. Xét hai diém A, B thuoc hai nh4nh ctia d6 thi, ta c6:
AQ2 —xy; (2 — x1)), B(2 + x2; f(2 + X2)) v6i x4, X2 > 0.
Suy ra:
ABP=[2-x)-Q2+x)P+[f2-x1)— f2+x2)]?
Q-x)+2-x)-5 2-x,)+2-x,)-5 ’
2-x,)-2 (2-x,)-2

=(X2+ X1)2+ |:

= (Xz + X1)2{2 + 2 +%]

XX, X(X5

2.2
XXy XiX,

24X2X1[2+ 2 + ! J=4(2X1X2+2+

] >422 +2).
XX
Vay, ta dugc (AB)win=2+/2(~/2 + 1), dat dugc khi:

X=X, |

5

S X=X =

2X,X, =
XXy

. . 1 1
Vay, hai diém A, B can tim ¢6 hoanh d6 tuong ingla2 — —, 2 + —.
2277 42

2 2
Vidu5: Cho hamso y= "2+
X —2a

a. Khdo sdt su bién thién va vé do thi ham so'vdi a = 1.

b. (Dé 85— Bo dé 1996): Tim a dé ham so dong bién trén (1; +w).
&5 Gidi
a. Ban doc tu thuc hién.
b. Mién xédc dinh D = R\{2a}.

Trudc hét 1a ham s6 can xac dinh véi moi xe(1; +o) < 2a<1 < a< % €Y
Pao ham:
. x> —4ax +a’
Y= T x-2ay
Ham s6 dong bién véi Vxe(1; +o)
Sy 20, Vxe(l; +0) < f(x)=x2—4ax +a’> 0, Vxe(l; +o). 2)

Dé giai (2) ta c6 thé lua chon mot trong hai céch sau:
Cdch 1: (Phuong phdp tam thitc bdc hai): Ta c6 A' = 3a>> 0 (do (1)), vay diéu kién
(2) 1a phuong trinh f(x) = 0 ¢6 nghiém thoa x; < x,< 1

f(1)>0 ) a>2++3

oS o JImdarar20 <) 3 ©a<s2-43 (3)
2 2a<l1 a=e- - '
2 a<l1/2
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Két hop (1) va (3), tadugc a <2 — /3.

Vay, ham s6 dong bién trong (1; + ) khia<2— /3.
Cdch 2: (Phuong phdp ham so): Ta cé:
2 < m>11n f(x) > 0 — Ban doc tu lam tiép.

IV. CACBAITOAN KHAC
Vidu 1: (D€ thi dai hoc kh6i B — 2003): Tim gid tri lon nhdt va nho nhdt ciia
ham s6'y = X + Ja-x*
&5 Gidi
Diéu kién x € [-2, 2].
Xéthamsoy =x + m , trén [-2, 2], ta co:

y=0&1- X IO@MZXQ{XZO ox=42.
m 4-x*=x"
Do d6, gia tri 16n nhat va nho nhat cua ham s6 trén [-2, 2] duoc cho bai:
Yma = Max{y(=2), y(2), y(+2)} =Max{-2, 2, 242} = 242,
dat duogc tai x = V2.
Vmin = —2, dat dugc tai x = -2.

Vidu2: (Pé thi dai hoc khoi D — 2004): Chitng minh rdang phuong trinh sau cé
dung 1 nghiém:
x3-x2-2x-1=0.
&5 Gidi
Bién déi phuong trinh vé dang:
VP20=x’20=>x20=> VP21
x3=(x +1)? = x>1,
tic 1a, né€u phuong trinh cé nghiém thi x > 1.
Xétham s0: y = x3 — x> —2x — 1 trén mién D = (1, +0).
bao ham:
y' =5xt—2x-2=2x(x*- 1) +2(x*- 1) +x*>0,Vx e D
— ham s6 dong bién trén D.
Ta c6:
y(1)=-3va lim y =400,

X—>+0
ttc 12, d6 thi ham s6 cit truc Ox tai diém duy nhat
< phuong trinh ¢6 ding 1 nghiém.

137



Vidu3: (Dé thi dai hoc khoi B —2004): Xéc dinh m dé phuong trinh sau ¢6 nghiém:
m(\/1+x2 — V- +2)=2\/1—x4 +A1+x? —1-x2.

&S Gidi
biéu kién IxI < 1.
Pitt= Ji4x® = J1-x2, suyra2+1-x* =2 -t
Ta cé:
= t=+1+x2 — J1-x2 >0, dat dugc khi x = 0
= 2=2-21-x' <2, dat duogc khi x = +1.
Suy ra diéu kién cha dn t1A0 <t < /2. (*)
Khi d6, phuong trinh duoc chuyén vé dang:

O +t+2
mt+2)=2-t’+te ——— =m
t+2

Khi d6, phuong trinh ban dau ¢6 nghiém
< (1) ¢6 nghiém thoa man (*)

&)

_ 42
< Puong thang y = m cét phan d6 thi ham s6 y = t+—t2+2 trén [0; /2 1.
+
_ 42
Xéthamsoy = tt+—t2+2 tren D = [0; /2 1.
+
bao ham:
.-t —4t S <& mohieh &
y'= (12 <0, VteD < ham s6 nghich bién trén D.

Vay, diéu kién la:
y(v/2)<m<y0) = V2 —1<m<1.
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CHUONG 2 — HAM S§ LUY THUA,
HAM SO MU VA HAM SO LOGARIT

é. KIEN THUC CAN NHO §%§
. LUY THUA

Dinh nghia 1: (Luy thita vdi s6 mii nguyén): V6i a = 0, n = 0 hodc n 1a mot s6 nguyén
am, luy thira bac n cua a la s6 a" xac dinh boi:
a’=1,
.. A
a" = — vOi n nghuyén am.
a

Dinh nghia 2: (Cdn bdc n): VGi n nguyén duong can bac n cua so thuc a 1a s6 thuc b
(néu cd) sao cho b" = a.
Ta thira nhan hai khang dinh sau day:

= Khinlaso 1&, mbi s6 thuc a chi ¢6 mot can bac n, ki hiéu ¥a .
= Khi n Ia s6 chdn, méi s& thuc duong a cé ding hai can bac n 1a hai s6 d6i
nhau. Can c¢6 gia tri duong ki hiéu la Ya (con goi la can s6 hoc bac n cuta a),
can c6 gid tri am ki hiéu 1a va —4/a .
Dinh nghia 3: (Luy thita voi s6 mii hitu t7): Cho a la s6 thuc duong va r 1a mot s hitu
ti. Gia st r = E, trong d6 m la mot s6 nguyén con n la mot so
n

nguyén duong. Khi do, luy thira ctia a v6i v6i s6 mil r 1a s6 a* xac dinh
bai:

Tinh chdt cua luy thira: Véia>0,b > 0, ta co:

1. a"a™=a"*m 4. (ab)"=a".b"
2. an =a"""m 5. 12 = a .
a b bn

3. (@m)"=amn

Dinh li 1: Cho m, n 1a nhiing s6 nguyén. Khi do:
1. Véia> 1 thia™ > a" khi va chi khi m > n.
2. Vé6i0<a<1thia™>a"khivachikhim<n.

II. LOGARIT
Dinh nghial: Cho 0 <a# 1,b > 0, ta dinh nghia
a=logb<b=2a% a=Igb<b=10% a=Inb< b=¢?
tir dinh nghia ta duoc:
log.1 =0, log.a®=o; log.a®=b,véimoib; a°%® =bvéib>0.

139



So sanh hai logarit cung co s6
Dinh li 1: Cho céac s6 duong b va c.
(1). Khia>1 thilog.,b > log.,c < b>c.
Hé qua: Khia> 1 thilogb>0<b> 1.
(2). KhiO<a<1 thilogb>log.c<=b<ec.
Hé qua: Khi0O<a<1thilogb>0&b< 1.
(3). log.b=log.c =< b=c.
Cac quy tac tinh logarit
Dinh li 2: Vé6i a duong khac 1 va cac s6 duong b, c, ta co:
(1). logib + log.c = loga(bc),
Trudng hop chi ¢6 be > 0 thi log,(xy) = log, b + log, lc].

(2). log.b —logc = logaE ,
(&

trudmg hop chi ¢6 be > 0 thi log.2 = log. | b| —Tog. | ¢] .
C

(3). log.b* = alog.b,
Truong hopb € R va o = 2k, k € Z thi log.b® = alog, | b .

Hé qua: V&i n nguyén duong thi
loga% = —log.b; log.4b = llogab.
n

Déi co s6 ciia logarit
Dinh li 3: V6i a, b duong khac 1 va s6 duong c, ta c6:
logwc = log_a;:) hay log.b.log,c = log.c.

a

H¢ qua: Ta cé:

»= Vi a, b duong khéc 1 thi log.b = .
logy, a

= Véiaduong khéc 1, ¢ 1a s6 duong va o # 0, tac6 log , ¢ = ilogac.
(04
Truong hopa € R,a=1vaa=2kk e Z thi log, ¢ = — loguc.
o
III. HAM sO MU

Dinh nghia: Ham s6 mii cos6a (0 <a=# 1) cé dangy = a*.
Dao ham cua ham sé mii: Ta ghi nhan céc két qua sau:

x—0 X
b. Véimoix € R,taco (e*)' =e* va (a*) = a*.lna.
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c. Néu u = u(x) la ham s6 c¢6 dao ham trén J thi véi moi x € J, ta c6
(e")'=u'e" va (a")=u'.a"Ina.
Xétham s0y = a*, 0 <a # 1, ta ¢ cac tinh chat sau:
1. Liéntyc trén R.
2. Su bién thién: Ham s6 don diéu v6i moi x.
» Véia>1thi a™ > a*? < x; > X, tic 1a ham s6 dong bién.
= V6iO<a<1thia™ > a*? < X < xo, tiic 1a ham s6 nghich bién.
3. DO thi ciia ham s6 ¢6 2 dang va:
» Luon cat truc Oy tai A(0; 1).
*  Néam & phia trén truc hoanh.
* Nhan truc hoanh lam tiém can ngang.

IV. HAM SO LOGARIT

Dinh nghia: Ham s6 logarit co s6 a (0 <a# 1) ¢c6 dang y = log.x.
Dao ham cuia ham s6 mii: Ta ghi nhan céc két qua sau:

i In(x +1) _

a. li
x—0 X

1.

b. Véimoix € (0; +0), tacd (Inx)' = — va (logx)' = .
X x.lna
c. Néu u = u(x) la ham s6 c¢6 dao ham trén J thi v6i moi x € J, ta c6

(nu) = L va (logwu) =
u

ulna’
Xét ham s0 y = log.x, v6i 0 < a # 1, ta cd céc tinh chit sau:
1. Ham s6 lién tuc trén D= (0, + o) vatap giatril = R.
2. Su bién thién: Ham s6 don diéu véi moi x.
*  Véia>1 thilog.x: > log.Xs <> X > X, tlic 12 ham s6 dong bién.
= V6i0<a<1 thilog.x; > log.x, < X < X, tic 1a ham s6 nghich bién.
3. DO thi ciia ham s6 ¢6 2 dang va:
* Luon cat truc Oy tai A(1; 0).
* Nam 6 bén phai truc tung.
= Nhan truc tung lam tiém can ding.

V. HAM SO LUY THUA
Dinh nghia: Ham s6 liiy thira 1a ham s6 xdc dinh boi cong thitc y = x*, v6i o 1a hang
sO tuy .
Tdp xdc dinh 1a (0; +oo), trit cic truong hop sau:
= Néu a nguyén duong thi ham s6 c6 tap xac dinh 1a R.
» Néu a nguyén am hoac o = 0 thi ham s6 ¢6 tap xac dinh 1a R,
Dao ham cua ham sé liy thira: Ta ghi nhan céc két qua sau:
a. Ham s6y = x* c6 c6 dao ham tai moi diém x > 0 va:
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x%' = a.x*" .
b. Néu u = u(x) la ham s6 ¢6 dao ham va u(x) > 0 trén J thi:
u*'=a.u'u*" !, véimoi x € J.
@ Cha y: 1. V6inlaso nguyén tity ¥, ta c6 (x)' = n.x"~"' v6i moi x # 0; va néu
u = u(x) 1a ham s6 ¢6 dao ham va u(x) # 0 trén J thi (u")' = n.u'.u"

~!, v6imoix e J.
2. Ta cé:

1
(Wy=——.
nn Xn—l
v6i moi x > 0 néu n chan, v6i moi x # 0 néu n 1€.
3. Néu u = u(x) 1a ham s6 ¢6 dao ham trén J va thoa man diéu kién u(x)
> 0 v6i moi x thuoc J khi n chan, u(x) # 0 v6i moi x thudc J khi n
1é thi:
(Ruy=—2_.
nn Lln_l
VI. CAC DANG CO BAN CUA PHUONG TRINH, BAT PHUONG

TRINH MU VA LOGARIT
1. Phuong trinh mii co ban c6 dang a* = m, trong d6 a > 0 va m la s6 da cho.
Khi dé:
* Néu m <0 thi phuong trinh v6 nghiém.
*  Néu m > 0 thi phuong trinh c6 nghiém duy nhit x = log.m.
Ta c6 cac két qua:
a™ = at® < f(x) = g(x).
Véia> 1 thi a™ > at® < f(x) > g(x).
V6i0<a<1thia™ >at® < f(x) < g(x).

2. Phuong trinh logarit co ban c6 dang log.x = m, trong d6 m 1a s6 da cho.
Ta phai c6 diéu kiénx >0va0<a= .
Vi moi m phuong trinh luén ¢6 nghiém duy nhat x = a™.
Ta c6 cac két qua:
log.f(x) = log.g(x) < f(x) = g(x) > 0.
Véi a> 1 thi log.f(x) > log.g(x) < f(x) > g(x) > 0.
V6i 0 < a< 1 thi log.f(x) > log.g(x) < 0 < f(x) < g(x).

MOT S6 PHUGNG PHAP GIAI PHUONG TRINH, BAT PHUONG TRINH MU VA LOGARIT

a. Phuong phdp dua vé cung co sé
b. Phuong phdp didt dn phu
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c. Phuong phdp logarit héa: Ta c6 thé gidi mot phuong trinh c6 hai vé& luon
duong bang cach ldy logarit hai vé€ theo cing mot co s thich hop.
d. Phuong phdp su dung tinh chdt dong bién hay nghich bién cua ham sé

B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN
°

§ 1. HAM SO MU VA HAM SO LOGARIT
Dang toan 1: Gi6i han caa ham sd mii va 16garit

Phuong phap
Chung ta c6 cac dang gidi han dac biét sau:
. e -1
a. lim—— =1 c. lim(l+ 1y =e.
X—>0 X
b lim D d. lim (1+x)"* =e.
x—0 X x—0
& Mo rong:: Ta c6:
o _ In[f(x)+1
U ]
fse 1) o )

& Quy tic Lopitan: Néu f(x), g(x) khd vi & ldn cdn xo tri tai diém xo, thi:
lim f(x) = lim g(x) = o0 va g'(x) # 0 & 1an can x,,

dong thoi:
tim 2% = A thi fim L&) = A,
X*)XO g (X) X*)XO g(X)
Quy tdc van ding véi x— .
Thi du 1. Tim cdc gioi han sau:
2 3x+2 2X _ 3x
a. lime—S . b. lime——S
x—0 X x—0 X
&5 Gidi
a. Ta bién déi:
2 _ 3x+2 _ 2 3x _
Tl T Gl NS
x—0 X x—0 3X
b. Ta bién doi:
2x 3x 2x _ _ 3x 2X _ 5x _
lime e’ _ ime 1+1-e - lim 2(e D lim3(e 1)
x—0 X x—0 X x—0 2X x—0 3x
=2-3=-1.
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& Nhdn xét: Qua thi du trén:

f(x) -1

= O cau a), dé 1am xuat hién dang giéi han lim
X—)XO X
f(x)—>0

ching

ta thuc hién nhém nhan tir chung €.

= O cau b), ching ta tich gi6i han ban ddu thanh hai giéi han co
ban bang viéc thém bét 1.

= VGéi quy tac Lopitan, ta c6:

) _ 3x+2 eZ _63x+2 1
imE—% - lim( ) =11m(—3e3”2) = —3¢?
x—0 X x—0 (X)' x—0
2x _ Ix er _CSX 1
limS—% = lim( ) =lim(2e™ ~3e™)=2-3=-1
x—0 X x—0 (X)' x—0
Thi dy 2. Tim cdc gioi han sau:
T b. lim Jer -1
) x—>04/X+1_1. x50 sin 2x '
&5 Gidi
a. Taco
lim —S 1 = jig & DOXFLHD
x—)OJX_;r_l_l x—0 X
b. Taco:
e -1
lim ¥l ofim L x 1
x—0 Slan x—0 (\/67+1)Sin2X x—0 (\/e—x-l-l) 2Sln2X 4
T2x
- N . . 50 =2
Thi dy 3. Tim gidi han lim— )
x>0 X —3x
&5 Gidi
Ta bién déi:
xIn5 _1 xIn2 _1
Sx _9X elnSX _eanX 1n5.e _1n2.e
lim>——=— = lim ———— = lim —XIn3 X
x—=0 x —3X x—0 X(X_3) x—0 X_3
In5—1In2 1, 5
e T
-3 3 2
Thi dv 4. Tim cdc gioi han sau:
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. InQx+1)

a. li b. 1
x—0 X x—0
&5 Gidi
a. Ta bién déi:
o XD L 2IQxAD) o
x—0 X x—0 2x
b. Ta bién déi:
2 2
lim In(1+2x~)  lim 2xIn(1+2x7) —01=0
x—0 X x—0 2X2
Thi du 5. Tim cdc gioi han sau:
a lim In(4x +1)—In(2x +1) ‘ b 1im ‘
x—0 X x—0 ex + 1

&5 Gidi

a. Ta bién déi:

li

x—0 X x—0 X

- In(4x +1)—In(2x +1) - lim {ln(4x +1)  In(2x+1)

_ liml:4ln(4x+l) _ 2In(2x +1)

x—0

4x
b. Ta bién doi:

n x?+1 Inx*+1) In(x+1)
In(x*+1)-1 1 B
lim— XFL = D =InGx+D e
x—0 ex +1 x—0 CX +1 x—0
. xIn(x*+1) .. In(x+1)
CMime s Im e T 0
.oet+1
lim
x=0 X

Dang toan 2: Tap xac dinh cua ham s6 mi va 16garit

Thi du 1. Tim tdp xdc dinh cua cdc ham so:
2 y= In(x +1) .
X
&5 Gidi

a. Diéu kién:

x+1>0 x>-1
= < -1<x#£0.
x=0 xz0

b. y=Ilog, Ll

, VoI X > —1.
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Vay, ta dugc tap xac dinh D = (—1; +0)\{0}.
b. Dicu kién:

0<x#l rgexe1  [0<x=l
1 x> 1.
—>0 x—1>0 x>1
x—1
Vay, ta dugc tap xac dinh D = (1; +o0).
: o 27 —2x+1
Thi dy 2. Tim tdp xdc dinh cua ham s6'y = lg?.

&5 Gidi
Ham s6 g(x) =2!'"*—2x + 1 nghich bién, c6 g(1) =0, nén:
= gx)>0gx)>g(l)ex<]1.
" () <0 g(x)<g(l) x> 1.
Ham s6 ¢6 nghia khi:

2" -1>0 x>0

2= _9ax 41 2 _2x4+1>0 x <1
- >0 = =0<x<1.

2*—1 22X _1<0 {x<0

27 _2x+1<0 x>1

Vay, ta dugc tap xac dinh D = (0; 1).

Dang toan 3: Xét tinh lién tuc ciia ham s6 mi va logarit
Phuong phap
Ta thuc hién theo cac budc sau:
Budc I Khezmg dinh ring ham s6 xac dinh tai diém x,, tinh f(x).
Budc 2 Xac dinh lim f(x).

X—Xg

Budc 3:  Kiém nghiém f(xo) = lim f(x).
Budc 4 Két luan.

Thi du 1. Xdc dinh a dé ham s6 sau lién tuc trén R :
In(x>+1) ..
——~ khix#0
f(x) = e —1 .

a—1 khi x =0
&5 Gidi

Piéu kién can va di 1a nd lién tuc trén R 12 nd lién tuc tai diém xo = 0, tic:
f(0) = limf(x).
x—0

Ta co:
f(0O)=a—1.
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In(x> +1) x.In(x> +1)

2 2
limf(x) = limw = lim—%— = lim—X =0
x—0 x—0 e X _1 x—0 e X _1 x—0 2(e X _1)
X 2x

Khi d6, diéu kién (*) tr& thanh:
a=1=0<a=1.
Vay, v6i a = 1 thoa man diéu kién dau bai.

Dang toan 4: Tinh dao ham cua cic ham sg luy thua, mi, 16garit va
ham s6 hgp cua chung
Phuong phap
St dung céc két qua trong phan kién thic co ban cin nhé.

Thi du 1. Chiing minh rang ham sé'y = In . thod madn hé thiic xy' + 1 =¢.
+X
L5 Gidi
Trudc tién, ta co:
yzlnL =—In(l+x)=>y'=- ! .
1+x 1+x
Khi do6:
1
va +1=— X +1= 1 _ elﬂ1+X = ey, dpcm
1+x 1+x
Thi dy 2. Tinh dao ham cua cdc ham s sau:

a. y=x"Ve*+1. b. y=x"Invx*+1
&S Gidi
a. Tacé:

2 . 2x 2 . 2x
y'=(x2\/ezx+l)'=2x\/e2"+1+4x—'e =2x e2X+1+2x—.e
2Ve™ +1 Ve +1

~ 2X(62X + 1)+2xz.e2X 2)((62X +1 +Xe2X)

\/ezx+1 \/ezx+l

(\/x2+1)' X2
—:=2X.IH\IX2+1+ 2
Vx®+1 X" +1

b. Ta co:

y'=2x.InvVx* +1+x°.

Dang todn 5: Ung dung dao ham d€ khio sat va vé d6 thi ham s& mii
va légarit. Cac bai todn lién quan
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Thi dy 3. Cho ham s6 (Cr): y = xe™.
1. Véim=-2:
a. Tim cdc khodng tang, giam va cuc tri cia ham s6 (C).
b. Bién ludn theo a s6' nghiém cua phuong trinh xe ™ = a.
c. Tim b dé phuong trinh sinx.e ™™ = b ¢é dung hai nghiém phdn
biét thuoc khodng [0; wt].
d. Viét phuong trinh tiép tuyén ciia do thi (C) tai diém c6 hoanh
dox=1.
2. Timm dé:
a. Ham so dong bién trén R. b. Ham s cé cuc tri.
c. Ham sé cé cuc tiéu.
L5 Gidi
1. Véim =-2ham s6 c¢6 dang (C): y = xe ™.
a. Ta lan luot c6:
(1). Ham s6 xac dinhtrén D= R.
(2). Su bién thién cua ham so:

» Gidi han ctia ham s6 tai vo cuc  lim y =—o0, lim y =0.
X—>—00 X—>+00

» Bang bién thién:
y=eZ-2xe>=e>*(1-2x), y=0e*1-2x)=0=x = % )
X | —oo 0 1/2 1 40
y' + 0
0

Cb l/_e2
Y e — 126 ——0 0

Két luan:
» Ham s6 dong bién trén khoang (—oo; %) va nghich bién trén khoang (% + oo) .

* Do thi ham s6 dat cuc dai tai diém A(%; %) )
e

b. S6 nghiém cuia phuong trinh xe™>* = a 1a s6 giao diém ctia d6 thi (C) vé6i dudng
thang y = a. Ta c6:
* Vi a =0, phuong trinh cé nghiém duy nhat.

= Véi0<a< 2i , phuong trinh c6 hai nghiém phan biét.
e
= Véia= ZL’ phuong trinh ¢6 nghiém duy nhat x = %
e
= Véia> ZL’ phuong trinh vo nghiém.
e

c. batt=sinx, 0 <t<1, phuong trinh c6 dang te™* =b. Q8
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Nhan xét rang v6i moéi toe[0; 1) thi:
sinx = to phuong trinh nay c6 2 nghiém thuoc khoang [0; =].
Vay, diéu kién 1a dudng thang y = b cat do thi (C) phan [0; 1] tai diing mot diém:

1
=0<m< —-
c

d. Phuong trinh tiép tuyén ctia d6 thi (C) tai diém c6 hoanh do x = 1 Ia:
@iy -y =y (D= D& @:y=-x+ 5.
2. Trudce tién, ta co:
(1). Ham s6 xac dinh trén D= R.
(2). bao ham:
y'=e™ + mxe™ = e™(1 + mx),
y=0e™(1l+mx)=0< mx+1=0. )
a. Ham s6 dong bién trén R khi:
y20v6imoixe R ©&mx+120véimoixeR <& m=0.
b. Ham s6 ¢6 cuc tri khi:
Phuong trinh (1) ¢6 nghiém duy nhat << m = 0.
c. Ham s6 ¢6 cuc tiéu khi (1) c6 nghiém duy nhat va qua d6 y' d6i ddu tir — sang +,
tic m > 0.

§2. PHUOGNG TRINH MU VA LOGARIT

Dang toan 1: Phuong phap dua vé cung co s6 gidi phuong trinh mi

va logarit

Phuong phap
Dang 1: Phuong trinh:
a=1
a™ =at®W < | [0<a=#1 hoic {a>0 )
(a-DIf(x)-gx)]1=0
f(x) = g(x)

O<a=l
f(x)=g(x)>0’
Chu y: Viéc lua chon diéu kién f(x) > 0 hoac g(x) > 0 tuy thudc vao
do phtc tap cta f(x) va g(x).
Dang 2: Phuong trinh:

O<a#1,b>0 O<a=l
a™w =bh = ; log.f(x) =b < )
f(x)=log, b f(x)=a

log.f(x) =log.g(x) < {

Thi dv 1. Gidi cdc phuong trinh sau:

X

a. 8T o gt b. 0,125.4%*-3 = (4&)
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&5 Gidi

a. Phuong trinh duoc bién déi vé dang:
2T = (22T S 3(xP - AxP + X +2) = 2(x7 — X +2)
S3x3-14x2+5x+2=0

<:>(3x—2)(x2—4x—1):0c>x:§vx:2i J5.

Vay, phuong trinh c¢6 ba nghiém phan biét x = % x=2+4/5.

b. Vi0,125= % =273 nén ta bién d6i phuong trinh vé dang:

1 5
X 5x

27302 -3 = (2222) = 2% =22 o 4x-9= =

S 8x—-18=5x<=3x=18<x=6.
Vay, phuong trinh c6 nghiém la x = 6.

@ Nhdn xét: Trong 1o giai trén:

» Vi phuong trinh a™ = b# ta cin chon phan tr trung gian ¢
dé bién déi phuong trinh vé dang:
(Ca)f(X) — (CB)g(X) & cU®) = P OLf(X) — Bg(x),
» V6i phuong trinh ax® + bx* + ¢x + d = 0 ta s dung két qua
“Néu a, b, ¢, d nguyén va phuong trinh cé nghiém hitu ty P ihi
q
P, q theo thit tu la udc ciia d va a" dé doan nhan duoc nghiém

X = % _tir d6 phan tich phuong trinh trd thanh:

(Bx-2)(x*—-2x-2)=0.

Thi dv 2. Gidi cdc phuong trinh sau:

a.

log>(3x + 2) = loga(x® — 4x* + 2x + 6).

b. log:x —logox = log, V2. c. log ;x .logx.logix = 8.

&5 Gidi

3

a. Phuong trinh dugc bién déi vé dang:
3x+2=x>-4x>+2x+6>0

3x+2>0 X>—— x=1
= 3 ) = = .
X —4x"—x+4=0

2
3
x*-1D(x-4)=0

Vay, phuong trinh c¢6 hai nghiém phan biét x = 1, x =4.
b. Diéukién x > 0.
Bién déi phuong trinh vé dang:
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logsx — %loggx = —%10g32 Slogix =-log2 < x=2"= %
Vay, phuong trinh ¢6é nghiém la x = %
c. Diéukién x > 0.
Bién déi phuong trinh vé dang:
%logzx.logzx.Zlogzx =8 < logijx =8 < logix =2 < x=22=4.
Vay, phuong trinh c6 nghiém la x = 4.
& Nhdn xét: Trong 10 giai trén & cau a), ching ta da st dung két qua trong chd §
& cudi dang 1 dé tranh phai kiém tra diéu kién x* — 4x> + 2x + 6 > 0.
Thi dv 3. Giai cdc phuong trinh sau:
a. 6°—3-2"14+2=0.
b. logs{2logs[1 + logx(1 + 3logxx)]} = %
L5 Gidi
a. Phuong trinh dugc bién déi vé dang:
Q23))-3-2242=0=3*2*-1)-22*-1)=0
2*—1=0 2" =1 x=0
= =
3*-2=0 3 =2
Vay, phuong trinh c6 hai nghiém phan biét x = 0, x = logs2.

<:>(2X—1)(3X—2)=0<:>{
x =log, 2

b. Phuong trinh duoc bién déi vé dang:
2logs[1 + logx(1 + 3logxx)]} =2 < logs[1 + loga(1 + 3logox)] = 1
< 1 + logao(1 + 3logox) =3 < loga(1 + 3logex) =2 < 1 + 3logx =4
Slogx=1<x=2.
Vay, phuong trinh c¢6 nghiém duy nhat x = 2.

@ Nhdn xét: Trong 15i giai trén:
= O cau a), ching ta da st dung phuong phap phan tich thanh
nhan tr dé chuyén phuong trinh vé dang tich. Va tir d6, nhan
duoc hai phuong trinh mii dang 2.
= O caub), ching ta da sir dung phuong phdp bién ddi dan dé
loai bo dugc logarit. Cach thuc hién nay gidp chiing ta tranh
duoc phai dat diéu kién c¢6 nghia cho phuong trinh.

Dang toan 2: Phuong phap dit 4n phu gidi phuong trinh ma va

l6garit
Phuong phap
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Phuong phdp diung dn phu 1a viéc st dung mot (hoac nhiéu) 4n phu dé chuyén
phuong trinh ban diu thanh mot phuong trinh hoac hé phuong trinh véi moét (hoac
nhiéu) 4n phu.

1. Cac phép dat 4n phu thudng gap sau d6i v6i phuong trinh mii:
Dang 1: Phuong trinh ou@™ + ou—1a*~ "...oua* + o0 = 0,
khi d6 dat t = a*, diéu kién t > 0, ta duoc:
okt® + oy — 1t Lot + oo = 0.
Mo réng: Néu dat t = a™, diéu kién hep t > 0. Khi do:

a2f(x) — t2, a3f(x) — t3, .y akf(x) — tk Vél a—f(x) — l .
t
Dang 2: Phuong trinh oja* + oob* + o3 =0, véia.b =1

Cas e N 1
khi dé dat t = a*, diéu kién t > 0, suy ra b* = —, ta dugc:
t

o
(X1t+—2 +(X3=O<:>Cl1t2+0(3t+0.2=0.
t

Mo réong: V6i ab = 1 thi khi dat t = a™), diéu kién hep t > 0, suy ra
bl — l
t

Dang 3: Phuong trinh oua™ + ax(ab)* + osb™ =0,
khi d6 chia hai vé€ ctia phuong trinh cho b > 0 (hoac a*, (a.b)¥), ta dugc:

2x X
ol Ej +062[i +OL3=O
b b

aY ...
batt= [EJ , diéu kién t > 0, ta dugc out® + ont + a3 = 0.

Mo réng: V6i phuong trinh mii ¢6 chita cdc nhan tr a¥, b*, (a.b)", ta
thuc hién theo cdc budc sau:
- Chia hai v&€ cua phuong trinh cho b* > 0 (hoac a*,

(a.b)).

f
- Patt= (%} , diéu kién hep t > 0.

@ Chi y: Ta sl dung ngon tix diéu kién hep t > 0 cho trudng hop dat t = a™ vi:
» Néu dat t = a* thi t > 0 1a diéu kién ding.
= Néu datt= 2" thi t> 0 chi 1a diéu kién hep, bdi thuc chét diéu
kién cho t phai 1a t > 2. Diéu nay dic biét quan trong cho 16p céc
bai toan c6 chita tham so.

2. Céac phép dat 4n phu thudng gap sau doi véi phuong trinh logarit:
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Dang 1: Néu dat t = log.x v6i x >0 thi log} x =t*, log.a = 1 vei0<x # 1.
t

Dang 2: Tabiét rang a"**° = ¢"**, do d6 néu dat t = a"*** thit= x"*®*

Tuy nhién, trong nhiéu bai todn c6 chita a'**, ta thuong dit 4n phu
dan v6i t = logsx.

Thi dv 1. Gidi cdc phuong trinh sau:
a. 4#+321-16=0. b. (Jz-ﬁ)x+(J2+ﬁ)x =4,

&5 Gidi
a. Dart =2 (diéu kien t > 0).
Phuong trinh duoc bién déi vé dang:
t =—8 (loai)
t=2

22"+6.2"—16=0<:>t2+6t—16=0<:>{ S2P=2ex=1.

Vay, phuong trinh c6 nghiém x = 1.
b. Nhan xét rang:

\/2—x/§.\/2+\/§ =\/(2—\/§)(2+\@)=1,
Dodé,né’udatt:(\/2+\/§)X,diéukiént>0,thi( 2-ﬁ)x L

Khi d6 phuong trinh tuong duong véi:

t=2+\/§
t=2-+3

(V23] =245 |(2443) =2443
(V23] =2-3 |(2445) ~(2443)"

Vay, phuong trinh c6 hai nghiém phan biét x = £2.

t+%:4<:>t2—4t+1:0<:>{

X1
2 x=2
= Py = .
X Xx=-2
2
2

& Nhdn xét: Nhu vay, thong qua thi du trén ching ta di duoc 1am quen véi hai
dang dat 4n phu co ban clia phuong trinh mil. Va & do:
* V6i cau a) chiing ta cin t6i phép bién d6i 4* = 2% va 2**+' =2.2%
dé dinh huéng cho 4n phu t = 2*,
» Véi cau b) cdc em hoc sinh can biét cich m& rong phuong
phép cho dang phuong trinh:
o + oub* + asc* =0, véi a.b =c>.
R6i thuc tap bing cach giai phuong trinh:
B+ 5 +73 -5y =2"2
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Thi dv 2. Giai cdc phuong trinh sau:
a. 3**1+18.3*=29, b. 5.4*-2.6=3>""
&S Gidi
a. Patt=3% didukien t> 0.
Bién déi phuong trinh vé dang:

3.3"+18.3iX =29<:>3t+% =29 32 -29t+ 18=0

(=9 1¥=9 Tz [xo2 x=2
=S = )& = S :
t=— == 3 =9 x+1=log,2 x=log,2-1

3 3
Vay, phuong trinh c6 nghiém la x = 2 hodc x = logs2 — 1.
b. Viét lai phuong trinh duéi dang:
5.2% —-2.(2.3)=3.3"
Chia ca hai v€ ctia phuong trinh cho 3% > 0, ta duoc:

{3 o) A

batt= (%) , diéu kién t > 0, ta duoc:

t>0 x
560-2t-3=0ct=1< @j =1<x=0.

Vay, phuong trinh c6 nghiém x = 0.

Thi dv 3. Gidi cdc phuong trinh sau:
a. log’x’—20log,\/x +1=0. b. loge27 —logs3 +10gs243 = 0.

L5 Gidi
a. Diéukiénx >0.

Bién déi phuong trinh vé dang:

(3logsx)* — 20.%10g3x + 1 =0 < 9logs’x — 10logsx + 1 =0.
Dit t = logsx, ta bién déi phuong trinh vé dang:
9t2—10t+1=0<:>{t:1 @FO&XZI ©[X31 .
t=1/9 log,x=1/9 x=3" =33
Vay, phuong trinh ¢6 nghiém 12 x = 3 hodc x = /3.
b. Diéu kién:

0<9x =1
{ OXF & x € (0; +o)\{ ;%}.

1
0<3x#1 9
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Bién déi phuong trinh vé dang:
31
log,9x log,3x

3logox3 — logs3 + %.510g33 =0 + % =0

3 ! +§:0.

@ —
I+log,3x log,3x 2
bat t = logs3x, ta bién déi phuong trinh vé dang:

31 +%=O<:>6t—2(1+t)+5t(1+t):()©5t2+9t—2:0

1+t t
{t =0,2 {log; 3x=0,2 |:3x =302 {x =308
= = i = = .

t=-2 log,3x =-2 3x =372 x =3

Vay, phuong trinh ¢6 nghiém 1a x = 37%% hoiac x = 37,

& Nhdn xét: Nhu vay, thong qua thi du trén ching ta da dugc 1am quen véi
dang dat 4n phu co ban clia phuong trinh logarit. Va & d6:
* V6i cau a), cdc em hoc sinh dé nhan thdy 4n phu t = logsx.
Tuy nhién, rdt nhiéu em bién d6i nham log; x* =3log’ x .
* Véi cau b), chiing ta can sir dung cong thitc déi co s6 dé 1am
xuat hién an phu.

Thi dv 4. Gidi cdc phuong trinh sau:

log, x _ log, 4x b, 3lmx L plex _ o yloss
log,2x log, 8x

L5 Gidi
a. Diéu kién:
x>0
0<2x#1 & x € (0; +o)\{
0<8x#1
Bién déi phuong trinh vé dang:

11
>3 b ()

1
log,x glogz ax - log,x  2(2+log,x)

1+log,x 3(3+log,x)

1 1
Elog2 2x Z]og2 8x
Dit t = logyx, ta bién déi phuong trinh vé dang:

t=1 log, x=1 x
<~ f—
t=—4

_t_2CHY ey a0 {

1+t_3(3+t) log, x=-4 X=—

Vay, phuong trinh c¢6 nghiém la x = 2 hoac x = %

b. Diéu kién x > 0.
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Bién déi phuong trinh vé dang:
3310g2x + 1210g2x — 2.810g2x P 33log2x + (322 )logzx — 2‘2310g2x . (**)
Dat t = logsx, ta bién déi phuong trinh vé dang:

R < A I A
37+(32) =227 &< | —| +|—| =2.
2 2

bat uztgj (diéu kién u > 0), ta bién d6i phuong trinh vé dang:
wv+u-2=0<@w-1DW+u+2)=0
u=1 3\
@{ @(—j =lot=0<logszx=0x=1.

u’ +u+2=0 (vo nghiém) 2
Vay, phuong trinh ¢6 nghiém la x = 1.

@ Nhdn xét: V6i cau b) cic em hoc sinh c¢6 thé gidm bét mot 1an dat 4n phu
bang cdch chia hai v&€ ctia phuong trinh (*) cho 2°'°%*,
Thi du 5. Gidi phuong trinh 1g°x — 1gx.logx(4x) + 2log.x = 0.
&5 Gidi
Diéu kién x > 0.
Bién déi phuong trinh vé dang:
1g2x — (2 + logox)lgx + 2logox = 0.
bat t = Igx, khi d6 phuong trinh tuong duong véi:
2 — (2 + logax).t + 2logx =0
ta co:
A =2+ logxx)? — 8logox = (2 — log:x)?
suy ra phuong trinh c6 nghiém:

lgx =2
{t=2 {1gx=2 {x=100
= .

<~
t =log, x lgx =—— lgx=0 x=1

g2
Vay, phuong trinh c¢6 hai nghiém x = 100 va x = 1.

& Cha y: Mot mo rong kha tu nhién ctia phuong phap dat 4n phu kiéu nay 1a
ching ta c6 thé sit dung ngay céc hing s6 hodc cdc tham so trong
phuong trinh dé 1am 4n phu, phuong phap nay c6 tén goi 1a "Phuong
phdp hdng s6 bién thién".

Dang toian 3: Phuong phap légarit hoa giai phuong trinh mi va
l6garit
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Phuong phap
Ta c6 thé giai mot phuong trinh ¢6 hai vé& luon duong bang cdch 14y 16garit hai vé
theo cing mot co s6 thich hop.
Cu thé:
a™ =b < loga™ = log,bt™ < f(x) = g(x).log. b
hoac logpa™ = logbt™ < f(x).logpa = g(x).
hoac log.a™ = logbt™ < f(x).log.a = g(x).logcb.

@ Chu y: Phuong phép logarit hod to ra rat hiéu luc khi hai v& phuong trinh c6
dang tich c4c luy thtra.
Thi dv 1. Giai cdc phuong trinh sau:
x—1
a. 2" =3". b. 5.8 x =500.
&S Gidi
a. Ta trinh bay theo cdc cich sau:
Cdch 1: Lay logarit co s6 3 hai v€ cua phuong trinh, ta duoc:

log, 2" =log,3” < 3'log,2=2" < @j =log,2 < x = log, log,?2 .
3
Vay, phuong trinh ¢6 nghiém la x = log, log,2 .
3
Cdch 2: Lay logarit co s6 2 hai v€ cua phuong trinh, ta duoc:

log,2” =log,3” < 3*=2"log,3 < G) =log,3 < x = log, log, 3.
2
Vay, phuong trinh ¢6 nghiém la x = log, log, 3.
2
Cdch 3: Lay logarit co s6 10 hai v€ cta phuong trinh, ta duoc:

1g2* =1g3” < 3g2=2g3 < [EJ _ 183 o log, log, 3.
2)  1g2 2
Vay, phuong trinh ¢6 nghiém la x = log, log, 3.
2
b. Diéu kién x # 0. Téi day, ta trinh bay theo céc cach sau:
Cdch 1: Lay logarit co s6 5 hai v€ cua phuong trinh, ta duoc:

x—1 x-1
log, [SX.S x J =log;500 <> logs5" +1log, 8 * =log, 125 +log, 4

x—1
< X+

log,8=3+2log,2 < x*+3(x—Dlogs2=x(3+2log;2)
X
< x* +(logs2-3)x—3log;2=0
taco A = (logs2 —3)2 +12logs2 = (log; 2+ 3)2 phuong trinh ¢6 nghiém:
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o 37log 2+ (og2+3) [x=3

2 x =—log, 2

Vay, phuong trinh c6 hai nghiém x = 3, x = —logs2.
Cdch 2: Bién d6i phuong trinh vé dang:

x-1

2 32—
5358 =500 552 x =522 5732

x—1 x-3

<=1,

LAy logarit co so 2 hai v€, ta duoc:

x-3 x-3 _
log, (5"3.2Xj =0 log5 % + log,2 * =0 (x-3)log5 + X—3 =0
X
| x=3
S x-3)(log5+ —)=0< 1 .
X =— =-log,2
log, 5 |

Vay, phuong trinh c¢6 hai nghiém x = 3, x = —logs2.

@ Nhdn xét: Nhu vay, thong qua thi du trén ching ta da dugc 1am quen véi
phuong phap logarit hdéa. Va & do:

Vi cau a) da trinh bay cdc cach 1ay logarit hoa hai vé€ cia mot
phuong trinh.

Véi cau b) cac em hoc sinh s€ nhan thdy tinh linh hoat trong
viéc sir dung cdc phép bién déi dai s truée khi thuc hién phép
logarit héa hai vé& cia mot phuong trinh dé gidm thiéu tinh
phtc tap.

Thi dv 2. Giai cdc phuong trinh sau:

a. 377°s* =8lx. b. x0.57°%° =573,
&5 Gidi
a. Diéukiénx >0.

LAy logarit co s6 3 ca hai vé€ clia phuong trinh, ta dugc:

10g3 32—]0g3 X

=logs(81x) < 2 —logsx =4 + logsx <> logax =—1 <> x =37,

Vay, phuong trinh ¢6 nghiém la x = 37"

Diéu kien 0 < x = 1.

LAy logarit co s0 5 ca hai vé€ clia phuong trinh, ta dugc:
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logs(x®.57"°

) = logs5™ <> logsx® + logs 575 = -5

& 6logsx —log5 =-5.
Dit t = logsx, ta bién déi phuong trinh vé dang:

6t— 1 =5
t

t=-1 log, x =-1 x=5"
S6+5t-1=0< = = .
t=1/6 log,x=1/6 x=%5

Vay, phuong trinh ¢6 nghiém 12 x = 5! hodc x = /5.



Dang toin 4: Phuong phap st dung tinh chat cta ham s8 dé giai
phuong trinh ma va l6garit
Phuong phap
Ta str dung céc tinh chét sau:
Tinh chdt 1. Néu ham f tang (hodc giam) trong khoang (a, b) thi phuong trinh f(x) = k
c6 khong qua mot nghiém trong khoang (a, b).
Phuong phap ap dung: ta thuc hién theo cac bude sau:
Bude - Chuyén phuong trinh vé dang f(x) = k.
Buoc 2. Xét ham s y = f(x).
Duing 1ap luan khang dinh ham s6 1a don diéu ( gia sit dong bién).
Budc 3. Nhan xét:
*  Véix =xo < f(x) = f(x0) =k, do d6 x = x¢ 1a nghiém
 V6ix > xo < f(X) > f(x0) < f(x) >k, do d6 phuong trinh v6 nghiém.
" Véix < xo < f(x) < f(x0) < f(x) <k, do d6 phuong trinh vo nghiém.
Budc 4 Vay x = xo 1a nghiém duy nhat ctia phuong trinh.
Tinh chdt 2. Néu ham f tang trong khoang (a; b) va ham g 1a ham hang hoac 1a mot
ham giam trong khoang (a; b) thi phuong trinh f(x) = g(x) c¢6 nhiéu nhat mot nghiém
thudc khoang (a; b) (do d6 néu ton tai xoe(a; b): f(xo) = g(xo) thi d6 1a nghiém duy
nhat cta phuong trinh f(x) = g(x)).

Thi dv 1. Gidi cdc phuong trinh sau:
a. 2*4+3*=5. b. loga(x +2) + logs(x + 3) = 2.
&5 Gidi
a. Nhan xét rang:
= VEétrdi ctia phuong trinh 1a mot ham dong bién.
= V& phai ctia phuong trinh 12 mot ham héng.
Do vay, néu phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.
Nhan xét rang x = 1 1a nghiém ctia phuong trinh vi 2! + 3! = 5, diing.
Vay, phuong trinh c¢6 nghiém duy nhat x = 1.
b. Diéu kién x > —2. Nhan xét rang:
» V€ trdi cua phuong trinh 1a mot ham dong bién.
= V€ phai ctia phuong trinh 12 mot ham héng.
Do vay, n€u phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.
Nhan xét rang x = 0 12 nghiém ctia phuong trinh vi log,2 + logs3 = 2, diing.
Vay, phuong trinh c¢6 nghiém duy nhat x = 0.
Thi dv 2. Giai cdc phuong trinh sau:
b. 3*=4-x. b. logsx =4 —x.
L5 Gidi
a. Nhan xét rang:
= VEétrdi ctia phuong trinh 1a mot ham dong bién.
= Vé&phai cua phuong trinh 1a mot ham nghich bién.
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Do vay, n€u phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.
Nhan xét ring x = 1 1a nghiém ctia phuong trinh vi:
3'=4-1& 3 =3, ding.
Vay, phuong trinh c¢6 nghiém duy nhat x = 1.
b. Nhan xét rang:
= VEétrdi cta phuong trinh 1a mot ham dong bién.
» V& phai ciia phuong trinh 1a mot ham nghich bién.
Do vay, n€u phuong trinh ¢6 nghiém thi nghiém dé 1a duy nhat.
Nhan xét rang x = 3 1a nghiém cta phuong trinh vi:
logs3=4-3<1=1, ding.
Vay, phuong trinh c¢6 nghiém duy nhat x = 3.

Thi dv 3. Gidai phuong trinh 3'~* — logax — 1 = 0.
&5 Gidi

Diéu kién x > 0.

Viét lai phuong trinh dudi dang:

1 x=1
(gj =log,x+1.

Nhan xét rang:

= Vé&trai cua phuong trinh 1a mot ham nghich bién.

= V& phai ctia phuong trinh 14 mot ham dong bién.

Do vay, n€u phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.
Nhan xét ring x = 1 1a nghiém ctia phuong trinh vi:

1-1
(%) =log,1+1 < 1 =1, ding.
Vay, phuong trinh c¢6 nghiém duy nhat x = 1.

& Chu y: 1. D6i v6i phuong trinh logarit c6 mot dang rat dac biét, d6 1a:
§**P = clogy(dx +€) + ax + B
véid=ac + o vae=bc +f3. )
Vi dang phuong trinh nay, ta thuc hién nhu sau:
Diéu kién:
O<s=#l1s
{dx +e>0
bit ay + b = logi(dx + e).
Khi dé, phuong trinh duoc chuyén thanh hé:
{wa =c(ay+b)+ox+f - {sa’”b =acy +ax +bc+f

ay +b=1log (dx +e) sY* —dx +e

160



{wa —acy +(d—ac)x+e (1) D

W —dx +e 2)
Trlr theo v€ hai phuong trinh cua (I), ta duoc:
§™ P acx = s +acy. 3)
Xét ham so f(t) = s**° + act 1a ham don diéu trén R.
Khi d6 (3) dugc viét lai dudi dang:
fx)=f(y) ©@x=y.
Khi d6 (2) c6 dang:
¥t _dx —e=0. “4)
Dung phuong phép ham s6 dé xédc dinh nghiém cua (4).

S

2. Dé st dung dugc phuong phédp trén can phai khéo I€o bién ddi
phuong trinh ban dau vé dang thoa man di€u kién (*).

Thi dv 4. Gidi phuong trinh:
6*=3log¢(5x + 1) +2x + 1.

&5 Gidi

Diéu kién:
5x+1>0< x> —%.

bt y = loge(5x + 1). Khi d6, phuong trinh duoc chuyén thanh hé:

6" =3y+2x+1 6" =2x+3y+1 (1)
= . @
y =log(5x+1) 6" =5x+1 (2)
Trlr theo v€ hai phuong trinh cua (I), ta duoc:
6* +3x=6" +3y. 3)
Xét ham so f(t) = 6' + 3t la ham don diéu trén R.
Khi d6 (3) duoc viét lai dudi dang:
fx) = f(y) = x = y.
Khi dé (2) c6 dang:
6*—5x — 1=0. )

Cdch 1: St dung bdt ddng thitc Bernouli
Bernoulli
W6+ -6)x=1 < x=0hoacx=1.
Vay, phuong trinh c¢6 hai nghiém x =0vax =1.
Cdch 2: (Su dung dinh ly Ron): Xét ham s6 g(x) = 6*—5x — 1.

* Mién xdc dinh: D= (—%; +00).

=  Pao ham:
g'(x) = 6%In6 — 5, g"(x) =6*1n%6 >0, VxeD
= g'(x) 1a ham dong bién trén D.
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Vay theo dinh 1y Ron phuong trinh g(x) = 0 ¢6 khong qua 2 nghiém trén D.
Nhan xét rang g(0) = g(1) = 0.
Vay, phuong trinh ¢6 hai nghiém x =0vax =1.

& Chu y: Ta xét dang phuong trinh lap:
fIfx)] =x,
trong d6 f(x) 1a ham dong bién trén tap xac dinh D.
Khi dé ta thuc hién:
bit y = f(x), khi d6 phuong trinh dugc chuyén thanh hé:

f(y)=x (1
{ W=x O o
y=fx) (2
Cong theo vé hai phuong trinh cua (I), ta dugc:
f(y) +y =1(x) + x. 3)
Xét ham s6 A(t) = f(t) + t 1a ham dong bién trén D (bdi f(t) 1a ham
dong bién).
Khi d6 (3) dugce viét lai dudi dang:
Ax)=Ay) ©x=y.
Khi dé6 (1) c6 dang:
f(x) = x. €))
Dung phuong phdp ham s dé x4c dinh nghiém cta (4).
Vi du sau s& minh hoa cu thé dang phuong trinh kiéu nay.
Thi du 5. Gidi phuong trinh log[3log(3x — 1) — 1] = x.
L5 Gidi
biéu kién
1
3x-1>0 x-1>0 25 +1
<~ 1 &> X> .
3log,(3x-1)-1>0 Ix—1>23
biaty = log,(3x — 1).
Khi d6, phuong trinh dugc chuyén thanh hé:
{logz(sy “D=x (1) "
y=log,3x-1) (2)

Cong theo v€ hai phuong trinh cta (I), ta dugc:
logo(3y — 1) + y = log2(3x — 1) + x. 3)
Xét ham so6 f(t) = logo(3t— 1) + t, ta co:
1

3
- Mién xdc dinh D = (2 3“; + o0).

* DPao ham:
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fi(t) = S
(3t—1)In2
Suy ra ham s6 dong bién trén D.
Khi d6 (3) duoc viét lai dudi dang:
£(x) = f(y) < x = y.

+1>0,VteD.

Khi dé6 (1) c6 dang:
logxB3x—1)=x=3x-1=2<2-3x+1=0. 4)
Xét ham s0 g(x) = 2*—3x + 1, ta cé:
1
3
. Mﬁm@@hD:@;H+w)

* Pao ham:
g(x)=2%In2 -3, g'(x)=2*In22>0,Vxe D
= g'(x) 1a ham dong bién trén D.
Vay theo dinh 1y Ron phuong trinh g(x) = 0 ¢6 khong qua 2 nghiém trén D.
Nhan xét riang g(1) = g(3) = 0.
Vay, phuong trinh ¢6 hai nghiém x =1 vax =3.

§ 3. Hii PHUONG TRINH MU VA LOGARIT

Khi giai hé phuong trinh mii va logarit, ta cling dung cac phuong phap giai hé
phuong trinh da hoc nhu phuong phap thé, phuong phap cong dai s6, phuong phap dat
4n phuy, ...

Dang toian 1: Phuong phap thé
Thi dv 1. Gidi cdc hé phuong trinh:

1"~
y+4x _ 5(y7§) 4\/; - (Ej
a. (DHKT - 1999): <X =Yy . b. .
X3 = y_l 3log9x — Z
3
&S Gidi
a. Diéukiénx,y>0. *)
Thé& phuong trinh that hai vao phuong trinh thit nhat cta hé, ta dugc:
S 3505 x=1 x=1 ™ [ x=1
x* T =x MR R <, = o
X +4x=-15x"+5x x'—16=0 x=2
Khi do:

= Véix=1lsuyray=17=1.
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. Vc’jix=2:>y:%.

Vay, hé phuong trinh c6 hai cap nghiém (1; 1) va (2; %).

b. Diéukién x > 0.
Viét lai hé¢ phuong trinh dudi dang:

2 — 1 [2x =y -1 2Wx=y-1 2%: -1
1 Py 1 = =

- log; x y log; x 7_y _X

T (G IR N N

3
Vay, hé phuong trinh c6 mot cap nghiém (1; 3).

@ Nhdn xét: Trong 15i giai trén:
= O cau a), chiing ta st dung ngay phép thé y = x~* vao phuong
trinh tht nhat cia hé dé nhan duoc mot phuong trinh mii dang:
) — 200 u(x)=1
[WCOT™ = [ < { 00— g
= O cau b), d€ tudng minh ching ta c6 thé trinh biy theo cich:
Bién d6i phuong trinh thit nhét clia hé vé dang:

22 s ofx=y-1 o y=2Jx +1. (1)
Bién déi phuong trinh thit hai clia hé vé dang:
1 1
Slogsx y logsx\2 _ Y y
327 =L (e )=t o x=2. 2
3 ( ) 3 3 )

Thay (2) vao (1), ta duoc:
y:%+1 &S3y=2y+1leoy=3=x=1.

Dang toin 2: Phuong phap bién d6i tuong duwong
Thi dv 1. Giai cdc hé phuong trinh:

x+y=20 b x+y=1
a. . . .
log, x +log,y=1+1log,9 47447 =0,5

L5 Gidi
a. Diéukiénx >0,y >0.
Bién déi hé phuong trinh vé dang:
+y=20 =
X+y - x+y=20
log,(xy) =1log,(4.9) xy =36
suy ra X, y la nghiém ctia phuong trinh:
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t=18
Vay, hé phuong trinh c6 nghiém 1a (2; 18) hoac (18; 2).

2-20t+36=0< P
x=18vay=2

b. Bién doi hé¢ phuong trinh vé dang:

1 1

4(—2x)+(—2y) — 4—2x.4—2y —

(=2x)+(2y)=-2 o 16 16
472 4147 =0,5 1 1
’ 47 447 =— 4744 =—
2 2

suy ra 47*, 4% [a nghiém cta phuong trinh:
2 — lt+ € =0st= 1 S4H =4V = 1 SXx=y= 1
2 16 4 4 2

Vay, hé phuong trinh c6 nghi¢m la x=y = %

@ Nhdn xét: Trong 15i giai trén:
= O cau a), bing viéc st dung cong thic bién déi tdng cla hai
logarit cung co s6 (trong d6 1 = logs4) chiing ta nhan dugc
dang Vi—ét cho hai 4n x, y.
Ngodi ra, ciing c6 thé sir dung phuong phdp thé nhu sau:
Rit y = 20 — x tr phuong trinh tht nhat cia hé thay vao
phuong trinh thi hai, ta dugc:
logsx +10g4(20 — x) =1 + l0ogs9 < loga[x(20 — x)] = logs36
& x(20 — x) = 36 <> x> — 20x + 36 = 0 @[Xzz = y=18
x=18 = y=2
= Ocaub), chiing ta da st dung phép mii hoa dé nhan duoc tich
cta hai toan tlr 42 va 472, tir d6 st dung hé qua cta dinh Ii Vi—ét.
DPay chinh la su khac biét ma cac em hoc sinh can luu y cho hai
dang hé phuong trinh & a) va b).
Ngodi ra, ciing c6 thé sir dung phuong phdp thé nhu sau:
Rut y = 1 — x tir phuong trinh tht nhat clia hé thay vao phuong
trinh thi hai, ta dugc:

440205 o 4y %4%: 05.
Dit t = 4, diéu kién t > 0. Ta duoc:

'+ %.t=0,5c>t2—8t+16=0c>t=4c>42"=4

& 2x=1 @x:l:yzl—l:l.
2 2 2
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Nhu vay, tir day cdc em hoc sinh c6 thé thay duoc tinh t6i wu cla
viéc stt dung cac phép bién déi twong duong dé gii hé phuong trinh.
Va 4p dung né dé giai hé phuong trinh (HVNH Ha Noi — 1999)::

x+y=1
{2" ~2Y =2’
Thi dv 2. Giai cdc hé phuong trinh:
log,(x —y)=5-log,(x+Yy)
. b Jlgx—lg4

{log5 x +logs7.log,y =1+log 2
=-1
Igy—1g3

3+log, y =(1+3logsx)log, 5

&5 Gidi
a. Diéukién x, y > 0. Bién doi hé phuong trinh vé dang:
log x +log,y =1+1log, 2 log, x +log, y =log, 10
<~
3+log, y=log,5+3log, 5.log, x 3log, x —log,y =3-log, 5
log,(xy) =1log, 10 xy =10
e X C10e. 3 SNX 8 = {
og, —=log, = —=—
g, y g, 5 y 5
Vay, hé phuong trinh c6 nghiém la (2; 5).
b. Diéu kién:
x>0,y>0

x=2
y=5

)

x>0,0<y#3
Xx-y>0;x+y>0 &

—y>0;x+y>0"
lgy —1g3#0 RTYemETY

Bién d6i twong duong hé phuong trinh vé dang:

log,(x —y)+log,(x +y)=5 logz(xz—y2)=5 xz—y2:32
X 3 < 93x 3 nd 12

1g_ = lg_ —_— = X =—
4 Ty 4y y

2
(Ej —y* =32 [y'+32y*-144=0 [y’ =4 -
= y = 12 = 12 <& {

12 X
X=— y y

y
Vay, hé phuong trinh c6 nghiém la (6; 2).
Dang toan 3: Phuong phap dit 4n phu

Thi dv 1. Gidi cdc hé phuong trinh sau:
3P L 217 x+y=1
a. . b. .
2.3"14+3.27 =8 2X-2"=2
&S Gidi
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a. bat:
u=3" o
, diéu kién u, v > 0.
v=27

Khi d6, he (I) duoc bién déi vé dang:

2 _ - 1
oul 4dvi=17 | burl=0 1 1
U3y =8 <3 8-6u = 3 & 3
u+oi5v= V= 2 2

3 V=
Vay, hé c6 cap nghiém (—1; 1).
b. Bién déi hé phuong trinh vé dang:

{2” =2 @{2X.(—2Y) =2

28 -2Y=2 2¥-2"=2
bat
u=2" .
,u>0vav<O.
v=-27
Khi dé6, hé c6 dang:
u+v=2
uv=-2

suy ra u, v 1a nghiém ctia phuong trinh:
£-2t-2=0t=1%3
- {u=1+\/§© {2* ~1+3 - {x:log2(1+\/§)'
v=1-43 |[2"=1-3  |y=log,\3-1)
Vay, hé phuong trinh c6 mot nghiém.

Thi dv 2. Gidi cdc hé phuong trinh sau:
2 2.
lgx+lg7y=1 b In(xy)=In*x +1
a. . :
lg%zl In(xy) =In*y +1
L5 Gidi

a. Diéukién x,y > 0. Bi¢n déi hé vé dang:
lgx+1g°y=1
{lg x—lgy=1 '
bat:

u=Igx
v=Ilgy

Khi d6 hé (I) dugc bién doi vé dang:
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v=u-1
u+vi=1 v=u-1 v=u-1
9, 5 = 5 < qlu=0
u-v=1 u +@u-1)"=1 2u”-2u=0
u=1
1
&0 = 10.
u=tav= x=10& y=1
Vay, hé c6 hai cap nghiém (1; %) va (10; 1).

b. Diéukién x,y > 0. Bién d6i hé¢ vé dang:
Inx+Iny=In*x+1
{lnx+lny=ln2 y+1
bat:
u=Inx
{V =lny
Khi d6, hé (I) dugc bién déi vé dang:
u+v=v>+1
{u +v=u’+1
Trlr tung v€ hé phuong trinh, ta dugc:

u—-v= —(uz—vz)+(u—v)<::>u2—V2=0(:){u
u=-v
Ta lan luot:
= Véiu=yv,tadugc:
v=vi-v+loVvV-2v+1l=0v=1
Du=v=Ilelgx=Igy=1<x=y=10.
= Véiu=-v,tadugc:
—v=v2-v+1< v+ 1=0, vo nghiém.
Vay, hé c6 nghiém duy nhit (10; 10).

& Chu y: V6i cac em hoc sinh da c6 kinh nghiém trong viéc giai toan thi:
= ( cau a), ching ta c6 thé trinh bay (v6i diéu kién x > 0, y > 0)

theo c4ch:
{lg2x+lg2y=1<:> (lgx—lgy) +2lgx.lgy =1
Ilgx—Igy=1 lgx-Igy=1
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{gx=0
1
lgx.lgy =0 ~lgy=1 “l&y=—
{lgx gly 17 o | "o,
gx—lgy= ley=0 |x_10&y=1
lgx =1

= ( cau b), ching ta c6 thé trinh bay (vé6i diéu kién x > 0, y > 0)
theo cach suy ra:
In’x +1=Iny+1 < In’x=Iny @ Inx =lny < x =y.
Tur do, ta duoc:
Inx*>=In’x+1 < In’x —2lnx+ 1 =0< Inx =1
& x=10=y=10.

Dang toin 4: Phuong phap ham sd

Thi dv 1. Giai cdc hé phuong trinh sau:
3F-3F =y-x Inx-Iny=y-x
a. . b. , .
x> +xy+y =12 X"+y —-6x-2y+6=0
Giai
a. Viét lai phuong trinh thit nhat cua hé duéi dang:

F+x=3"+y. *)
Xét ham so f(t) = 3' + t dong bién trén R .
Vay, phuong trinh (*) dugc viét dudi dang:

f(x) = f(y) = x = y.
Khi d6 hé cé dang:

X=y X=y X=y x=y=2
Py P P
X +xy+y =12 3x* =12 X =%2 x=y=-2

Vay, hé phuong trinh c6 2 cap nghiém (2; 2) va (-2; -2).
b. Diéukién x,y > 0.
Tt phuong trinh thi nhét cta hé:
Inx +x =Iny +y. (*%)
Xét ham s0 f(t) = Int + t 1a ham dong bién, khi d6 (**) tuong duong:
fx)=1(y) & x= Yoo
Khi dé, hé dugc chuyén vé dang:

X=Yy X,y>0 X:y:l
) < .
X —4x+3=0 x=y=3

Vay, hé c6 hai cap nghiém (1; 1) va (3; 3).
Thi dy 2. (DHQG Ha Noi — 1995): Giai hé phuong trinh:
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27 -2=(y-x)xy+2) (1)
Xty =2 )
L5 Gidi
Thay (2) vao (1) ta duoc:
=W =(y-x)(X*+y +xy) 2= =y - x}
S - 3=y 3)
Xét ham so f(t) =2 + t> dong bién trén R.
Vay, phuong trinh (3) dugc viét dudi dang:
£(x) = f(y) < x = y.
Khi d6, hé c6 dang:

X=Yy X=Yy X=Yy X:y:l
& =S & :
xX>+y =2 2x* =2 x =1 x=y=-1

Vay, hé phuong trinh c6 2 cap nghiém (1; 1) va (—1; —1).
Thi dv 3. (DHQG Ha Noi — 1995): Giai hé phuong trinh:
log,(x+1)=y-1
{log2 y=Xx ’
&5 Gidi
Diéu kién:
x>-1
{y >0
Twr hé suy ra:
loga(x + 1) +x=logy +y— 1 < loga(x + 1) + x + 1 =logoy +y.
Xét ham s0 (t) = logot + t 1a ham dong bién véi t > 0, do d6 phuong trinh ¢6 dang:

fx+1)=f(y)ox+1=y.
Khi d6 hé dugc chuyén thanh:

| 1 y=x+l1 0&y=1
=X+ =X+ Bernoulli = =
Y < Y Rt x=0 <& X y .
log,(x+1)=x X+1=2" . x=1&y=2
X =

Vay, hé c6 hai cap nghiém (0; 1) va (1; 2).

§4. BAT PHUOGNG TRINH MU VA LOGARIT

Dang toin 1: Phuong phap bién d6i tuong duong cho bat phuong
trinh ma
Phuong phap
Dang 1: Véi bat phuong trinh:
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I {a >1
f(x) <g(x)
. a>0
al® <atW & la=1 hoac { .
(a-DIf(x)-g(x)]<0
{O <a<l
| (F(x)>g(x)
Dang 2: Véi bat phuong trinh:
{a >1
f(x)<log, b
A <b (v6ib>0) e | L) O8D
O<acx<l
{f(x) >log, b
Dang 3: Véi bat phuong trinh:
[(b<o
f(x) c6 nghia
b>0
a™ >b < a>1
f(x)>log, b
O<axl
f(x)<log, b
Thi dvu 1. Gidi cdc bdt phuong trinh sau:
N\ 3 X2+ 2x+1
BEBE b (Vi-2) s (54 246)".
c. 37'<2.

&S Gidi

a. Ta c6 thé trinh bay theo hai céch sau:

Cdch 1: Bit phuong trinh dugc bién déi vé dang:
2 2

4x x-2
(—j S(—j ©4x2x—2c>3x2—2c>x2—2.
3 3 3

Vay, tap nghiém cta bat phuong trinh 1a {—%; + ooj .
Cdch 2: Bat phuong trinh dugc bién d6i vé dang:
3 3

—4x 2—-x 2
(—j S(_j SAx <2 - xS 3X22ES x> -2
2 2 3

Vay, tap nghiém cua bat phuong trinh 1a {—%; + ooj .
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& Nhdn xét: Nhu vay, dé thuc hién bai todn trén & ca hai céch ching ta déu
thuc hién mot cong viéc 1a dua bat phuong trinh vé dang c6 ciing

o s0, tuy nhién:

» Trong cdch 1, v6i viéc st dung co s6 a < 1 nén ddu bat dang
thiic phai doi chiéu va day la diém thudng gay ra 16i d6i véi mot
vai hoc sinh.

» Trong cdch 2, v6i viéc st dung co s6 a > 1 nén ddu bat dang
thitic khong déi chiéu. Trong nhitng trudng hop tuong tu cac em
hoc hay lva chon theo huéng nay.

b. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Nhan xét rang:

54245 =(\3 442 = [%j - (i3]

Do do6, bat phuong trinh duoc bién déi vé dang:
X2+ —2(2x+
(V3-2) " >(Va2) T e xt e 1 <20x+ 1)

S xX*+4x+3<0 -3<x<-1.
Vay, tap nghiém cua bat phuong trinh 1a (-3; —1).
Cdch 2: Nhan xét rang:

5+2\/6=(\/§+\/§)2,
(ﬁ_ﬁ)(ﬁ+ﬁ)=3—2=1 - \/3—\/5=(\/§+\/§)_'.

Do do6, bat phuong trinh duoc bién déi vé dang:
—(x%+ 2(2x+
(V3+42) " s (VBe2) T e e - 1> a4 2 X2 4 Ax 43 <0

& -3<x<-1.
Vay, tap nghiém cta bat phuong trinh 1a (-3; —1).
& Nhdn xét: Nhu vay, dé thuc hién bai todn trén & ca hai c4ch ching ta déu
thuc hién mot cong viéc 1a dua bat phuong trinh vé dang c6 ciing
o s0, tuy nhién:
= Trong cdch I, ching ta di tim céch bién déi 5+2v6 theo
V3 =2 va & day cdc em hoc sinh ciing can luu ¥ ring co s6 nay
nho hon 1.
» Trong cdch 2, ching ta da su dung y tudng vé co so trung gian
da biét trong phan phuong trinh md.
c. Bat phuong trinh dugc bién déi vé dang:
x?—1<logs2 < x*< 1 + logs2 tham s6 x* < logz6 < |x| <4/log; 6

Vay, tap nghiém cuta bat phuong trinh 1a (—,llog3 6; \/log, 6 ) .
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Dang toin 2: Phuong phap bién d6i tuong duong cho bit phuong

trinh 16garit

Phuong phap
Dang 1: Véi bat phuong trinh:
{a >1
logf(x) < log.g(x) < 0 <t(x)<glx)
O<axl
{f(x) >g(x)>0

Dang 2: Véi bat phuong trinh:
a>1

0<f(x)<a®
logf(x) <b <
O<ax<l1

| f(x) > ab
Dang 3: Véi bat phuong trinh:

f(x)>a’
logf(x) >b <
O<ax<l

{a >1
{0 <f(x)<a®
Thi du 1. Gidi cdc bdt phuong trinh sau:

a. logy(x>—1)<1-log, (x—1).

5
b. log, (x* — 6x + 18) + 2logs(x — 4) < 0.
5
&5 Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch I: Diéu kién:
xX-1>0 _ [jx|>1
= < x> 1.
x—1>0 x>1
Bién déi bat phuong trinh vé dang:

O<a=l
f(x)>0
g(x)>0
(a-D[f(x)-g(x)]1<0

()

logs(x* = 1)< 1+1logs(x—1) < logs(x” —1) < logs 5(x —1)

SxP-1<5xx-1)exX’-5x+4<01<x<4.

Két hop véi diéu kién (*) ta nhan dugc tap nghiém clia bit phuong trinh 1a (1; 4).

Cdch 2: Bit phuong trinh bién d6i twong duong vé dang:

log,(x* = 1)< 1+logs(x —1) < logy(x*> —1) < logg 5(x —1)
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= 1<x<4.

2
- 1
<:>O<xz—1<5(x—l)<:>{X >0 ©{|X|>

x2—5x+4<0

Vay, tap nghiém ctia bat phuong trinh 1a (1; 4).

1<x<4

@ Yeéu cau: Céc em hoc sinh hiy so sanh hai cdch gidi trén va hay tra 1di cau
hoi "Cé thé sit dung cdch 2 cho bdt phuong trinh trong cdu b) hay
khong ?".

b. Diéu kién:

2
{x ~6x+18>0 *
x—4>0

Bién d6i twong duong bat phuong trinh vé dang:

“logs(x2 — 6x + 18) + 2logs(x — 4) < 0 <> logs(x — 4) < logs(x? — 6x + 18)
SxXP-8x+16<x>-6x+18=2x>-2< x>-1. (%)
K&t hop (%) va (¥%) ta duoc nghiém ciia bt phuong trinh 13 x > 4.

Dang toin 3: Phuong phap dit 4n phu gidi bat phuong trinh md va
l6garit
Phuong phap
Cac dang dat 4n phu trong trudng hop nay ciing giéng nhu v6i phuong trinh mi va
phuong trinh logarit.
Thi dvu 1. Gidi cdc bdt phuong trinh sau:
a. 9 +2.3*1-1620. b. (5++21) + (5 =21 ) < 2w’
c. 4+l _ghx _ 1o 31nx2+25 0.
L5 Gidi
a. Datt=3*(diéu kién t > 0), phuong trinh dugc bién d6i vé dang:

t<—8 (loai)
=

32"+6.3X—1620c>t2+6t—1620<:>{ t>2

& 322 < x> logs2.
Vay, bat phuong trinh c6 tap nghiém la (logs2; +o).
b. Chia hai v€ bat phuong trinh cho 2* > 0, ta dugc:

(5+@JX + (S—x/ijx <5

2 2

Nhan xét rang (

" (S—MJ _1

> -

5+\/i 5—\/5 e e 5+\/i
5 . =1,né datt=

n néu di ,diéukient>0
2 2

O
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Khi d6, bat phuong trinh c6 dang:

5—- \/_ 5+421

<t<
2

t>0
t+l£5 S t?P-5t4+1<0
t

5 \/— [5+x/7j 5+\/ﬁ

2 2 2

< -1<x<1.

Vay, nghiém cuta bat phuong trinh 1a [-1; 1].
c. Diéukién x > 0. Bién déi bat phuong trinh vé dang:
4.4 — gl — 18,31 < () 4,22 — (2.3)m — 18,32 <, (1)

2Inx Inx
Chia cé hai v& ctia (1) cho 3*™* >0, ta duoc 4(%) —[%} -18<0.

Inx
batt= (%) , diéu kién t > 0. Bat phuong trinh dugc bién déi vé dang:

Inx -2
4¢% —t — 18<0c>—2<t<2<:>0< £2© 2 < 2
4 3 4 3 3

Shhx22ox2e
Vay, bat phuong trinh ¢6 tap nghiém 1a [e7%; +o0).

@ Nhdn xét: Nhu vay, thong qua thi du trén ching ta dd duoc 1am quen véi ba
dang dat 4n phu co ban da duoc biét trong phian phuong trinh mi.
Va & day:

" Vi cau a) ching ta can t6i phép bién déi 9* = 3% va 3*+! = 3.3* dé
dinh huéng cho 4n phu t = 3*. Va véi diéu kién t > 0 nén két
qua t < -8 bi loai.

= V6i cau b) chiing ta da sir dung dang mé rong da biét cho phuong
trinh oua® + cb® + asc* = 0, véi a.b = ¢ Va véi diéu kién t > 0
ching ta loai bd luon mau s6 sau phép quy dong.

* Vi cau c¢) chiing ta can sit dung mot vai phép bién déi dai s6
dé nhan dang duoc loai 4n phu cho bat phuong trinh. Va & d6
viéc chia ca hai v€ cua bat phuong trinh cho mot s6 duong nén
d4u bat dang thitc khong déi chiéu.

Thi du 2. Gidi cdc bdt phuong trinh sau:
a. 1g’* —20lg/x +1<0. b. log,-14 = 1 + logy(x — 1).
L5 Gidi
a. Diéukiénx >0.
Bién d6i bat phuong trinh vé dang:
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(3lgx)* — 20.%lgx +1<0<91g’x — 10Igx + 1 0.
Dit t = Igx, ta bién déi bat phuong trinh vé dang:

9w -10t+ 10 éStgl = éﬁlgxsl < 10<x<10.
Vay, bat phuong trinh c6 tap nghiém la [W ; 10} .

b. Ditukién0<x-1#1l<1<x#2. (*)
Bién déi bat phuong trinh vé dang:

ddog.- 221 +log(x— 1) & — = > 1 +log(x - 1).

log,(x—1)
Dit t = loga(x — 1), ta bién ddi bat phuong trinh vé dang:
2
Zrlstetrl- 200 L2
t t t
5 5
[ts—2 {logz(x—l)S—Z {X—ISZ x<>
= | = = = 4

O<log,(x-1)<1 l<x—-1<2

2<x<3

Vay, bat phuong trinh ¢6 tap nghiém la (1; %} u(2;3].

@ Nhdn xét: Nhu vay, thong qua thi du trén ching ta di duoc 1am quen véi hai
dang dat 4n phu co ban da duoc biét trong phan phuong trinh
logarit. Va & day:

* V6i cau a) cdc em hoc sinh dé& nhan thdy 4n phu t = Igx. Tuy
nhién, rit nhiéu em bién d6i nham Ig; x’ =31g] x.

* Véi cau b) cdc em hoc sinh c6 thé bi mac 16i khi thuc hién quy
doéng mau so6 roi bé mau hodc khong két hop véi diéu kién (*)
ctia bat phuong trinh.

Dang toan 4: Phuong phap logarit héa giai bat phuong trinh ma va

l6garit

Phuong phap

V6i bat phuong trinh:
a™ > bW & 1ga™ > 1gbt™ < f(x).1ga > g(x).Igb

hodc c6 thé sir dung logarit theo co s6 a hay b.

& Chu y: Phuong phép logarit hod to ra rét hiéu luc khi hai v& bat phuong trinh

c6 dang tich céc luy thua.

Thi dvu 1. Gidi cdc bdt phuong trinh sau:
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a. 47 <3". b. x0.57°% <575,
L5 Gidi
a. Ta trinh bay theo cdc cach sau:
Cdch 1: Lay logarit co s6 4 hai v€ cua phuong trinh, ta duoc:

log,4” <log,3* < 3*<4'log,3 < (%} <log,3 < x>log,log,3.

4

Vay, bat phuong trinh c6 tap nghiém la (log3 log, 3; + oo] .
1
Cdch 2: Lay logarit co s6 3 hai v€ cua phuong trinh, ta duoc:

log, 4* <log, 3 o3 log,4<4" < (gj >log,4 < x>log, log, 4.

3
Vay, bat phuong trinh c6 tap nghiém la [log ,log. 4; + oo} .
3
Cdch 3: Lay logarit co s6 10 hai v€ cta phuong trinh, ta duoc:

lg4” <1g3" < 3'1gd<4"1g3 & (gj >%=10g34 < x>log, log; 4.
o 4

3
Vay, bat phuong trinh c6 tap nghiém la [log ,log. 4; + oo} .
3

b. Diéukién0<x = 1. (*)
LAy logarit co s 5 ca hai v€ cta bat phuong trinh, ta dugc:
logs(x°.57°%7) S logs5~ <> logsx® + logs 577 < -5 <> 6logsx — log,5 < 5.
Dit t = logsx, ta bién d6i bat phuong trinh vé dang:
61> +5t 1 t=-1 log, x=-1 {XSS'
&

1
t—— <S5 ——— <0< 1< 1 .
t t 0<t<— | 0<logx<— 1<x<¥5

Vay, bat phuong trinh ¢6 tap nghiém 1a (O; 57 ] U (1; \(’/g] )

@ Nhdn xét: Nhu vay, thong qua thi du trén ching ta da dugc 1am quen véi
phuong phép logarit héa. Va & do:

* Vi cau a) da trinh bay cac cach 1ay 16garit héa hai v€ cia mot
bat phuong trinh.

» Véi cau b) cac em hoc sinh da nhan thay tinh linh hoat trong
viéc thuc hién phép logarit héa hai vé€ clia mot bat phuong
trinh dé gidm thiéu tinh phitc tap. Va & day cén luu ¥ t6i viéc
két hop diéu kién (*) v6i gia tri tim duoc.

Thi dvu 2. Gidi cdc bdt phuong trinh sau:
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1 1
logy x+— log, x——

a. logsx > logsx. b. 3 243 > < Uk
&5 Gidi
a. Diéu kién x > 0. Bién doi bat phuong trinh vé dang:

log, 3<1
logsx > logs3.1ogsx < (1 — logs3)logsx >0 < logsx >0 x> 1.

Vay, bat phuong trinh cé nghiém x > 1.
b. Diéu kién x > 0. Bién déi bat phuong trinh vé dang:

3log4x (\/§+Lj < \/; @4,3'0&‘)( < 3X .
NG}

Lay logarit co s6 4 ca hai v€ cua bat phuong trinh, ta dugc:

logs(4.3"%*) <logs/3x < 1 + logsx.logs3 < %(logﬁ + logsx)

< (2logs3 —1)logsx < logs3 -2 < log, %log4 x <log, % *)
log, = log, ﬁ 3 tog, 2
<:>10g4X2 16: 4 :10g3T©X24 2
log, — log, — 2
0g, 4 0g, 2
NE

logy —
Vay, bét phuong trinh ¢6 tap nghiém 1a [4 = *; +o0 |.

& Yéu cdu: Cic em hoc sinh hay giai thich cho phép bién déi tiép theo tir (*).

Dang toin 5: Phuong phap stt dung tinh chat caa ham s& dé giai bat
phuong trinh mi va l6garit

Thi du 1. Gidi cdc bdt phuong trinh sau:

a. 22°+33*>6"—1. b. logav/x+1 +logsy/x+9 > 1.
&5 Gidi
a. Chia hai v€&€ bat phuong trinh cho 6* > 0, ta dugc:
2 + 3 + € > 1. e8)
3" 2" 6"

Ham s6 f(x) = 3% + 2% + 6i" , 1a ham nghich bién.

Ta co:

= Véix 22, f(x) <f(2) =1 do d6 bat phuong trinh (1) vo nghiém.

= Véix <2, f(x)>f(2) =1 do d6 bat phuong trinh (1) nghiém ding.
Vay x < 2 la nghiém ctia bat phuong trinh.
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b. Diéu kién:

Cac ham s6 f1(x) = Vx+1 vafi(x) = \/x +9 déng bién trén mién x > —1
= ham s6 f(x) = loga+/x +1 + logz/x +9 dbng bién trén mién x > —1.

Ta c6 f(0) = 1, do do6:

= Néux >0 thi f(x) > f(0) < loga/x +1 +logs/x +9 >1,nén x >0 la nghiém.

= Néu -1 <x <0 thi f(x) < f(0) < logayx +1 + logsyx+9 <I,nén —1 <x <0
khong phai 1a nghiém.

Vay, nghiém ctia bat phuong trinh la x > 0.

C. CAC BAI TOAN CHON LOC
[
Vidu l: Tim cdc gioi han sau:
_aX _ 2x2 2, _
A lim (1-e )51 (;052)(). b lim e .coi x—1 .
x—0 X° + X x—=0 X
&S Gidi
a. Ta bién déi:
1—e* 2sin’x
* 2 —
Letm X X ="125_9
x>0 x+1 1
b. Ta bién doi:
2 2x2 2
L= lim cos” x.(e 21)+cos x—1
x—0 X
2 2x
- lim 2cos” x.(e 1) sin"x —o 1=
x>0 2x> x>

Vidu 2: Tim cdc gioi han sau:

2x2 3 2
—-4/1 y
a. lim S X b lim €S i b £ 0.
=0 In(1+x7) x=0 [n(cos bx)

&5 Gidi

a. Taco:
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In[1+ (cosax —1)] (ax jz

i n(cosax) _ . cosax —1 Jcosax—1_ .0 :

x—0 ln(cos bx) x—0 ln[l + (COS bX - 1)] COS bX -1 x=0 si 2 bx bX ? b2
cosbx —1 2

b. Ta c6 thé trinh bay theo hai c4ch sau:
Cach I: Ta cé:
e 1+ x . e ™ —1+x°
lim —————— = lim - -
=0 In(l+x7) 20 e e 1+x2 +3Y(1+x2) 1In(l+x%)

. 1 e™ —1 x’
= lim . S . —+ >
0 et e e x® + 31+ x2 | In(d+x7)  In(l+x?)
2 Q8% 1
—lim— 1 x_|Be =Dy T,
0 e 4 e 4% +i/(l+xz)2 In(T+x7) —8x
Cdch 2: Ta co:

e —1+x> lim e —1+1-31+x>

lim

0 In(1+x0) 250 In(1+ %)

[ _1 1—31+x2} X2
+

= lim
x>0 x2 x> In(1+x?)

= lim | -2. +
x50 =2 P+ A +x0) ]

e -1 -1 7
In(1+x?) 3’

e —1 1-(1+x%) x>
In(1+x%)

= lim | -2. +
x50 =2x* [ 4+1+x7 +31+x2)

Vidu3: Tim cdc gioi han sau:
lim> =2 b, m& 36 ~2)
Xﬁo4x_3x an(SX_6X)(4x_2x)

a.

&5 Gidi

a. Ta bién déi:

x x In3.
) 3x _2x ) eln:‘» In2 '

lim = lim—— — = lim

x>0 4* — 3 x—0 eln4 _eln3/ X0 exln4 -1 ex1n3 1
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In—

_ In3-In2 _ - o i
n4-mn3 4 Bany
ni
3
b. Ta bién déi:
. (4x — 3% )(3){ _2)() _ (eln4X _eln3" )(eln3" _eanX)
x—0 (SX _6X)(4X _2X) x—0 (elnS _eln(\ )( In4* _eln2
ln4 e>(1n4 _ x1n3 1 xln? _ n2 exan _1
i " xIn4 " xIn2
= lim

xln4

x—0 xIn8 xln6
n8.< 1—1n6 “ et
xIng&

_ (in4-1n3)(In3-1n2) lng‘ln*

~ (In8—1In6)(In4 —In2) ln§ n
6 2

Vidu 4:
b. Chitng minh rang ham s6'y = e*™ + 2e ™
y" —13y' — 12y = 0.
&5 Gidi
a. Ta lan luot c6:
= V6i ham s6 y = cosx.e?™* thi:

. ) 2 )
y' = —sinx.e®™* + cosx. —5— .e**"* =
COS X

a. Tinh dao ham cua cdc ham s6'y = cosx.e™™*

xIn2
2t !
xIn2

va y = logx(sinx).

thod man hé thiic:

_ Slnx\) e2tanx

COSX
= V6i ham s6 y = logy(sinx) thi:
1 , 1 cosx cotx
——.In(sinx), y'=—.— = .
In2 In2 sinx In2
b. Trudc tién, ta 1an luot co:
y' =4de™ —2e* y"=16e* +2e; y'" = 64e™ —2e .
Khi do6:

y" —3y' — 12y = 64e™ — 2e > — 13(4e* —
Vidu5: Tim tdp xdc dinh cua cdc ham sé sau:

a. y=Ig[l —Ilg(x*—5x + 16)].
1
b. y= \/logos( —x’ +x+6)+X ok

&5 Gidi

a. Ham s6 xac dinh khi:

2e—) — 12(e* + 2e ) = 0.
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2 5% 41650
{X xrib= o lg(P—5x+16) < 1 < x2— 5x + 16 < 10

1-lg(x*-5x+16)>0

S xX—5x+6<0<2<x<3.
Vay, tap xac dinh ctia ham s6 1a D = (2; 3).
b. Ham s0 xac dinh khi:

—X*+x+6>0 x> —x—-6<0 —2<x£1_\/ﬁ
log,s(—X* +x+6)20 < x> +x+6<1 &
2 1+\/i
X2 +2x#0 X +2x=0 5 <x<3
Vay, tap xac dinh cia ham s6 1a D = (—2; l_;/i}u{pr;/i; 3].
Vidu6: Cho ham s6 (Cp): y = mx + Inx.
1. Voim=1:
a. Tim cdc khodng tang, giam, cuc tri va diém uén cua do thi ham
56 (C).

b. Goi (d) la mot tiép tuyén bat ki ciia (C). Chitng minh rang trén
khodng (0; +0), (C) ndm & phia dudi ciia duong thing (d).
2. Timm dé:
a. Ham so'luén don diéu trén mién xdc dinh cua no.
b. Ham s6 ¢é cuc tri, khi dé diém cuc tri ciia ham sé"la cuc dai
hay cuc tiéu.
&S Gidi
1. V6im =1 ham s6 c¢6 dang (C): y =X + Inx.
a. Ta lan luot c6:
(1). Ham s6 xac dinh trén D = (0; + ).
(2). Su bién thién ctia ham so:
y'=1+ 1 >0, VxeD = Ham s6 dong bién trén D.
X
X 400

(3). Diém u6n cta dé thi ham s6:

"

1 . PR .
y"=—-— <0, VxeD = Ham s6 khong c6 di€m uon.
X

b. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Tt két qua trong a) ta thdy ham s6 16i trén khoang (0; +).
Vay, trén khoang (0; +o0), d6 thi (C) nam & phia duéi clia duong thang (d).
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Cdch 2: Phuong trinh tiép tuyén ctia d6 thi ham s6 tai diém x, c6 dang:

1
D): y = y'(xo)(x — X0) + yo <= (D): y=[1+—](x—x0)+x0+lnx0.
X0
Xét hiéu:
f(x)=x +1Inx — HH—LJ(X_XO)JFXO +lnx0} =Inx — L(x—xo)—lnxo

X, X,
f(x):l—i; f(X)ZO@l—LZO@X:Xo.
XO X XO
Bang bién thién:
X |0 Xo +00
f + 0

Cb
L / 0 \+oo
Tl bang bién thién suy ra:
f(x) <0, Vxe(0; +x0)

Sx+Inx<y :(1+ij(x—x0)+x0 +1Inx,, Vxe(0; +0).
X0

Vay, trén khoang (0; +00), d6 thi (C) ndm & phia du6i clia dudng thang (d).

2. Trudc tién, ta co:
(1). Ham s6 xac dinh trén D = (0; + ).
(2). bao ham:
y‘:mx+l:mx+1;y':0©mx+1:O. (1)
X X
a. Ham s6 luon don diéu trén mién x4c dinh ctia n6 khi y' khong déi dau trén D va

n_mn

dau "=" chi x4y ra tai mot s6 hitu han diém, suy ra diéu kién la:

'>0
{y ,VxeD=>m=0.
y'<0

b. Ham s6 ¢6 cuc tri khi (1) ¢6 nghiém thuoc D, suy ra diéu kién 1am < 0.
Vidu 7: Gidi cdc phuong trinh sau:
a. 24282 = 3N B 3Nl
b. 2749"=3%(2" +2).
L5 Gidi
a Bién doi phuong trinh vé dang:
2X(1 + 271+ 272) = 351 + 3! + 39)

PN L =3*(1+3+9) & 2] -2 22
2 4 3
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Vay, phuong trinh ¢6 nghiém x =log, 2

3
b Bién déi phuong trinh vé dang:

¥ 43 3 0Y 23 =0 < 2° (2—3*)—3*(2—3*):0
<:>(2_3)()(2)(2_3){)20 <:>l:2j3":0 <:>|:3X:2 (1)

Khi do:
= Giai (1) ta dugc nghiém x = logs2.
=  Gidi (2) bang céch lay logarit c6 s6 2 hai v€ ctia phuong trinh ta duoc:

log, 2* =log, 3" < x*log,2=xlog,3 < x(x —log:3) =0

X = 0 X = 0
= = .
x—log,3=0 x =log, 3
Vay, phuong trinh c¢6 ba nghiém x = logs2, x = 0 va x = log,3.
Vidu 8: Gidi cdc phuong trinh sau:
a. loga(x + 1) + loga(x — 2) =logx(3x - 5).

b. logs{2 + 3[log:x + log>(x + 1)]} = 1.
C. 3)(()(—10g3 5)‘5)( — 5[0g35 .

&5 Gidi
a. Diéu kién:
x+1>0 x>-1
x=2>0 ©4x>2 x>2.
3x—-5>0 x>5/3
Bién déi phuong trinh vé dang:
log[(x + 1)(x —2)] =log2(3x —5) < x+ 1)(x—-2)=3x—-5
x =1 (loai)
x=3 <
Vay, phuong trinh c6 nghiém x = 3.
b. Bién ddi tuong duong phuong trinh vé dang:
2 + 3[logox + loga(x + 1)] =5 < logox + loga(x + 1) =1
x>0

x>0 x>0
S Ix+1>0 & & <x=1.
x(x+1)=2 x*+x-2=0
logz[x(x+1)]:1

Vay, phuong trinh c6 nghiém x = 1.
c. Lay logarit c6 s6 3 hai vé€ ctia phuong trinh ta dugc:

<:>X2—4X+3=0<:>|: x =3.
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log, [3“’(’1"&5).5"] =log,5%° < log,3***%% +log, 5" =log, 5%’

< x(x —log, 5).log, 3+ x.log, 5=1log, 5.log, 5
< x’ =log} 5 < x =tlogs5.
Vay, phuong trinh c6 hai nghiém x = tlogs5.
@ Nhdn xét: Trong cau b) clia vi du trén, néu cic em hoc sinh lua chon kiéu
trinh bay theo céc budc:
Buoc 1: Dat diéu kién c6 nghia cho phuong trinh.
Budc 2: St dung phép bién ddi dé tim nghiém clia phuong trinh.
Buéc 3: Két luan vé nghiém cho phuong trinh.
Thi cdc em phai thuc hién mot cong viéc khda cong kénh va du
thira & budce 1.
Vidu9: (Dé 81 — Bo dé 1996): Gidi phuong trinh:

glogl(x+2)2 -3= log1(4—x)3 + logl(x+6)3.

4 4 4
&5 Gidi
Diéu kién:

(x+2)*>0
—-6<x<-2

4-x>0 < . )
2<x<4

X+6>0

Phuong trinh viét lai dudi dang:
3log, Ix+21-3=3log,(4—x) +3log,(x+6)

4 4 4
< log, Ix+21-1=log,(4-x) + log, (x+6)
4 4 4
< log, 41x+21 =log, (4-x)(x+6) = 4lx + 2l = (4 —x)(x + 6)
4 4
x=2
4(x+2)=(4-x)(x+6) x =-8 ® | x=2
= & .
A4x+2)=—(4—-x)(x+6)  |x=1++/33 x=1-+/33

x:l—x/g

Vay, phuong trinh c6 hai nghiém x =2 vax=1 - J33.
@ Chii y: Néu bién di: log, (x +2)° =2log, (x +2) s& mat nghiém x = 1 — /33 .

4 4
Hay nhd rang log.c” = b.log.lcl, Ja? =lalva vab = Vlal bl

Vi du 10: Giai cdc phuong trinh sau:
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a. 4-52"+6=0. b. log:(5* —1).logs(2.5* - 2) =1.
L5 Gidi
a. Datt = 2% (diéu kién t > 0), phuong trinh dugc bién d6i vé dang:
t, =3 {2‘ =3 {x =log, 3
f— f— .

22X _524+6=0=t*-5t+6=0 )
t, =2 2" =2

x =1
Vay, phuong trinh c6 hai nghiém x =log,3 vax = 1.
b. Bién d6i phuong trinh vé dang:
%logz(S" — 1)Jog[2(5* - 1)] =Im < loga(5* — 1).[1 + logx(5* = 1)] =
Diéu kién:
¥-1>05>1<x>0.
bit t = logy(5* — 1), khi d6 phuong trinh c6 dang:
t(l+t)=2t2+t-2=0

{tzl log,(5* -1 =1 5% _1=2 [x:log53
f=—g f—g <~ f=—g
t==2" |log,(5* -1)=-2 |5%-1=272 x=log;5/4

Vay, phuong trinh c6 hai nghiém x = logs3, x = logsi.
& Cha y: Trong mot s6 trudng hop ta khong thdy ngay dugc su xudt hién a.b = 1
d6i véi cac todn tlr cia phuong trinh, khi d6 can ¢6 danh gia tinh t€ hon.
Vi du 11: Gidai cdc phuong trinh sau:
a. (7+43)-32-B) +2=0.
b. B+ 5+ (3= 45)=2vrnd,
&5 Gidi
a. Nhan xét riang:
T+43 =2+ 3)Pva2++3).2-3) =1.
Do d6, néu dat t = (2 + /3 ), diéu kién t > 0, thi:

— 3y == va(7+4f)x—t2

Khi d6, phuong trlnh tuong duong voéi:

tz—% +2=0t+2t-3=0 o(t-DE+t+3)=0=t=1

SQR+3)y=1ox=0.
Vay, phuong trinh c¢6 nghiém x = 0.

& Nhdn xét: Nhu vy, trong cau a) bing viéc danh gia:
T+43 =2+ BYPva2+3)2-3) =1
ta da lua chon dugc 4n phu t = (2 + J3)* cho phuong trinh.
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O cau b) chiing ta s& miéu ta viéc lua chon 4n phu thong qua danh
gia mé rong cua a.b = 1, do la:

ab=c<o E.E =1,
CcC C

tic 1a v6i cac phuong trinh c6 dang A.a* + B.b* + C.c* = 0.
Khi d6 ta thuc hién phép chia ca hai vé& ctia phuong trinh cho ¢*#0, dé
nhan duoc:

A.[ij +B.(Ej +C=0,
C C

tir d6 thit lap &n phu t = [iJ ,t>0vasuy ra (Ej 1
C

c t
b. Chia hai v€ cua phuong trinh cho 2* > 0, ta dugc:

(3+\/§JX +(3—\/§Jx = plo3 (*)

2 2

Nhan xét ring {3+2\/§JX.[3_\/§]X = [3+\/§.3_\/§JX =1,

2 2 2

3-45) 1
| -

3+4/5
2
Khi dé, phuong trinh (*) tuong duong véi:

do dé, néu dat t = [ j , diéu kien t > 0, thi ( .
t

t+%=3¢>€—3t+1:0

X +1
(3EVS (3445 3245 (3445
2 2 2 2
Vay, phuong trinh ¢6 nghiém x = *1.
Vi du 12: Gidi cdc phuong trinh sau:
a. 2.4 4+ 6 = 97, b. 4.208% +7.x7=% —11=0.

&S Gidi
a. Bién doi phuong trinh vé dang:
2. 22(x2+]) + (2.3))(24—1 — 32(x2+1) )
Chia c4 hai v& ctia phuong trinh cho 22**" % 0, ta duoc:

x2+1 2(x%+1)
3 3
2+ | = =|= . 1
(2j (ZJ M
x2+1 x2+1 1
batt= 3 ,diéukiéntzivix2+121<:>t: 3 > 3 :E.
2 2 2 2

Khi d6, phuong trinh (1) tuong duong véi:
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t:2 X“+1
fH)=2-t-2=0 < . <:>t:2©(§J =2
t=—1 (loai) 2

& x*+1=log,2 @ x=% [log,2-1.
2 2

Vay, phuong trinh ¢6 hai nghiém x =+ [log,2-1.
2
b. Diéu kién x > 0.
bit u = log,x = x =2, khi d6 phuong trinh (1) c6 dang:
7

4.2° +7.2" —11=0<4.2" + — —11=0. )
2Ll
patt= 2", diéukiént> 1.
Khi dé, phuong trinh (2) c6 dang:
t=1 v 1 w’=0
42 -11t+7=0< 17| L 19, 7
t=— 24 =— u” =log,—
4 4 4
u=0 log,x=0 x=1

+ [log, L
Vay, phuong trinh ¢ ba nghiémx =1,x =2 e
Vi du 13: (Dé€ thi dai hoc khéi D — 2003): Gidi phuong trinh:
2x2—x _ 22-¢—x—x2 — 3

L5 Gidi
Bién déi phuong trinh vé dang:
2 4
et 3
2X X

2 2 S N
batt= 2" 7", v6i t > 0 ta chuyén phuong trinh vé dang:

4 t=-11o4 2
t—T:3c>t2—3t—4:0<:> & 28T =4=22
oSxXX-x=2x*-x-2=0x=-1vax=2.

Vay, phuong trinh ¢6 hai nghiém x = -1 vax =2.

& Chu y: Tiép theo ching ta s& quan tam t6i viéc sir dung cdc phép bién ddi dai
s dé 1am xuat hién 4n phu hodc stt dung an phu cho t6 hop d6i xiing.
Vi du 14: Gidi phuong trinh 2+ —9.2°" + 22+ =,

&5 Gidi
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Chia ca hai v& chia phuong trinh cho 2**** # 0, ta dugc:
2 g9 =06 Lo -2 0% 112
2 4
2.2 — 928 14 =0.

patt= 2", diéu kién t > 0.
Khi dé, phuong trinh tuong duong véi:

20 -9t+4=0< {t:4 = ij_x =2 = {Xz_x:z = {X:_l.
t=1/2 9x*x :271
Vay, phuong trinh ¢6 hai nghiém x = -1, x =2.
Vi du 15: Gidi phuong trinh:
loga(x — Vx2 —1). logs(x + Vx* —1) = logglx — Vx> - 11.
LS Gidi
biéu kién:
x> =120
X—m>0© x>1.
x+m>0

Nhan xét rang:
-V -DE+Vx -1 =1=>x-Vx*-1)=(x+Vx*-1)"L

Khi d6 phuong trinh duoc viét lai dudi dang:
loga(x + Vx> =1) 7! logs(x + V/x* —1) =loges(x + Vx* —1)!
& loga(x + Vx* —1). logy(x + Vx* —1) =logs(x + Vx> —1).

Str dung phép déi co so:

loga(x + Vx* —1) = log:6.10ge(x + Vx> —1);
va logy(x + Vx> —1) =log;6.logs(x + Vx> —1).

Khi d6 phuong trinh duoc viét lai dudi dang:
log:6.logs(x + vVx* —1). logz6.logs(x + Vx> —1) =logs(x + \/x* —1). (1)

bat t = loge(x + Vx> —1). Khi d6 (1) c6 dang:
t=0
t(log26.10g:6.t — 1) =0 < .
(log:6.logs ) Log2 6.log, 6.t—1=0
= V6it=0
+Vx*-1=1
logsx + VX 1) =0 x+ V-1 =1 4 % ox=1.
x—vx*-1=1
»  Véilog:6.logs6.t—1=0
l0g,6.10g36. logs(x + Vx* —1) — 1 =0 <> logz6.logs(x + Vx* —1) =1
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< logs(x + m):logézgx_,_ \/ﬁ = 3ox2
- x+/x% -1 =302
X —/x? =1 =37?

Vay, phuong trinh cé nghiém x =1 vax = %(3log62 + 37,

&x= %(3‘%2 +37u2),

1 12

Vidu 16: (PHY Ha Noi — 2000): Gidi phuong trinh 2% — 6.2% — PErn + > =
&5 Gidi

Viét lai phuong trinh dudi dang:

3x _ 23 _ x_l —
2 23,() 6(2 2,() L. ey

batt=2*- %,suyra:

23
23)(
Khi d6, phuong trinh (1) c¢6 dang:

23x _

2 2 2
= (= S P43 (2= =) =0 +6t
( 2,() 2X( 2,()
t3+6t—6t:1<:>t:1<:>2"—2—2le. 2)

bit u = 2%, u > 0, khi d6 phuong trinh (2) c6 dang:
[u =—1(1)

u=2

u—% =leov-u-2=0<
u

Su=22=2<x=1.

Vay, phuong trinh c¢6 nghiém x = 1.
Vidu 17: (Dé thi dai hoc kh6i A — 2002): Cho phuong trinh:
log; x + \/loggﬁ -2m-1=0.
a. Giai phuong trinh voi m = 2.
b. Tim m dé phuong trinh cé it nhdt 1 nghiém thuéc [1; 33 ].
&5 Gidi
Diéu kién x > 0.

batt= w/log% x+1,v6it> 1, ta dugc:

ft)y=C+t—-2m—-2=0. (1)
1. Véi m =2 phuong trinh (2) c6 dang:
t?+t—6=0< t=-3 (loai) hodc t = 2.
Véit =2, ta duoc:

Jlogix+1 =2 logix =3 < x= 3
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Vay, v6i m = 2, phuong trinh ¢4 2 nghiém phan biét x = 3+
2. Tur diéu kién:

1<x<3” o 0<logix <3 & 1< logix +1<4

o 1< flogx+1 <2< 1<t<2.

Téi day ta c6 thé lua chon mot trong ba céch trinh bay ti€p theo nhu sau:
Cdch 1: Phuong trinh ban dau c6 it nhiat mot nghiém thudc doan [1; 3 ]
< phuong trinh (3) c6 it nhat 1 nghiém thuoc [1; 2]

& dudng thang y = 2m + 2 cat phan dé thi ham s6 y = > + t 14y trén doan
[1; 2] tai it nhat mot diém.

Ta xét ham s6: y = > + t.

*  Mién xdc dinh D =[1; 2].

bPao ham: y'=2t + 1, y'=0<:>2t+1=0<:>t=—l.
* Bang bién thién:
t |—o -1/2 1 2

'

Vay diéukién1a: 2<2m+2<6 < 0<m<2.
Cdch 2: (T6i uu hoa cach 1): Phuong trinh ban diu c6 it nhat mot nghiém thuoc doan
[1; 3%
< phuong trinh (3) c6 it nhat 1 nghiém thuoc [1, 2]
&> duong thang y = 2m + 2 cat phan d6 thi ham s6 y = t* + t 1dy trén doan [1,
2] tai it nhat mot diém.
Ta xét ham s6: y =t* + t.
*  Mién xdc dinh D =[1; 2].
Pao ham: y' =2t + 1 > 0, VteD = ham s6 dong bién trén D.
Vay diéu kién la:
y(D<2m+2<y2)<=2<2m+2<6<0<m<2.
Cdch 3: Phuong trinh ban dau c6 it nhdt mot nghiém thudc doan [1, 3 ]
< phuong trinh (3) c6 it nhat 1 nghiém thuoc [1, 2]
< phuong trinh (3) ¢6 nghiém thoa man:
1<t <t, <2lo"vit, +t, =-1
t, <1<t,<2

1<t <2<t,
& f(1)F(2) <0< —2m@d - 2m) <0< 0<m<2.
Vidu 18: (BHKT — 1998): Cho phuong trinh:
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(x =2)°ul2T = 9(x —2)m, (1)
a. Gidi phuong trinh voi m = 3.
b. Tim m dé phuong trinh c6 nghiém thod man:
3X1X2 —6(X1 +x2) + 11 =0.
&5 Gidi
biéukitnx —-2>0 < x > 2.
LAy logarit co s6 3 hai vé, ta duoc:
logs[ (x —2)*="*'] = logs[9(x — 2)"]
& [logs[9(x — 2)].logs(x —2) = 2 + logs(x — 1)™
< [2 + logs(x — 2)].logs(x —2) = 2 + mlogs(x — 1). (1%
batt= logs(x —2).
Khi d6 (1°) c6 dang:
Q+tt=2+mt<tP-—m-2)t—-2=0. 2)
a. V&éim =3, ta duoc:

7

t=-1 log,(x=2)=-1 =—

tz—t—2:0<:>{ 2@{1 & 2) , T3
t= Og3(X_ )_ x=11

Vay, v6i m = 3 phuong trinh c6 hai nghiémx=%véx=11

b. Xét diéu kién:
1
3xi—2)(x2—-2)-1=0=x—-2)(x2—-2)= 5 & logs[(xi —2)(x2—2)] = loggé

< logi(xi —2) + logs(xe—2)= -1t +h=—1.
Vay, dé phuong trinh ¢6 nghiém thod man 3x:x> — 6(x; + X2) + 11 =0
< (2) c6 nghiém t;, tr thoaman t; + t, = — 1
A>0 (m-2)"+8>0
= = Sm=1.
t]+t2:—1 m-2=-1

Vay, v6i m = 1 thoa man dié€u kién dau bai.

& Chi y: Phuong phdp ding dn phu dang 2 1a viéc stt dung mot 4n phu chuyén
phuong trinh ban dau thanh mot phuong trinh v6i mot 4n phu nhung
cac hé s6 van con chia x.
Phuong phap nay thuong dugc stt dung doi véi nhitng phuong trinh
khi Iva chon 4n phu cho mot bi€u thic thi cdc biéu thic con lai
khong biéu dién duoc triet dé qua an phu d6 hodc néu biéu dién
duoc thi cong thic biéu dién lai qué phtc tap.
Khi dé, thuong ta dugc mot phuong trinh bac hai theo 4n phu (hoac
vén theo 4n x) c6 biét s6 A 12 mot s6 chinh phuong.

Vi du 19: Gidi phuong trinh 9* + (x — 3).3* = 2x + 2 =0. (D
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&5 Gidi
bat t = 3%, diéu kién t > 0. Khi d6, phuong trinh tuong duong véi:
P+ (x—-3)t—-2x+2=0
tacO A= (x—3)*—4(-2x + 2) = (x + 1)> nén phuong trinh c6 nghiém:
t,=2hoact,=1-x.
Khi dé:
m Véit=2< 3*=2 < x =logs2.
= Véit=1-x<3*=1-x, tacdnhan xét:
VTla ham dbién
{VP la ham nbién
Nhan xét rang x = 0 1a nghiém ctia phuong trinh.
Vay, phuong trinh c6 hai nghiém x =logs;2, x = 0.

= Phuong trinh néu c6 nghiém thi nghiém d6 1a duy nhét.

Vi du 20: Gidi phuong trinh x +2"°%* =5.
&5 Gidi
biéu kién x > 0.
Bién d6i phuong trinh vé dang 2°%* =5 —x
Nhan xét rang:
= V€ trdi ctia phuong trinh 12 mot ham dong bién.
= V& phai cua phuong trinh 1a mot ham nghich bién.
Do vay, néu phuong trinh ¢6 nghiém thi nghiém dé la duy nhat.
Nhan xét raing x = 3 1a nghiém ctia phuong trinh vi:
218% =53 <2 =2, ding.
Vay, phuong trinh c¢6 nghiém duy nhat x = 3.

& Nhdn xét: Nhu vay, trong vi du trén bing viéc chuyén vé chiing ta thiy ngay

tinh dong bién va nghich bién ctia cdc ham sd & hai vé€ clia phuong
trinh, dé tr d6 két luan vé tinh duy nhat nghiém (néu cé) cha
phuong trinh.
Tuy nhién, hdu hét phuong trinh duoc giai bang phuong phép nay
6 dang ban dau déu khong dua ra dugc nhan xét "VT dong bién
con VP la ham hdng hodc nghich bién". Khi d6, can thuc hién
mot vai phép bién ddi dai so, thi du v6i phuong trinh:

Aa® + B = Co s AL 4B 2
. . . ey ey
Vi du 21: Gidi phuong trinh 1 + 32 =2~
&5 Gidi
o X 1Y (V3
Chia hai v€ phuong trinh cho 2*# 0, ta dugc 5 + - | 1. €8

Nhan xét rang:
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» VE trai cuia phuong trinh 1la mot ham nghich bién.

* Vé& phai clia phuong trinh 12 mot ham hang.

Do vay, n€u phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.
Nhan xét ring x = 2 1a nghiém ctia phuong trinh vi:

2 2
1 + ﬁ =1 < l+§=1,dﬁng.
4 4

2 2
Vay, phuong trinh c¢6 nghiém duy nhat x = 2.

& Cha y: Nhiéu bai todn cn st dung phuong phap dit 4n phu dé chuyén ching
vé dang f(u) = k. Tir d6, méi c6 thé 4p dung duoc phuong phdp ham
so dé giai.

Vi du 22: Gidi phuong trinh 2'°8%) = x,

&5 Gidi

Diéukienx +1>0< x> 1.
a. Néu -1 < x <0, thi phuong trinh vo nghiém bdi VT >0 con VP < 0.

b. Xétx>0,daty=logi(x + 1).
Ta dugc hé phuong trinh:

= — Y y y

{Y—logg(X+l)©{x+l—3 e (gj . H PR

x=27 x=27 3 3

Nhan xét rang:

» V& trai clia phuong trinh 12 mot ham nghich bién.

» Vé& phai clia phuong trinh 12 mot ham hang.

Do vay, néu phuong trinh ¢6 nghiém thi nghiém dé6 1a duy nhat.

Nhan xét ring y = 1 1a nghiém ctia phuong trinh, suy ra:
y=lelogix+)=1<ox+1=3x=2.

Vay, phuong trinh ¢6 nghiém x = 2.

Vi du 23: (D¢ thi dai hoc khoi B — 2005): Gidi hé phuong trinh:

{\/ﬁ+\/ﬂ=1

3log, (9x>)—log, y* =3

&5 Gidi
Diéu kién:
x—1>20
2-y>0 c»{XZI . )
O<y<2

9x*>0vpy >0
Bién déi phuong trinh thit hai cua hé:
3(1 + logsx) — 3logsy = 3 < logsx = logzy <> x =Y.
Khi dé6, hé c6 dang:
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X=Yy X=y x=y=1
{J?iT+JE?§=1C>{2(x—n@—x):oc{;:yzz'
Vay, hé phuong trinh c6 hai cap nghiém (1, 1) va (2, 2).
Vi du 24: (D¢ thi dai hoc khai A — 2004): Gidi hé phiong trinh:

1
logi(y—x)—log4§=1

4

x> +y’ =25
L5 Gidi
Diéu kién:
y—x>0<::> y>x. )
y>0 y>0

Bién déi phuong trinh thit nhat ctia hé vé dang:
—logs(y — x) + logsy = 1 < logsy = logsd(y — x)

<:>y=4(y—X)C>X=%. (%)

Thay (**) vao phuong trinh thit hai cua hé:
2 *)
%%-+¢=25c>f=16c>y=4:>x=3

Vay, hé c6 nghiém (3; 4).
Vi du 25: (DHMDC - 2000): Giai va bién ludn hé phuong trinh:
x+y+a=1
28 4y =0
&S Gidi
Bién déi hé vé dang:
y=1l-a-x (1
2V 4N =0 (2)

Thé (1) vao (2), ta dugc:
2 gx+(l-a=0-x(1-a=x =) e P2 +a-Dx+l-al _ ol-a
S 2x2+2(@-Dx+(a-1)2=0, 3)
tacoA'=—(a—1)’<0.
Khi dé:
= Véia=#1thi A'<0 < phuong trinh (3) vo nghiém < hé vo nghiém.
= Véia=1thi A'=0 < phuong trinh (3) c6 nghiém x =0, suy ray =0.
Vay, khia =1 h¢ c6 nghiém x =y =0.

Vi du 26: Giai hé phuong trinh:
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253V =12
32Y =18’
L&y logarit c6 s6 2 ca hai v€ cua hai phuong trinh, ta dugc:

{10g2(2’<_3y):log2 12 {x+ylog23:2+10g23
f—

log,(3".2") =1log, 18 xlog,3+y=1+2log,3’
Ta co

Gidi

D=1 - log; 3 # 0, hé¢ phuong trinh c6 nghién duy nhat.
Dy =2-2log; 3,

Dy=1-log;3.
Suy ra hé c6 nghiém

X =

X 2 D)’ 1
p "' Db
Vay, hé phuong trinh c6 nghiém 1a (2; 1).

Vi du 27: Giai hé phuong trinh:

42x2—2 _22x2+y +4y :1
22y+2 _3.22X2+y — 16 '

&5 Gidi
Viét lai hé phuong trinh dudi dang:
420D 447710V 42 =
2 3472 =4 '

D
bat:
—4x -1 1
,diéukiénu> — vav>0.
v=2 4
Khi dé, hé (I) duoc bien déi vé dang:
w —duv+v:i =1 (1)
. )
vi-3uv=4 (2)
Dé giai hé (II) ta ¢ thé lua chon mot trong hai cdch sau:
Cdch I: Khtr s6 hang tu do tir hé ta duoc:
4u? - 13uv + 3v2 =0. 3)
bat u = tv, khi dé:
t=3
B) e vEr-13t+3) =0 .
t=1/4

Véit =3 ta dugc u = 3v do do:

(2) & — 8v?=4vo0 nghiém.
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. Véitz%tadtlcjcu:iv@v:% do dé:

Q)edl=4<u=1

u=1 4 =1 x2-1=0 X ==l
= = = = .
v=4 2y =4 y=2 y=2

Vay, hé phuong trinh c6 hai cap nghiém (1, 2) va (-1, 2).
Cdch 2: Nhan xét rang néu (u, v) 12 nghiém ctia hé thi u = 0.
v —4

3v
Thay (4) vao (1), ta duoc 2v* — 31v> — 16 = 0.
batt=v2, t> 0, ta duoc:

T (2) ta duoc u =

t=16
(5) =22 -31t-16=0< 1 D@V2=16©V:4:{“

2

45 =1 {xz—lzo {xzil
= = = .
2 =4 y=2 y=2

Vay, hé phuong trinh c6 hai cap nghiém (1; 2) va (-1; 2).

Vi du 28: Gidi cdc bdt phuong trinh sau:

“)
®)

a. (Jﬁ+3)1? <(\/E—3)§;. b. 3 8.3 _ 995 5,

c. 2.2°+3.3>6"—1. d. 4 —2*14+ 47 <.
&5 Gidi
a. Nhan xét rang:
(V10 +3)(V10 =3)=1= 10 =3 = (10 +3)".
Khi d6, bat phuong trinh dugc viét lai duéi dang:

x-3 x+1 x=3 x+1
W10 +3)! < (W10 +3) ¥ &< (W10 +3)x! x+3 < ]
x—-3 x+1 x> =5 —3<X<—\/§
+ <0l —m < .
x—-1 x+3 x=-D(x+3) l<x<+/5

Vay, tap nghiém cuta bat phuong trinh 1a (—3; -5 ) ) (l; J5 ) .

<~

b. Dicukién x + 4 >0 < x > —4. Viét lai bat phuong trinh dudi dang:
3 g 3 _g 3 5
Chia hai vé& bat phuong trinh cho 3>
0 g 3t 950,
batt= 3Vt 0, khi d6 bt phuong trinh (1) c6 dang:
?-8t-9>0(t-9)(t+1)>0t-9>0=2t>9< 3V >0

> 0, ta duoc:

ey
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x—2>0
S X—Ax+4 >2 x+4 <x—2<:>{ < x> 5.

0<x+4<(x=2)
Vay, tap nghiém cta bat phuong trinh 1a (5; +o0).

c. Chia hai v€ bat phuong trinh cho 6* > 0, ta dugc 33 + 2i + 6% > 1. 2)
L X 2 3 | e
Xéthamsoy = — + o> + P 1a ham nghich bién.

Ta c6:

»  Véix>2, f(x) <f(2) =1 do d6 bat phuong trinh (2) vo nghiém.

» Véix <2, f(x)>f(2) =1 do d6 bat phuong trinh (2) nghiém ding.

Vay, tap nghiem ctia bat phuong trinh 1a (—oo; 2).
d. Ta c6 thé trinh bay theo hai céch sau:
Cdch I Dat t = 2%, diéu kién t > 0. Khi d6, bat phuong trinh c6 dang:

—2t+ 4 <0 (3

tacoA'=1- 4 <0, do dé:

a=0 1-4¥ =0 |47 =1 X
B e b©{_ B <:>{ B @{ < x=0.
X

Il
o O

. t=1 2% =1
Vay, bat phuong trinh cé nghiém duy nhat x = 0.

Cdch 2: Bién déi bat phuong trinh c6 dang:
2 2 2 2
2427 22 <0 & (20 -2 ) 422027 -2 <0

PN (2* —2¥ )2 42! (2*2 —1) <0. *)
Nhan xét rang:
(2" —2¥ )2 >0
= VT(*) > 0.
2! (2*2 —1)20
Do dé:
(2x _2)(2 )2 =0 {2x :2,8 X = x2
Q= & , & { R < x=0.
2x+1(2x2_1)20 2% —1 x*=0

Vay, bat phuong trinh cé nghiém duy nhat x = 0.

& Nhdn xét: Nhu vay, thong qua vi du trén cc em hoc sinh da dugc on tap lai
nhiing phuong phép co ban dé giai mot bat phuong trinh mii. Va & dé:
* Vi cau a) la viéc dua bat phuong trinh vé dang ¢4 cling co s0.
* V6i cau b) c6 su tdng hop kh4 cao, bat dau bang viéc sit dung
mot vai phép bién déi dai s6 dé€ 1am xudt hién 4n phu, tiép t6i
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la cong viéc kha don gian khi chi phai giai mot bat phuong
trinh bac hai. Tuy nhién, cudi cung ching ta gap mot dang bat
phuong trinh chita cin co ban Vf <g.

» Vi cau ¢) va d) chiing han 12 nhitng bai todn khé hon béi cin
phai sur dung t6i kién thic vé ham s6 va biét cach danh gid mot
biéu thic chita ham s6 md.

Vi du 29: Gidi bdt phuong trinh:

3
log;(x) — log? (%) + 9log, (%} <4log} (x).
1 X 1

2 2

&5 Gidi

biéu kién x > 0.
Bién déi phuong trinh vé dang:

x’ 32
log;(x) — log; (§J + 9log (x_zj < 410g§,l x)

< logi(x) — [log2x® — 10228]% + 9[10g232 — logax?] < 4log; (x)
< logi(x) — [3logax — 31 + 9[5 — 2log:x] < 4log; (x)

bit t = logyx, ta duoc:
B (Bt=37+9(5-20 <42t — 132 +36 <0< d<2<9

3<t<-2 -3<log, x <-2 l<x<l
= |8 4.
2<t<3

2<log,x<3

Vay, tap nghiém cuta bat phuong trinh 1a (% ij U(4;8).

Vi du 30: Gidi bdt phuong trinh:

x? + (logox — 2)x + logax — 3 > 0. (1)

&5 Gidi

biéu kién x > 0. (*)
Coi (1) 1a bat phuong trinh bac 2 theo 4n x, ta c6:

A = (logax — 2)* — 4(logox — 3) = log; x — 8logax + 16 = (logzx — 4)?
Do do, bat phuong trinh (1) c6 dang:

x+ D +1logx-3)>0 & x+logx —3>0< logx >3 —x. 2)
Nhan xét rang:
*» Ham s6 y = logzx 1a ham dong bién.
* Ham s6 y =3 — x 1a ham nghich bién.
= Vé6ix>2,taco:

VT>1vaVP< 1= x>2langhiém cta (2).
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= V6i0<x<2, taco:
VT < 1vaVP>1= 0<x<2khong la nghiém cta (2).
Vay, tap nghiém cta bat phuong trinh 1a (2; +o0).
Vi du 31: (D¢ thi dai hoc khai B — 2002): Gidi bdt phiong trinh:
log«(log3(9* — 72)) < 1.

&5 Gidi
Trudc hét ta di xac dinh diéu kién:
9% -72>0
log;(9* -72)>0< 9*> 73 < x > loge73 < x > 10g3\/§. *)
O<x=l1

Vé6i diéu kién trén, bat phuong trinh dugc bién déi vé dang:

logs(9* — 72) < X <> 9* — 72 < 3 )
batt=3*> 0, ta dugc:

Q)ett-t-72<0 —8<t<93<9x<2.

K&t hop v6i (*), suy ra bat phuong trinh c6 nghiém logz+/73 < x < 2.

Vi du 32: (D€ thi dai hoc khoi D — 2003): Tim gid tri lon nhdt va nhd nhdt ciia
ham so:

2
In” x

y= ,trén [1; €%].
X

&5 Gidi
2

ot In . .
Xétham soy = X ,trén [1, €], ta ¢6:

_ 2Inx —In*x

P 5
X

1

=
X=¢

Inx=0 =1
}":O<:>21nx—ln2x:0<:>{nX @{X
Inx=2

Do d6, gia tri I16n nhét va nho nhét ctia ham s6 trén [1, €*] duoc cho boi:

a. Ymax = Max{y(1), y(e?), y(e*)} = Max {0, ;iz, % } = ;iz, dat dugc tai x = €.

e
b.  Ymin =0, dat duoc tai x = 1.
Vidu 33: (Dé thi dai hoc khoi B — 2005): Chiing minh rdng véi moi x € R, ta c6:
(Ej + (Ej + [Ej >3+ 4%+ 5%
5 4 3

Khi nao dang thitc xdy ra ?
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&5 Gidi

Str dung bat dang thitc Cosi, ta 1an luot c6:
(2) + Ej >2 (Ej (I—SJ = 23", )
5 4 s )4
(2) + Ej >2 (l—j .(@j =247, )
5 3 5) 13
(I—SJ ; §) >2 (Ej .[QJ = 2.5 3)
4 3 +) 3

Cong theo vé (1), (2) va (3) ta dugc:

BRGRE

D4u "=" xay ra khi:

DRENE

> 3* + 4% + 5%, dpcm.
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CHUGONG 3 — NGUYEN HAM, TiCH PHAN VA UNG DUNG

é‘ KIEN THUC CAN NHO §%§
I. NGUYEN HAM

1. KHAINIEM NGUYEN HAM

Dinh nghia

Cho ham s6 f(x) lién tuc trén khodng 1. Ham sé F(x) duoc goi la nguyén
ham cuia ham so' {(x) trén 1 néu F'(x) = f(x) vdi moi x thudc 1.

Dinh li 1: Gid sit F(xX) la mot nguyén ham cia ham s6 {(x) trén khodng 1. Khi do:
a. Vi moi hang so C, ham s6 G(x) = F(x) + C ciing la mot nguyén ham
cuia £(x).
b.  Nguoc lai, néu G(x) la mot nguyén ham bdt ki cua £(x) thi ton tai hang
56 C sao cho G(x) = F(x) + C vdi moi x thudc 1.

Ki hiéu I f(x)dx dé chi ho tit ca cdc nguyén ham ctia ham s f(x).
Vay ta viét:
j f(x)dx =F(x) + C < F'(x) = f(x)
Dinh li 2: Moi ham so'f(x) lién tuc trén doan [a; b] déu c6 nguyén ham trén doan do.
2. NGUYEN HAM CUA MOT SO HAM SG THUONG GAP
1. Jodx=C, Jdx=x+C. e

o c. Jevdx==—+C.
2. fode= 2=+ Cooz ol k
" ot d. Jaddx= 2—+C.0<a=1.
3. [ x| +C x20. Ina
x N . 5. a | dx =tanx + C
4. Véi k 1a hang s6 khac 0: T cos? x '
a. [sinkx.dx = — coskx | C. b. | .df =—cotx + C.
Sin- X
b. Jcoskx.dx = sinkx +C.

3. TINH CHAT CO BAN C[?IA NGUYEN HAM
Dinh li 3: Néu F(x) la mot nguyén ham cua ham s6 f(x) va G(x) la mét nguyén ham
cua ham s6 g(x) thi:
a. j [f(x)+g(x)]dx = j f(x)dx + j g(x)dx =F(x) £ G(x) + C.
b.  V&i moi so thuc a = 0:
j af(x)dx =a f f(x)dx = a.F(x) + C.
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4. TIM NGUYEN HAM BANG PHUGNG PHAP POI BIEN SO

Co s6 cuia phuong phdp déi bién s6 1a dinh If sau:
Pinh li 1: Gid sit u = u(x) la mot ham sé c¢6 dao ham lién tuc trén 1 sao cho ham sé
hop flu(x)] xdc dinh trén 1. Khi do, ta co:
[flu(x)].u'(x)dx = Flu(x)] + C. (1)
0 do F(u) la mot nguyén ham cua f(u).
Nhan xét rang:
u=u(xX) = du=u'(x)dx va flu(x)].u'(x)dx = f(u)du
do d6, cong thuc (1) dugc viét gon dudi dang:
j f(u)du = F(u) + C.
Dé tim nguyén ham clia ham s6 f(x) bang phuong phap d6i bién ta thuc hién theo
céac budc sau:
Budc 1: Chon u = u(x), trong d6 u(x) 1a ham s6 ma ta chon cho thich hop, réi xac
dinh x = @(u) (néu c6 thé).
Budc 2: Xac dinh vi phan dx = ¢’(u)du.
Buiée 3: Biéu thi f(x)dx theo u va du. Gia st ring f(x)dx = g(u)du.
Buoc 4: Khi do:
[f(x)dx = [g(u)du.

@ Luu y: Céc ddu hiéu dan t6i viéc lua chon 4n phu kiéu trén thong thudng 1a:

Dau hiéu C6 thé chon
Ham c6 mau s6 u 1a mau s6

Ham f(x, /(X)) u= @(x) hoacu=o(x)

e Véix+a>0vax+b>0,dat:

Hémf(x)= 1 u=+x+a ++vx+b
J(x+a)x+Db) e Véix+a<Ovax+b<0,dat:

u=+v-x—a +J-x—b

. a.sinx + b.cosx X . X
Ham f(x)=— u =tan— (v6icos— # 0)
c.sinx +d.cosx+e 2 2

5. TIM NGUYEN HAM BANG PHUONG PHAP LAY NGUYEN HAM TUNG PHAN
Co s& cua phuong phdp 1a dinh 1i sau:
Pinh li 2: Néuu(x), v(x) la hai ham s6 c6 dao ham lién tuc trén 1 thi:
fu(x).v'(x).dx =u(x)v(x) — fv(x).u'(x).dx
hodc viét  Ju.dv =uv — Jv.du.
Dé tim nguyén ham clia ham s6 f(x) bing phuong phdp ldy nguyén ham ting
phan ta thuc hién theo céc budc sau:
Buéc 1: Bién déi:
[f(x)dx = [fi(x).f2(x)dx.
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Buoc 2: Dat:
u=f (x) du
= .
dv =1, (x)dx v
[f(x)dx = uv - Jvdu.
@ Luu y: Khi stt dung phuong phdp Idy nguyén ham timg phdn dé tim nguyén ham
ching ta can tuan thl cdc nguyén tac sau:

a.  Lua chon phép dat dv sao cho v duoc xac dinh mot cach dé dang.

b. Tich phan bat dinh [vdu duoc xac dinh mot cach dé dang hon so véi
tich phan ban dau.

II. TICH PHAN

Buoce 3: Khi do:

1. KHAINIEM TiCH PHAN
Dinh nghia

Cho ham so f(x) lién tuc trén khodng 1 va a, b la hai s6 bdt ki thuéc 1. Néu
F(x) la mot nguyén ham cia f(x) thi hiéu sé F(b) — F(a) duoc goi la tich

b
phan ciia f(x) tira dén b va ki hi¢u la [f(x)dx .
Ta c6 cong thic Niuton — Laipnit:

j f(x)dx = F(x)

b = F(b) - F(a).

b
@ Chu y: Tich phan _[f(x)dx chi phu thudc vao f, a, b ma khong phu thudc vao
céach ky hiéu bién s6 tich phan. Vi vay, ta c6 thé viét:
b b b
F(b) — Fa) = jf(x)dx = j f(t)dt = j fu)du = ...

Dinh li 1: Cho ham s6'y = {(x) lién tuc, khong dm trén khodng 1 va a, b la hai so thudc 1
(a < b). Dién tich S cua hinh thang cong gidi han boi do thi ham s6'y = f(x),

b
truc hanh va hai duong thdng x =a, x=bla S= If(x).dx .
2. TINH CHAT CUA TiCH PHAN

Dinh li 2: Gid sit cdc ham s6 {(x), g(x) lién tuc trén 1va a, b, ¢ la ba s6 bdt ki thudc 1.
Khi dé ta co:
Tinh chdt 1: jf(x)dx =0.

b a
Tinh chdt 2: jf(x)dx = —jf(x)dx.
a b
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c b c
Tinh chdt 3: jf(x)dx = j f(x)dx + jf(x)dx.
a a b

b b
Tinh chdt 4: jkf(x)dx =k j f(x)dx , véi ke R.

b

Tinh chdt5:  [[f(x)+g(x)ldx = [f(x)dx + [g(x)dx.

b
Pé tinh If(x)dx ta st dung:

a. Bang nguyén ham cac ham s6 so cap co ban.
b. St dung mdy tinh CASIO fx — 570MS, bang cdch thuc hién theo céc budc:
Buée 1: Thiét 1ap moi truong bang cach an:

Buée 2: Détinh f," f(x)dx , ta khai bio theo cti phdp:

<hém sf)'f(x)>lalb=.
3. TINH TiCH PHAN BANG PHUONG PHAP POI BIEN 6

Co s6 clia phuong phap déi bién s6 1a cong thic sau:
b B
j flu(x)Ju'(x)dx = f f(u)du, véi o = u(a) va p = u(b).

Tur d6, chiing ta thiy c6 hai phuong phép déi bién:
Phuong phdp 1: DE tinh tich phan:

I= Tg(x)dx

ta thuc hién cac budc:
Buoc 1:  Chon:
»  Phan tich g(x)dx = flu(x)]Ju'(x)dx = f[u(x)]d[u(x)].
= DPatu=uX).
Buéce 2: Thuc hién phép déi can:
= Véix=athiu=u(a).
= Véix =bthiu=u).
b u(b)
Buéc 3:  Khi dé j g(x)dx = j f(u)du .
a u(a)

Phuong phdp 2: DE tinh tich phan:
b
I= I f(x)dx , v6i gia thiét ham s6 f(x) lién tuc trén [a; b]

ta thuc hién theo cédc budc:
Budc 1:  Chon x = ¢(t), trong d6 ¢(t) 1a ham s6 duogc lwa chon mot cach thich
hop (dnh ctia @ nam trong tap xac dinh cua f).
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Buoc 2:
Buoc 3:

LAy vi phan dx = @'(t)dt, gia st ¢(t) lién tuc.
Ta lua chon mot trong hai huéng:
Huong 1: Néu tinh dugc cac can o va 3 tuong tng theoava b (véia =

¢(a) va b = @(p)) thi ta duoc:
1= [ fpm).o (.

Hudéng 2: Néu khong tinh dugc dé dang cac can tuong ting theo a va b

thi ta lua chon viéc x4c dinh nguyén ham, tir d6 suy ra gid tri
cua tich phan xac dinh (trong truong hgp nay ¢ phai la don
dnh dé dién ta két qua ham so clia t thanh ham s6 cla x).

& Chu ¥: D& minh hoa viéc Iva chon mot trong hai huéng trén, ta ¢6 vi du:

a.

1/2

Véil = I f(x)dx , viéc lua chon 4n phu x = sint, —g <t< g cho
0

phép ta lua chon huéng 1, boi khi do:

= V6ix=0,suyrat=0.

= V(’)‘ix=l,suyrat=£.
2 6

1/3

Véi I = _ff(x)dx , viéc lua chon 4n phu x = sint, —
0

thuong lua chon huéng 2, béi khi do:

= VGix=0,suyrat=0.

|3
|3

" Véix= % , ta khong chi ra duoc s6 do goc t.

TINH TiCH PHAN BANG PHUONG PHAP TiCH PHAN TUNG PHAN

Co s& cua phuong phdp tich phan ting phan la cong sau:

b b

j u(x).v'(x).dx = u(x).v(x)

a a

D= Jveoueo.dx. (1)

b
Dé str dung (1) trong viéc tinh tich phan I = _[f(x)dx ta thuc hién céc budc:

b b
Budc 1:  Bién déi tich phan ban ddu vé dang I = j f(x)dx = Ifl (x).£,(x)dx .

Buoc 2:

bat:

{u =1 (x) {du
= .
dv =1, (x)dx v

b
Budc 3: Khidé 1= uv|’ - [vdu.
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@ Cha y: Khi st dung phuong phép tich phan timg phan dé tinh tich phan ching ta
cn tuan thl cdc nguyén tic sau:
1. Lua chon phép dat dv sao cho v dugc xac dinh mot cach dé dang.

b
2. Tich phan jvdu duoc xac dinh mot cach dé dang hon so véi L.

3. Ching ta cAn nhG cédc dang co ban sau:
Dang 1: Tichphanl = [x*.Inxdx, véi a.e R\{—1} khi d6 datu = Inx.
Dang 2: Tich phan I = [P(x)e®dx (hoic I = [P(x)e®dx ) v6i P 1a mot
da thic thuoc R[X] va a.e R * khi d6 dat u = P(x).
Dang 3: Tich phan [ = J P(x)sinaxdx (hoac jP(x)cos axdx ) véi P
1a da thic thuoc R[X] va a.e R * khi d6 dit u = P(x).
Dang 4: Tich phanI= fea"cos(bx) (hoac fea"sin(bx)) véia, b= 0 khi
d6 dat u = cos(bx) (hodc u = sin(bx)).
III. MOT SO UNG DUNG HINH HOC CUA TICH PHAN
1. DIEN TiCH CUA HINH TRON VA CUA HINH EL{P
a. Hinh tron bdn kinh R ¢6 dién tich S = nR?.
2 2
b. Hinh elip (E): "—2+% =1 ¢6 dién tich S = mab.
a
2. TENH DIEN TiCH HINH PHANG GIGT HAN BOI CAC PUONG CONG
a. Dién tich hinh phdng gidi han bdi do thi ham s6'y =f(x) (f(x) lién tuc trén doan |a;
bl), truc Ox va hai duong thdng x = ava x = b dutoc cho bdi cong thiic:

S= j|f(x)|dx.

b. Dién tich hinh phdng gici han bdi hai duong thdang x = a, X = b, va do thi cua
hai ham s6'y = fi(x) va y = f2(x) (fi(x) va fx(x) lién tuc trén doan [a; b)) duoc

b
cho béi cong thiic S = j £, ()~ £, ()| dx .

3. THE TICH CUA VAT THE
Gia str vat thé T duoc gi6i han béi hai mat phang
song song (o), (B). yA
Ta chon truc Ox sao cho:
Ox L (o) vagia st OxN(a) =a
Ox L (B) va gid sit OxN(B)=b
Gia st mat phang (y) L Ox va(y) "Ox=x (a<x<Db)
cat T theo mot thiét dién c6 dién tich S(x) (1a ham s6 5
lién tuc theo bién x).
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Khi d6, thé'tich V ciia vdt thé' T duoc cho bdi cong thiic:

V= TS(x)dx .

4. THE TICH CUA VAT THE TRON XOAY

a. Cho ham s’y = f(x) lién tuc va khong am trén doan [a; b]. Thé tich cua vat thé
tron xoay sinh bdi mién (D) gidi han bdi y = f(x), x = a, x =b, y = 0 quay quanh
truc Ox duogc cho boi cong thiic:

b b
V=n[y’dx =n[f*(x)dx.

b. Cho ham 56 x = {(y) lién tuc va khéng am trén doan [a; b]. Tinh thé tich vat thé
tron xoay sinh boi mién (D) gidi han boi x = f(y), y =a, y =b, x =0, quay
quanh truc Oy duogc cho bdi cong thiic:

b b
V=n[x*dy =n[f*(y)dy.

5. THE TICH KHOINON VA KHOI CHOP, KHOINON CUT VA KHOICAU
a. Thé'tich khoi nén (khoi chép) cé dién tich ddy bdang B va chiéu cao h duoc cho
” 1
boi V = g Bh.

b. Thé tich khoi nén cut (khoi chdp cut) cé dién tich hai day la B, By va chiéu
cao h duoc cho boi:

V= %(B1 + B + 1/B1.B2 )h

c. Thétich cua khoi cdu cé bdn kinh R dugc cho bdi:

V= i1tR3.
3

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
°

§ 1. NGUYEN HAM

Dang todn 1: Tim nguyén ham st dung bang nguyén ham caa mdt sé
ham s6 thuong gip va cac tinh chit co ban cia nguyén ham
Phuong phap
St dung:
* Bang cac nguyén ham co ban.
» Céc tinh chat cta nguyén ham.
= Cac phép bién ddi dai so.
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Thi du 1. Tim nguyén ham ciia cdc ham so sau:
. f0=1-vx+2x +4- 2. b f(x)=(2x +3)"
X X

2

&5 Gidi
a. Tacé:
s 12 ST NP
jf(x)dx :j 1-+/x +2x* + === |dx :j 1-x2 +2x° +——2x72 |dx
X X X
1
2! 3+1 241
=x—— 2.2 Jrln|x|—2.X +C:X—%\/x73+lx4+ln|x|+%+c.
1., 3+1 -2+1 3 2 X

b. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Ta c6 phan tich:

j f(x)dx = j (2x+3)’dx = j(8x3 +36x% +54x +27) dx

=2x" +12x* +27x* +27x + C.
Cdch 2: Ta bién déi:

jf(x)dx = j(2x+3)3dx = %j(2x+3)3d(2x+3) = %(2x+3)4+C.

& Nhdn xét: Nhu vay, dé tim nguyén ham clia cdc ham s6 trén:
= Cau a) dugc dé xuat v6i muc dich gitp cac em hoc sinh 6n lai
cac cong thuc 1, 2, 3 trong bang nguyén ham.
= Cau b) duoc trinh bay theo hai cach v6i muc dich yéu ciu cac
em hoc sinh dua ra 10i ddnh gid. Va rit ra nhan dinh rang céch
2 luon duoc uvu tién boi néu thay (2x + 3)° bang (2x + 3)** thi
khong thé st dung céch 1.
V6i cdch 2 cic em hoc sinh ¢6 thé hiéu theo nghia néu thay x

o+l

bing u thi Jutdu= L — + C, o= -1.
a+l

Thi dy 2. Tim nguyén ham cuia cdc ham sé sau:

2x*Vx -3 -

f(X):Lz\/;' b. f(X):ﬂ.
X x—1
L5 Gidi
a. Taco:
5 1
2 [T 7 _2yg2 s
[teodx = jmcix = judx = I(zxz _3x Zde
X X

3 1
= %xz +3x 2+C = %x x+i+C.

Ix
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b. Tacoé:
J fe0dx =J‘%dx :I(x—1+

2 1
dx = =x° —x+21n|x—1|+C.
x—1 2
& Nhdn xét: Nhu vay, dé tim nguyén ham ctia cdc ham s trén:
= O cau a) ching ta thuc hién thém dong tdc tdch biéu thic ban
dau thanh céc toan tir nhd ma cé thé x4c dinh duoc nguyén
ham cua ching dua vao bang nguyén ham.
= Gcaub) ngoai viéc thuc hién dong tdc tach biéu thiic ban diu
thanh cac toan tir nho, ching ta con st dung cong thic:

[~ inju]+c.
u
Thi du 3. Tim nguyén ham ciia cdc ham sé sau:
a. f(x)=sindx —cos~. b. I 2cosz3x+4sin3—x.sini dx .
2 2 2
&S Gidi
a. Tacé:

If(x)dx = j sin4x—cosi dx = —lcos4x—2sin§+C.
2 4 2
b. Tacé:
If(x)dx: j(2cosz3x+4sin3?x.sin%jdx = J.(l—cos6x+2005x—20052x)dx

= x—%sin6x+2sinx—sin2x+C.

& Nhdn xét: Nhu vay, dé tim nguyén ham clia cdc ham s6 trén:
= Cau a) dugc dé xuat v6i muc dich gitp cac em hoc sinh 6n lai
cac cong thic 4.a va 4.b trong bang nguyén ham.
= Gcaub) ching ta thuc hién thém dong tac tach biéu thiic ban
dau thanh céc todn tlt nhd (cu thé 1a phép ha bac va bién ddi
tich thanh téng) ma c6é thé xdc dinh duoc nguyén ham cua
chiing dua vao bang nguyén ham.

Thi du 4. Tim nguyén ham ciia cdc ham sé sau:
(22 -3
a. f(x)=(e*—e">. b. f(x) =
&S Gidi
a. Tacé:

If(x)dx = J‘(e2X —e )2 dx = j(e4X —2e™ et +eZX)dx

= J.(e4x —2e™ +ezx)dx = %e“ —%e’“ +%e2x +C.
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X_ X : X XX X X X X
If(x)dx = (24—)(3)(1)( _ .“22 _Z.ix?) +3? i = Iél_zél#dx

= 1—2g +2 dX:X—L.g +Lg +C.
2 4 312 914
In— In—
2 4

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia cdc ham s trén:

= Cau a) dugc dé xudt v6i muc dich gitp cdc em hoc sinh 6n lai
cong thic 4.c trong bang nguyén ham. Tuy nhién, truéc do
ching ta thuc hién thém dong tic tich biéu thiic ban dau thanh
cac toan tu nho.

= Cau b) duogc dé xuat véi muc dich gidp cdc em hoc sinh on lai
cong thic 4.d trong bang nguyén ham. Tuy nhién, truéc do
ching ta thuc hién hai dong tic tach biéu thitic ban diu thanh

cac toan tlr nho.
Thi du 5. Tim nguyén ham ciia cdc ham sé sau:
1

a. f(x)=—s; —
Sin X.COS X

b. f(x) = tan’2x + cot’2x.

L5 Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Ta cé:

If(x)dx :J‘;dx = jde = j( ! + ! jdx

sin” x.cos® x sin” x.cos® x cos’x sin’x
=tanx — cotx + C.
Cach 2: Ta co:

1 4
f(x)dx = | ———dx = dx =—-2cot2x + C.
I (x) J‘sinz X.cos” X J‘sinz 2X

b. Taco:

If(x)dx = I(tanz 2x +cot’ 2x)dx = J.(l— coslz x +1- sini 2dex

=2X — l tan2x + lcot2x + C.
2 2

& Nhdn xét: Nhu vay, dé tim nguyén ham clia cdc ham s6 trén:

= Cau a) dugc dé xudt v6i muc dich gitp cdc em hoc sinh 6n lai

cac cong thic 5.a va 5.b trong bang nguyén ham.

= O cau b) ching ta thuc hién thém dong téc tach biéu thic ban

dau thanh céc toan tr nho.
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Cudi cung, thong qua nhiing thi du trén cac em hoc sinh cling da
duoc 1am quen véi viéc st dung cdc phép bién déi dé 1am xuat
hién nhiing to4n tr ma c6 thé x4c dinh duoc nguyén ham cla
ching dua vao bang nguyén ham, y tudng nay sé dugc trinh bay
cu thé trong dang todn tiép theo.

Dang toin 2: Tim nguyén ham bing phuong phap phan tich
Phuong phap

Phuong phép phan tich thuc chat 1a viéc sit dung cac déng nhat thic dé
bién d6i ham s6 ban dau (hodc goi 1a ham s6 dudi dau tich phan) thanh téng
cac nhan td ma nguyén ham ctia mdi nhan ta d6 c6 thé nhan dugc tir bang
nguyén ham hodc chi bing cac phép bién d6i don gian da biét.

Dé tim nguyén ham ctia ham s6'y = f(x) bing phuong phap phan tich, ta
thuc hién theo cac budc sau:

Budc 1: Bién d6i f(x) vé dang:

(0= a,f00,

v6i fi(x) c6 nguyén ham trong bang cong thiic va ai la cac hang s6.
Buoc 2: Khido:

Jicodx = | Zn:ocifi(x)dx = iai [.00dx

& Chu ¥ quan trong: Diém mau chot 12 phép phan tich trong buée 1, cic em
hoc sinh ¢6 thé rit ra y tudng cho riéng minh tir mot vai minh hoa sau:
" V6if(x) = (x — 2)(x* + x + 1) thi bang viéc sir dung phép nhan da thic ta

viét lai:
fx)=x*-x*-x-2.
L x> =2x+1 ... ) ) ) e
= V6if(x) = 1 thi bang phép chia da thuc ta viét lai:
X+
fx)=x-3+ 4 .
x+1
*  V6if(x) = — thi bang phép phan tich da thitc thanh nhan tk ta
X —=3x+2
viét lai:
f(x) 1 _ x-D—-(x-2) _ 1

T x-Dx-2)  (x-D(x-2)  x-2 x-1’
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1 .
V6i f(x) = ————— thi bang st dung phuong phap nhan lién hop ta
NSNS g gp g phap op
viét lai:
f(x) = —“X"'“_\/; = Jx+1+x.

(x+1)—x
V6i f(x) = cos3x.cosx thi bing viéc st dung cong thic bién déi tich
thanh téng ta viét lai:

f(x) = % (cos4x + cos2x).

Thi du 1. Tim nguyén ham ciia cdc ham so sau:

a. f(x)=x-DEx-2). b. f(x)=x(x +2).

&S Gidi
a. Ta c6 thé lua chon hai c4ch trinh bay sau:
Cdch I: Ta bién doi:

jf(x)dx =J(x = D(x = 2)dx = [(x2 = 3x + 2)dx = %x3 - %XZ +2x +C.

Cdch 2: Ta bién doi:

j f(x)dx =J(x— D(x-2)dx =J(x — D[(x = 1) — 1]dx = [[(x = 1)? = (x — 1)]dx

=lx-1)2-(x=Dldx-1)= %(x— 13- %(X— 1)+ C.

b. St dung dong nhat thic x = (x + 2) — 2, ta duoc:

X(x +2)? = [(x +2) = 2](x + 2)° = (x +2)!0 = 2(x + 2)°.
Khi dé:

If(x)dx = jx(x+2)9dx = j[(x+2)10 —2(x+2)9]dx

_(x+2)" 2(x+2)" .
11 10

C.

& Nhdn xét: Qua thi du trén chiing ta bit diu 1am quen véi viéc xdc dinh nguyén
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ham clia cdc ham da thic bang phuong phdp phan tich, cu thé:
1. O cau a) ching ta nhan thay:

» C4ch 1 st dung phuong phdp nhan da thic dé bién déi
tich thanh téng cac nhan tir ma nguyén ham ctia méi nhan
tlt d6 c6 thé nhan duoc tir bang nguyén ham.

» C4ch 2 sir dung dong nhat thitc x — 2 = (x — 1) — 1 dé bién
déi nguyén ham vé dang téng cla cac Ju®du. Tuy nhién,
cdc em hoc sinh s& thdy ngay riang cdch giai nay dugc
trinh bay chi mang tinh minh hoa bdi né phiic tap hon
nhiéu so véi cich 1.



2. O cau b) chiing ta c6 thé tdng quit v6i nguyén ham:
I=[x(ax + b)*dx, véi a # 0
béng viéc s dung déng nhat thiic:

x= L ax = L[(ax +b) - b].
a

a
Thi du 2. Tim nguyén ham ciia cdc ham sé sau:
x* +3x+3 1
a. f(x)= —F——. b. f(x)= ———.
) x+1 ) x* +3x+42
&5 Gidi
a. Taco:
2
[fdx =Iﬂdx = x+2+Ljdx = e mx+1+C
x+1 x+1 2
b. Tacé:
If(X)dx =I - dx :J. dx dx:_“(#— ! jdx
X —3x+2 (x+1)(x+2) x+1 x+2
x+1

=lnx+1]-Inx+2/+C =In 2+C.

@ Nhdn xét: Qua thi du trén:

1. O cau a) ching ta chi can thuc hién phép chia da thic 12 da
bién ddi phan thitc hitu ti ban dau thanh téng cdc nhan tit ma
nguyén ham ctia méi nhan tir d6 c6 thé nhan dugc tir bang
nguyén ham.

2. O cau b) ching ta nhan thay:

1 A N B  (A+B)x+2A+B
x> +3x+2  x+41 x+2 x+D(x+2)
Ta dugc dong nhat thic 1 = (A + B)x + 2A + B. (1)

Pé x4c dinh A, B trong (1) ta Iua chon mot trong hai céch sau:
Cdch 1: (Phuong phdp dong nhdt hé s6): Déng nhat dang thiic, ta

duoc:
A+B=0 A=1
= .
{ZA +B=1 {B —-1
Cdch 2: (Phuong phdp tri s6 riéng): Lan luot thay x = —1, x = -2
vao hai vé€ cta (1) ta dugc A =1 va B=—1. Tuc la:
1 1 1

x* +3x+2 x+1 x+2°
Thi du 3. Tim nguyén ham ciia cdc ham so sau:

1 X
a. f(x)= . b. f(x)= ———.
V2x+1++4/2x -1 Jx2+1-x
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&5 Gidi

a. Taco:
dx (\/2x+1—\/2x—1)dx
If(X)dX :'[\/2x+1+\/2x—1 :I 2x+1-2x+1
= %j{(2x+l); —(2x—1);}dx = é[(zxﬂ);—(zxﬂ);}c.
b. Tacé:

J‘x(\/erx)dx

x2+1-x2

d
If(x)dx = J‘\/ﬁ_x =
= Jxx/x2+1dx+Jx2dx = lj(x2+1)% d(x2+1)+jx2dx

2

1y, o1,
= —(x +1)2 +—x"+C.
3 3
& Nhdn xét: D tim nguyén ham cta cdc ham s6 & vi du trén ching ta déu sir
dung phép nhan lién hop bac hai, cu thé:
JA ++/B c6 lien hop 1a v/A —+/B va ngugc lai.

Tuy nhién:

1. O cau a) sau phép lay lién hop chiing ta nhan duoc ngay tdng
céc nhan tir ma nguyén ham ctia méi nhan tr d6 c6 thé nhan
duoc tir bang nguyén ham.

2. O cau b) ching ta can thuc hién thém viéc tich ham s6 nhan
duoc thanh hai ham s6 nho boi can téi hai dang [x*dx va

fu®du.
Thi dvy 4. Tim nguyén ham cuia cdc ham sé sau:
a. f(x) = sin3x.cosx. b. f(x) = sin3x.sin2x.cosX.
&S Gidi
a. Tacé:

jf(x)dx = %f(sin4x + sin2x)dx = —%cos4x —icos2x +C.
b. Ta c6 phan tich:

f(x) = sin3x.sin2X.cosx = %sin 3x(sin3x +sinx) = %(sin2 3X +sin3x.sinx)

= %(l—cos6x+cos2x—cos4x).
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Khi dé:
If(x)dx = iJ‘(l —Cc0s6X +cos2x —cos4x)dx

21 x—lsin6x+lsin2x—lsin4x +C.
4 6 2 4

@ Nhdn xét: Nhu vay, dé tim nguyén ham cho cic ham s6 lugng gidc trén
ching ta st dung phuong phdp phan tich, cu thé:
1. O cau a) ching ta sir dung cong thiic bién déi tich thanh téng.
Cac em hoc sinh hay nhd lai:

1
COSX.COSY = 5 [cos(x +y) + cos(x —y)]

. 1
sinx.siny = 5 [cos(x —y) —cos(x +y)]
. 1. .
sInx.cosy = 5 [sin(X +y) + sin(x — y)]
. 1 . .
cosx.siny = 5 [sin(x +y) — sin(x — y)]

2. O cau b) ching ta sit dung phép phan tich dan va khi xuét
hién nhitng ham sinx hoac cosx bac cao ching ta st dung
cong thic ha bac. Cac em hoc sinh hay nhé lai:

. 5 I-cos2x . 2 1+cos2x
Sin°’Xx = ————— va Cos’Xx = ————
2
. 3 3sinx —sin3x . 3 3cosx +cos3x
sif’x = ——————— va cos’x = ——————
4
Thi du 5. Tim nguyén ham ciia cdc ham sé sau:
a. f(x) = cos’x. b. f(x) = tan’x.

&S Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch I: Ta bién doi:
If(x)dx = Jcos3xdx = if(Scosx + cos3x)dx = i(3sinx +%sin3xj +C.
Cdch 2: Ta bién déi:
I f(x)dx = Jcos3xdx = [cos2x.cosx.dx = (1 — sin*))cosx.dx
= Jeosx.dx — [sin®x.d(sinx) = sinx — % sin’x + C.

b. St dung dong nhét thic:

2 —tanXx.

CcOs” X 2

tan’x = tan’x.tanx =
COS X

— ljtanx = tanx.
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Ta duogc:
dx

1 1 i
ff(x)dx: J(tanx. > —tanxjdx = J.tanx. > dx—j SIx
cos™ X cos™ X CcOSX

d(cosx) 1

= Itan x.d(tan x) +I —tan’x + Inlcosx! + C.

COSX
@ Nhdn xét: Nhu vay, dé tim nguyén ham cho cdc ham s6 luong gidc trén:

1. O cau a) viéc trinh bay theo hai cdch v6i muc dich cho céc em
hoc sinh thdy tinh linh hoat trong cdc phép bién déi luong gidc
ctia ham s6 duéi dau tich phan.

2. O cau b) ching ta c6 thé tdng quat véi I, = Jeot"dx (hoic
IL,= ftan“dx), voin > 2.

Thi dy 6. Tim nguyén ham cuia cdc ham sé sau:
1 1
a. fx)= . b. f(x) = .
®) sin® 2x ) e +1
&S Gidi
) . . dx 1
a. Sudung két qua —— =——d(cot2x), ta dugc:
sin” 2X 2
dx 1 dx 1 )
f(x)dx = = . = —— | (1+cot” 2x)d(cot2x
I ) J.sin“ 2x -[sin2 2x sin®2x 2-[( o )

= —lcot2x—lcot3 2x+C.
2 6

b. S dung dong nhét thitc 1 = (¢** + 1) — e, ta dugc:
1 (e +D)-e* 1 e

e™ +1 e +1 e +1
Suy ra:

e d(e™ +1) o
J'f(X)dX = I(l—mjdx = J‘dx—jf —X_1n|e + 1| + C.

Dang toin 3: Tim nguyén ham bing phuong phap d6i bién sé
Phuong phap
St dung kién thic trong phan phuong phdp ddi bién.

Thi dy 1. Tim cdc nguyén ham sau:
4 cos x.dx
a. |x(2x*—1) dx. b. | ———.
I ( ) J‘ZSinx -3
sin(2x —1)dx xdx
ein@x=Dx. e
cos (2x—1) x =1
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&5 Gidi

a.

biat u =2x? — 1, suy ra du = 4x.dx < xdx =%du.
Tu do:
IX(ZXZ —1)4 dx = lJ.u4du = l
4 45 20
bat u = 2sinx — 3, suy ra du = 2cosx.dx < cosx.dx = %du .
Tu do:
J- cosxdx _ 1du

_ =—|—= l1n|u|+c = l1n|2sinx—3|+c.
2sinx-3 27 u 2 2

bit u = cos(2x — 1), suy ra du = -2sin(2x — 1)dx < sin(2x — 1)dx = —%du .

Tur d6:
J-sin(2x—1)dx__lv[@_ 1 C = 1

cos’(2x — 1) 2

> =———+C
u 2u 2cos(2x—1)

Dit u = x2, suy ra du = 2x.dx < xdx =%du . Tu dé:

d T |
I xdx J't N __J'( _ jdu :5(1n|u—1|—1n|u+1|)+c

u—1 u+l
=llnu_1 +C=—1 X 1+C.
2 |u+l1 2 |x*+1

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia cic ham so trén:

u5+c=iu +C ——(2x -1’ +C.

1. O cau a) bing viéc lua chon 4n phu u = x> + 1 ching ta nhan

o+l

duoc nguyén ham dang fuedu = " +C,a=-1.

2. O cau b) viéc lya chon 4n phu duoc dé xuét dua trén déu hiéu

thit nhat trong bang diu hiéu.

3. O cauc) chiing ta khong lua chon viéc dat t = MS bdi n6 ¢6
dang u® nén (u?)’ = 2u’.u khong phu hop vé6i TS. Loi giai nay
duoc dé xuat dua trén nhan xét dao ham ca cos thi bing sin. Y

tudng nay duoc tiép tuc st dung trong cau d).

Thi du 2. Tim cdc nguyén ham sau:

a. Ix.sin(xz—l)dx. b. Ie“““"” cos2x.dx .

&5 Gidi
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a. Datu=x>-1, suy radu=2xdx < xdx = %du.
Tu do:

'[x.sin(xz—l)dx = lJ‘sinu.du = —lcosu+C = —lcos(x2 -H+C.
2 2 2

B . 1. gz
b. batu = sinx.cosx = Esm2x , suy ra du = cos2x.dx. Tur dé:
,[ e cos2x.dx = I e'dx =e" + C=ei™ox 4+ C.

& Nhdn xét: Nhu vay, dé tim nguyén ham ctia cic ham so trén:
1. O cau a) bing viéc lua chon 4n phu u = x> — 1 ching ta nhan
duoc nguyén ham dang:
[cosu.du = sinu + C, tuong tu véi [sinu.du = —cosu + C.
2. O cau a) bang viéc lua chon 4n phu u = sinx.cosx chiing ta
nhan dugc nguyén ham dang:

u

fe".du=e"+ C, tuong tu v6i Ja*.du = la +C.
na
Thi dy 3. Tim cdc nguyén ham sau:
_[ dx b Itan2 \x+1dx
sin®(2x 1) ' S+l

&S Gidi

a. Patu=2x-1,suyradu=2dx < dx=%du.

Tu d6:
d
I — X = lj .d121 = —lcotu+C = —lCOI(ZX—l)-i-C.
sin"(2x-1)  27sin"u 2 2

b. Pat u=+/x+1,suyra du= dx dx

<~

2x+1 Jx+1

2

I—tan XHdX:zItanzu_du:zj 12 —1|du= tanu-u+C = tanvx+1-vx+1+C.
Jx +1 cos” u

& Nhdn xét: Nhu vay, dé tim nguyén ham cta cdc ham s6 trén:

=2du . Tur do:

1. O cau a) bang viéc lua chon 4n phu u = 2x + 1 chiing ta nhan
duoc nguyén ham dang:
du
COS2 u
2. O cau a) bang viéc lua chon 4n phu u=+/x+1 chiing ta nhan
duoc mot nguyén ham luong gidc, dé réi st dung phuong phap
phan tich dé tim no.

d ..
[- - =—cotu+C, tuong ty véi [
Sin u

=tanu+C.
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Tiép theo, ching ta s& quan tam t6i viéc lua chon 4n phu dugc dé
xudt dua trén cac ddu hiéu trong bang dau hiéu.

Thi dv 4. Tim cdc nguyén ham sau:

a. Ixmdx. b. I dx =
M(MH)

&5 Gidi
a. Ta c6 thé trinh bay theo cac cach sau:
Cdch I: Patu = x> -1, suy ra:
u? = x? — 1 = 2udu = 2xdx < xdx = udu.
Tu doé:

Jx X' -1dx = _[u.udu = juzdu = §u3 +C = %\/(xz—lf +C.

Cdch 2: Dat u =x? — 1, suy ra du = 2xdx < xdx =%du.
T do:
JX X’ —1dx = _[\/Edu = J.u%du = %uerC = %m+c.
b. Ta c6 thé trinh bay theo céc céch sau:

Cdch I: bat u=~/x+1, suy ra:
u?=x + 1 = 2udu = dx.

Tu do:
| dx =] zudu2=2j(u+1)’2d(u+l)=— 2 ¢
\/X+1(\/x+1+1) u(u+1) u+l
2
- .c.
Vx+1+1
Cdch 2: Dat u=~+x+1+1, suy ra:
dx dx
du= — < —— =2du.
29x+1 Vx+1
Tu do:
dx _jzdu__g+c__ 2 o

J 2 2
\/x+1(\/x+1+1) u u Vx+1+1
& Nhdn xét: Nhu vay, dé tim nguyén ham cta cdc ham s6 trén:
1. O cau a) ching ta nhan thay:
= Cach 1 dugc dé xuat dua trén dau hiéu thi hai trong bang
déu hiéu.
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= Cich 2 ching ta trinh by dua trén nhan xét (x> — 1) = 2x
diéu nay sé cho phép chiing ta khir duoc x trong ham s6
can tim nguyén ham.

Cac em hoc sinh c6 thé thiy ngay ring do phiic tap trong 15i

giai ctia hai cich nay 1a nhu nhau. Tuy nhién, di€u nay da

thay déi trong cau b).
2. O cau b) ching ta nhan thay:

= Cach 1 dugc dé xuat dua trén dau hiéu thi hai trong bang

déu hiéu.

= Cich 2 ching ta trinh bay dua trén nhan xét rang

(\/x+1 +1)‘ = 2\/1_1 diéu nay sé cho phép ta khir dugc
X +

1 N oA R
T trong ham so can tim nguyén ham.
x+1

Thi dy 5. Tim nguyén ham L = jL
COS E —X
5
&5 Gidi
Bién déi nguyén ham vé dang:
L=
sSinx

Ta c6 thé trinh bay theo cdc cdch sau:

Cdch I: batu = tan% , suy ra:

X
dt = l ! dx = l(1 +tan25)dx: l(1 +t9)dx = dx = 2dt2 .
2 2 X 2 2 +t
cos” —
2
Khi d6:
2du
2
L= [ltu - Id—u =Inju/+C= Inftan >+ C.
2u u 2
1+u’
Cdch 2: Ta bién déi:
d(tanxj
L:fd—lej dx = 2 :lntan§+C.
2sin§.cos§ tanf.cos23 tan— 2

Cdch 3: Ta bién déi:
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(sin2;+cos2 ;de | siny cos™
2

+—2 dx
. X 2 X . X
2sin—.cos— cos—  sin—
2 2
X X
—In|cos—|+In sm— +C = Inftan—|+C.
2 2 2

& Nhdn xét: Nhu vay, dé tim nguyén ham trén ching ta lua chon phép di bién
dua trén dé xuat ctia dau hiéu thi ba trong bang dau hiéu.
Tuy nhién, do tinh dac thu cta cac ham s6 lugng gidc nén néu biét
van dung ding cdc phép bién d6i lugng gidc chiing ta c¢6 thé nhan
duoc mot 1oi giai don gian hon, d6 chinh 1a cac cach giai 2 va 3.

. R N sinx.cos” x. dx
Thi dy 6. Tim nguyén ham j _
1+cos’x
L5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Datt =1 + cos?x, suy ra:

. . 1
dt = —2sinx.cosx.dx < sinx.cosx.dx = ——dt.
Khi d6:
J- sinx.cos’ x.dx _ _[ cos’ x.cosx.sinx.dx _ _1J~ (t—1)dt
1 +cos*x 1+cos*x

1 1 1 1
=——||t—=1|dt = =(n|t| = t) + C= —[In(1 + cos>x) — 1 — cos’x] + C.
2[( tj - (il =)+ C= —[In( ) ]
Cdch 2: Dat t = cos’x, suy ra:

. . 1
dt = —2sinx.cosx.dx < sinx.cosx.dx = ——dt.

Khi do:

1+cos*x 1+t

Isinx.cos3 x.dx _ J‘cosz x.cosx.sinx.dx _ Iptdt _ J-
1+cos’x T+t

——%[t—lnu +t]+C= %[ln(l +cos’x) — 1 — cos’x] + C.

Cdch 3: bat u = cosx, suy ra du = —sinx.dx.
Khi do:

J-cos X.SIHZX.dX:_J’ t’dt _I —lt2+ lln(l +2)+C
1+cos™ x 1+t 1+t 2 2
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= %[ln(l + cos’x) — 1 — cos’x] + C.

& Nhdn xét: Nhu vay, dé tim nguyén ham trén:
1. Cach 1 dugc dé xuét dua trén dau hiéu thi nhat trong bang
déu hiéu.
2. Céch 2 duoc trinh bay dua trén nhan dinh:

. . 1
sinx.cos’x.dx = cos’x.cosx.sinx.dx = —5 o s? x.d(cos* x).

3. Céch 3 dugc dé xuét dua trén kién thic:
» DPéchon t=sinx thicin cé cos**'x,k € Z.
»  DPéchon t = cosx thi cin c¢6 sin**'x, k € Z.
Trong nhitng truong hgp con lai (sin va cos c¢6 bac chan) phép
déi bién thuong duge lua chon la:
= Dbat t = tanx khi d6:

dt= - = (1 +tanx)dx = (1 + O)dx & dx = 3,
Ccos” X 1+t
= Datt = cotx khi do:
dx 5 5 dt
dt =————=—(1 + cot’x)dx = —(1 + t)dx < dx = - ~.
SN~ X 1+t
Thi dv 7. Tim cdc nguyén ham sau:
dx dx
a. . b. .
Iex _ex/z J.m
&S Gidi
a. Datt=e™? suyra:
dt=—tenax o 2= L
e
—x/2 .
dx = dxi e /Ze diilz _ 2tdt —2(1 + L)dt
e* —e* e*(1-e™7) e (1-e7) 1-t t—1

Khi dé:
1=20(1 + ﬁ)dt =2 +Inle~ + 1) + C.
b. Ta c6 thé trinh bay theo céc céch sau:

Cdch I: Patt= vl1+e* < t*=1+ e suy ra:
2tdt dx _ 2tdt _ 2dt

& = = .
t =1 Jliet tE -1 tP-1

2tdt = e*dx < dx =

Khi dé
dt t—1 l+e* —1

=2 =ln|—| +C= In2—/——"| +C.
t*—1 t+1 Ji+e* +1
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Cdch 2: Dat t = e *?suy ra:

dt= - %e 2y e —2dt = ;—/XQ,
dx dx _ dx o =2dt
Jiet - \/m - e2\e™ +1 - NENEE
Khi do:
1=—2— % i+ A11+C= —2nle 2+ e * +11+C.

t2 +1

@ Nhdn xét: Trong thi du trén & cau a), chiing ta da ding t6i kinh nghiém dé
lua chon phép ddi bién t = e™? tuy nhién vé6i cach dat t = e*?

ching ta ciing c6 thé thuc hién duoc bai todn.
dx

,vora=0.
x* +a

Thi dy 8. Tim nguyén ham I

&5 Gidi
Datt:x+m suy ra:
\/m+xdx<::> dx :ﬁ

dt=(1+ )dx =

X
VvxZ+a
Khi doé:

1=I% =lnltl + C=1Inlx + Vx> +al+C

Dang toin 4: Tim nguyén ham bing phuong phap 1dy nguyén ham

ting phan
Phuong phap
Str dung kién thiic trong phan phuong phap 14y nguyén ham timg phan.
Thi dy 1. Tim nguyén ham I .X'zd x
sin” 2x
L5 Gidi
bat:
u=x du=dx
f— .
dv= .d2X V=—1C0t2X
sin” 2x
Khi dé:
I .X'zd X = Xcot2x +l I cot2x.dx =—x.cot2x +l'[00?2—x'dx
sin” 2x 2 sin2x
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= —X.COt2X + %lnl sin2x| +C.

& Nhdn xét: Day 12 vi du md ddu minh hoa phuong phép 14y nguyén ham ting

phan va hai cau hoi dugc dat ra la:

1. Cdu 1 "Tai sao lai lua chon phuong phdp ldy nguyén ham ting
phdn 7", dé tra 16i cau hoi nay ching ta sit dung nhan xét:

Ham s6 f(x) khong c6 trong bang nguyén ham cac ham s6
thudng gap, do d6 can nhitng phép phan tich dé€ chuyén né
vé dang mot biéu thic chita cdc ham s6 ¢ trong bang
nguyén ham. Tuy nhién, v6i nhitng phép phan tich dai s6
thong thudong s& khong thé thuc hién duoc yéu ciu trén
bdi f(x) la mot ham khong thuan nhéat (thuong ciia ham da
thitc v6i ham luong gidc hoac véi ham mil va logarit).

Phuong phép déi bién ma ching ta da biét ciing khong thé
thuc hién dugc boi khong c6 phan tir trung gian chuyén déi
gilta ham da thic va ham luong gidc, ham mii va logarit.

2. Cdu 2 "Tai sao lai lva chon cdch ddt v va dv nhu vay 7", dé
tra 10i cau hoi nay ching ta st dung phan tich mang tinh chu
quan sau:

Diéu nay cho thdy u chi ¢6 thé 1a x hoac

X 1
f(x) = = X. .
) sin’ 2x sin’ 2x

——— va phan con
sin” 2x

lai s€ 1a dv. Lua chon trong 16i giai trén 1a u = x boi:

Khi d6 dv =

1 . .
——dx nén v = ——cot2x, tiic thoa man
sin” 2x 2

"Phép dat dv sao cho v dugc xdc dinh mot cdch dé dang".
Tuy nhién, s€ c6 hoc sinh dat cau rang trong truong hop
trai lai (dv = xdx) thi v cuing dugc xac dinh mot cach dé

dang (v = %xz).
Cau hoi rat ddng, nhung cau tra 1oi 1a khong boi khi do
viéc tinh du tré nén phiic tap hon va tich phan méi xuét

hién Jvdu khong duoc xdc dinh mot cich d& dang (vi v van
la ham hop).

DANG 1: Tinh I - j P(x)sin(ax)dx hodc j P(x)cos(ox)dx véi D & mot da thic

thudc R[X] va aeR".
Phuong phap

Ta thuc hién theo cdc budc sau:

Buoc 1:
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{u _P(x) du=P'(x)dx

dv =sin(ax)dx V= —l COSOX
a
Buoc 2: Khi do:

I= _1 P(X)cosax + 1 fP'(x).cosocx.dx.
o o

Budc 3: Tiép tuc thi tuc trén ta s&€ " khur " dugc da thiic.

Thi dy 2. Tim cdc nguyén ham sau:
a. |x.sin(x+1).dx. b. [(2x+1).cos’>.dx.
[x.sin(x+1) J@x+Dcos’>
&S Gidi
a. bat:

{u =X N {du =dx
dv =sin(x + 1).dx v=—cos(x+1)
Khi dé:
Ix.sin(x +1).dx =—x.cos(x+1)+ J.cos(x +1).dx=—x.cos(x+1)+sin(x+1)+C.
b. Trudc tién, ta co:

Jax+ 1).coszg.dx = %J.(2x +1)(1+ cosx)dx

1 1
ZEI(2X+1)'dX_EI(2X+1)'COSX'dX' (1)

L L

Tacéngay I, = x* +x+C. )
Véi nguyén ham I, ta c6 dat:

u=2x+1 du =2dx

=

dv = cosx.dx

Khi dé:
L = (2x+1).sinx — 2[sinx.dx = (2x+1).sinx + 2cosx + C. 3)

Thay (2), (3) vao (1) ta duoc:

v =sinXx

I(2x+1).cos2§.dx = %xz +x—%(2x+1).sinx—cosx+C.

& Nhdn xét: Nhu vay, dé tim cdc nguyén ham trén:
1. O cau a) ching ta thuc hién theo ding phuong phdp da biét
trong dang 1.
2. O cau b) bdi ham s6 cosin & d6 c¢6 bac hai nén can thuc hién
thao tac ha bac truéce.

225



DANG 2: Tinh I - [D(x)e®dx vé&i D la mét da thic thude R[X] va ae R”.

Phuong phap
Ta thuc hién theo cdc budc sau:
Buoc 1: Dat:
U =P(x) du=P'(x)dx
dv =e*dx v=—=e™
o

Buoc 2: Khi do:

1 1
[= —P(x)e* — —[P'(x).e®.dx.
o o
Budgc 3: Tiép tuc thi tuc trén ta s€ " khu " duge da thiic.

Thi dy 3. Tim cdc nguyén ham sau:
2x+1 VX241
a. J(x+1)e dx . b. J.xe dx.
&S Gidi
a. bat:
du=dx
u=x+1
= .
{dV — erHdX V= %62)14—1

Khi dé:
I(x+l)e2“'dx = lx.ez"“ - lIezx”dx = lx.ez"“ -
2 2 2

b. Datt=+/x"+1,suy ra:

t?=x*+ 1 = 2t.dt = 2xdx < t.dt = x.dx.

Tu do:
jxe“‘z”dx = Itet.dt .
bat:
u=t du=dt
= .
dv=e'dt v=e'
Khi do:

lez”1 +C.
4

Ixe‘xz+ldx = te' —j.e‘.dt =te'—e' +C = (\/x2+1 —l)em+C.

& Nhdn xét: Nhu vay, dé tim cdc nguyén ham trén:
1. O cau a) ching ta thuc hién theo ding
trong dang 2.
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2. O cau b) ching ta da phai két hop phuong phap déi bién s6 v6i

phuong phap 14y nguyén ham ting phan boi ham s6 el

khong dung vé6i dang e,
Thi dv 4. Tim nguyén ham I(x +1)%e*?dx .

&S Gidi
bat:
u=(x+1)> du=2(x+1)dx
= +2 :
dv=e""?.dx v=e"
Khi dé:
j(x+ 1’e*?dx = (x + 1)2.e**2— 2j(x +1)e*dx. (1)
1
Xét tich phan I, bang cach dat:
u=x+1 du=dx
= )
dv=e""dx v=e""?
Khi dé:
L=(x+1).e+2— je“zdx =(x+1).e**2—e*2 4+ C. )

Thay (2) vao (1), ta dugc:
j (x+17e"dx = (x+17e"? —2[ (x+ e —e*? |+ C

=[(X+1)2 —2(x+1)+2}e*+2 +C =(x2 +1)e*+2 +C.

@ Nhdn xét: Nhu vay, dé tim nguyén ham trén chiing ta da can t6i hai thi tuc
14y nguyén ham timg phin ting phan diéu nay da dugc khing
dinh & budc 3.

DANG 3: Tinh I - fp(x).lnocxdx véi p la mét da thic thude R[X] va ae R”.
Phuong phap

Gia st p(x) ¢6 nguyén ham la P(x), ta thuc hién theo cac budc sau:

Buoc 1: Dat:

{uzlnax du = Ldx
= X .
dv =p(x)dx v=P(x)
Buoc 4: Khi do:
= P(x)lnox — [L9X
N S

L
Budc 2: Nguyén ham I; duge xdc dinh bang cich chia da thic.
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Thi dy 5. Tim cdc nguyén ham sau:

a. jx.ln(x2 +1).dx. b. j (x> +1)’ Inx.dx .
&S Gidi
a. Datt=x%>+1,suyra:

dt = 2x.dx < xdx :%dt

Khi dé:
1
2 e
fx.ln(x +1).dx = 5 jlnt.dt.
bat:
u=Int du= ﬂ
= t .
dv =dt —t
Khi do:

1 1 1 1, , ,
Ejlnt.dt = E(t.hlt— jdt)_ E(t.hlt—t)+C— 5[(){ + DIn(3+ 1) — 2+ 1)] +C.
b. bat:

dx
{uzlnx du:?

dv =(x*+1)*dx = (x* +2x* + 1)dx = 1 2
v=gx5 +2x7 +x

Khi dé:

j(x2+l)zlnx.dx = 1X5+%X3+X lnX—I lx4+%xz+l dx
5 3 5 3
= lxs+%xs+x Inx — Lx5+%x3+x +C.
5 3 25 9

DANG 4: Tinh 1 - J-e"‘X sin(bx)dx hodc J.eaX cos(bx)dx véia, b # O.

Phuong phap

Ta thuc hién theo cdc budc sau:
Buoc 1: Dat:

{u — cos(bx) du = —-bsin(bx)dx
= .

dv=e"dx v=—e"
a

Khi dé:
1 b .
[ = —e¥cos(bx) + — Je*sin(bx)dx. (1)
a a
Buoc2: XétJ = [esin(bx)dx, dat:
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{u — sin(bx) du =bcos(bx)dx
1

=
dv =e*™dx v=—e
a
Khi dé:
J= l e*sin(bx) — R fea"cos(bx)dx :l e*sin(bx) — R L (2
a a a a
Buoc 3: Thay (2) vao (1), ta duoc:

1 1
I = —e*cos(bx) + R [—e*sin(bx) — E I]
a a a

a
= [a.cos(bx)z-l-b.szln(bx)]e L C
a“+b
Thi du 6. Tim nguyén ham 1 = [e**'.cos(2x + 1).dx.
&S Gidi
bat:
4l du=e*"dx
u=e
= 1
{dv =cos(2x +1).dx V= Esin(Zx +1)
Khi do:
I= %e"*l.sin(2x+ 1) - %jex+l.sin(2x+1).dx. €Y

Xét tich phan J = [e**'.sin(2x +1).dx , dat:
x+1 du= e”ldx
u=e
. = 1 .

{dv =sin(2x +1).dx V= _ECO s(2x +1)

Khi do:
1., 1. 1 1

J= - e*tlcos(2x+1) + Eje cos(2x +1).dx = —Ee’” cos(2x+1) + 5 I (2)

Thay (2) vao (1), ta duoc:
1 1.1 1
I=—e**lsin2x + 1) — —[-—e**lcos@x + 1)+ —1
( ) 5 [ 5 ( ) 5 ]
<S4 =2e"sin2x + 1) +e**lcos(2x + 1) — 1

o l= % [2sin(2x + 1) + cos(2x + 1)]e**! + C.

§ 2. TicH PHAN
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Dang toan 1: Tinh tich phin st dung cac tinh chat cua tich phan va
bing nguyén ham cta mot s6 ham sd thuong gip

Thi du 1. Tinh cdc tich phdn sau:

4 X
a. I= _f(3x+cosnx—ez)dx. b. J= dx .

2
}x -2x
0 1

i
&5 Gidi
a. Taco:

I:(%xz— lsin1‘cx—4e1)‘g =24 -4e) - (0-4) =28 — 4e.
n

b. Ta co:
21 2 AN
J= I(___2)dx :(111|x|+—)‘1 =(In2+1)—(Inl1+2)=In2-1.
1 X X X

& Nhdn xét: Nhu vay, dé tinh c4c tich phan trén:
= O cau a) chiing ta chi viéc st dung cong thic sin trong bang
nguyén ham la chi ra dugc nguyén ham cua ham s6. Tu do,
nhan dugc gia tri cua tich phan.
= O cau b) ching ta chi cin tich ham s6 dudi d&u tich phan
thanh cdc ham s nho roi sir dung cong thitc san.

1
Thi dy 2. Ham 56 f(x) = a.sinnx + b.cosnx thod mdn (1) = =2 va [f(x)dx = 4.
0
Tim a,b.
&S Gidi
Ta lan luot xét cac gia thiét:
= VGif(1) =2 thi a.sinm + b.cost = —2 < b = 2. (1)

1
= V6i [f(x)dx =4 thi:
0

1
. a b . 2a
4= I(a.smnx+b.cosnx)dx= (——cosmX + — sSin7x) }) =—+b
0 T v T
M 2a
= —+2=4ca=m.
b

Vay, véi a = i, b = 2 thoa man diéu kién dau bai.
& Chii y: Thi du ti€p theo s& minh hoa viéc sir dung tinh chat 3 dé tinh tich phan.

3 4 4
Thi du 3. Cho biét jf(z)dz =3, j f(x)dx =7.Hay tinh j f(t)dt .
0 0 3

&5 Gidi

Ta cé:
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j'f(x)dx = j.f(x)dx + j'f(x)dx = j.f(z)dz + jtf(t)dt
0 0 3 0 3

= jtf(t)dt = j'f(x)dx - if(z)dz =7-3=4
3 0 0

@ Cha y: Tinh chét 3 thudng dugc st dung dé tinh tich phan clia ham chita dau
tri tuyét doi.

Thi dv 4. Tinh tich phin 1= ﬁx2 —l‘dx :
)

&5 Gidi
Xét ddu ctia ham s6 y = x> — 1.
X | - -2 -1 1 2 4o
y | + 0 - 0 +
Do dé:

-1 1 2
I= [(x*-Ddx + [(1-x")dx + [(x* —=1)dx

-2 -1 1
— 1 3 _ -1 _ 1 3|1 1 3 2 _
=¥ =03+ G o)+ (-t =4

& Nhdn xét: Nhu vay, dé tinh dugc tich phan trén chiing ta can loai bo duoc dau
gid tri tuyét d6i cho ham s6 dudi dau tich phan va dé thuc hién diéu
nay ching ta chi can thuc hién viéc xét dau ham s6 y = x> — 1 trén
[-2; 2], tir d6 st dung tinh chat 3 dé tach tich phan ban dau thanh
nhitng tich phan nho ma trén d6 ham s6 y = x* — 1 mang dau am
hoac duong.

Thi du ti€p theo s& minh hoa viéc stt dung tinh chat 4, 5 dé tinh
tich phan.

2 5 5
Thi dy 5. Cho biét [f(x)dx =—4, [f(x)dx =6, [g(x)dx = 8. Hdy tinh:
1 1 1

5

5
[roods, [[4f(0)-g(0]dx.

1
&5 Gidi
a. Tacé:
5 2 5 5 5 2
j f(x)dx = jf(x)dx + j f(x)dx < j f(x)dx = j f(x)dx — j f(x)dx = 10.
1 1 2 2 1 1
b. Ta cé:
5

(410~ g(0)]dx = 4]f(x)dx _ j g(x)dx = 4.6 -8 = 16.

1
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@& Cha y: Néu ham dudi ddu tich phan 13 ham cuc tri nhu Min(f, g,...) hoac
Max(f, g,...) khi d6 can thuc hién phép xét dau hiéu cac ham.

Thi dy 6. Tinh tich phdn:

2
I= jmax{f(x),g(x)}dx , trong dé f(x) = x* va g(x) = 3x — 2.
0

&S Gidi
Xéthicu f(x) — g(x) =x>-3x+2<0< 1<x<2.
Do dé:

I= Imax{f(x),g(x)}dx = Imax{f(x),g(x)}dx + Imax{f(x),g(x)}dx
0 0 1

1 2 3 1 352
= [x’dx + [Bx-2)dx = —| +(
1 3 2

0 0

—2x)\,2 = %.

& Chu y: Néu biét biét cach tan dung ¥ nghia hinh hoc cta tich phan, trong nhiéu
truong hop chiing ta c¢6 ngay dugc dap s6 ctia mdt tich phan tuong doi
phtc tap.

Thi dy 2. Tinh tich phan1= [Ja’ -x*dx , vdi a> 0.

&5 Gidi

Ham s6 y = v/a® —x*> 12 mot ham s6 khong am lién tuc trén [ — a, a] va ¢6 do thi
12 nlta dudng tron tam O ban kinh R = a (goi 1a (C)) trén mat phang toa do, do d6 tich
phan trén 1a dién tich cta nira duong tron (C).

Vay, ta dugc I = %naz.

Dang toin 2: Tinh tich phan bing phuong phap phan tich
Phuong phap

Str dung kién thiic da thu nhan duogc trong phan "Tim nguyén ham bdng phuong
phdp phan tich".

Thi du 1. Tinh cdc tich phan sau:
1 1 2
a I= (42x+11)dx. b. I= J‘(X j3x+10)dx.
) X +5x+6 y X +2x+9
&S Gidi

a. Bién doi:
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d4x+11  _ 4x+11 A N B _ (A+B)x+3A+2B

X +5x+6  (x+2)(x+3)  x+2  x+3  (x+2)(x+3)
Péng nhat dang thic, ta duoc:
A+B=4 A=3 4x +11 3 1
= = 5 = + .
3A+2B=11 B=1 X" +5x+6 X+2 X+3

Do d6:

1
I = j( 3, 13jdx:(31nlx+2|+1n]x+3|)\;:1n%

o\X+2 X+

b. Bién déi:
x2 +3x+10 x+1 1 2x+2
—2 :1+—2 :1+—.—2 .
X" +2x+9 X" +2x+9 2 X" +2x+9
Khi d6:
2x+2

1—](1

1 1. 4
=(x+ =Inx>+2x+ 9|, = x + —In—.
2% +2x+9)d x+5 i+ 2 D‘“ T3
@ Nhdn xét: Nhu vay, dé tinh duoc céc tich phan trén:
= O cau a) ching ta phan tich ham phan thic hitu ti thanh nhiing
ham nho (phuong phdp nay da dugc trinh bay trong cha dé vé
nguyén ham).
= O caub)sau phép chia da thic ching ta nhan thdy rang:
(xX*4+2x+9)=2x+2=2(x+1)=2TS
s u'
nén c6 dang —.
u

Thi dy 2. Tinh cdc tich phdn sau:

n/2 n/4
a. I= j sin7x.sin2xdx . b. J= Jsinz(z—xjdx.
-n/2 0 4
&5 Gidi
a. Taco:
n/2 l
I=— I (cos5x —cos9x)dx = —(—sme— gsm9x) R
-n/2
1
= — (9sin5x — 5sin9x) |"* = —[(9-=5) - (-9+5)]= —.
90( ) 5 %0 [( )—( )] 25
b. Taco:

n/ n/4
:% j[1 cos(a—zxﬂd - = j(l—smzx)dx
0

)
we oL Z o m22
570

/4

= — (2x + c0s2Xx)

x+ %cos2x)

l\)l»~
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& Nhdn xét: Nhu vay, dé tinh dugc cdc tich phan trén:
= O cau a) ching ta chi viéc st dung cong thic bién déi tich
thanh téng. Tlr d6, nhan dugc gi4 tri cha tich phan.
= O cau b) ching ta chi can st dung cong thic ha bac va cong

thic gifta hai géc hon kém nhau g .

Thi dvu 3. Tinh cdc tich phdn sau:

2 .
™ 1+sin2x + cos2x

b. I= dx.
cVx+1 +\/_ n-L sin X + cosx

-_._

&5 Gidi

a. Bién doi I vé dang:
1
1= J(x/x+1—x/;)dx:§[(x+ 1P — x| = %(ﬁ - 1).
0

b. Bién dai I vé dang:

/2 . n/2
1+sin2x cos2x ) .
I= I : +— X = J.(smx+cosx+cosx—s1nx)dx
Js\SINX+CosX  sinX +cosx 6

n/2
=2 J cosxdx = 2sinx
n/6

n/2 __
/6 _1

& Nhdn xét: Nhu vay, dé tinh dugc cic tich phan trén:
= O cau a) viéc sir dung phép nhan lién hop 1a diéu ching ta da
duogc biét trong chu dé vé nguyén ham.
= cau b) chi cin cdc em hoc sinh nhé lai khi hoc vé viéc tinh gid
tri cia mot biéu thiic lugng gidc tai xo (I6p 10), ching ta luon tim
céch don gian biéu thic d6 trudc khi thay gia tri xo vao.

Dang toin 3: Tinh tich phan sit dung phuong phap ddi bién dang 1
Phuong phap

St dung kién thic trong phuong phdp 1 clia phan phuong phép déi bién so.
Thi dy 1. Tinh cdc tich phdn sau:

; ¢ 5xdx
a. jx3(1+x4)3dx. b. _[ >
0 o (X +4)
&S Gidi
a. Datu=1+x* suy radu = 4x%dx.
Péi can:
= V6ix=0thiu=1. = V6ix=1thiu=2.
Tu do:
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1 2
Ix3(1+x4)3dx = lJ‘u3du = Lu4 e E
0 4+ 16 " 16

b. Datu=x>+4, suy ra du = 2xdx.
Déi can:
= V6ix=0thiu=4. = Véix=1thiu=>5.
Tu do:
£ 5x 5tdu 5[

—= _dx
! (x> +4) 29 u? 2u

4

1
. 8

@& Nhdn xét: Nhu vay, dé tinh duoc céc tich phan (tich phdn cdc ham s hitu ti) trén:
= O cau a) viéc Iua chon 4n phu u = 1 + x* xuét phét tir nhan xét
(1 +x%" = 3x* va x* ¢6 trong ham s6 dudi dau tich phan. Viéc
lua van ddng trong trudng hop x* duoc thay boi x**? ke N.
= Gcaub) viéc Iua chon 4n phu u = x> + 4 xuét phat tir nhan xét
(x* +4)' = 2x va x ¢6 trong ham s6 dudi ddu tich phan. Viéc lua
chon van ding trong trudng hop x dugc thay boi x**!, ke N.
Thi dy 2. Tinh cdc tich phdn sau:
n/6

I (1—cos3x)sin3xdx .
0

/4
tan x.dx

b. j

0

cos’x
&S Gidi
a. batu=1-cos3x, suy ra du = 3sin3x.dx.
Déi can:
* V6ix=0thiu=0. . Vé’ix:gth‘luzl.
Tur d6:
g |
(1 —cos3x)sin3xdx = l udu = lu2 §o= l
6 " 6
0 0
b. Datu =tanx, suy radu = df .
cos” X
Déi can:
= V6ix=0thiu=0. . Véix:gthiuzl.
Tur d6:
i |
1 1
J tan x dx = judu = —uz‘:) =—
4 €os” X 2 2

Thi dvy 3. Tinh cdc tlch phdn sau:

B NG
jxxll+x2dx. b. IXS\/l+x2dx.
0 0
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&S Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Patu = x* +1, suy ra:
u?=x?+ 1 = 2udu = 2xdx < udu = xdx.

Péi can:
= V6ix=0thiu=1. = Véix=+3 thiu=2.
Tu do:
A 2 1. 7
Ixx/l+x2dx:Ju2du:—u3 = —.
0 1 3 n 3
Cdch 2: Datu = x>+ 1, suy ra du = 2xdx.
Déi can:
= V6ix=0thiu=1, " Véix=+3 thiu=4.
Tu do:
NG

j T+ xdx = _jfdu = S =
Cach 3: ThlIC hién phép b1en doéi:

A 1
xV1+x>dx = EI\/1+x2d(1+x2) = %j(1+x2)2d(1+x2)
0 0

o'—.S

p
Ly =1
3 o 3
b. Pitu=V1+x> < u’=1+x>= 2udu = 2xdx.
Déi can:
= Véix=0thiu=1. = Véix=+3 thiu=2.
Khi dé:
NG 2 2
jXS 1+x2dx = I(uz—l)zuzdu = j(u6—2u4+u2)du
1

0 1

lu7 —zu5 +lu3
7 5 3

& Chu ¥: Nhu vay, dé tim nguyén ham ctia ham s6 trong a):
= Céch 1 va cdch 2 dugc dé xuét dua trén dau hiéu thit hai trong
bang dau hiéu & chu dé 2.
» C4ch 3 duoc trinh bay dua trén y tudng déi bién chia cach 2.

1
Thi dv 4. Tinh tich phdn 1 = I dx 3
J’_

2_ 848
1 105

&5 Gidi
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du

Dat u=e* + 3, suy ra du = 2e*dx = 2(u — 3)dx < dx =

2u-3)
Déi can:
= V6ix=0thiu=4. » Véix=1thiu=e?+3.
Tu doé:
e?+3 e2+3 2,
= L :lj( ! _ljdu:l(m|u_3|_1n|u) 3
25 uw-3 63 \u-3 u 6 4
1o Ju=3™ 1 1, 4
= —In =— ——In 5
6 | ul|, 3 6 e&+3

Dang toin 4: Tinh tich phan st dung phuong phap d6i bién dang 2
Phuong phap

St dung kién thic trong phuong phdp 2 clia phan phuong phép déi bién so.
Thi du 1. Tinh cdc tich phdn sau:

1/2
a. I= I\/l—xzdx.b. b. I=
0
&S Gidi
a. Ta c6 thé trinh bay theo hai céch sau:

Cdch 1: Datx =sint, te [—g; g} suy ra dx = cost.dt.

Déi can:
. .. 1 ..
= V6ix=0thit=0. . V()’1X=5thlt=£.
Khi dé:
n/6 n/6 1 n/6
1= j \J1—sin’t.cost.dt = I cos’ t.dt = 5 J (1+ cos2t).dt
0 0 0
1, 1. 1t 3
= —(t+ —sin2t)|7° = = (= + ).
2( 2 Jt 2(6 4 )
Cach 2: Dit x = cost, te[0; n] suy ra dx = —sint.dt.
Péi can:
= Véix=0thit=~. = Véix=Lithit=Z.
2 2 3
Khi dé:
/3 /3 1 /3
I= - lel—coszt.sint.dt = — Isinzt.dt = — 5 I(l—cos2t)dt
n/2 n/2 n/2

NE

1 = 3
n/3=__+_.
( 4)

1 1
= — —(t— —sin2t
2( 2 )|ar2 2°6
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b. Ta c6 thé trinh bay theo hai céch sau:

Cdch 1: batx = L te (0; gj suy ra dx = — cost.dt

sint

sint
Déi can:
. . T .. 2 .
= Véix=2thit=—. Voix=— thit=—.
6 NE) 3
Khi do6:
x/3 ———5—costdt n/3
I= [l - [dat=— =-I
n/6 1 1 -1 n/6 e 6
sint \ sin’ t
Cdach 2: batx = ,te (0; Ej suy radx = s1nt.2dt .
cost 2 cos t
Déi can:
.. 2 . T
= Véix=2thit= = " Véix=—— thit=—.
3 6
Khi do:
3 5 sin tdt 3
I= [—cost = [a=o=-2.
1 1 /3 6
n/3 1 n/3

cost \ cos”t

& Chu y: a. Trong 10i giai trén viéc lua chon mién gid tri cho 4n phu t phu thuoc
vao hai can cua tich phan.

b. Ciing c6 thé sir dung phép ddi bién t = 1 , bing cach viét:
X

. S S
2 42 1_% 72 1=t
X

R0i ti€p tuc st dung phép déi bién t = sinu, ue(0; g ), ta dugc:

/3

I= [du=u"=2Z,
n.!‘6 e 6
Thi dy 2. Tinh cdc tich phdn sau:
1 1
a. I:J.x 1+x°dx. b.I:I 2dx
0 o X +1

&5 Gidi
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a. batx =tant, te —E;E suy radx = dtz .
2 2 cos” t
Péi can:
= Véix=0thit=0. . V&lethitzg.
Khi do:
n/4 n/4 x/4
I = [ tantyl+tan’ J'd(coft) = 13 _ 22 L
0 “cos’ t ) Cos't 3cos’ ‘[|(J 3
b. Datx:tant,te{ I E} suy ra dx = = (1 + tan’t)dt.
272 cos” t
Péi can:
= Véix=0thit=0. . Véilethitzg.
Khi do:
n/4 n/4
_[ (1+ tan® t)dt _ _[dt = [ -
0 tan’ t + 1 0 4
Thi dvy 3. Tinh cdc tich phdn sau:
0 3/2
a I= | I X i . b I= [ Jx—D@-xdx.
-1 1-x 5/4

&5 Gidi

a. batx =cos2t, te (O; g} suy ra dx = —2sin2t.dt. Péi can:

= Véix=-lthit= =, = Véix=0thit=".
2 4
Ta cé:
TFX g = [LECOS2E (HGindtdt) = [cott|(—2sin2t.dt)
1-x 1—cos2t
= —4cos’t.dt = —2(1 + cos2t)dt.
Khi dé:

n/2
I=-2 J. (1+cos2t)dt = —2(‘[ —%sin 2tj

n/4

n/2

=-2 (1 + Ej .
n/4 4
b. Datx =1+ sin’t, te {O; g} khi d6 dx = sin2t.dt. Déi can:

= Vé‘ix=%thit= . Véix=%thit=

T T
6 4
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Ta cd /(x —1)(2—-x)dx = sin?2t.dt = (1 — cos4t)dt.

Khi dé:
/4 - \/g
= —+—|.
ooz

/6

/4
1
1= 1—cos4t)dt = | t ——sin4t
[« ) ( y j

/6

Dang toin 5: Phuong phap ddi bién cho 16p ham s dic biét
Phuong phap

Dua vao viéc xem xét can cla tich phan va tinh chit ctia ham s6 dudi ddu tich
phan ta c6 thé lua chon phép dat 4n phu, thong thudng:

= Véil= I f(x)dx c6 thé lua chon viéc dat x = —t.
n/2
Véil= '[ f(x)dx c6 thé lua chon viéc dit t = g - X.
0

Véil= jf(x)dx c6 thé lua chon viéc dat t = i — x.
0
2n

Vé6il = j f(x)dx c6 thé lya chon viéc dat t = 21 — x.
0

b
Véil= jxf(x)dx c6 thé lua chon viec daitx =a+b —t.

a

Thi du 1. Tinh cdc tich phan sau:
1 2n
a. I= J‘szo sinx.dx. b. I= j X.cos® xdx .
—1 0
&5 Gidi
a. Viét lai I duéi dang:
0 1
I= JXZO]O sinx.dx + IXZO'O sinx.dx . @)
-1 0
0
Xét tinh phan J = [ x**"* sinx.dx bng cdch dat x = ~t thi dx = —dt.

-1

Péi can:
= VGix=-1thit=1. = V6ix=0thit=0.
Khi dé:
0 1 1
J=— j(—t)2004 sin(—-t)dt = — jt2004 sint.dt = — fx2004 sin xdx . (%)

1 0 0
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Thay (**) vao (1) ta dugc I = 0.
b. Patx =2m — t suy ra dx = —dt.
Péi can:
= V6ix=2nthit=0. = V6ix=0thit=2m.
Khi do:
0 27
= j 2n—1).cos’(2n—t)(=dt) = j (2n—1).cos’ tdt

2n 0

2n 2n 2n
=27 J’cos3 tdt — J-tcos3 tdt = g I(cos3t+3cost)dt -1
0 0 0

= 20= g(%sin3t+3sint) 2 20 1=0.

@ Nhdn xét: Véi tich phan trong a), cdc em hoc sinh chua c¢6 kinh nghiém
thuong suy nghi theo hai huéng sau:
Huong I: St dung phuong phép tich phan tiing phan, bdi né ¢6
dang [P(x)sinoxdx song khi d6 ta can thuc hién 2010
lan tich phan timg phan va diéu d6 duong nhién
khong thuc té.
Huong 2: St dung phuong phép tich phan ting phan cho cong
1

thitc téng quat jx" sinxdx , tir d6 bing phuong phap
-1
truy hoi nhan duoc két qua.
Thi dy 2. Tinh cdc tich phdn sau:

7 ([ 1+sinx
a. I = Ix.sinx.cos2xdx . b. I= ln( }Jx .
0 0 1+ cosx
&5 Gidi
a. Datx = — t suy ra dx = —dt. Ddi can:
= Véix=mnthit=0. = V6ix=0thit=m.
Khi dé:

0 T
I= —I(n —t).sin(nt—t).cos’(n—t)dt = I(n —t).sint.cos’ tdt
n 0

T o Tt
:7tJ‘smt.cos2 tdt — j‘t.smt.cosz tdt = 5 Ism2t.costdt -1
0 0 0

=20 =

(sin3t+sint)dt & 1= g (- % cos3t — cost)

T
0 =

&~ 3
O Cm—y 3

b. Patt= g — x suy ra dx = —dt. Déi can:
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thit=0.

. Véix:Othit:g. = Véix=
Khi d6:

T
0 1+sin(——t) /2 /2 .
I=[1In 2 (—dt)=.[ln(l+c.08tjdt:—jln(1+81ntJdt

/2 1+COS(E—t) 0 1+Slnt 0 1+COSt

/2
. jl (”Smxj e 2A=01=0.
1+ cosx

Dang todn 6: Phuong phap lay tich phén ting phan
Phuong phap

Str dung kién thic trong phan phuong phap tich phan timg phan.
Thi du 3. Tinh cdc tich phan sau:

1 1
a. I= jxln(1+x2)dx. b. I= jxtanzx.dx.
0

0
&5 Gidi
a. bat:
du_2xdx
=1In(1 + x* B 2
{u n(l+x%) 4%

dv = xdx 1,
vV=—X

Khi do:

1+x? 2 0 1+x?

1 3 1 2 _
Izélen(l+xz)‘}) 3 dex _E_ [x(x" +1)—x]dx

ln2 In2

== —[— - %ln(l +x3)]|y =12 -

b. Bién d01 Ivé dang

1
- JX(COS X '([COS X - deX-

0 0

Xéc dinh I; bang phuong phap thh phan timg phan, nhu sau:

u=x du = dx
dx = .
dv = > vV =tanx
Cos” X
Khi dé:
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1
I = xtanx‘g - thxdx = (xtanx + lnlcosxl)‘f) =tanl + In(cosl). )
0

1
Ngoairal, = %xz‘o = l

(3)
Thay (2), (3) vao (1) ta dugc I = tanl + In(cos1) — %

1
Thi du 4. Tinh tich phdn 1 = j e dx .
0
&S Gidi
Viét lai I duéi dang:
1
I= J’exeex dx .
0
bit t =e* suy rae*dx =dt.
Péi can:
» V6ix=0thit=1.
» Véix=1thit=e.

Khi d6 1= j te'dt , ta dat:
1

u=t du=dt . F 1 . 1
d [d@ . :>I:te‘l —Jedt:e“ —e—e‘l =ettl _ e,
v=edt

v=e 1
Thi du 5. Tinh cdc tich phdn sau:
1 /2
a. I= [e*sin’(mx)dx. b. I= [ e*cos® xdx.
0 0
&5 Gidi
a. Bién doi I vé dang:
1 1 1
I= 1 [e*(1-cos2mx)dx = l(J'exdx — [e* cos2mxdx ). (1)
2 0 2 0 0
I I,
Vi tich phan I, ta c6 ngay:
Li=et|), =e—1. ()

Véi tich phan I, stt dung phuong phdp tich phan timg phan, dat:
u = cos 27X du = —-2sin2nx.dx
= .
dv=e"dx
Khi dé:

v=¢
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1
L= e"cosan‘}) +2[e*sin2nxdx =e—1+2L..

0
-

L
Vi tich phan I, sit dung phuong phép tich phan ting phan, dat:
u =sin2mx du =2 cos2nxdx
=
dv=e"dx v=e"
Khi do6:

2

L, = e*sin2nx ‘(') - 2j1'ex cos2mxdx =-2L.
0 -
Thay (4) vao (3), ta duoc:
e—1
3
Thay (2), (5) vao (1), ta dugc:

Iz=6—1—212<2>12=

1 e—1 e—1
[=—(C-1-—)=—.
2 ( 3 ) 3
b. Ta c6 thé lua chon cic céch sau cho viéc tinh nguyén ham I' = Je*.cos?xdx:
Cdch I: ViétlaiI' du6i dang:

I'= % fe".(l + cos2x)dx = % (fe"dx + fe".cos2xdx): % (e*+ fe".cos2xdx).

= Tinh tich phan J = Je*.cos2xdx biing cich dat:
u = cos2x du = -2sin 2xdx
= .
dv =e*dx v=e®
Khi dé:
J = e*cos2x + 2[e*sin2xdx.
= Tinh tich phan K = Je*sin2xdx bang cach dat:
u = sin2x du = 2 cos2xdx
dv =e*dx v=e" .
Khi dé:
K = e*sin2x — 2Je*cos2xdx = e*sin2x — 2J.
Thay (3) vao (2), ta duoc:
J=e*cos2x +2(e*sin2x - 2)) = J = % (cos2x + 2sin2x)e* + C.
Thay (4) vao (1), ta duoc:
I =% [e* +é (cos2x + 2sin2x)e*] + C= % (5 + cos2x + 2sin2x)e* + C.

Tur d6, suy ra:
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/2 _
1= % (5 + cos2x + 2sin2x)e |52 = 2673

5
Cdch 2: ViétlaiI' du6i dang:
I'= %fe".(l + cos2x)dx = (a + b.cos2x + c.sin2x)e* + C. %)

Lay dao ham hai v€ cta (5), ta dugc:
% e*.(1 + cos2x) = (—2b.sin2x+ 2c.cos2x) e* + (a + b.cos2x + c.sin2x)e*
=[a + (2c + b)cos2x + (¢ — 2b)sin2x]e*. (6)

Pong nhat hé so, ta dugc:

2a=1 a=1/2

2(2c+b)=1 = {b=1/10.

2(c=2b)=0 c=1/5
Vay, ta c6:

I'= % (5 + cos2x + 2sin2x)e* + C

Tl.’/2 — 2671/2 - 3
0 5 .
2. V4 A
§ 2. UNG DUNG TiCH PHAN
TINH DIEN TiCH HINH PHANG
Dang toan 1: Tinh dién tich hinh ph%mg dang1
Phuong phap
V6i yéu cau "Tinh dién tich hinh phdng giéi han béi do thi ham s6'y = f(x) (lién
tuc trén doan [a; b)), truc hoanh va hai duong thdang x = a, X = b va truc Ox"

ta thuc hién cdc budc sau:
Budc 1: Goi S la dién tich cin xdc dinh, ta cé:

S= j|f(x)|dx. (1)

Xét dau biéu thic f(x) trén [a; b].

Tir d6 phan duoc doan [a; b] thanh cidc doan nho, gia su:
[a; b] = [a; c1]U[es; €] L...U[ci bl

ma trén moi doan f(x) chi c6 mot dau.

Budc 3: Khi do:

=1= % (5 + cos2x + 2sin2x)e*

=
P

S= [[feoldx + [lGofx +...+ [[feoldx. @)

@ Chu y: Néu bai todn phat biéu duéi dang:
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"Tinh dién tich hinh phdng gi¢i han béi doé thi ham s6 x = f(y)
(lién tuc trén doan [a; b)), hai duong thiang y = a, y = b va truc Oy"

khi d6 cong thic tinh dién tich la:
b
s= [|fy)|dy.

Thi du 1. Tinh dién tich hinh phdng gici han bdi:

a. DO thi ham s6'y = cosx + 1, truc hoanh va hai dwong thdng x = 0 va

= 2n
3
b. DO thi ham s6'y = x* — 1, truc hoanh, truc tung va duong thing x = 2.
&S Gidi
a. Taco:
27/3 2n/3
S= I |cosx+1|dx = I (cosx+Ddx = (sinx+x)[;"* = ﬁ 2n
0 0 2 3
b. Ta cé:
2
S= J“x3 —l‘dx .

0
Xét ham s0 f(x) = x* — 1 trén doan [0; 2], ta c6:
X*-1=0cx-DX*+x+1)=0=x=1.
Bang xét ddu:

x |0 1 2
y' | - 0 + 0
Khi dé:

S= j“x3 —l‘dx + Jz"x3 —1‘dx = j(l—xS)dx + j‘(x2 —1)dx
0 1 0

1
4 4
_ (X_Xﬂ\;{%_xj\f -7

& Nhdn xét: Nhu vay, dé tinh cdc dién tich hinh phéng trén:

= O cau a) chiing ta chi viéc st dung cong thdc cling v6i nhan
xét cosx + 1 2 0 dé pha dau tri tuyét doi. Tr d6, nhan duoc gid
tri cua tich phan.

= Ocau b) chiing ta cin xét dau da thic x* — 1 trén doan [0; 2], dé
tlr d6 tach tich phan S thanh cdc tich phan nh6é ma trén dé biéu
thitc x* — 1 khong am hoac khong duong.

Thi du 2. Tinh dién tich hinh phdng gici han bdi:
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a. DO thi ham s6'y = —x* + 3x — 2 va truc hoanh.
b. D6 thi ham s6'y = x* — 2x* — x + 2 va truc hoanh.
&5 Gidi
a. Ta c6 hoanh do giao diém ctia d6 thi ham s6 y = —x? + 3x — 2 va truc hoanh Ia:
—x?+3x-2=0<x=1hodacx =2.
Khi dé:
2

1

S—ﬂ— > +3x-2|d —j(— *+3x-2)d —(—l 543 2—2)
—l X X X—1 X X X = 3X 2X X

1
b. Ta c6 hoanh do giao diém clia d6 thi ham s6 y = x?> — 2x va truc hoanh la:
xX}=-2x2—x+2=0x-1)x*-x-2)=0<x=+1 hoac x = 2.
Khi dé:

S= j‘x3—2xz—x+2‘dx = j‘x3—2x2—x+2‘dx+j‘x3—2x2—x+2‘dx
-1 -1 1
1

= J.(X3 —2x> —x+2)dx+j.(—x3 +2x> +x—2)dx
-1 1

= lx4 —%x3 —lx2 +2x
4 3 2

2

1
+(—lx4 +%x3 +lx2 —ij =3.
» 4 3 2

1

@ Nhdn xét: Nhu vay, dé tinh cdc dién tich hinh phing trén ching ta déu cén
tim dugc hai can a, b cua tich phan va:
= O cau a) vi phuong trinh hoanh do chi ¢6 hai nghiém nén ham
s0 dudi dau tich phan chi c6 mot dau.
= Ocaub)vi phuong trinh hoanh do c¢6 ba nghiém nén tich phan
S can duoc tach thanh hai tich phan nho.

Dang toan 2: Tinh dién tich hinh phing dang 2
Phuong phap

V6i yéu cau " Tinh dién tich hinh phdng gidi han béi dé thi hai ham s’y = f(x),
y = g(x) (lién tuc trén doan [a; b]), hai duong thing x = a, x = b" ta thuc hién céc
budce sau:

Budc 1: Goi S la dién tich can xac dinh, ta co:

S= “f(x)—g(x)|dx. (1)

Buoc 2: Xét ddu biéu thic f(x) — g(x) trén [a; b].
Tir d6 phan dugc doan [a, b] thanh cac doan nho, gia st
[a; b] = [a; ci]Ulci; c2] L...U[ck; b].
ma trén moi doan f(x) — g(x) chi c6 mot dau.
Buoc 3: Khi do:
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S=1 = j [£(x) —g(ldx + ... + “f(x)— gofdx. ()

@ Chu y: Néu bai todn phat biéu duéi dang:
"Tinh dién tich hinh phdng gi6i han bdi do thi hai ham s6' x = fi(y)
va x = fa(y) (lién tuc trén doan [a; b)), hai duong thingy =a,y =b va
truc Oy"
khi dé cong thuc tinh dién tich la:

S= [lf,(-£w)dy.

Thi du 1. Tinh dién tich hinh phdng gici han bdi:
a. DO thi cdc ham s6'y =4 —x*, y =—x + 2.
b. Do thi cdc ham s6'y =Inx,y =—Inx vax =e.
L5 Gidi
a. Hoanh do giao diém ctia hai do thi 12 nghiém ctia phuong trinh:
4—x2=—=x+2<x>-x-2=0<x=-1hoac x =2.
Khi dé:

2

1, 1, 27

S= j;‘xz—x—2‘dx = —J%l(x2—x—2)dx: —(gx‘ _EX —2x]

-1

b. Hoanh do giao diém clia hai d6 thi 12 nghiém ctia phuong trinh:
Inx =-Inx ©2lnx=0=Inx=0<x=1.
Khi dé:

S :j|lnx+lnx|dx = 2jlnx.dx.
1 1

bat:
u=Inx du—d—X K
{dV:dxc} X = S=2[x.lnx|1 —.!‘dxj = 2(e—x|l) =2.
V=X
2
Thi dy 2. Cho ham 56 (C):y = — .
X+

a. Khdo sdt va vé do thi ham so.
b. Tim b sao cho dién tich hinh phdng gidi han bdi (C) va cdc duong

thcfngy:I,X:O,X:bbdngg.
L5 Gidi

a. Bandoc tu lam.
b. Goi Sla dién tich can xac dinh, ta c6:
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s—ﬁ X —1|dx—ﬁ<:>i|ﬂ|dx—E @|i x| (1)
X +1 4 "0 x7+l1 x>+l 47

b8 b8 dt
batx =tant, - — <t< — = dx = -
2 2 cos”t

= (1 + tan’t)dt.
Déi can:
- V6ix=0thit=0,

» N .- . T T
- Voix=bthit=q, voi tano. = b va —5 <o< —.

Khi dé:

K T n n
DHe|ldt==<ls == <lo==<b=%1.
! 4 4 4

2. V4 A
§ 2. UNG DUNG TiCH PHAN
TINH THE TICH VAT THE
Dang toin 1: Tinh thé tich vat thé
Phuong phap
St dung kién thic trong phan "Cong thiic tinh thé tich" va hay hiéu cin thuc hién
theo hai budc, cu thé:
Budc 1: Xac dinh cong thac tinh dién tich thiét dién S(x) (hoac S(y)), thong
thuong ching ta gap thiét dién la cac hinh co ban.
Buoc 2: Khi do:

b b
V = [S(x)dx (hoge V = [S(y)dy).

Thi du 1. Tinh thé tich ciia vdt thé:
a. Ndm giita hai mdt phdang x = 0 va x = g, biét rang thiét dién cuia
vdt thé bi cdt bdi mdt phdng vuong géc véi truc OX tai diém cé
hoanh do x (0<x < g) la mot hinh vuong canh Jsin® x .

b. Nam gita hai mdt phdng x = 1 va x = 4, biét rdng thiét dién cia
vdt thé bi cdt béi mdt phdng vuong goéc véi truc Ox tai diém cé
hoanh do x (1 < x <4) la mot tam gidc déu canh la Jx -1.
&5 Gidi
a. Dién tich thiét dién S(x) dugc cho boi:
2
S(x) = (\/sin3 x) =sin’x = i(3sinx - sin3x) .

Khi d6, thé tich vat thé dugc cho béi:
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1 1% 1 1 n/2
V= J.S(x)dx = — J. (3sinx—sin3x)dx:— —3cosx +—cos3x
4 4 0 3 0

2
4 3

b. Dién tich thiét dién S(x) dugc cho boi:

S(x) = ?(&—1)2 */g(x—zﬁﬂ).

= T
Khi dé, thé tich vat thé dugc cho boi:

X2 —=x2 +x | .
4 24

| V34 B1, 42 Y, 13
BTN TR

& Nhdn xét: Nhu vay, dé tinh cic thé tich vat thé trén:
= cau a) vi thiét dién 12 hinh vuong (gi sir canh bing a) nén ta
c6 ngay S =a’.
= O cau b) vi thiét dién 13 tam gidc déu (gia sl canh bing a) nén
2
2’3

tacdngay S = .
gay 1

Dang toin 2: Tinh thé tich vat thé tron xoay dang 1
Phuong phap
Ta c6 hai dang sau:
Dang 1: V&iyéu cau " Tinh thé tich vdt thé tron xoay sinh bdi mién (D) gidi han
boiy =f(x), x =a, x =b, y = 0 quay quanh truc Ox"
ta &p dung cong thic:

V= nj.yzdx = nj.fz(x)dx.

Dang 2: V6i yéu ciu "Tinh thé tich vdt thé tron xoay sinh bdi mién (D) gidi han
boi x =1(y),y =a,y =b, x =0, quay quanh truc Oy "
ta &p dung cong thic :
b

V=n[x'dy = nj.fz(y)dy.

@ Chu y: Trong mot s6 trudng hop ching ta cAn tim can a, b thong qua viéc
thiét 1ap diéu kién khong am cho ham s6 f(x) (hoic f(y)).
Thi du 1. Tinh thé'tich khoi tron xoay tao thanh khi:
a. Quay quanh truc hoanh mét hinh phdng giéi han bdi do thi ham sé
y = €%, truc hoanh va hai duong thing x = 0, x = 3.
b. Quay quanh truc tung mot hinh phdng gici han bdi do thi ham sé
y =3 — x%, truc tung va duong thangy = 1.

&5 Gidi
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a. Thé tich vat thé dugc cho boi:

3 3
Vzn.[yzdx = Tc.[ezxdx = nezx
0 0 2

(e -1.
b. Bién déi ham s6 vé dang:

y=3-x*<x*=3-y(cAncdditukitn3 -y 20 < y < 3).
Khi dé, thé tich vat thé dugc cho boi:

Vznj‘xzdy = nj[(S—y)dy = n(3y—§]‘f =2m.

1

& Nhdn xét: Nhu vay, dé tinh cdc thé tich khéi tron xoay trén:

O cau a) ching ta sir dung ngay cong thic trong dang 1.
O cau b) chidng ta can thuc thém cong viéc bién déi ham s6 vé

dang x = f(y) va & day nho diéu kién c6 nghia cua y ching ta
nhan dugc cany = 3.

Thi dy 2. Tinh thé tich cuia khoi tron xoay tao nén khi ta quay hinh H quanh truc
Ox, voi:
a. H={y=0;y= \/1+cos X +sin* x ; X—gx:n}.
b. H={y=0;y= VJeos® x +sin®x ;x=0,x = g }.

5 Gidi

a.

Thé tich vat tron xoay cén tinh duoc cho boi:

T

n/2

n/2 n/2

V=n J'(l+c0s X +sin’ x)dx = n_[ (%)dxz n[%x—isin@(]

T >
= —m”(dvtt).
2 (dvtt)

b. Thé tich vat thé tron xoay can tinh Ia:
n/2 n/2 3
V= ch (cos® x +sin® x)dx = = J' (1-=sin” 2x)dx
/2

I 2 cos4x)dx = n( X + ism4x) r/2
o 8 2

51°
= —— (dvtt).
6 (dvtt)
Thi du 3. Tinh thé tich cuia khoi tron xoay tao nén khi ta quay hinh H quanh truc
Ox, voi:
a. H={y=3ax-x*(a>0),y=0}.
b. H= {y=xlnx; y=0;x=1; x =e}.
&5 Gidi
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a. Phuong trinh hoanh do giao diém cta (P) va Ox la:
3ax — x?=0 < x =0 hoic x = 3a.
Khi dé, thé tich cin xdc dinh duoc cho boi:

3a 3a
V=n[Bax-x")?dx =7 [(x* —6ax’ +9a’x?)dx
0 0

= ﬂ:(lXS _ x* + 3a%x%)
5 2

b. Thé tich vat thé tron xoay can tinh Ia:

.. 8la’wm
0o = 0

(dvtt).

V=n[(xInx)*dx = nsz In? xdx.

1 1

D¢ tinh tich phan trén ta sit dung phuong phap tich phan timg phan, dat:

) duzzlnxdx
u=In"x X
= .
{dV:xzdx 15
V==X
3
Khi do:
e 3 e
V=n lx3ln2x e—z—nsz lnxdx:E—z—nj'lende. €))
3 1 37 3 33
1
Xét tich phan I, dat:
_ duzldx
u=Inx X
& .
{dv=x2dx 1 4
vV=—Xx
3
Khi dé:
e 3 3
1:—x31nx§—lszdx:e——lx3fzzi+l. )
31 3 9 9 9
3 f—
Thay (2) vao (1), ta duoc V = %73) (dvtt).

Dang toin 3: Tinh thé tich vat thé tron xoay dang 2
Phuong phap
Ta c6 hai dang sau:
Dang 1: Véiyéu cau " Tinh thé tich vdt thé tron xoay sinh bdi mién (D) gidi han
boi y=1(x),y=gXx),x=a,x=b quay quanh truc Ox" ta ap dung
b

cong thiic V = n”fz(x) —g’ (X)| dx.
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Dang 2: Véi yéu cau " Tinh thé tich vdt thé tron xoay sinh bdi mién (D) gidi han
boi x =1(y), x =g(y),y =a,y =b quay quanh truc Oy" ta ap dung

b
cong thic V = n”fz(y) —g*(y)|dy.
Thi du 1. Tinh thé'tich khoi tron xoay tao thanh khi:
a. Quay quanh truc hoanh mot hinh phdng giéi han bdi do thi hai
ham s6'y =x*vay =2 —x
b. Quay quanh truc tung mot hinh phdng gici han bdi do thi hai ham
s6y=xvay=2-x%
L5 Gidi
a. Hoanh do giao diém la nghiém ctia phuong trinh:
xX*=2-x*<x’=1ox=%1.
Thé tich vat tron xoay cén tinh la:

Vzrcj-l‘x‘1 —(2—X2)2‘dX = nj“4x2 —4‘dx: 4nj.(1—x2)dx:4n(x—);—3]‘l_l

-1 -1

_ler

3
b. Hoanh do giao diém 1a nghiém cla phuong trinh:
x=2-xXeoxtx-2=0e | YT
x=2=y=2
Thé tich vat thé dugc cho boi:

V= nﬂyz _(z_y)z‘dy :nj|4y —4|dy :4nj(y —dy :4n(§—y}f = 10m.
1 1 1

1
x*+1
a. Tinh dién tich hinh phdng gidi han bdi D.
b. Tinh thé'tich vdt tron xoay khi D quay quanh Ox.

2
Thi du 2. Cho hinh phdng giéi han béiD = { y = ;yz%}

&S Gidi
Hoanh do giao diém clia hai dudng da cho 1a nghiém ctia phuong trinh:
1 x’ x=1
—— .
X" +1 2 x=-1
a. Ban doc tu gidi.
b. Thé tich vat tron xoay cén tinh duoc cho boi:

1 (x21+1j2 _[X?zjz

V:nI

-1

1
dx = 7 ;dx - n(ixsj
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1

T
n'[(x2+l)2 TS M

-1

Xét tich phan
1
I= f%dx :
T(xT+1)

Thuyc hién phép déi bién x = tant thi dx = — - dt.
cos
Déi can:
= Véix=—lthit= — =,
4
= Véix=1thit= %.
Khi d6:
1
/4 — 5. /4 4
I=m= .[ %‘[dt =7 j [M}lt = n[lx+lsin2tj n/
_n/4 )2 _n/4 2 2 4 _TE/4
cos’t
2
o
= —+4+—. 2
4 2 @)

Thay (2) vao (1), ta duoc:

2
n° 3m

V= —+=— (dvtt).
4 10( )

Dang toin 4: Tinh thé tich vat thé tron xoay dang 3
Phuong phap

V6i yéu cau " Tinh thé tich vdt thé tron xoay sinh béi mién (D) giéi han bdi mot
duong (C) kin" ta xét hai truong hop sau:
Truong hop 1: Khi quay quanh Ox, ta thuc hién hai budc sau:

Budéc 1: Phan duong cong kin (C) thanh hai cung

Chy=fix)=yiva(G):y=fhx) =y
v6i a < x < b va fi(x), f2(x) khong am.
Budc 2: Thé tich can x4c dinh dugc cho boi:

b
V=7tJ.|y12 —y§|dx.

Truong hop 2: Khi quay quanh Oy, ta thuc hién theo hai buéc sau:
Budc 1: Phan duong cong kin (C) thanh hai cung
(C):x=fi(y) =x1 va(C): x =fa(y) = x»
vGi a <y < bva fi(y), f2(y) cung dau.
Buéc 2: Thé tich can xdc dinh duoc cho boi:
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b
V= n”xlz —x§|dy .
Thi du 1. Cho hinh tron (C) tam 1(0; 2), bdn kinh R = 1. Tinh thé tich khoi tron
xoay tao thanh khi:
a. Quay (C) quanh truc OX. a. Quay (C) quanh truc Oy.
&5 Gidi
Dbuong tron (C) dugc cho bai:
Tam I(0; 2)
C): S O):x2+(y-2)=1.
© {Bén kinh R=1 © (y=2)
a. Khi quay (C) quanh truc hoanh ta nhan dugc khai tron xoay chinh 1a hinh cau ban
kinh R =1, do dé:
V= i1tR3 = in.
3 3
b. Ta cé:
= Nua (C) 6 trén tng v6i 2 <y <4 ¢6 phuong trinh:
y=fix)=2+ J1-x* véixe[-1; 1]
*= Ntra (C) 6 dudi tng v6i 0 <y <2 c6 phuong trinh:
y=f(x)=2-1-x> véixe[-1; 1].

Khi dé, thé tich vat thé tron xoay cin tinh la:
1 2 2 1
V= TEJ‘I:(2+\/1—X2) —(2—\/1—)(2) }dx = 8nJ.\/1—x2dx.
-1 -1
Thuc hién phép ddi bién x = sint suy ra dx = cost.dt.

Déi can:
. . T . . T
. me:—lthlt:—a. . V(nlethltzz.
Khi dé:
/2 n/2 1
V=8r [ Jeos’tcostdi=4m | (1+cos2t)dt =4n(t+ ~sin20)|", =4,
/2 -n/2
e ? ? 2. (X - 4)2 y2
Thi dy 2. Tinh thé tich vdt thé tao boi hinh (E): . + e <1 quay quanh truc Oy.
&S Gidi

Elip (E) ¢6 tam 1(4,0), truc 16n ¢6 d¢ dai 2a = 8, truc nho c6 do dai 2b = 4.
Vay:
» Nitra (E) tng v6i 2 < x <4 ¢6 phuong trinh:

2
x:fl(y):4—2,/1—i/—6 v6i ye[—4; 4] .
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Ntra (E) tng v6i 4 < x < 6 ¢6 phuong trinh:

2
x="Mf(y)=4+ 21/1—11—6 voi ye[—4; 4].

Thé tich vat thé tron xoay cén tinh duoc cho boi:

V= (B0 )y = 32n_j4,/1-f—6dy.

Thuc hién phép doi bién y = 4sint thi dy = 4costdt.
Déi can:

. Véiy=—4thit=—§. « Véiy=4thit= =
Khi dé:

/2

/2
V:327tj J1-sin*t.4costdt = 1287tj cos” tdt

-n/2 -n/2
/2

= 1287 | 14 cos2t 4 —64n(t+lsm2t) 2 ean (dvtt).
_n/2 2 —TE/
g. CAC BAI TOAN CHON LQC
Vidul: Cho ham so-

F(x) = 2\/x +a +—ln‘x+ Vx? +a|

a. Chiing minh rdng F(x) la mot nguyén ham ciia f(x) =vx* +a ,a> 0.

b. Tim nguyén ham ham so'h(x) = (x + 2)V/x* +a,a>0.
&S Gidi

a. Taco ngay:

3 \/x +a
2 x* +a 2 x+vVx* +a

Vx? +a a.;:\/x2+a =f(x).
2 x’+a 2 Jx*+a
Vay, v6i a > 0 thi F(x) 1a mot nguyén ham ctia ham s6 f(x) trén R.

b. Viét lai ham s6 h(x) du6i dang h(x) = x Vx> +a +2+vx> +a . Tir d6, suy ra:
Hx) = fh(x)dx =[x Vx? +adx +2JVx> +adx

:%w/(xz +a)’ +§\/x2 +a + %1n|x+ Vx* +a|+C.

F(x) =

LI
2
l
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Vidu 2: Tim mot nguyén ham F(x) ciia ham s6 f(x) = 2sin5x + Jx +§ sao cho

do thi F(x) cat do thi f(x) tai mot diém thudc Oy.
&5 Gidi
Ta c6:

F(x) = j[Zsin5x+\/;+%jdx = j(2sin5x+xl/2+%jdx

:—%c0s5x+ %x X + gx + C.
5 3 5

Khi d6, dé dé thi F(x) cit dé thi f(x) tai mot diém thuoc Oy diéu kien la:

F(O)=f(0)<:>—§+C=%<:>C=1.

Vay, nguyén ham can tim 1a F(x) = — %COSSX + %x\/; + %x + 1.

2009
X

Vidu 3: Tim nguyén ham ciia ham so' f(x) = i)
&S Gidi

Ta bién déi:

2008 X x2 1004 X
f(x) = . = . .
) x*+ D" (x*+1)? (x2 + J (x? +1)

2

batu=——, suy ra:
X"+
2
duz%dx & %dx=ldu.
(x"+1) (x> +1) 2
Tur d6:

1004
If(x)dX: j x” X _dx = ljulomdu = 11 0™ 4 C
+1) (K +1) 2 21005

1 2 1005

X
= +C.
2010(x2+1j

Vidud4: Tim nguyén ham cuia cdc ham sé sau:
a. f(x) = sin’x.sin3x. b. f(x) =sin’x.cos3x + cos’x.sin3x.

L5 Gidi
a. Bién déi f(x) vé dang:

f(x) = w.sink - %sin?sx.sinx - isin23x
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=% (cos2x — cosd)x — % (1 —cosbx) = % (3cos2x — 3cos4 + cosbx — 1).
Khi do:
jf(x)dx = %I(Scosb{ — 3cos4x + cos6x — 1)dx

-1 (gsinZX - Esin4x + ésin6x -x)+C.

8 2
b. Bién doi f(x) vé dang:
3sinx —sin3x cos3x +3cosx
fx) = ———.¢

083X + ———————— sin3x
4

= %(cos3x.sinx + sin3x.cosx) = %sin4x.
Khi dé:
3. 3
jf(x)dx = Zf sindxdx = — Ecos4x +C.
Vidu 5: Tim nguyén ham ctia cdc ham s6 sau:

1 COSX + Sin X.COS X

b. f(x) = -
T 2 +sinx
cosx.cos(x+4j

a. f(x)=

&5 Gidi

a. Ta bién déi:

[foodx = [—& “j: [ x [ V2dx

(cotx —1)sin*x
cosX.cos| X+

sinX.(cosX —sinXx)

bat u = cotx — 1, suy ra:
du=- .12 dx & .12
sin” x sin” x
Tur dé:
[f0odx = —\/Ej@ = —V2In|u|+C = —V2In|cotx 1|+ C.
u
b. Ta bién déi:
jf(x)dx _ J~(1+sm)‘g)cosx «
2 +sinx
bit u = 2 + sinx suy ra du = cosx.dx. Tt d6:

jf(x)dx =jm=j(1—l)du:u—1nld +C=2+sinx — Il 2 +sinx| +C.
u u

dx = —du.

Vidu 6: Tim nguyén ham [cos(Inx)dx.
&S Gidi

a. bat:
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{u = cos(Inx) du= —lsin(ln x)dx
j— X .

dv =dx
V=X

Khi d6 Jcos(Inx)dx = xcos(Inx) + Jsin(Inx)dx. (1)
Xét] = fsin(lnx)dx, dat:
{u = sin(Inx) du= lcos(ln x)dx
= .

dv =dx x
V=X

Khi d6 J = x.sin(Inx) — fcos(lnx)dx = x.sin(Inx) — L. )
Thay (2) vao (1), ta dugc:

x.cos(Inx) + x.sin(Inx) - I < %[ cos(Inx) + sin(Inx)] + C.

b
Vidu7: Xdc dinh sé'b duong dé'tich phdn f (=3x* +2x + 1)dx ¢6 gid tri [on nhdt.
0

&5 Gidi

Ta c6:
b b
[(3x +2x4 dx = (X7 +x7 %) ==+ b2+,
0
Xét ham s0 y = —b? + b* + b trén tap D = (0; +0), ta c6:
y'=-3b>+2b+1; y=0<-3b’+2b+1<b=1 ho:facbz—% (loai).
Bang bién thién:
b —00 0 1 +00
y' 7 + 0 -
Cb ~
y 70— ¢
Vay, ham s6 ¢6 gia tri 16n nhat khi b = 1.
Vidu8: Tinh cdc tich phan sau:
j- (x* +2x* +10x + 1)dx
x* +2x+9

—00

xdx

a. I= .
(1+2x)’

[o—
Il
o t—

&5 Gidi
a. Bién doi:
x> +2x% +10x +1 x+1 1 2x +2
2 :X+2—=X+_-2—.
X“+2x+9 X“+2x+9 2 X“+2x+9
Khi do:
2x+2
I= j(
X2 +2x+9
b. Tacé the trmh bay theo hai cich sau:

1, 1 1 1, 4
=(—=x>+ —Inlx®+2x+9|! = = + —In—.
P (2 2 )‘0 2 2 3
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Cdch I: Patu=1 +2x (suyra x=uT_1), suy ra du = 2dx < dx=%du.

Déi can:
= V6ix=0thiu=1. = VGix=1thiu=3.

e e i)

Cdch 2: St dung dong nhat thitc x = E (1+2x —1), ta dugc:

Tur do:
3

1

18°

x 1 11
(1+2x) 2| 1+2x)> (1+2x)° |
Khi d6:

:_I{ ! } :lj{ } (1+2x)
(1+2x)° (1+2x) 4| v 2x)? (1+2)
1 1

[ o,
4 (1+2x)  2(1+2x) |0

18’
Vidu9: Tinhtich phinl= IM
&S Gidi
Bién doi:
1+x* x'—x*+1+x’ 1 x2 ¢ dx ¢ x2dx
6~ .2 42 =2 T :I:I 2 +_[ 6 :
1+x X +H =x"+1) x"+1 x"+1 o X +1  gx°+1

1 !
1 2

+ Tich phan I, dugc xdc dinh bang cach dat x = tant, —g <t< g suy ra:

dt d 1+tan” t)dt
— = (1 + tan’t)dt va — x _d+ an” ()
cos”t X" +1 tan’ t + 1

=dt.

dx =
Déi can:

= V6ix=0thit=0, . Véix:lthitzg.

n/4
n/4 _

KhidsIi= | dt =t
0

+ Tich phan I, dugc xac dinh bang cach dat x* = tant, —g <t< g , suy ra:

2 2
= (1 +anpdrg 29X o1 Qrtawnde 1,
cos’ t x8+1 3 tan“ t+1 3

3x2dx =

Déi can:
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= Véix=0thit=0, . Véﬁx:uhit:%

2
Vi dy 10: (D¢ thi dai hoc kh6i D — 2003): Tinh tich phdn 1= [|x* —x|dx.
0

&5 Gidi
Ta di xét ddu ham s6 f(x) = x> — x trén [0, 2], duoc:
x |0 1 2
f(x) | 0 -0 + 0
Khi do:
1 2 3 2! 3 2\[?
I=—[(x*-x)dx + [(x*—x)dx =— | -2 | + |22} =1.
.([(x x)dx .!‘(x x)dx (3 5 0 37
Vidu 11: Tinh cdc tich phan sau:
¢ xdx
a. (Dé thi dai hoc khoi A —2004): [= | ———.
J1‘1+\/x—1
W dx
b. (Dé thi dai hoc khoi A —2002): 1= | ——.
e
&5 Gidi
a. Datt=+x-1,suyrat’=x-1<x=02+ 1= dx = 2tdt.
Déi can:
» Vé6ix=1thit=0. = Vé6ix=2thit=1.
Khi do:
1
I(t +1).2udt j(tz—t+2—i)dt 0 4in2.
t+1 0 t+1 3
b. batt= /x> +4, suy ra:
C=xtdoxi=0-4=xdx=tdt & dt =
Vx®+4
Déi can:
= Véix=+/5thit=3. = Véix=23 thit=4
Khi do:

B dx o

Rl vl e R L R ey
Exvid hawia it-4 432 a2
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t-2 1.5
2 = -m2.

4
= llnl In
4 4l Jt+2]), 4 3
Vidu 12: Tinh cdc tich phan sau:

7/3

N

x+1 dx
a. I= | ———dx. b. I= _—
'([3\/3)(‘*1 2/J:BXVX2_1

&5 Gidi
a. Ta c6 thé lua chon mot trong hai céch dat 4n phu sau:
Cdch I: bat t=3x + 1 suy ra dt = 3dx.

Déi can:

» Véix=0thit=1. . Véix=%th‘1t=8.
Khi doé:

_ éj 2dt éj[(tm £20)dt = é(§t5/3+2.%.t2/3) - %.
Cdch 2: Dt t= m suy ra 3 = 3x + 1 = 3t3dt = 3dx.

baoi can:

= V6ix=0thit=1. . Véixz%thit:Z.
Khi d6

2.3 2 2
l jw = lj(t4+2t)dt = l(lt3+t2)‘12 =
! 3 3°5

b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Patt=/x* -1, suy ra:

dt = xdx dx  xdx  dt
Vx® — X\/X2—1 KAxi-1 T+l
Déi can:
1
= Vé‘ix—— hit=—. . 51X = it=
\/— \/g Véi x \/Ethlt 1.
1
Khids1= | -
Rt Tl

~ T s
Datt=tanu,—§ <u< E suy ra:

2
dt= d121 = (1 + tan*u)du va zdt _ (It tan w)du

cos’u t2+1  tan’u+l

=du.

Péi can:
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.- 1 . i ) T
" V6it=— thiu=—. = Vgit=1thiu= =.
NE 6 4
Khi do:
/4 TC
I[= [du=ullj =—
T[J/‘G n/6 12

Cdch 2: Piatx = —— te(0; *), suy ra:
cost 2

sint dt
1 2
dx = Sin tzdt va dx _ cos? t _ fan t.dt -4t
cos’ t xVx? -1 1 \/ Ly tant
cost\ cos’ t
Déi can:
L 2 . i . i
= Véix=-—=<thit=-—. " Véix=+2 thit=—.
V3 6 4
Khi dé:
/4
I= [de=t|s ==
/6
n/4 2 2
Vi du 13; (Dé thi dai hoc khi B — 2003): Tinh tich phdn 1 = j (=2sin” x)dx
1+sin2x
&S Gidi
Bién d6i tich phan vé dang:
_ ji cos2xdx j‘- (cos’ x —sin’ x)dx _ j-(cosx —sinx)dx
v (sinx +cos x)’ o (sinx+cos x)’ , SInX+cosx

—(1n|c0sx—sinx|)0Z =In2 :%ln2.

T
j‘- COSX —sinx)
¢ sinx +cosx

Vi du 14: Tinh cdc tich phan sau:
/2

1[/2 dX
a. I= _[cos3x.sin2xdx. b. I= j—
0 o 1+cosx +sinx

L5 Gidi
a. Bién d6iI vé dang:
/2 /2
I= I (1-sin®x).sin” x.cosxdx = I (sin” x —sin* x).cos xdx .

bat t = sinx, khi dé dt = cosxdx.
Péi can:
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= V6ix=0thit=0. . Véix:gthitzl.
Khi dé:

1
1, 1 2
I= | -thdt=(=t- =) |, = —.
l( =43 5)‘0 15

X
b. batt= tanE , ta duoc:

X
dt= -~ dx= 1 (14 @y )dx = 21+ P)dx = dx = 2d
2 2 X 2 2 1+t
cos’ —
Péi can:
= Véix=0thit=0. . Véix:gthitzl.
Khi do
2dt 1
O 1+12 ¢ dt 1]
L= J- 2 = I 2 == =—-
boo1-tt 2t 10 +2t+43  t+2|, 6
1+
1+t* 1+t
Vidu 15: (Dé€ thi dai hoc khoi A, B —2005): Tinh tich phdn:
/2 . /2 . .
a I= Istx.cosx.dx. b, I= I(sm2x+smx)dx
y  1+cosx o V1+3cosx
&5 Gidi
a. batt=1 + cosx, suy ra:
cosx =t — 1 = —sinxdx = dt.
Péi can:
» Véix=0thit=2. . Véix=gth‘1t=1.
Khi do:
/2 2 . 1 _ 2 2
1< I2cos x.sinx.dx :_2j(t 1)*dt =2I(t—2+ljdt
0 1+cosx 5 t 1 t
t ’
:2(?—2t+ln|t|J =2In2 - 1.
1
b. batt = +/1+3cosx, suy ra:
2_
t? =1 + 3cosx < cosx = vl = —sinxdx = 2t—dt
Péi can:
» Véix=0thit=2. . Véix:gthitzl.
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Khi do:
/2 .
I= I (2cosx +1).sin x.dx

Vi du 16: Tinh cdc tich phan sau:

21
a. I= j\/1+sinxdx. b.
0

&5 Gidi

a. Bién doi I vé dang:

I:J.,/(sm +cos— )dx—jlsmé+cos—|dx-fjlsm(— —)Idx

I=

=21 j sm(E Z)dx - j sm(E Z)dx]

3n/2

3n/2

= \/5[—2cos(% + %)

b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Dat u = tanx, suy ra:
du

du= =(1 +tan’x)dx = (1 + ¥)dx => dx =

cos’ X
baoi can:

. Véix=§thiu=1,

A

X
0 +2005(§ + — 4

2(2

22
= |t +Ddt = =| =t
V1+3cosx 9'!( ) 9(3

/3 dx

:

2

1

/4 sin2x

31'[/2 4\/_

du

Véix =

n/4

1n3

sinX cosx
+

Tu do:
n/3 3 02 lfd 1
J. = —J.—: —1n|u|
n/4 sin 2x 1 2u 21 u
1+u’
Cdch 2: Ta bién doi:
nj} dX _ lnj‘3 dX _ lTCJ/'} dX
481N 2x 2 J,sinx.cosx 2 tanx.cos’ X
1 n/3
21n|‘[::1nx|m4 (ln\/_ In 1)
Cdch 3: Ta bién déi:
“f dx  _ _j ? (sin® x + cos” x)dx _ l”f
481N 2x 27, Sin X.Cos X 27,

1 /3
= E(—ln |cosx |+1In|sinx |)

n/4

Vidu 17: Tinh cdc tich phdn sau:

_ 3
=)

cOSX sinX

1+u?’

gth‘lu:\@.

_ l"f d(tanx)
2

tanx

Jox

_ 34
27

(ln\f - lnl) 123
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nj-4 sin4x.dx

b. I=

/3 . 2
sin” x.dx
a 1= | Snxdx

76 cos®x 0 1+cos’x
&S Gidi
a. Bién doi I vé dang:
n/3 n/3 1 n/3
I—Jtan x—dx—J.tan X. —dx—jtan x(1 + tan” x)

76 cos* x 76 cos’ X cos” X 76 cos’x
bit t =tanx suy ra dt = d);
cos” X
Déi can:
L. T . 1 e
» V6i x=— thi t=——. » V6i x=— thi t=+/3.
6 3 3
Khi dé:
N} NG
I= [ Ca+t)dt = [ @+t 2(1t T jff 42438 il
b. Bién dai I vé dang:
I “1-42sin2x.0052x . T4sin2x.c052x .
1+ cos2x 3+ cos2x
) 1+—
2
bat t = cos2x, khi d6 dt = —2sin2x.dx.
D6i can:
= Véix=0thit=1, . Véixz%thitzo.
Khi d6:
0 0 0 0
I= J_ztdt :_Qj'ﬂ =2 wdt ——2](1—i)dt
3+t t+3 L t+3 1 t+3
:—2(t—31n|t+3|)‘ 32+61n—
15 4
Vi du 18: Tinh cdc tich phan sau:
25 2 /2 dx
a. I=[x"v4-x"dx. b. I= | .
1 0 y/1-x2
&5 Gidi
a. bat x =2sint, te [—g; g} suy ra dx = 2cost.dt.
Déi can:
» . T .. . n
. me:lthlt:g. . Volx:2th1t:5.
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Khi dé:

n/2 n/2 /2
I= | 4sin’t/4—4sin’t.2cost.dt =4 [ sin®2t.dt =2 | (1—cos4t).dt
/6 n/6 n/6

n/2
:Z(t—lsin4tj 2[2 + ﬁ .
4 /6 3 8
b. Ta c6 thé trinh bay theo céc céch sau:

Cdch 1: Datx =sint, te (—g; g) suy ra dx = cost.dt.

Déi can:
= Véix=0thit=0. . Véix:%thit:g.
Khi do6:
n/6  cost.dt m/6 cost.dt  m/6 T
= = [dt =t|"° = =,
i V1-sin’t ({ cost !) ’ 6
Cdch 2: Dat x = cost, te(0; ) suy ra dx = —sint.dt.
Déi can:
. Véix:Othit:g. . Véix=%th‘1t=§.
Khi do:
m/3  sint.dt m/3gint.dt /3 T T T
[=-— _ = — = — dt:—tz”:—(———):—_
{2«/1_Coszt w2 sint Jz ? 327 6

Vidu 19: Tinh cdc tich phan:
n/2

a. (D€ thi dai hoc khoi D —2005): T= [ (¢™* +cosx)cos xdx .
0
j-\/1+3lnx.lnx.dx
X

1

b. (D¢ thi dai hoc khoi B —2004): 1=

&5 Gidi
a. Viét lai tich phan duéi dang:
/2 ) /2 /2 /2
I= I e™* cosx.dx + I cos’ xdx = I S"”d(s1nx)+— I (cos2x +1)dx
0 0 0
/2
=e5m"n/2+l lsin2x+x —e—1+2.
o 202 . 4
b. Pbatt= +1+3Inx, suy ra:
t?=1+3Inx < Inx = l(tz— )= dx %tdt.
3 X 3
Péi can:
= Véix=1thit=1. " Véix=ethit=2.
Khi dé:
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2
t(t* —1) 2 2 ¢ t* _ 16
I = ! 3 3tdt—§‘!‘ —t)dt = = (———)

Vidu 20: Tinh cdc tich phan:
3
a. (Dé thi dai hoc khai D —2004): 1= Iln(x2 —x)dx .
2

n/2
b. I= I e* cosxdx.

(=}

2x —1

= 2 — (i = (1

u=In(x X)@ u 7 X
dv=dx

Khi dé:

v=X

3
I =xIn(x2-x)} - J’M

2
=3In3 - 2In2 — (2x + Inlx — 11)[; =3In3 - 2.
b. bat:
u = CoSXx du = —sin xdx
= .
dv =e*dx v=¢e"
Khi d6:
n/2 /2
L I e*sinxdx =—1+ J e* sinxdx .
0 0

I = e*cosx

[
J

Xét tich phan J bang cach dat:

u =sinx du = cos xdx

= .

dv =e*dx v=e"
Khi do:

/2
’”2 - I e*cosxdx =e™ - 1.

0

Thay (2) vao (1), ta duoc I = %(e”/2 —1).

J = e*sinx

Vi du 21: Tinh cdc tich phan sau:

/2

j X.%—SIIIX
0

OS X 0

&5 Gidi

a. Bién d6iI vé dang:
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S x—1
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n/3 n/3 -
xdx sinx.dx
1= [ 2%, [En M
), COs™ X v COs”X
1 L
trong do:
n/3 . n/3 /3
I = _[ s1n2x dx = — J» d(cozsx) _ 1 | -1 ?)
o COS” X oy Cos”X cosx|0
Vi tich phan I, duogc xdc dinh bang phuong phép tich phan tiimg phan:
u=x du =dx
dx < .
dv = > v =tanx
cos” X
Khi do:
n/3
I, = xtanx |} I tgxdx = ( xtanx + Inlcosxl)|5* = # + ln%. 3)
Thay (2), (3) vao (1) ta dugc I = i +In 5 + 1.
b. Bién d6i I vé dang:
1 /2 1 n/2 n/2
I=— J. x(1+cos2x)dx = — ( J xdx + j xcos2xdxj. (1)
2 0 2 0 0
— —_—
I, I,
/2 2
1 n/2 T
trongdé I, = | xdx = —x? =—. 2
g 1 .([ 5 o )
Vi tich phan I, dugc xac dinh biang phuong phdp tich phan timg phan:
du=dx
u=x
{dv = cos2xdx V= %sin 2x
Khi dé:
1. /2 17 1 a2 _
L= —xsin2x|;"" — = I sin2xdx = —(xsm2x+ —cos2x)|g " =— —1. (3)
2 2 2 2

0

T T 1
Thay (2), 3) vao (1)taduoc I = — + — — —.
y (2), (3) vao (1) . TR

Vidu 22: Tinh dién tich hinh phdng gidi han bdi cdc duong:
a. y=Inx+ 1), truc tung va hai duong thingy =—1vay = 1.

2
b. (Dé thi dai hoc khoi B — 2002): y = 4/4—"7 vay= —

42
&5 Gidi

2
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a. Bién doi ham s6 vé dang:
y=Ihx+ D)o x+l=e"<x=e"-1.

T d6 S= ﬂey ~1]dy.
-1

Xét ham s6 f(y) = e¥ — 1 trén doan [-1; 1], ta c6:
fly)20 e - 120 e’ 21 < y20.
Khi doé:
0 1 0 1
S= ”ey —l‘dy + Hey —l‘dy = I(l—ey)dy + j(ey —l)dy
-1 0 0

= (y—ey)‘(jl +(ey —y)‘}) = e+§—2.

b. Hoanh do giao diém ctlia hai dudng cong 1a nghiém cta:
2 2
X X

= St +8x2-128=0=x2=8 & x=+22
4 42 A

Goi S 1a dién tich hinh phing can tim, ta c6:

(P)

242 2 2
S= j[4/4—x—— X_].dx

242 242
= l J J16—x*.dx — L x*.dx .
2 242 4\/5 22
Ta lan luot c6:
22 32
I, = J.xz.dx:X— :ﬂ.
72\/5 3 72\/5 3
242
Pé x4c dinh I, = f V16 —x*.dx , ta dat x = 4sint, te[ —n/2; ©/2] = dx = 4cost.dt.
22
D6i can:
" V6ix=-2v2 thit= —m/4. " V6ix =242 thit=mn/4.
Khi do6:
n/4 n/4 /4
L=16 I J1—sin’t.cost.dt = 16 I cos’tdt = 8 I (14 cos2t).dt
—n/4 -n/4 -n/4
. /4
= (8t+4sin2t)  =4m+8.

Thay (2), (3) vao (1), ta dugc:
S=2n+4- g =2+ % (dvdt).

Vidu 23: Tinh dién tich hinh phdng giéi han bdi dé thi cdc ham so"
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a. y=xvl+x’,y=

NES'S
V2

b. x=—=2—, x=+/1-y* va hai dudng thing x =0, x ==

1-y’ 2
L5 Gidi
a. Taco:
f> 1+x X dx = jxa+x) x f x’
0 \/1+X2 0 \/1+X 0
Téi day, dé tinh tich phan ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Patu = x> +1, suy ra:
> =x%+ 1 = 2udu = 2xdx < udu = xdx.
Déi can:
= Véix=0thiu=1, = Véix=+3 thiu=2.
Tur d6:
2 2 2 3 2
- 4
S= J'm = J.(uz—l)du =12l =2
1 u 1 3 .3
Cdch 2: Patu = x?+ 1, suy ra du = 2xdx. Déi can:
= Véix=0thiu=1. = Véix=+3 thiu=4.
T do:
4
_Ljwobde jfdu 1 (1 g
29 u 2 2Vu 3 .
b. Ta cé:
V22 2ply o CTE
S— J' ! —J1-y’|dy = S= 1=-Ad-y)l4 I yav
V1= y 0 Vl—yz 0 1—y2
Téi day, dé tinh tich phén ta ¢4 thé trinh bay theo céc céch sau:
Cdch 1: Daty = sint, —g <t< g suy ra dy = cost.dt.
Déi can:
= Véiy=0thit=0. . Véiyzgthitzg.
Khi dé:
= “j-4 sin’ t.cost.dt _ T sin® t.cost.dt “j-4 sin” t.cos t.dt
o ~1—sin’t 0 | cost | 0 cost

va hai dudng thang x =0, x = V3.
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/4
i 1

n/4

1 1
= — I (1—cos2t)dt = l (t——sin2t) .
29 2 2 0 8 4

Cdch 2: Daty = cost, te[0; nt] suy ra dy = —sint.dt. Déi can:

. V(’riy:Othitzﬁ, " Véiy:ﬂthi =I.
2 2 4
Khi do:
_ _”J‘ cos’ t.sint.dt _I cos’ t.sint.dt _I cos’ t.sint.dt
2 Al1—cos’t I'sint | sint
1 (1 e 1
= —— J (1+cos2t)dt =—— (t+—sm2tj -I_ —.
2.0 2 2 b 804

Vidu 24: (Dé thi dai hoc khai A — 2002): Tinh dién tich hinh phang giéi han bdi:
y=|x*—4x +3|vay=x+3.
L5 Gidi
Hoanh do giao diém Ia nghiém cta:
IX?—4x +3l=x+3
x* —4x+3=x+3 v6i x<1hoac x >3 {x

—x*+4x-3=x+3v6i1<x<3

Il
wn O

bl
Il

Khi do:

5
S= [(x+3-|x* —4x +3)dx
1

3 5
= I(—xz +5x)dx + I(xz -3x+6)dx + J.(—xz +5x)dx = 109
1 3

0

Vidu 25: Tinh dién tich hinh phdng gidi han bdi do thi ham s6 y = 2

(x=1°"
duong thang y = 2 va duong thang y = 8.
&5 Gidi
Tu ham so:
y= 2 - @(x—l)zzzcx—lzi E@XZHF hodc x =1— 2
(x—=1) y y y y
Tir dé6:

s:j I% = j[dy—4f‘_8.

y y
Vidu26: Tinh dién tich hinh phdng giéi han bdi do thi ham s6'y = x , truc
hoanh va duong thangy = x — 2.

2
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&5 Gidi
Ta c6 thé trinh bay theo hai céch sau: YA
Cdch I: Hoanh do giao diém ctia d6 thi ham s6'y = v/x 2

va dudng thang y = x — 2 12 nghiém ctia phuong trinh:
i S [xm220 x22 02 4 X
X =X—2& f— B
x=(x-2) x> =5x+4=0 y:x—{

& x=4.
Khi d6, dién tich S ctia hinh H bang dién tich hinh tam gidc cong OAC trir di dién
tich hinh tam gidc ABC, tic la:

I

4 3
S= j&dx—%AB.AC = 5xz ! 16 10
0

——22=—"-2=—,
2 3 3

0
Cdch 2: Tung do giao diém cha d6 thi ham s6 y = +/x (suy ra x = y?) va dudng thing
y = X — 2 la nghiém ctia phuong trinh:
y=0
V=y+2oy-y-2=0cy=2.
Khi d6, dién tich S cua hinh H duoc cho bai:
2
1 1
S=[(y+2-y)dy = [Eyz +2y——y3)
0

2

10
3

3

0
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CHUGONG 4 — SO PHUC

é‘ KIEN THUC CAN NHO
I. SO PHUC

1. KHAINIEM SO PHUC
Pinh nghia 1
Mot s6 phike la mot biéu thitc dang a + bi trong dé a, b la cdc s thuc va so'i
théa man i* = —1. K{ hiéu s6 phiic d6 1a z va viét z = a + bi.
i duoc goi la don vi do, a duoc goi la phan thuc va b duoc goi la phdn do
cuia s phiic z = a + bi.
Tap hop cac s6 phic dugc ki hiéula C.

& Chuy:
1. SO phiic z = a + 0i ¢6 phan ao bang 0 dugc coi 12 s6 thuc va viét 1a:
a+0i=a,aec RcC.
2. S6 phiic ¢6 phan thuc bang 0 duoc goi 1a s6'do (con goi 12 thuan 40):
z=0+bi=bi(beR);i=0+ 1li=1i.
3. S60=0+0i=0i vira la s6 thuc vira 1a s6 ao.

Pinh nghia 2
Hai s6 phitc z = a + bi (a, beR), z = a' + b'i (a,, b'e R) bdng nhau néu va
chi néu:

a=a, b=Db"
Khi d6, ta viet z=7'.
2. BIEU DIEN HINH HOC S6 PHUC
Mbi s6 phiic z = a + bi (a, be R) dugc biéu dién bdi diém M(a; b). Khi do, ta
thudng viét M(a + bi) hay M(z). Goc O biéu dién s6 0.
Mt phang toa do véi viéc biéu dién so phitc duoc goi 1a mit phdng phiic.
* Truc Ox goi la truc thuc.
* Truc Oy goi la truc ao.
3. PHEP CONG VA PHEP TRU SO PHUC

Dinh nghia 3
Tong ciia hai s6 phitc 7, = a; + bii, 7o = a, + bai (ay, by, a2, bae R) la s6 phiic
71 + 2= (a; + a2) + (b + by)i.
Nhu vay, dé cong hai s6 phiic, ta cong céc phan thuc véi nhau, cong cdc phin 4o
v6i nhau.
Tinh chdt cua phép cong so phirc
1. Tinh chdt két hop:
Z+2)+2z3=21+ 2+ 23) V6 imOi 21, 25, z3 € C.
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2. Tinh chdt giao hodn:
Zi+Z=2+71v6imoiz,z2 € C.
3. CongvoiO:
z+0=0+z=zv6imoize C.
4. V6i mobi so phiic z=a + bi (a, be R ), n€u ki hiéu s6 phiic —a — bi 1a —z thi ta c6:
z+(-z)= —z+z =0.
S6 —z dugc goi la sé doéi cua so6 phiic z.
Dinh nghia 4
Hiéu ciia hai sé phiic z; = a; + bii, o = a, + bsi (a1, by, a2, bre R) la tong ciia
71 VO1 —25, tic la:
Zi— 7> =71 + (=22) = (a1 — a2) + (b1 — by)i.
Y nghia hinh hoc ciia phép cong va phép trir sé phiic
Mai s6 phitc z = a + bi (a, be R ) duoc biéu dién boi diém M(a; b) ciing c6 nghia
1a vecto OM .
Khi d6, néu u, , u, theo tht tu biéu dién s6 phiic z, z, thi:
= u, + u, bidu dién s phtc z; + z.
= u, — u, biéu dién s6 phic z — z.

4. PHEP NHAN sO PHUC
DPinh nghia 5
Tich cﬁa hai SOA/phI,’t’C Z1=a + b]i, nr=a + bzl (3.1, b], a, sz R ) la SOA/p/’lIZ'C
71.Z2 = a1a2 — bib + (a;by — axby)i.
@ Nhdn xét: Tx dinh nghia, ta c6:
*  V6i moi so thuc k, va moi so phiic a + bi (a, be R ) ta ¢6 k(a + bi) = ka + kbi.
» 0z =0 v6i moi s6 phiic z.
Tinh chdt cua phép nhdn sé phirc
1. Tinh chdt giao hodn:
7122 = 77 V6imoi z;,z2 € C.
2. Tinh chdt két hop:
(2122)23 = 21(2023) v6i MOi 71, 72,23 € C..
3. Nhdnvdil:
lz=z1=zvéimoiz e C.
4. Tinh chit phan phai (ctia phép nhan déi véi phép cong):
21(22 + 73) = 2122 + 2123 VOi MO1 21, 7o, 73 € C.

5. SO PHUC LIEN HOP VA MODUN CUA S PHUC
Dinh nghia 6
IS5 phiic tién hop ciia 2= a + bi (a, be R) la a — bi va duge ki hiu bdi 7.
Nhu vay, ta co:
z =a+bi =a—Dbi.
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& Nhdn xét: T dinh nghia ta thdy:
1. S6 phiic lién hop cha z lai 12 z, tic 1a z = z. Vi thé ngudi ta con néi z va z 1a
hai s6 phtc lién hop vGi nhau.
2. So6 phic lién hop khi va chi khi céc diém biéu dién ctia ching doi xing nhau
qua truc Ox.

Tinh chdt
1. Véimoiz,z € C tacé:

Zl '|‘Z2 =Zl +Z2 N ZIZZ =Z1.Z2 .
2. V6i moi s6 phuc z, 0 z.z ludn 1a mot s6 thuc, vanéu z=a + bi (a, be R) thi:
z.z =a’+ b

Dinh nghia 7
Moédun ctia so phitc z = a + bi (a, be R) la s6 thuc khong dm a* +b*> va

duoc ki la |z|.
Nhu vay, néu z =a + bi (a, be R) thi:

7] = N2z = Ja> +b° .

& Nhdn xét:
1. Néu z la s6 thuc thi modun cta z 1a gid tri tuyét do6i cta s6 thuc do.

2. z=0khi va chi khi |z = 0.
6. PHEP CHIA CHO SO PHUC KHAC 0
Dinh nghia 8

S6 nghich ddo ciia so phiic z khdc 0 la s6'z7' = I

2
zl

Thuong 2 thia phép chia s6 phiic 7' cho sé phiic z khdc 0 la tich cia z' vdi
z

N7 . , ) Loy L
5O phiic nghich dao cua z, tuc la — =7'.z7".
z

@ Nhdn xét: Nhu vay, néu z # 0 thi zZ = |
Z Z

1

& s a e T z'z VAN A/ . N
Chu y: C6 thé viet — = —— = —= nén deé tinh — ta chi viéc nhan ca tlr va
VA

2
[z 7.7 z

méu s6 v6i z va dé y ring zz = |7~

N | —
Il
—_
N
Il
N,

& Nhdn xét: 1. V6iz#0,tacé
2. Thuong ? lass phtic w sao cho zw = z'. Tix d6, c6 thé néi phép chia
z

(cho s6 phiic khéac 0) 1a phép toan ngugc cua phép nhan.
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II. CAN BAC HAI CUA SO PHUC - PHUONG TRINH BAC HAI
1. CAN BAC HAICUA SO PHUC

Pinh nghia 1
Cho s6 phitc w. Méi sé phiic z théa man 7> = w duoc goi la mot can bdc hai
cua w.
N6i cach khic, moi can bac hai cia w 14 mot nghiém cua phuong trinh:
22— w =0 (v6i 4n z).

& Chu y 1: Dé tim can bac hai cia s6 phiic w, ta ¢6 hai trudng hop:
Truong hop 1: Néu w 1a so thuc (tic 1a w = a):
= Véia>0 thi wcé hai can bac hai la ++/a .
» Véia<O0 thi wcé hai can bac hai 1a +iv-a .
Truong hop 2: Neuw=a+Dbi(a,be R vab#0)thiz=x+yi(X,ye R) la can bac
hai ctia w khi va chi khi:
?=wo X+yi)=a+bi
22 —
S ®-yY)+2xyizatbio i Y T
2xy =b
Ghi nhé vé can bac hai cta s6 phic w:
# w =0 c6 ding mot can bac hailaz=0.
# w #0 ¢ ding hai can bac hai 1a hai s6 d6i nhau (khéc 0).
bac biét:
+ So thuc duong a c6 hai can béac hai la++/a .
+ S0 thuc Am a ¢6 hai can bac hai 1a +i+/-a .

2. PHUONG TRINH BAC HAI

Cho phuong trinh:
Ax*+ Bx + C=0, v6i A, B, Cla nhitng s6 phtic va A #0.
Xét biét thitc A = B — 4AC, ta ¢6 céc truong hop:
Truong hop 1: Néu A # 0 thi phuong trinh cé hai nghiém:
-B+6 -B-5
7= vazp =
2A 2A
trong d6 6 1a mot can bac hai cta A.
Ddc biét:
=  Néu A la s6 thuc duong thi phuong trinh ¢6 hai nghiém:
~B+J/A g TBT JA
2A o2A
»  Néu A la s6 thuc am thi phuong trinh ¢6 hai nghiém:
~B+iv-A g ~B-iv-A
2A o2A

71 = 7

71 =

2
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Truong hop 2: Néu A = 0 thi phuong trinh c6 nghiém kép z, =z, = —% .
& Chii ¥ 2: 1. Moi phuong trinh bac hai (v6i hé s6 phic) ¢6 hai nghiém phuc (c6
thé tring nhau).
2. Moi phuong trinh bac n:
Az + A" '+ L+ A 1iz+ A =0

trong d6 Ao, A, ..., A la n + 1 s6 phtic cho trudc, Ao #0 van la
mot s6 nguyén duong luon c¢6 n nghiém phiic (khong nhat thiét
phan biét).

III. DANG LUGNG GIAC CUA SO PHUC - UNG DUNG

1. sO PHUC DUGI DANG LUONG GIAC

Dinh nghia 1

(Acgumen ctia s6 phiic z # 0): Cho s6 phitc z # 0. Goi M la diém trong mdit
phdng phitc biéu dién s6 z. S6 do (radian) ciia méi géc luong gidc tia ddu
Ox, tia cuéi OM duoc goi la mot acgumen ciia z.

& Cha y:

1. Néu ¢ la mot acgumen ctia z thi moi acgumen ctia z ¢6 dang ¢ + 2kn, ke Z .

2. Hai s0 phtic z va Iz (v6i z# 0 va | 1a s6 thuc duong) c6 ciing acgumen.
Dinh nghia 2
(Dang luong gidc ciia so phiic): Dang z = r(cos@ + i.sinQ), trong dé r > 0
duoc goi la dang luong gidc cuia so phiic z # 0. Con dang z = a + bi (a,
be R) duoc goi la dang dai 56 ciia so phiic z.

& Nhdn xét: Dé tim dang lugng gidc r(cose + i.sing) clia s6 phic z = a + bi (a,
be R) khac 0 cho trudc, ta thuc hién theo cac budc:

Buéc 1I: Tim r: d6 1a modun cla z, r = va’ +b” ; s6 r d6 ciing 1a
khoang cdch tir g6c O dén diém M biéu dién s6 z trong mat
phéang phiic.

Buidc 2: Tim @: d6 1a acgumen ctia z, ¢ 1a s6 thuc sao cho CosQ =

a . . b . P N N .
— vasing = —; sO ¢ do ciling 1a s6 do mot géc luong gidc
T T
tia dau Ox, tia cudi OM.
Chiing ta tong két hai budc thuc hién trén bang phép bién doi:

z=\/a2+b2( a b i] = Va’ +b’ (cos@+i.sing).

+
Ja?+b?  Wa?+b?

& Chuy:
1. |z| = 1 khi va chi khi z = cos@ + i.sinp (pe R).
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2. Khi z =0 thi |7l = r = 0 nhung acgumen cta z khong xdc dinh (do6i khi coi
acgumen cua 0 1a s6 thuc ty ¥ va van viét 0 = 0(cos + .sing)).
3. Can dé y doi hoi r > 0 trong dang lugng gidc r(cos@ + i.sing) ctia s6 phiic z # 0.

2. NHAN VA CHIA sO PHUC DUGI DANG LUONG GIAC
Dinh li: Néu z = r(cos@ + i.sin@) va z' = r'(cos@' + i.sin@") véir, r' >0 thi :
77" = 11'[cos(@ + @) + i.sin(Q + ¢')]
z - L' [cos(p — @) +i.sin(p — ¢")] khir' > 0.
r

& Chu y: Néu cdc diém M, M' biéu dién theo thit tu cc s phic z, z' khac 0 thi

N A , R . -
acgumen cua — la s6 do goc lugng gidc tia dau OM, tia cudi OM.
Z

3. CONG THUC MOA-VRO (MOIVRE) VA UNG DUNG

Cong thitc moa—vro: V6i moi s6 nguyén duong n, ta co:
[r(cosp + 1.sin@)]" = r*(cosn@ + i.sinne).
Khir = 1, ta dugc:
(cos + 1.sin@)" = cosn + i.sinne.

Ung dung vao luong gidc: Ta cé:
(cos@ + i.sin)® = cos3¢ + i.sin3¢.
Mait khéc, str dung khai trién liiy thira bac ba ta duoc:
(cos@ + i.sin)® = cos*p + 3cos’.(i.sin@) + 3cos.(i.sing)* + sin’.
T d6, suy ra:
cos3¢ = cos’@ — 3cos.sin’Q = 4cos’p — 3cosy,
sin3¢ = 3cos?@.sing — sin’e = 3sing — 4sin’¢.
Cadn bdc hai cua so phitc dudi dang luong gidc: SO phic z = r(cos@ + i.sing), r > 0 cé
hai can bac hai la:

\/; cos$+i.sin8
2 2

va —+/r cosg+i.sin9 =\/; cos 9+7t +1.8in 9+Tc .
2 2 2 2

B PHUGONG PHAP GIAI CAC DANG TOAN LIEN QUAN
®

§ 1. S6 paiC
Dang toan 1: S@ phiic va thudc tinh cua né
Phuong phap
Vi s6 phtic z = a + bi, cac dang cau hdi thuong dugc datra la:
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Dang 1: Xac dinh phan thuc va phan ao cta s6 phic z. Khi do, ta c6 ngay:
= Phan thuc bang a.
= Phan 4o bang b.
@ Chu y: Mot cau hoi nguge 1a "Khi nao so phiic a + bi la s6 thuc, s6
do hodc bang 0", khi d6 ta sir dung két qua trong phan chd
y sau dinh nghia 1.
Dang 2: Hay biéu dién hinh hoc s6 phtic z
Khi d6, ta st dung diém M(a; b) d€ biéu dién s6 phic z trén mat
phang toa do.
@ Chu y: Mot cau hoi nguoc 1a "Xdc dinh so phiic duoc biéu dién
bdi diém M(a; b)", khi d6 ta c6 ngay s6 z = a + bi.
Dang 3: Tinh modun cta s6 phic z, khi d6, ta c6 ngay |z|=+a’ +b .
Dang 4: Tim s6 d6i cua s6 phtc z, khi d9, ta co ngay —z = —a — bi.
Dang 5: Tim s6 phuc lién hgp cua z, khi 6, ta co ngay z =a— bi.

Dang 6: Tim s6 phiic nghich ddo cta z, khi d6, ta co ngay z™' =

Ik
Thi du 1. Xdc dinh cdc sé phitc biéu dién bdi cdc dinh cia mét tam gidc déu cé
tam la goc toa do O trong mdt phdng phiic, biét rang mot dinh biéu
dién so —i.
L5 Gidi
Gia st tam gidc déu ABC (nhu trong hinh v&) thdéa mén di€u kién diu bai, khi dé
gid str dinh A(0; —1) biéu dién s6 phic —i.

Goi a la do dai canh AABC, ta c6 ;i—AO ]l a= \/§
Twr d6 suy ra

* Din hB(—% lj la s6 phitc z, ——g+li.

y
> B
O X
* DinhC ﬁ,l la so phiic zC:£+li. ii
272 2 2 R

A

Dang toan 2: Céc phép toan vé sé phiic
Phuong phap
St dung dinh nghia cting v6i tinh chat cta cac phép toan (cong, trit nhan,
chia) trén tap s6 phuc.
Ching ta c6 cac hiing déng thic:
a2+ b’>=a’>—(bi)’ = (a+bi)(a—bi) =7zz
—

z
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(a + bi)> = 2% — b* + 2abi; (a - bi)? = > — b” — 2abi.

(a+bi)’=a’-3a+ (3a’b — bd)i; (a—bi)’=a’+ 3a— (3a’b + b)i.
Thi du 1. Tim phdn thuc phdn do cia s6 phitc z = (x + iy)*> — 2(x + iy) + 5 (v6i
X,y € R).Vdix,y nao thi sé phiic dé la so thuc ?
&S Gidi

a. Ta bién doi:
z=(X>+2xyi —y) — (2x + 2yi) + 5= x> — y? = 2x + 5 + 2y(x — 1)i.
Vay n6 ¢6 phan thuc bang x* — y> — 2x + 5 va phan ao bang 2y(x — 1).
b. S6 phitic da cho 1a s6 thuc diéu kién la:
2y(x—1)=0< x=1hoacy=0.

Thi du 2. Tim phan thuc phan do va médun cua sé phiic z.= 31+ %1 + 31 _21' )
—1 — 21
&5 Gidi
Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Ta bién doi:
_ G200+ (1-DB+20) _ 1+5i 5-i _ 23 63.
2 13 2 13 26 26

/4498

26

Vay né c¢6 phan thuc bang % , phan 4o bang % va modun bang
Cdch 2: Ta bién doi:
_B+20)B-20)+(1—i) _ 13-2i _ (13-2i)(1+5i)

(1-1)(3-2i) T o1-5i 26
= —(23+63) =2,.8;
26 26

/4498

26

Vay né c¢6 phan thuc bang % , phan 4o bang 2—2 va modun bang

Thi du 3. Tim diém biéu dién cdc sé phiic sau:
a. z:(ﬁ+i)2+(ﬁ—i)2. b. z:(ﬁ+i)3—(\/5—1)3.
&5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Ta bién déi:

z:(\/§+i)2 +(\/§—i)2 =2+ 22 +i24+2- 22 +i2=2

Vay, diém M(2; 0) biéu dién so phiic z.
Cdch 2: Ta bién doi:
2
z= (\/5+i) + (\/_—1) =(V2 +i+2 —i)P-2(+2 +D)(+2 —i)
=8-202-)=2.
Vay, diém M(2; 0) biéu dién s6 phiic z.
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Cdch 3: Ta bién déi:
z= (\/5+i)2 + (\/5—1)2 =(\2 +i— V2 402 +2(+2 +i)( V2 —1)
— 44202 - =2,
Vay, diém M(2; 0) biéu dién s6 phiic z.

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Ta bién doi:

z= (\/§+i)3—(\/§—i)3: 22 +6i+ 342 +i3— (242 — 61 + 3242 — 1)

=121 +2i*=12i—-2i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Cdch 2: Ta bién déi:

= () - (1)
=(V2 +i— V2 +1P+3(V2 +D)(V2 —D) (V2 +i— 2 +1)

= 8i3 + 6i(2 — i?) = —8i + 18i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.

Dang toian 3: Chitng minh tich chat caa sd phiic
Phuong phap
St dung cac phép toan trén tap s6 phtic cing nhiing tinh chat cia ching,

Thi du 1. Chiing minh rdang phadn thuc ciia s6 phiic z bang %(z + z), phdn do ciia

s0 phiic z bdang 2i (z— z).
1
&5 Gidi
Vi s6 phitc z=a + bi (a, be R), ta co:
%(z+ 7)= %(a+bi +atbi)= %(a+bi+ a— bi) = a — 1a phan thuc cta z.
%(z— )= %(a+bi— 2+ bi)(—i) = b— 1a phin 4o ctia z.
1
Thi du 2. Goi A, B theo thit ti la cdc diém ciia mdt phdng phiic biéu dién s6'z # 0
vaz = %z. Chiing minh rang AOAB la vuéng can (O la goc toa do).
&5 Gidi
Ta lan luot c6:

NG

Izl = 7|Z|,

2

lzl = —|z].

1+1

2

1+1

OA = [04] =, OB = [OB| = =

1+1 —1+1

—z—z| =

AB= [AB| = OB-0A =
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Twr d6, suy ra OB = AB va:

2 2
OB’ + AB? = [gMJ + [%M] = |z]> = OA? & AOAB la vuong can tai B.

Dang toin 4: Tap hop diém
Phuong phap
Cau héi thuong duoc dat ra 1a "Xdc dinh tdp hop cdc diém trong mdt phdng phiic biéu
dién cdc s6 phiic z thoa man diéu kién K",
Khi dé:
Dang 1: S6 phic z théa man biéu thic vé d6 dai (modun). Khi do, ta s
dung cong thiic |z =va’ + b .
Dang 2: S6 phiic z 1a s6 thuc (thuc 4&m hodc thuc duong), s6 do. Khi do, ta
st dung két qua:
a. DEzlasd thuc diéu kiénlab=0.

Y NN A N N N
b. Dbeé zla s6 thuc am diéu kién la:

a<0
{bzo'
c. Dézla sd thuc duong diéu kién la:
a>0
{b:O'

A NN I IUN N
d. Pézlasoao diéukiénlaa=0.

@ Chu y: DE tang do khé cho yéu cdu vé tap hop diém, bai todn thudng duoc cho
duéi dang mot biéu thiie phiic.

Thi du 1. Xdc dinh tip hop cdc diém trong mdt phdng phiic biéu dién cdc sé phiic
z sao cho 7*:
a. La sd do. b. La so thuc dm.
c. La s thuc duong. d. C6 médun bang 1.

5 Gidi

V6i s6 phiic z=x +yi (x, ye R), ta cé:
72 = (X +yi)? = x? — y? + 2xyi.
a. Dé 77 1a s6 4o diéu kién la:
—v=0
)(2—y2:O<::>(x—y)(x+y):0<:>{X y=2
x+y=0

Vay, tap hop diém cdc diém M thuoc hai dudng phan gidc clia géc giita truc thuc,
truc ao.
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b. Dé 72 1a s6 thuc duong diéu kién la:

X’ =y’ >0 x#0
<~ .
xy =0 y=0

Vay, tap hop diém M thuoc truc Ox (truc thuc) trir géc O.
c. Dé 72 1a so thuc am diéu kién la:

X’ -y’ <0 x=0
<~ .
xy =0 y#0

Vay, tap hop diém M thuoc truc Oy (truc 4o) trir goc O.
d. Dé 7> ¢6 modun bing 1 diéu kién Ia:

\/(xz—y2)2+(2xy)2 =1 < ()(2+y2)2 =l ox*+y*=1.

Vay, tap hop diém M thuoc dudng tron don vi.

Thi du 2. Xic dinh tdp hop cdc diém M trén mdt phdng phitc biéu dién cdc sé
phiic théa man (1 +1~/3)z + 2, trong dé lz—1] <2.
&S Gidi

Ta bién déi:

(1+1\/§)Z+2:X+yl<:>(1+1\/§)Z:X_2+yl<:>Z= X_2+yl

1+i\/§

Khi dé:

lz—1]

_ |X—2+yi_1‘ _[x-3+iy+43)

| 1+i3 1+iV3

_|x =3+ + V310 -iV3)| _|x+ yV3 +ily—x3+3V3)|
4 B 4

|Z— 1 | <2& ‘x+y\/§+i(y—X\/§+3\/§)‘S8

<:>\/(x+y\/§)2+(y—X\/§+3\/§)2 <8

o \/4[(x—3)2+(y—ﬁ)2] <8 (x—3P+(y—3R<16.
Vay, tap hop diém M thuoc hinh tron tam I(3; 3) ban kinh R = 4.

Dang toan 5: Phuong trinh phtc
Phuong phap
Ta 6 thé lwa chon mot trong hai cach sau:
Cdch1: St dung cac phép bién ddi dai s6 va cac phép toan vé s6 phic.
Cdch 2: Thuc hién theo cac budc:
Budc 1: Gid st s6 phiic can tim 1a z = a + bi (x, ye R).
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Buéc2: Thay z vao phuong trinh va st dung st dung bang
nhau ctia hai s§ phitc d€ tim a, b.
Buéc3: Kétluan vé s6 phic z can tim.

Thi dv 1. Tim nghiém phiic cua phuong trinh:
2+1 —1+3i . - . .
a. :z= TR b. (IZ+1)(2—2+1)|:(2+1)Z—Z+1]=0.
&5 Gidi

a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Bién déi phuong trinh vé dang:
(2+i)(1+i)z_ (14302 -1) - (1+3i)Z_ 1+7i

1’ +1? 2241 2 5
J_2 1471 2 (14730 _ 2244
51431 5 1P+3 25
Vay, phuong trinh c6 nghi¢m z = 22 + 4 1.
' ) 25 25
b. Ta bién déi phuong trinh vé dang:
iz+1=0 )
7-2+i=0 )
(2+i)z—z+1=0 (3)
Ta lan luot:

= V6i phuong trinh (1), ta bién d6i iz = —1 < z=—+ =i,
1

* V6i phuong trinh (2), ta bién doi:
z=2-i ©z=2+1i
* V6i phuong trinh (3), ta ¢6 thé trinh bay theo hai céch sau:
Cdch 1: Ta bién d6i (3) vé dang:
. 1 -1a-i) 1 1.
lI+1)z=—1<z= — = TR :—5+51.
Cdch 2: Giasttz=a+ bi (a, be R), ta co:
B R2+i)a+bi)—(a+bi))+1=0
<2a-b+(@a+2b)i—-(a+bi)+1=0<a-b+1+(@+b)i=0

a-b+1=0 -2b=-1 a=-1/2 1 1.
= = = Sz=——+—1.
a+b=0 a=-b b=1/2 2 2

Vay, phuong trinh cé banghiémz=i,z=2+ivaz= —%-I—%i.
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§ 2. CAN BAC HAI CVA S& PHYC
VA PHUONG TRINH BAC HAI

Dang todn 1: Cin béc hai cua s phiic
Phuong phap

Str dung kién thiic trong phan can bac hai ctia s6 phtc va luu y t6i cac truong hgp
dac biét.

Thi du 1. Tim cdc can bdc hai ciia méi s6 phiic sau:
a. 22-3. b. i.

&5 Gidi

a. S6 22 -3 <0 nén c6 hai can bac hai la:

+i[-(2V2-3) = £iV3-2V2 = i|(V2-1) = =i(V2-1).

b. Giaslrs6z=x+yi(x,yeR)lacan bac hai ctla i, tic la ta c6:
i=x+yi)P?=x*—y?+ 2xyi
1

2
y: 1 = [
{Xz_y2=0 2x y=-— YRS

xy=1 1Y '
XY= xz—(—) —0  |4x*-1=0 |xoy=_Y2
2

Vay, s0 i c6 hai can bac hai la i%(l +1).

& Nhdn xét: Nhu vay, dé tim can bac hai ctia cic s6 phc trén:

» Cau a) chiing ta s dung ngay két qua cua truong hop 1 trong
chu y cta phan can bac hai.

= Cau b) ching ta st dung thuat toan da dugc trinh bay trong
truong hgp 2 clia chu y clia phan can bac hai.
Vi s6 a0 dang z = bi néu ching ta sit dung dénh gia vé dau
clia X va y thi s& nhanh chéng tim duoc nghiém cua hé phuong
trinh. Cu thé hé trong cau b) s& dugc thuc hién nhu sau:

2 _ 2 — 0 — i X= y
X y - X y } . ’ - i |
2xy =1 2xy =1vax,ycungdau X" = 5
V2
S X=y=+t—om-.
2
Thi du 2. Tim cdc cdn bdc hai ciia méi s6 phiic sau:
a. 3+4i. b. 4+6iV5.

&5 Gidi

a. Ta c6 thé trinh bay theo céc céch sau:
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Cdch I: Giasus6z=x+yi (x,ye R) la can bac hai ctia 3 + 4, tiic 1a ta c6:
3+4i=(x+yi)>=x>—y>+ 2xyi

Y‘z 2
{Xz_y2=3 X o y:;
2
2xy=4 xz—(zj =3 x'-3x*-4=0
X
2
- y=; - x=2 vay=1
o4 x=—-2vay=-1

Vay, s0 3 + 4i c6 hai can bac hai 1a £(2 +1).
Cdch 2: Ta c6 phan tich:
3+44i=3+22i=3+22i=Q2+1i)>~
Vay, s6 3 + 4i ¢6 hai can bac hai 1a (2 + 1).
b. Ta c6 thé trinh bay theo c4c cich sau:
Cdch I: Gid sirs06 z=x +yi (x, ye R ) [a can bac hai clia 4+ 6i+/5 , ttc 12 ta ¢6:
4+6iV5 = (x +yi)? = x> — y? + 2xyi

s

{Xz—y2=4 X y=£

- - ) & X

2xy =635 Xz_(3\/§_j -4 x'—4x*-45=0
X

:_3\/5 l:x=3 Véy=\/§

= y X <&
x2=9 X=—3Véy=—\/§

Vay, s6 4+ 6iv/5 ¢6 hai can bac hai la i(3 +i\/§).
Cdch 2: Ta c6 phan tich:

44615 = 442351 = 4423(V5i) = 3 +23(5)+(V5i) = (3+5i) -
Vay, s6 4+ 6iv/5 ¢6 hai can bac hai la i(3 + 1\/5)
& Nhdn xét: Y tudng cho cdch giai 2 trong thi du trén v6i méi s6 phic dang a + bi
(a, b thuc khac 0) c6 thé dugc giai thich nhu sau:

Ta viét bi= 2.gi , t6i day can mot phép phan tich s6 gi thanh hai s6

bi va bai sao cho b? +(b,i)’ =a .
D6i v6i cdc em hoc sinh da biét van dung dinh 1i Viét dé nhim
nghiém cua phuong trinh bac hai thi day la cong viéc don gian.
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Dang toan 2: Phuong trinh bac hai
Phuong phap

Str dung kién thic trong phan phuong trinh bac hai.

Thi du 1. Tim nghiém phiic cua cdc phuong trinh sau:
a. 22-2z+2=0. b. z22-2iz+1=0.
&S Gidi
a. Ta c6 thé lua chon mot trong hai céch sau:
Cdch I: Phuong trinh ¢6 A' = 1> — 2 = —1 nén n6 c6 hai nghiém phan biét 1a:
71,2 = 1 i‘i.

Cdch 2: Bién déi phuong trinh vé dang:
z-1)Y=-1=Pz-1=ticz,=14.
Vay, phuong trinh c¢6 hai nghiém z; , =1 £ 1.
b. Ta c6 thé lya chon mot trong hai cdch sau:
Cdch I: Phuong trinh c6 A = (—2i)? — 4 = —8 = A ¢6 hai can bac hai 1a +2iV/2 .
Nén phuong trinh dé c6 hai nghiém phan biét la:

.
zl,Z:# = (1+2)i

Cdch 2: Bién d6i phuong trinh vé dang:
2-2iz—-1=2c@z-i)P=2cz-i=4iV2 ©z.,=(1=2)i
Vay, phuong trinh ¢6 hai nghiém z;., = (1 £ +/2)i.

@ Cha y: a. V6i phuong trinh bac hai c6 biét s6 A 1a s6 phic ching ta thuc
hién theo cic budc sau:
Budc 1: Tinh biét s6 A =a + bi.
Buoc 2: Tim hai can bac hai cia A (gia sit £8) theo thuat
toan da biét trong dang toan 1.
Buoc 3: K&t luan, phuong trinh ¢6 hai nghiém:
-B+6
2A
b. Tu d6, ta thdy cong thitc Vi-ét vé phuong trinh bac hai v6i hé s6
thuc van ding cho phuong trinh bac hai véi hé s6 phic khong, vi:
-B+6 -B-9 B
tz,= + =——
2A 2A A

_-B+3 -B-3 B’-% B’-A 4AC_C

71,2 =

z,2, >
2A T 2A 4A 4A 4A° A
Thi dy 2. Tim nghiém phiic ctia cdc phuong trinh sau:
a. Z2+((2-i)z-2i=0. b. 422-2z- i3 =0.

287



&S Gidi
a. Phuong trinh c6:
A=Q2-i)+8i=3+4i=2+1)
nén phuong trinh c6 hai nghiém phan biét la:
z, =%[—(2—i)—(2+i)]=—2 va 7, =%[—(2—i)+(2+i)]=i.

Vay, phuong trinh c6 hai nghiém z, = -2 va z, = i.
b. Phuong trinh c6 A'=1+4iy/3 .
Gid sl s6 8 =x +yi (x, ye R) 12 can bac hai chia A'=1+4i/3 , tic 12 ta ¢6:
1 +4+/31=(x +yi)?=x2—y*+ 2xyi
2B 243
{X i), Ay
2xy =43 xz—(2\/§/x)2=1 xt—x*=12=0
:& y:&@ x=2 Véy=\/§

= X P " ! f
K- +3)=0  |x’ =4 x=—2viy=—3

Tic 1a, biét s6 A' c6 hai can bac hai la £(2 + i3 ) nén phuong trinh cé hai
nghiém phan biét la:

z, =i[1—(2+i\/§)]=—i(l+i\/§) Vi z, =i[1+(2+i\/§)}=i(3+i\/§).
(1+iV3) va 2, =—(3+143).

1 1
4 4
& Nhdn xét: Nhu vay, dé giai cic phuong trinh trén:
= O cau a) bing viéc nhan xét dugc ngay ring 3 + 4i = 2 + i)?
chiing ta da giam thiéu duoc cdc budc tim cin bac hai cla A.
= Cau b) chiing ta cin st dung thuat toan dé tim céan bac hai cla
A'. Tuy nhién, v6i nhitng ngudi c¢6 kinh nghiém ho cé thé
nhiam duoc.

2 2:1 y

Vay, phuong trinh ¢6 hai nghiém z, =

Thi du 3. Tim hai s¢ phiic, biét tong cuia chiing bang 4 — i va tich cua chiing
bang 5(1 —1).

L5 Gidi
Vi hai s6 phiic zi, z, théa man di€u kién dau bai, ta cé:
z,+z,=4-1
{zl.z2 =5(1-1)
suy ra zi, z, 1a nghiém cta phuong trinh:
22-(@4-1)z+5(1-1)=0
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phuong trinh ¢6 A = (4 —1)> - 20(1 —i) = -5 + 12i.
Giastrs6 0 =x +yi (x, ye R ) la can bac hai ciia A = -5 + 124, tic 1a ta co6:
=5+ 12i = (x + yi)> = x> — y* + 2xyi

Y_6 6
2 2 —
— = — X = — = —
@{X y 5@ 6 & Y X = Y
2xy =12 xz—[—j =5  |x*+5x°-36=0 |x’=4
X
:2 3 =
- X vay=3 .
Xx=-2vay=-3
Ttc 1a, biét s A c6 hai can bac hai la £(2 + 3i).
Nén phuong trinh dé c6 hai nghiém phan biét la:
Zl:wﬁ” Zz:wZI_Zi'

Vay, hai s6 can tim 1a 3 +iva 1 — 2i.

Dang toian 3: St dung phuong trinh béc hai gidi phuong trinh bic cao
Phuong phap
a. DI véi phuong trinh bdc ba thi ching ta can thuc hién phép nham nghiém dé
phén tich da thitc thanh nhan tir (ttc nhan dugc mot phuong trinh tich).
b. Péi voi phuong trinh bdc bon dang dac biét ching ta st dung phuong phap

dat 4n phu.
Thidu 1. Gidi cdc phuong trinh sau va biéu dién hinh hoc tdp hop cdc nghiém
ctia moi phwong trinh (trong mdt phdng phitc):
a. 22-1=0. b. 22—32+4z—2=0.
L5 Gidi
a. Ta bién d6i phuong trinh vé dang:
z-1=0 —14i
Z-D@Z+z+1)=0s| @zl—l,z23=1_—h/§.
z+z+1=0 ' 2

Vay, phuong trinh c6 ba nghiém z;, z, z; va ching theo thit tu duoc biéu dién

bang cdc diém M;(1; 0), M, [—%; ?J va M, (—%; —?J trén mat phang phtc.

b. Vi tdng cdc hé s6 bang 0 nén phuong trinh ¢c6 mot nghiém bang 1 nén ta bién déi
phuong trinh vé dang:

z-1)Z2*-22+2)=0< )
(=1 ) L2—2z+2=0 z,,=1£iV3

Vay, phuong trinh c6 ba nghiém zi, 7, z; va ching theo thit tw duoc biéu dién
béng céc diém M;(1; 0), M, (l; \/5) va M, (1; —\/5) trén mat phang phic.

Z—1:0 {lel
=
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& Cha y: a.

Rat nhi€u hoc sinh khi thuc hién cau a) do théi quen tim nghiém
thuc nén da chi ra nghiém duy nhét x = 1. Cac em hoc sinh can
ghi nhé noi dung chi y 2 trong phén 1i thuyét, nén st dung hang
dang thic dé bién déi phuong trinh ban ddu vé dang tich.

b. O cau b) chiing ta s dung két qua a + b + ¢ + d = 0 thi phuong
trinh az’ + bz’ + cz + d = 0 (vdi a, b, ¢, d 1a nhiing s6 thuc) ¢
nghiém béang 1, do d6 né dugc phan tich thanh:
(z-1)AZ+Bz+C)=0.

Tuong tu, néu phuong trinh az’ + bz* + cz + d = 0 ¢6:
a-b+c—-d=0

thi n6 ¢6 nghiém béang —1, do d6 né dugc phan tich thanh:
(z+1)AZ2+Bz+C)=0.

c. Cédc em hoc sinh hdy ching minh rang "Két qud trén van diing vdi
phutong trinh bdc ba cé hé so phiic".

Thi dv 2. Gidi cdc phuong trinh sau:
a. z'-1=0. b. z'+1=0.

&5 Gidi

a. Bién doi phuong trinh vé dang:

Z—1)

Z*+1)=0<z=+t1vaz=Hi.

b. Bién déi phuong trinh vé dang:

A=

Ta lan luot:

Z* =i )

o@(ZZ—i)(z%i):o@[ .
2= ()

»  Véi phuong trinh (1), gid st s6 z = X + yi (X, ye R) la can bac hai cua 2i, tic

la ta co:

i=x+yi)P?=x*—y?+ 2xyi

x?—y*=0 X =4y Y Y
= = - ey, 1 1
2xy =1 xy =1vax,ycungdau X =5 x=i—2
P X—y—+L
5
Suy ra, phuong trinh (1) ¢6 hai nghiém la i%(l +1).

= Véi phuong trinh (2), gia st s6 z = X + yi (x, ye R) 1a can bac hai ctia —i, tic

Ia ta co:

—i=(x+yi)?=x*—y>+ 2xyi

o
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1
= = S x=-y=t—.

2 V2
Suy ra, phuong trinh (1) ¢6 hai nghiém la i%(l —1i).

Vay, phuong trinh da cho ¢6 bon nghiém la

12 i%(

1£i).
& Nhdn xét: 1. Nhu vay, qua vi du trén:
a. O cau a) ching ta sit dung hing dang thic dé chuyén
phuong trinh ban dau vé tich ctia hai phuong trinh bac hai.
b. O cau b) ching ta sir dung tinh chét i* = —1 dé lam xuét
hién dang A> — B* = (A — B)(A + B).
2. Ching ta déu biét rang céc phuong trinh trang phuong dang:
az' +bz?+¢c=0
duoc giai bang viéc st dung 4n phu t = 7%

§ 2. DANG LUGNG GIAC CUA SO PHUC
VA UNG DUNG

Dang toan 1: Dang lugng giac ctia cta sd phiic
Phuong phap
Str dung kién thic duoc trinh bay trong nhan xét cua phan 1.

Thi du 1. Tim dang luong gidc ctia cdc s6 phiic 7,—z, i ,kz (k € R"), biét:
zZ
a. z=1+14/3. b. z=r(cose + i.sin®), v6ir > 0.
L5 Gidi

a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Véiz=1+i3 , ta co:
Modunr= +1+3 =2,
Acgumen ¢ thoa man cos¢ = 1 va sing = g

:>ch()n(p:§.

va khi do:

w
U2

« iz T .. T
T d6, suy raz = 2(cos§+ i.sin—

- T .. T T . . i
z = 2| cos——1.sin— | = 2| cos| —— |+ 1.sin| —— ||;
( 3 3) { [ 3j ( 3H

T .. X T .. T 4n . . 4m
—7 = -2| cos—+1.sin— | = 2| —cos——1.sin— | = 2| cos— +1.sin— |;
3 3 3 3 3 3
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N | —

1 1 T T 1 T .. T
=—7=— 2 cos—+1 sin— | = —| cos—+1.sin— |;
7.7 3 3 2 3 3

s .
2k cos—+1 smgj néuk >0

—2k COS— +1i. sm%} néuk <0
Cdch 2: Ching ta thu’(mg stt dung ngay phép bién doi:

z=1 +1f = (—+1§J :2(cos§+i.sin§}
7= 1+i\/§ =1 —ix/g = 2(1—1£J = 2|:COS(—EJ+LSH'1(—EJ:|;
2 2 3 3
—z=-1-i3 = 2(—1—1£J = 2(0054—n+i.sinﬂj;
2 2 3 3
1 1 1-i3 1+iV3 1(1 .\/§j 1( T nj
- = = = = = 5 cos— +1i.sin— |.

z 1-iW3 1+3 4 202 2
b. Talan luot c6:

S6 phiic z ¢6 modun r v acgumen bang —¢ nén c6 dang:
7= r[cos(—@) + i.sin(—@)].

S6 phiic —z ¢6 moédun r va acgumen bang ¢ + 7 nén ¢6 dang:
—z =r[cos(p + 1) + i.sin(¢ + 7)].

R 1 I N o
= =—2z c6modun —-r= — vaacgumen bang ¢ nén c6 dang:
7.7 r r

= S0 phiic

N— NI—

1 ..
= —(cos@ + 1.sin@).
r

*  S6 phitc kz ¢6 modun |kz| = |k|r va acgumen bang ¢ néu k > 0 va 1a ¢ + © néu
k <0 nén c6 dang:
g = kr(cos@ +i.sin@) néuk >0
—kr[cos(q+ 1) +i.sin(¢+m)] néuk <0’
Thi dy 2. Cho hai s6 phitc v =1 +1iva z, =3 +i.
a. Tim dang luong gidc cua z., 2.
b. Sirdung két qud trong a) tinh z,z,, =

Z,

+Li = x/E(cosEJr i.sinz) s
2 4 4

&5 Gidi

a. Talan luot c6:

zl=1+i=ﬁ(

-
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\/g 1 o i
=3+1=2| —+—i|=2| cos—+1isin— |.
7=\3 (2 2 ( 6 6}
b. Ta lan luot co:

21222\/5.2 cos| =+ = |+isin| =+ 2 || =242 coss—ﬂ:Jri.sinS—Tc ,
4 6 4 6 12 12

z, 2 (n nj . (TE nj \/5( T .. nj
L= cos| ——= |+isin| =—= || =—| cos— +1isin— |.
z, 2 4 6 4 6 2 12 12

& Chui y- Néu thuc hién cic phép todn trén dudi dang dai s
a. Taco:

22, =(1+) (VB +1) =(V3-1)+(B +1)i
(3-1) (B+1)

=22 NN
tu do, suy ra \/g_lzcoss—TE \/§+1=sin5—7E
’ 22 127 22 12
b. Tacé:
1+ (+D)(V3-i) .
e [Ny
| V2(VB+1) V2(VE-1)
=— + i
2 4 4
tu do, suy ra M:cosi, M:sini.
4 12 4 12

Dang toan 2: Cac ing dung

Phuong phap
Str dung dang luong gidc ciia s6 phiic dé thuc hién cdc phép todn.
St dung cong thitc moa—vro (moivre) va ting dung.

Thi du 1. Tim dang luong gidc cua cdc cdn bdc hai cia so phiic:

Z = COS( — 1.sin¢@.

&S Gidi

Viét lai s6 phiic z duong dang chuan:

Z = cos(—@) — i.sin(—)
tir do, suy ra né c6 hai can bac hai la:

cos _° +1.8in _° va cos —9+n +1.sin —9+TE .
2 2 2 2
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. 2008
Thi du 2. Tinh (Lj .
1+1
&5 Gidi
Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Ta lan luogt ¢6 dang lugng gidc cua cac so phuc:

TC+. . T
i COSE l.SIHE \/5( . nj

= = —| cos— +1.sin—
4 4

1+1 \/— T .. T
2| cos— +1.sin—
( 4 4)

2008
i Y (2 m..om
= | — = | —| cos—+i.sin—
1+1 2 4 4

(&

2008 1
TJ (005502n+i.sin5021t) =

Cach 2: Ta co:

2

1+i 2 2 2

PV [ e [
= | — = | —| cos—+1.sin—
1+1 2 4 4

2

2008
= [TJ (cos502n+i.sin502n) =

2 2

1

C. CAC BAI TOAN CHON LOC

2]004 .

i _id-i) = I+i_ \E(£+1£J = \E(cos£+isinﬁj
!

21004 :

Vidul: Tim diém biéu dién cdc so phiic sau:

#

a. z=(\/§+i)2+(\/§—i)2. b. z=(ﬁ+i)3—(ﬁ—i)3.

L5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Ta bién doi:

z:(\/E+i)2 +(J§-i)2 Z04 22 4242212 +i2=2.

Vay, diém M(2; 0) biéu dién s6 phiic z.
Cdch 2: Ta bién déi:

- (\/5+i)2 + (\/E—i)2 (W2 it 2 —iP =242 +D)(V2 —i)

=8-202-P)=2.
Vay, diém M(2; 0) biéu dién s6 phiic z.
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Cdch 3: Ta bién doi:
z= (\/5+i)2 + (\/_—1) =(N2 +i- 2 +D2+2(82 +D)(V2 —i)
— 44202 - =2,
Vay, diém M(2; 0) biéu dién s6 phiic z.

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch 1: Ta bién déi:
z= (\/§+i)3—(\/§—i)3: 22 +6i+ 342+ — (242 —6i+ 322 —1))
= 12i + 2i* = 12i — 2i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Cdch 2: Ta bién déi:
z= (\/§+i)3 - (\/E—i)3:(\/§ +i— 2 +iP+
+3(42 +D(V2 —D (V2 +i— 2 +D)
=8i® + 6i(2 —i%) = —8i + 18i = 10i.
Vay, diém N(0; 10) biéu dién s6 phic z.
Vidu 2: Tim médun cia cdc sé phiic sau:
i \2ai

1+1 1
b. Z=1+(1—i)+(1—i)2+(1—i)3+...+(1—i)19.

&S Gidi
a. Taco:
:ﬁfi_ﬁ+i=<ﬁ—i><l (ﬁﬂ)_f— 2M2-\3-1,
1+1 1 2
:»|z|=\/{f2‘3] [MI IJ SN RN S
b. Xét cap so nhan (u,) céu;=1vaq=1-1i,taco:
U =u.q"

20 _N20 20
Z=Szo=ll1+ll2+...+ll20=q l=(1 1)' I =(1 1)‘ !
q-1 1-i-1 -1
= [(=2D) = 1]i = 2" — 1)i

tiic 12 z ¢6 phan thuc béng 0 va phan 4o bang 2'°— 1 nén |7|=2" - 1.

Vidu 3: Chiing minh rang:

a. SO phiic z la s6 do khi va chi khiz=—7z.
b. V&i moi s6 phitc z,7' ta c6 z+z2'=z2+2"; z2'=2.7".
L5 Gidi
a. Tu gia thiét:
z=—z < a+bi=—a+bi =—-a+bi< a=0< SO phic z 1a s6 ao.
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b. Véihais6phiicz=a+bi,z'=a'+b'i(a,b,a’,b'eR), ta lan lugt co:
z+z' = (a+bi)+(a'+b'i) = (a+a")+(b+bhi=(@+a)—(b+Dbi
=(a—bi)+(a —bi)=z+z', dpcm.
27 = (a+bi)a'+b'l) = (aa'-bb")+(ab'+a'b)i
= (aa’ — bb") — (ab' + a’b)i = (a — bi)(a' — b']) = z.z', dpem.
Vidud4: Xic dinh tdp hop cdc diém trong mdt phdng phitc biéu dién cdc s6 thod
mdn moi diéu kién sau:
a. |z+z+3]=4 b. (2—2)(i+ 2) la s6 thuc tup y.
c. 2lz—il=lz—7z+2il. 4 [2— (20| =4

L5 Gidi
V6i s6 phiic z = x + yi (X, ye R ) dugc biéu diém boi diém M(x; y).
a. Taco:
4=|x+iy+x-yi+3] = |2x+3| @ 2x+3=14

1 . 7
& Xx=—hoacx=——.
2 ’ 2

Vay, tap hop diém M thuoc hai duong thang x = % V§1X=—%.
b. Tacé:
w=Q2—2)(i+2)=Q—x—y)(i+X—yi) == -y +2x +y+ 2 —x—2y)i
Dé w 12 s6 thuc diéu kién 1a:
2-x-2y=0<x+2y-2=0.
Vay, tap hop diém M thuoc dudng thing x + 2y — 2 = 0.
c. Tacé:
2|Z—i| = |z—2 +2i| ©2|x+yi—i| = |x+yi—x+yi+2i|

o2lx+@y—Dil = [2y+ Dil @2 +(y-17 = Jay+1y

2

©1+(y—1)2:(y+1)2c>y:%.

2
Vay, tap hop diém M thuoc parabol (P): y = XT
d. Tacé:
4= |22—(z)2| = |(x+yi)2—(x—yi)2| = |4xyi|

& (xy? :1<:>X2y2:1<:>y:il.
X

Vay, tap hop diém M thuoc hai hypebol c6 phuong trinh y = il.
X

Vidu5: Tim s6 phiic z théa man:

+i 4
=1. b (Z TJ =1.
Z—1

z—1 z—31

z—1

a. =1va

Z+1
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&5 Gidi
a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Patz=x +1iy (x,y € R), khi d6 ta lan luot c6:

1= 22 el =il =lz=1] ol x+iy—i =|x+iy-1

Z—1
Slx+@y-Di =lx-1+iyl @xX®+(y-12=x-12+y’<x=y.
1= 223 ol zil =l 2=31 el x+iy+i =|x+iy—3i

Z+1

Slx+y+Dil =lx+@y-3) @x2+y+12=x2+(y-3)?
&S 8y=8cy=1 =>x=1.
Vay, s6 phtic can timlaz=1 +1i.
Cdch 2: Patz=x +1iy (x,y € R), khi d6 ta lan lugt c6 nhan xét:
Z— Z1
-1,
i theo thit tw duoc biéu dién béi cic diém A(1; 0), B(0; 1)) 1a dudng trung truc
ctia doan AB. Tur d6, suy ra M thuoc duong phan giac géc phan tur thi nhat,
tic lay = x.
z-3i

=1 (véizi=1,2=

» Tap hop cic diém M biéu dién s6 phiic z thda min

* Diéukién —| =1 ching té z ¢6 phan do bang 1 (ticlay = 1).
Z+1
Vay, s6 phiic can timlaz=1 +1i.

b. Bién déi phuong trinh vé dang:
A\ 4 \2 \2 .\ 2 \2
0= (“?j 4:{(“?} —1]{(“1 +1}:HZ+TJ —M[”j —12]
Z—1 Z—1 Z—1 Z—1 Z—1
Z+1 Z+i z+i L\ z+1 .
=l ) al
Z—1 Z—1 Z—1 Z—1

z+i=z-1

] . z=0 z=0
z+i=—-z+i . .
= & (d-Dz=1-1 < z=1

z+i=(z—1)i . .
. N (I+1z=—(1+1) z=-1
z+i=—(z—-1)i
Vay, s6 phiic can timlaz=0,z=+1.
Vidu 6: Tim nghiém phiic cua méi phuong trinh sau:
a. 22+ 2z =0. b. 22+ |z| =0.
L5 Gidi
a. batz=x+1y (x,y € R), khi d6 phuong trinh c6 dang:
xX+iy) +x-yi=0<x>—y*+2xyi+x—yi=0
X’ -y +x=0

SxX-y+x+(2xXy-y)i=0<
2xy-y=0
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y=0vax’ -y’ +x=0 y=0vax’+x=0
= 1 2 2 A 1 2
Xx=—vax -y +x=0 x=—vady =3
2 2
y=0vax=0 hoac x=-1

= 1 \/g

X=—vay=t—o
2 Y 2

V3. 1 3.

Vay,phuonguinhcébfinnghiémz:O,Z:—l,z:%+71,Z:§—71.
b. Patz=x+1y (x,y € R), khi d6 phuong trinh c6 dang:
(x+iy)?+ [x+iy| =0 x2—y2+ x> +y* +2xyi=0
_ 5 o2 2 2 2
@{xz—y%r /X2+y2=0<:> x=0vax -y +4x"+y =0
2xy =0 y=0vax’ -y’ +x*+y* =0
x=0va -y’ +4y’ =0 =0vay=ti
- y \/y7 ®|:X V'fly i
y=0va x> +x2 =0 y=0vax=0
Vay, phuong trinh ¢6 ba nghiém z=0,z=1ivaz=—i.
Vidu7: Tim cdc can bdc hai ciia s6 phiic 4+ 6i5 .
&5 Gidi
Giastrs6z=x +yi (X, ye R) la can bac hai clia 4+6i5 , tic 1a ta co:
4+6iV5 = (x +yi)? =x2— y* + 2xyi
35
2 2 y=—"" 35 35
X —y =4 X =— =—
PN PN y y
B \/g NG 2 X
2xy =6 xz—[—] =4 |x*-4x*-45=0 [x*=9
X
x=3 Vﬁy=\/§
= .
x=—3véy=—\/§
Vay, s6 1 +4+/3 i ¢6 hai can bac hai I J_r(3+i\/§).

Vidu 8: Hoi khi s6 thuc a thay déi tuy y thi cic diém ctia mat phing phic biéu
dién cdc can bac hai ctia a + 2i vach nén dudong nao ?
L5 Gidi
Giastrs6z=x +yi (X, ye R) la can bac hai ctia a + i, tic 1a ta c6:

2 2

. . . X"-y =a
a+2i=x+yi)=x>—y*+2xyi < y
2xy =2
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Tir phuong trinh 2xy = 2 ching to diém M biéu dién z phai thuoc hypebol y= —. Vi

> | =

v6i mdi diém (x; y) ctia hypebol nay, tim duoc a = x> — y> nén M vach trén toan bo
hai nhanh cua hypebol d6.
Vidu9: Giai cdc phuong trinh sau:
a. 7 —4iV22-6i=0. b. (Z+2+4Z+2)—-12=0.
&S Gidi
a. Phuong trinh c6:
2
A= (Ziﬁ) +6i = -8+ 6i = (1 +3i)
nén phuong trinh c6 hai nghiém phan biét la:
z, =2iﬁ—(1+3i)=—1+(2ﬁ—3)i va z, =2iﬁ+(1+3i)=1+(2ﬁ+3)i.
Vay, phuong trinh ¢6 hai nghiém z; = -2 vaz, = 1.
b. Dit t = z? + z, phuong trinh dugc chuyén vé dang:
t2+4t—12=0<t =2 hodc t = —6.
Ta lan luot:
= Véit =2, ta dugc:
?+z2=2&77+2-2=0z=1vaz,=-2.
= Véit=-6,ta duoc:
?+z2=-672+72+6=0.
Phuong trinh nay ¢c6 A = 1 — 24 = —23 nén c6 hai nghiém phan biét Ia
_—1+iV23

2

Z3y

14123

Vay, phuong trinh ¢6 bon nghiém z, =1,z =-2va z,, = 5

Vi du 10: Cho phuong trinh z* —mz—6i=0.
a. Gidi phuong trinh voi m = 4iN2.
b. Tim m dé phuong trinh cé tong binh phuong hai nghiém bdng 5.

L5 Gidi
a. V6i m=4iv/2 phuong trinh c6 dang z° — 4iN22-6i=0.
Phuong trinh c6:

A= (21&)2 +6i =—8 +6i=(1 + 3i)?
nén noé c6 hai nghiém phan biét la:

7, =22 —(1+30) = -1+(2v2 -3},

z, zziﬁ+(1+3i):1+(2ﬁ+3)i.

Vay, phuong trinh ¢6 hai nghiém z, = -2 va z, = i.
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b. Gia str hai nghiém cta phuong trinh 1a z;, 2, suy ra:
z,+z,=m
{ZI.ZZ =—6i
Khi dé:
5=7 +7, = (1 + ) - 22122 =m*> + 12i & m*> =5 — 12i = (3 — 2i)?
& m=+(3 - 2i).
Vay, v6i m = +(3 — 2i) thdoa man diéu kién dau bai.
Vidu 11: Tim s thuc a, b dé cé phan tich:
222 — 972+ 142 —5=Qz— 1)(Z* + az + b)
roi gidi phuong trinh 2z — 9z* + 14z — 5 = 0.
L5 Gidi
Ta c6:
222 — 9722+ 14z —5=27" — (1 —a)z>+ 2b —a)z—D.
Str dung dong nhét thic, ta duoc:

1-a=9
=—4
2b—a=14<:>{a =22 —9722+ 142—5=2z— 1) (22— 4z + 5).
b=5 -
Tur phan tich trén, phuong trinh dugc bién déi vé dang:
22-1=0 22=1 _ Sl
* 474520 == | 2 T2
Z—4zt5= (z=2) =-1=i 2-2=+i |z=2+i
Vay, phuong trinh ¢ ba nghiém z =2 i va z:%.

Vidu 12: Tim s6'thuc a, b dé cé phan tich:
2t —472 — 162 — 16 = (22 —2z—4)(Z* + az + b)
roi gidi phuong trinh z* — 47> — 16z — 16 = 0.
&S Gidi
Ta c6:

7472 162— 16=7'— (2 — )2 — 2a— b + 4)72 — (4a + 2b)z — 4b.
Str dung dong nhat thic, ta dugc:

2—-a=0

2a—b+d=4 )

a S T s AP 16— 16=F— 22— NP+ az+
4a+2b=16 b=4

4b=16

b).
Tur phan tich trén, phuong trinh dugc bién déi vé dang:

{22—22—4=0 {(2—1)2:5 l:z—lzi\/g {z=1ix/§
= =

= .
22 +22+4=0 (z+1) =-3 z+1=+i3 z=—1+i3
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Vay, phuong trinh c¢6 bon nghiém z=1++/5 va z=-1+i/3.
Vidu 13: Cho phuong trinh z* + pz> + q = 0 vdi p, q la cdc so thuc.
Tim diéu kién cdn va dii vé cdc so'p, q dé phuong trinh:
a. Chi co nghiém thuc.
b. Khoéng cé nghiém thuc.
L5 Gidi
Dat t = z?, phuong trinh dugc bién d6i vé dang > + pt + q = 0. (*)
a. Phuong trinh ban dau chi c¢6 nghiém thuc khi va chi khi:
(*) c6 hai nghiém khong am (0 < t; £ tp)
A>0 p’—4q=0 p’—4q=0
<1520 & 1 —p=20 < 9p<0
P>0 q=0 q=0
b. Phuong trinh ban dau chi khong c6 nghiém thuc khi va chi khi:
(*) vo nghiém hoac c6 hai nghiém am (t; £ t; < 0)

A<0 p’—4q<0 p’—4q<0
A>0 *_4q> *_4q>
- o | [P 0@ P —4q 0.
S<0 -p<0 p>0
P>0 q>0 q>0

@ Yéu cdu: Cic em hoc sinh hay thuc hién "Tim diéu kién dé phuong trinh cé cd
nghiém thuc va nghiém khong thuc".
Vidu 14: Cho cdc s6 phiic z: = 6 — iN2 , 2= —2 — 2i, 7= 2L,
Z2
a. Viét 71, 7o, 73 dudi dang luong gidc.

b. Tuw cdu a) hdy tinh cos7— va sm7—TE
12 12

&5 Gidi

a. Ta bién déi:

71=+/6 —iV2 = 22 —£+1i = 22| cos2® +isin" |,
2 2 6 6
Zp=—2—21= —2I(£+£1] = —Zﬁ[congri.singj,

z, n . . T«
=CcoS— +1.sin—.

73= —L
s 12 12

b. Taco:
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L _n _J6-iV2 _ (Je-iv2)2+2i) _ ~J6++2+ (Vo +42)i
T, 2o 8 4 :
Tur do, suy ra:
I ~J6+\V2 . n Je+2
COS— = ———— vasin—
12 4 12 4

5 B 31\/5 jZOlO

1+2i3

Vidu 15: Tinh [

&5 Gidi
Ta co:
5433 _ (5+3i3)1+2i3) _ o :—2{005(—Ej+i.sin[—£ﬂ
1-2i3 13 3 3

Tur do, suy ra:

2010
5+3i\3 ( n) - [ nj
e = {-2| cos| —— |+1i.sin| ——
1-2i3 3 3
= (-2)""[ cos(~670m) +1i.sin(~670m) | = 220,
Vi du 16: Viét dang luong gidc cia so phiic z va cdc can bdc hai ciia z cho moi
truong hop sau:

| | N A 2 . \ 5w
a. z| =3 va mOt acgumem‘ cua iz la T

| , . 3
b. |z| == va mot acgument cia i la -2~
3 1+i 4

&S Gidi
a. Gia stz =a+ bi v6i modun r va acgument ¢, ta co:

|z] = Va2 +b* =3,
51t 3n

. . . a .
iz=1i(a+bi) =-b +ai = cosQ = ——— =sin— =cos7.

Ja? +b?

N 3 . L 3rY L L, o,
Twr d6, suy raZ:3(COST+LSIHT va cac can bac hai cua z 1a:

\/§ cos3—n+i.sin3—n ; \/5 cosﬁJri.sin& .
8 8 8 8
b. Gia slrz=a + bi v6i modun r va acgument @, ta co:
|z| = Ja? +b% = %,

z  _ (a—bi)(1-1) _ a+b(l—i):>coscp: a —0.

1+i 2 2 Ja? + 12
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N 1 T . . T o ., N
Twr d6, suy raz=§ cos5+1.sm5 va cac can bac hai cua z la:

\/§ T .. T \/§ S50 . . Sm
—| cos—+1i.sin— |; —| cos—+1i.sin— |.
3 4 4 4

4) 3
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B. HINH HOC
CHUONG 1 — KHOI DA DIEN VA THE TiCH CUA CHUNG

é‘ KIEN THUC CAN NHO §%§

I. KHAINIEM KHOI DA DIEN
1. KHOI PA DIEN. KHOI CHOP, KHOI LANG TRU

Dinh nghia
Hinh da dién (g0i tat 1a da dién) la hinh gom mot s6 hitu han da gidc phdng
thod man hai diéu kién:
a. Hai da gidc bdt ki hodc khong cé diém chung, hodc cé mot dinh chung,
hodic ¢6 mot canh chung.
b. MGJi canh cua da gidc la canh chung ctia diing hai da gidc.
Dinh nghia
| Hink da dien va phdn bén trong ciia né goi la khéi da dién.

2. PHAN CHIA VA LAP GHEP CAC KHOI PA DIEN

Két qua
I MGi khoi da dién bdt ki luén cé thé phdn chia duoc thanh cdc khoi tir dién

(bang nhiéu cdch khac nhau).
II. THE TICH CUA KHOI DA DIEN
1. THE TICH CUA KHOI HOP CHU NHAT
Dinh li 1: Thé'tich ciia mot khoi hop chit nhdt bang tich s ciia ba kich thudc.
Nhu vay:
= V6i khoi hop chit nhat c6 ba kich thude la a, b, ¢ thi V = abc.
= Khdi lap phuong c¢6 canh bang a thi V = a’.

2. THE TiCH CUA KHOI CHOP
Pinh li 2: Thé'tich ciia khoi chdp bang % tich cua dién tich ddy va chiéu cao.
Nhu vay, véi khéi chép c6 dién tich ddy bang 2 va chiéu cao bang h ta c6:
V= % ABh.

3. THE TiCH CUA KHOI LANG TRU
Pinh li 2: Thé'tich cia khoi ldng tru bdng tich ciia dién tich ddy va chiéu cao.

Nhu vay, véi khdi lang tru ¢6 dién tich ddy bang 2 va chiéu cao bang h ta co:
V = Zh.
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B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
®

Dang toan 1: Tinh thé tich

Phuong phap

D¢ tinh thé tich cia mot khéi chép, khéi lang tru (goi chung 1a (H)) ta thuong

thuc hién theo cac budc:

Buéc 1: Xac dinh cac yéu t6 cta gia thiét (nhu khoang cach, goc gitta
duong thang vOi mat phang, goc gitta hai mat phang .) theo cac
phuong phap da biét.

Bugc 2: Thiétlap cong thic tinh thé tich V cho (H).

Buéc 3: Dua vao cong thic, ta phan tich V thanh cac biéu thic chia
nhiing doan thing phai tinh.

Buoc 4: Tinh d6 dai nhitng doan thing dy biing cach st dung cac hé thic
lugng trong tam giac, tinh chat dong dang ...

Buéc 5: Suy ra gia tricaa V.

& Cha y: 1. V6ikhéi da dién khic ching ta st dung kién thic vé viéc phan chia
va lap ghép cdc khoi da dién.

2. Do dic thu cliia cong thic tinh thé tich mot khoi hop chit nhat
ching ta gidm thi€u nam buéc trong dang todn 1 & phadn md dau
thanh cdc budc:

Budc 1: Thiét 1ap cong thiic tinh thé tich V cho (H). 1)
Budc 2: Dua vao gia thiét tinh nhiing gia tri trong V. 2)
Budc 3: Thay (2) vao (1), ta dugc gia tri ctia V.
Thi du 1. Tinh thé tich ciia khoi hop chit nhdt cé ba kich thuéc lam thanh cdp so
nhdn véi cong boi la 2 va téng cua chiing bang 42.

&S Gidi
Goi a, b, ¢ 1a ba kich thudc ctia hinh hop chit nhat, ta co:
V = abc. 3)

Tir gia thiét a, b, ¢ theo thi tu d6 ching 1ap thanh mot cdp s6 nhan véi cong boi
bang 2 va téng cua chiing bang 42, ta c6:
a+b+c=42 a+2a+4a=42 a=6
b=2a & <b=2a & <b=12. @
c=4a c=4a c=24
Thay (4) vao (3) ta dugc V = 6.12.24 = 1728 (dvtt).
& Nhdn xét: a. Nhu vay, dé tinh thé tich cia khéi hop chit nhat va khoi lap
phuong trén ching ta da thuc hién dung theo ba bude dugc néu
trong phan phuong phap.
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b. Do dic thu ciia cong thic tinh thé tich mot khoi chép ching ta cu
thé nam buéc trong dang todn 1 & phdn m& dau thanh céc bude:
Budc 1: Xac dinh cac yéu t6 cua gia thi€t (nhu khoang cach,

géc giita dudng thang v6i mat phang, goc giita hai
mat phang ...) theo cdc phuong phdp di biét.
Budc 2: Thiét lap cong thiic tinh cho thé tich V thong qua
biéu thiic chita nhitng doan thang phai tinh. (1)
Budc 3: Tinh do dai nhitng doan thang 4y bang cich st dung
cac hé thic lugng trong tam giac, tinh chat dong
dang ... 2)
Budc 4: Thay (2) vao (1), ta dugc gia tri ctia V.

Thi du 2. Tinh thé'tich hinh chép tir gidc déu S.ABCD cd:
a. Dién tich ddy bdng 4 va dién tich ciia mot mdt bén bing 2 .
b. AC=+2 va ASB = 60",

:

&5 Gidi
a. Goi O la tam cta diy ABCD, ta c6:
V= %SAABCD.SO = %SO. (1)

Goi M la trung diém AB, ta lan luot co:
Sasgep= AB*=4 < AB=2.

Sasap= lSM.AB < SM = M = \/E
2 AB

2
SO? = SM? — OM?2 = SMZ—(%j —0-1=1.

Thay (2) vao (1) ta duoc V = % (dvdt).

b. Goi O la tam ctua ddy ABCD, ta c6:
1 1

V= gsAABCD.so = gA132.so. 3)
Goi M la trung diém AB, ta lan luot:
=  Trong AABC vuong can tai B, tacé AB = A—;: =
=  Trong ASMA vuodng tai M, ta co6:
SM = AM.cot ASM = %.cotSOO = 76.
=  Trong ASOM vuodng tai O, ta c6:
SOZ:SMZ—OMzzg—%=1:>SO:1. 5)

Thay (4), (5) vao (3) ta dugc V = % (dvtt).
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& Nhdn xét: Nhu vay, dé tinh thé tich clia cdc khoi chop ti gide déu trén ching
ta da thuc hién ding theo bon bude dugc néu trong phan phuong
phép, v6i1 luu y dang hinh chép nay luon nhan SO lam dudng cao.

Thidu 3. a. Cho hinh chdp tam gidc déu cé canh ddy bing \J3 va canh bén tao

Vi mdt phdng dday mot géc 60°. Tinh thé tich ciia hinh chop.
b. Cho hinh chép tam gidc c6 cdc canh ddy bang 6, 8, 10. Mot canh bén
c6 dé dai bang 4 va tao véi day mot géc 60°. Tinh thé tich khoi chop.

&5 Gidi

a. Xét khoi chop tam gidc déu S.ABC thoa min diéu kién ddu bai.

Goi G la trong tam AABC, suy ra SG L (ABC) nén:

1 1 AB*\3

V= ESAABC'SG = g SG. (1)

Trong ASGA vuong tai G, ta c6:
SAG = g(SA, (ABC)) = 60%

SAG */g'ﬁ.tamo“: J3. )

SG = AG.tan SAG = %AE.tanSAG = % :

Thay (2) vao (1) ta duoc:

2
(B s
V= ET\/E = Z (dth)

b. Xét kh6i chop tam gidc S.ABC thdoa man diéu kién dau bai v6i AB = 6, AC = 8,
BC = 10, SA =4 va tao v6i ddy mot géc 60°.

Goi H 1a hinh chiép vuong géc ctia S xudng (ABC), ta c6:

1
V= ESAABC.SH. 3)
Ta lan luot:
= Trong AABC, ta c6:
AB?>+ AC? =67+ 82 =100 = 10*> = BC?

< AABC vuong tai A = S, = %AB.AC - %.6.8 =24, (4)

= Trong ASHA vuong tai H, ta c6 SAH = g(SA, (ABC)) = 60° nén:
SH = SA.sinSAH = 4.5in60° = 2+/3.. 5)

Thay (4), (5) vao (3) ta duge V = %.24.2\/_ = 163/3 (dvtt).

& Nhdn xét: Nhu vay, dé tinh thé tich clia cdc khoi chdp trén chiing ta da thuc hién
ding theo bon budc duge néu trong phan phuong phap, tuy nhién:
= O cau a) ching ta d& dang xéc dinh dugc dudng cao (moi hinh
chép da gidc déu c6 dudng cao 1a doan thing ndi dinh vé6i tam
ctia ddy) va cong thic tinh dién tich day.
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O cau b) bing viéc goi H 1a hinh chiéu vuong géc cla S trén
mit phiang (ABC) ching ta da thuc hién dugc hai muc dich 1a
"Xdc dinh duoc goc giita SA voi (ABC) va duong cao SH cua
hinh chdp". Ngoai ra, néu cac em hoc sinh khong biét danh gia
dé nhan dugc AABC vuong tai A thi ciing ¢6 thé tinh duoc dién
tich AABC bang cong thitc Hérong.

Thi du 4. Cho hinh chép S.ABC co day ABC la mét tam gidc vuong cin AB =

AC=a.

Mat bén (SBC) vuong goc voi mdt day (ABC), hai mdt bén con

lai déu tao vdi day mot goc 45°.
a. Ching minh rang hinh chiéu vuéng géc cua S xuong day (ABC) la
trung diém canh BC.

b. Tinh thé tich hinh chép S.ABC.

&5 Gidi

a. Ha SH vuong gé6c véi BC thi cuing véi cac diéu kién:
(ABC) " (SBC)=BC
{(ABC) 1 (SBC)
Ha HM, HN theo thi tu vuong géc véi AB va AC (M, N M
theo thi tu s& 12 trung diém cua AB, AC), ta co:

— SH L (ABC).

SM 1 AB = SMH =45, SN L AC = SNH =45".

Tt dé, ta duoc:

ASHM = ASHN = HM = HN = ABHM = ACHN = HB = HC.
Vay, hinh chi€u vuong géc ctia S xuéng (ABC) 1a trung diém canh BC.
b. Trong ASHM vuong tai H, ta c6:

SMH =45° = SH = MH = %AC: %

Twr d6, suy ra:

V= % SH.Saasc =

& Nhdn xét: a.

2 3
Laa _a 4w
32 2 12
Trong 16i giai trén ching ta da s dung két qua:
"Néu hai mdt phang (P) va (Q) vuong géc véi nhau thi bdt cit
dwong thang a ndao thudéc mdt phdng (P), vuong géc véi giao
tuyén cia (P) va (Q) sé vuong géc véi mdt phdang (Q)"
dé x4c dinh dudng cao clia hinh chép. Cic em hoc sinh cin
nhé thém két qua:
"Hai mdt phdng cdt nhau ctiing vuong géc véi mdt phdng thit ba
thi giao tuyén clia chiing vuong géc véi mdt phdng thit ba"

b. Do dic thi clia cong thic tinh thé tich mot khéi lang tru ching ta

cu thé nam budc trong dang todn 1 & phin m& dau thanh céc budc:

Buéc 1: Xac dinh cac yéu t6 cla gia thi€t (nhu khoang cach,
gbc giita duong thang véi mat phang, géc giita hai mat
phang ...) theo cdc phuong phdp da biét.
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Budc 2: Thiét lap cong thiic tinh cho thé tich V thong qua
biéu thitc chta nhitng doan thang phai tinh. (1)
Budc 3: Tinh nhitng doan thang ay bing céch sit dung cdc hé
thitc lugng trong tam giéc, tinh chat dong dang... (2)
Budc 4: Thay (2) vao (1), ta dugc gia tri ctia V.

Thi du 5. Ddy ciia mot hinh ldng tru la mét hinh thoi canh bdng a va géc nhon
bdng o, canh bén cé dai bdang b va tao véi day mot géc B. Tinh thé tich
cua ldng tru.

&5 Gidi D' A’
Goi h 12 d6 dai dudng cao ciia hop, ta cé: ”
V =Bh. 1 G
Ta lan luot:
» Dién tich ddy ctia n6 hinh hop dugc cho bai: YA

B =2Saapp = 2%AB.AD.sinB/AE) = a’sina. (2) 4
*  Goi H 1a hinh chiép vudng géc ctia A' xuéng (ABCD), ta c6:

—

A'AH=p = h=A'H=A"'A.sinA'AH =b.sinf3. 3)
Thay (2), (3) vao (1), ta dugc V = a’b.sino.sinp (dvtt).

& Nhdn xét: Nhu vay, dé tinh duoc thé tich khéi lang tru trén ching ta cdn xdc
dinh dugc géc gifta canh bén va ddy (géc gilta dudng thang va
mat phang). Véi dién tich hinh thoi ching ta di st dung dinh Ii
ham s06 sin.
Thi du 6. Cho khoi ldng tru tam gidc ABC.A’B’C’, mdt bén ABB’A’ ¢6 dién tich
bang S. Khodng cdch giiia canh CC’ va mdt (ABB’A’) bang d. Tinh
thé khoi tich ldng tru. D' Al

&S Gidi o /\ w/

Ta dung khéi hop ABCD.A’B’C’D’, khi dé:

1 1
VABC.A'B'C' :EVABCD,A'B'C'D' = ESABB]AI h. (1 A
trong do:
Sapsa, = S. ) C B
h = d((CDD;C)).(ABBA})) = d(CCi.(ABB/A))) = d. 3)
5 1
Thay (2), (3) vao (1), ta dugc V,gep o 5, = = 5d-

2

Dang toan 2: Diing cach tinh thé tich d€ gidi toan
Phuong phap
Ta thuc hién theo cac budc:
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Budic 1: Dung hai cach d€ tinh thé tich ctia khoi da dién (H), cu thé:
V(H) =fva V(H) =g.
Buoc2: Tudo,suyraf=g.

Thidu 1. Cho tit dién ABCD c6 diém O nam trong tir dién va cdch déu cdc mdt
cua tir dién mot khodng la r. Goi ha, hg, he, hp ldn luot la khodng cdch
tr cdce diém A, B, C, D dén cdc mdt doi dién. Chitng minh rdng:

1 1 1 1 1

—m—t—t—t—.
r h, h, h. hp

&5 Gidi
Ta lan luot c6:
Vouw _ d(O, (BCD).S,pey T

Viseo d(A, (BCD)).S,5, h ,

tu’O’Ilg tu. ta Cé VO.CDA — r VO.DAB — r \/ .

L Yooas _ T Voasc _ T
Vicoa Dy ’ Veoas  he ’ Voase  hp
Twr d6, suy ra:
Vosen * Vo.coa + Vooas + Vousc __ T L_’_L_’_L
Vasen h, hy he hy

h, h, h. h

~ [ 1111 j 11,1, 1 1
Sl=sr|l—+—+—F+—| & —=—+
b h
Dang todn 3: Ti s6 thé tich
Phuong phap
Pé tinh ti s6 thé tich hai phan ctia mot khéi da dién (H) dugc phan chia bdi
mot mit phing (a) ta lua chon mot trong hai cach:
Cach 1: Ta thuc hién theo cac budc:
Budc 1: Dung thiét dién tao bdi (o) va (H).
Butc2: Dung phuong phép tinh thé tich da biét dé tinh cac thé
tich V; va V, ctia 2 hinh (H;) va (H>) cta (H) do (a) cat ra.
Bu6c3: Tinh k=1 .
2
Céch 2: St dung két qua:
"Trén ba tia khong déng phang Sx, Sy, Sz 14y Idn luot cac cdp diém
A va Ay, B vaB,, C vaC, khi do ta luén co:
Vsase _ SA SB SC, *)
Viasic, SA, SB, SC,

& Chu y- Dua vao két qua (*) chiing ta nhan thém dugc mot cach tinh thé tich.
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Thidu 1. Cho tir dién ABCD c6 thé tich bdang V. Goi B' va D' ldn luot la trung
diém cia AB va AD. Mdt phdang (CB'D') chia khoi tit dién thanh hai
phdn. Tinh thé tich méi phdn dé.

&5 Gidi
Ta lan luot c6:
VA'B'CD' = AB .£.AD = l = Vapcp = X
Vigen AB AC AD 4 4
vV 3V
Vegpps = Vasep — Vaper =V — n = o

& Nhdn xét: Nhu vay, dé tinh thé tich ctia cdc khoi da dién trén ching ta da sir
dung ti s6 thé tich. C4c thi du tiép theo vin minh hoa phuong
phédp nay nhung véi do phic tap cao hon.

Thi dy 2. Cho hinh chép S.ABC c6 duong cao SA = a, ddy la tam gidc vuéng can
AB = BC = a. Goi B' la trung diém cua SB, C' la chdn duong cao ha tir
A ciia ASAC.

a. Tinh thé'tich khoi chép S.ABC.
b. Chiing minh rdng SC vuong géc véi mdt phdng (AB'C).
c. Tinh thé'tich khoi chép S.AB'C.

&5 Gidi S

. Taco: \
a. Tacéo 1 Lo C
Vsapc= =SAS, pc = —a— = —.
3 3 2 6 Ak C
b. Ta cé:

BC 1L AB B
= BC L (SAB) = BC 1 AB. (D)
BC L SA
Ngoai ra, vi ASAB can tai A nén SB L AB'. 2)

Tw (1) va (2) suy ra:
AC'LSC
AB' 1 (SBC)= AB'LSC = SC.L (ABC), dpcm.
c. Sl dung ti s6 thé tich va hé thic lugng trong tam gidc vuong, ta c6:
Vowe SA SBUSC'_ 1 SCSC 1 SA’
Vise SA'SB SC 27 SC* 2 SA’+AC

LU . W G |
2'SA2+AB*+BC* 2 a’+a*+a®> 6
1 1 a> a°
< Vsape = =V, =— == (dvtr).
S.ABC 6 S.ABC 6 6 36

@ Nhdn xét: Nhu vay, dé tinh thé tich ctia cac khoi hop chép S.AB’C’ chiing ta
st dung ti s6 thé tich, va trong d6 cAn mot tha thuat nho dé tinh ti
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s06 SC’:SC. Trong truong hop cac em hoc sinh khong biét t6i cach
gidi nay thi cin stt dung phuong phap truyén thong, cu thé:
= Skr dung két qua cau b) suy ra SC’ 1a dudng cao cta hinh chép
S.AB’C’. Va sur dung tinh chat vé quan hé vuong géc ching td
AAB’C’ buong tai B’.
Ttr d6, suy ra:
Vsasc = %SC‘.SAAB,C, = é.SC'.AB’.B'C'. 3)
* Tinh cic do dai SC’, AB’, B’C’ dua trén hé thic luong trong
tam gidc vuong va tam gidc dong dang. 4)
= Thay (4) vao (3) ta nhan dugc thé tich hinh chép S.AB’C’.

Thi du 3. Cho tir dién ABCD c6 thé tich V. Hay tinh thé tich ciia hinh tit dién cé
dinh la trong tam cdc mdt cua tit dién da cho.
&S Gidi
Vé6i ti dien ABCD, goi Gi, G2, Gs, Gs, G theo thit tu 1a trong tam ctia AABC,
AABD, AACD, ABCD va tt dién ABCD.

Khi d6, véi phép vi tu tam G ti s6 k = —%, ta co:

1
V,3(ABCD) = (G,G,G,G,).
T d6, suy ra:
Voooo, 111 1 Ly .V
‘h G,G,G5G N
Vi 333 27 1626564 ™ 7
@ Nhdn xét: Nhu vay, dé tinh thé tich ctia tit dién G,G,G3Gs chiing ta st dung ti
so thé tich, va trong do cdc ti s6 duoc tinh bang viéc st dung tinh
chat ctia phép vi tu.

g. CAC BAI TOAN CHON LOC

Vidu 1: (D¢ thi dai hoc kh6i B — 2004): Cho hinh chép ik gidc déu SABCD c¢é
canh ddy bdng a, géc giita canh bén va mdt day bang ¢ (0°< ¢ < 90°).
a. Tinh tang ciia goc giita hai mdt phang (SAB) va (ABCD) theo ¢.
b. Tinh thé tich khoi chép SABCD theo a va o.
&5 Gidi
Goi O Ia tam hinh vuong ABCD va M Ia trung diém AB, ta
cO ngay:
SO L (ABCD) = SAO = ¢.
a. Taco:
SM L AB = ((SAB), (ABCD)) = SMO.
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2

Trong ASAOQ, ta c6 SO = AO.tan SAO = aT tan.

Trong ASMO, ta c6 tan SMO = I\SA—% =2 tang.

b. Taco:

3

V= %SO.SABCD = a tano.

Vidu2: Cho hinh chép tik giac déu cé canh ddy bang a va chiéu cao bdang h.
Tinh thé tinh hinh ldp phuong cé mot mdt thuéc mdt day cua hinh chép
con mdt doi dién cé cdc dinh ndm trén canh ciia hinh chép.

&5 Gidi

V6i hinh chép S.ABCD (hinh bén), ta c6 AB =a, SO =h.
Goi x la do dai canh cua khai 1ap phuong noi ti€p hinh

chép, ta co: S
M'N'_SM'_SB-BM'_, BM'_ MM
AB  SB SB SB SO M

o X2 o @+hx=aho x=-0
a h a+h

Khi d6, thé tich ctia khéi 1ap phuong dé la:

3 ah Y’
V=x’= o (dvtt).

Vidu 3: Tinh thé tich khoi hop chit nhdt ABCD. A’B’C’D’ ¢6 AB = a, AB hop
véi mdt phdng (A’D’CB) mot géc o, va BAC' = B.
&S Gidi
Ta cé6:
V = AB.BC.AA’. (1)
Ta lan luot tinh cac do dai AA’, BC nhu sau:
= Vi AB hop v6i mat phing (A’D’CB) mot géc o nén
ABA'=a, tir d6:
AA’ = AB.tana = a.tana. )
» Trong AABC,, ta c6:
BC’ = AB.tanBAC' = a.tanf3.
Khi dé6, trong ABCC,, ta cé:
BC?=CB*-C’'C?=C'B*— A’A? = a’(tan’p — tan’a)
< BC= a/tan’f—tan’ o . 3)

Thay (2), (3) vao (1), ta dugc:

V =a.a\/tan’ B—tan’ o .a.tanat = a’.tana/tan’ B —tan’ o (dvtt).
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Vidud4: Cdc canh bén cua hinh chép
O.ABC doi mot vuong goc voi
nhau va OA =a, OB=b, OC =c.
Tinh thé tich ciia khoi ldp phuong
nam trong hinh chép nay ma mot
dinh tring voi O va ba canh cing
xudt phdt tir O cua né thuéc OA,
OB, OC, con dinh doi dién vdi O
thuéc mdt phdng (ABC).

L5 Gidi

Gia st hinh 1ap phuong OPQR.O’P’Q’R’ ¢6 canh bing x thoa man diéu kién dau
bai va Q’ thuoc mat phiang (ABC).
Ta c6:

Voasc = VQ’.OAB + VQ’.OBC + VQ’,OAC = éabc = éxab + %Xbc + éxao

3

j’ (dvit).

abc abc

<abec=x(@+bc+ac)s x=——— :>V1p=X3:(

ab+bc+ac ab+bc+ac

Vidu 5: Thé tich ciia hinh chép déu S.ABC c6 SA = a va tao véi mdt phdng ddy

maot goc .
&S Gidi
a. Goi G la trong tam AABC, suy ra SG L (ABC) nén:
2
V= %SAABC.SG = %.AB \/E.SG. (D
Ta lan luot:
=  Trong ASGA, ta cé SAG = o nén:
SG = SA.sinSAG = a.sina. 2)

AG = SA.cosSA/\G = a.cosal.
* Trong AABC déu, ta co:
2 ABY3

AG= %AE <> a.coso= —.
3 3 2

Thay (2), (3) vao (1) ta duoc:

1 3a>\/3cos’a
v - 2R R

3 4
Vidu 6: Tinh thé tich ciia hinh chép tir gidc déu S.ABCD, biét:

a. AB=a, géc giita canh bén va mdt phdng ddy bdng .

b. AB=a, géc giita mdt bén va mdt phdng ddy bdng a.

c. Chiéu cao bang h va géc d day cia mdt bén bang o.

<> AB = a+/3.cosa. 3)

. 3 .
a.sino= Ta3.cos2 a.sino (dvtt).
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&5 Gidi
a. Goi O la tam cta diy ABCD, suy ra SO L (ABCD) nén:

V= %sAABCD.so = %ABz.SO. (1)

Ta lan luot c6:
(SB, (ABCD)) = SBO = a.

SO = BO.tan SBO = %.tana = aﬂ%. )

Thay (2) vao (1) ta duoc:
3
V= 1.32_ av/2.tan o _a V2.tana (dvtt).
3 2 6
b. Goi O la tam hinh vuong ABCD, suy ra SO | (ABCD) nén:

V= %sAABCD.so = %ABZ.SO. (3)

Ta lan luot:

* Goi N Ia trung diém AB, ta c6:
&((SABC), (ABCD)) = SNO = 0.
= Trong ASON, ta cé:

SO = ON.tanSNO = 21n% &)
Thay (4) vao (3) ta duoc:
3
V= l.az. atano _ a’.tana (dvd).
3 2 6
c. Goi O la tam hinh vuong ABCD, suy ra SO L (ABCD) nén:
V= %sAABCD.so = %ABz.h. 6)

Goi N Ia trung diém ctia BC va a 1a do dai canh ddy, ta c6:

SN = BN.tanSTSI\\I = a.tana.

Trong ASON vuong tai O, ta c6:

2 2 2
ONZ = SN? — SO? az _aana e as

4 Janto -1
Thay (6) vao (5) ta duoc:
3
V= 1 SH.Sagcp = 1 h.a?= 42# (dvtt).
3 3 3(tan” a.—1)
Vidu7: Cho hinh chop S.ABC co day ABC la tam gidc can AB = AC = a. Mdt

(SBC) vuong goc voi mat (ABC) va SA =SB = a.

a. Chitng minh rang tam gidc SBC la tam gidc vuong.

b. Cho SC = x, tinh thé'tich hinh chép S.ABC.
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&5 Gidi
a. Ha AH vuong géc v6i BC thi H 12 trung diém ctia BC va:
(ABC) " (SBC)=BC
{(ABC) 1 (SBC)
Nhan xét rang:
AHAB = AHAC = AHAS = HB = HC = HS
suy ra ASBC vuong tai S do ¢6 trung thuyén thudc canh huyén
bang mot nira canh huyén.

— AH L (SBO).

b. Dua trén cic tam gidc vudng, ta co:

2 5 )

AH? = AB?> - BH? = AB? - E = AB?— SB” +SC :l(3a2_xz)
2 4 4
2,2
- AH= Y3 oxT
Tur do, suy ra:
2,2 22
VzlAH-SSBC=lAH.lSB.SC=l_&_a‘X=@‘
3 32 6 2 12

Vidu8: Cho hinh chép S.ABC c6 hai mdt bén (SAB) va (SAC) vuong géc voi
day. bay ABC la mot tam gidc cdn dinh A, trung tuyén AD bdng a.
Canh SB tao véi ddy géc o va tao véi mdt phdang (SAD) géc B.
a. Xdc dinh cdc géc o va P.
b. Tinh thé'tich hinh chép S.ABC.

&5 Gidi
a. Tur gia thiét:
(SAB) L (ABC) —
= SA 1 (ABC)= SBA=aq.
(SAC) L (ABC)
Ta cé:
BD L AD —
= BD L1 (SAD)= BSD=§.
BD 1 SA
b. Ta co:

V= % SA Sanc = %SA.%AD.BC - % SA.AD.BD.

bat SB = x, ta lan luot:
=  Trong ASAB vuong tai A, ta c6:

SA = SB.sinS/B,\A = Xx.sino; AB= SB.cosS/B,\A = X.COSOL.
=  Trong ASBD vuong tai D, ta cé:
BD = SB.sinBSD = x.sinf3; SD = SB.cosBSD = X.cosP.

315



= Dua trén cac tam gidc vuong, ta co:
SB? = SD? + BD? = SA? + AD? + BD?< x> = x*.sin” a0 +a>+ x’.sin’

2 2
a _ a

o xi= = .
1-sino—sin’B  cos’ o —sin’f
Twr d6, suy ra:
2 3 . .
V= 1 .X.sina.a. x.sinf} = la.%.sinoz.sinﬁ =2 .szmoc.s%nzﬁ .
3 cos” a—sin” 3 3(cos” o —sin“ )

Vidu9: Cho hinh chép S.ABC c6 dday ABC la tam gidc vuong cdn dinh B va

SA L (ABC), SB = a. Géc giita hai mdt phdng (SBC) va (ABC) bdng o.

a. Tinh thé'tich khoi chép S.ABC theo a va a.

b. Hay tim a. dé’ thé'tich khoi chép S.ABC [on nhat.
L5 Gidi

a. Taco:
1

V. S

S.ABC — , “AABC
3

.SA =—.—AB.BC. SA—EABZ SA . (1)

NI'—

1
3
Nhan xét rang:

{BC LAB L BCL(SAB)= BC L SB= 2((SBC), (ABC)) = SBA = q..

BC L SA

Trong ASAB vuong tai A, ta c6:
AB = SB.cosSBA = a.cosa . 2) S
SA = SB.sin SBA = a.sina . 3)

Thay (2), (3) 1Vaz) (1)2ta duq.c. e A k C
Vg apc = ga .cos” a.a.sinol = gcos o.sina (dvtt). 4

2 < N . n N T .
b. Xét ham s6 y = cos’o.sina trén khoang (0; Ej , ta co:
y’ = —2cosa.sina.sina + cos’a.cosa = (3cos’oL — 2)cosa.

GE(O 2)
y’ =0 < (3cos’a —2)cosa =0 < cosa:\g.

Bang bién thién:

X | —oo 0 J2/3 /2

%.%0 /+'2/(3)f\ 0/

3
Vay, ta c6 (Vg ape )Mﬂx = a2\7/§ dat dugc khi cosa = \g véi a e( 2].
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Vi du 10: Cho ldng tru tam gidc déu ABC.A’B’C’, canh ddy bang a, BC’ hop vdi
mdt bén (ABB’A’) mot géc . Tinh hé'tich ldng tru.

&5 Gidi

2
Ta ¢6 V = Saapc.CC° = 2 f.ccn (1)
Ta lan luot:
* Goi I’ 1a trung diém ctia A’B’, ta c06:
C'IT'LA'B' —
— C'T' L (ABB’A) = C'Bl' = q.
C'l' L BB'

» Trong ABC’I’, tac6é BC’ = C/I\ = aﬁ .
sinC'BI' 2sina

» Trong ABCC’, ta cé:

CCl—CB_BCl = % G o4sin"0)
4sin’ o 4sin’ o
f— 1 2
2sina

Thay (2) vao (1), ta dugc:

a’\3 aJ3-4sina _ i 3sin3a
4 2sina 8 \sin'a
Vi du 11: Ddy ciia khoi lang tru diing tam gidc ABC.A’B’C’ la tam gidc déu. Mt
(A’BC) tao voi day mot goc a. va tam gidc A’BC c6é dién tich bang S.

Tinh thé'tich khoi lang tru. , ,

& Gidi NC_—7

V=

(dvtt).

Ta co:
2
V = Saasc.A’A = BC4\/§ A'A L (1) B A
Ta lan luot: E
* Goi E Ia trung diém BC, ta c6: C
AE L BC = A’E L BC (dinh If ba dudng vuong géc) = AEA'=a..
=  Khi dé:
BC\3 5
- < 2
Sy —~BCA'E-ipc—AE __BC o _BCWS
2 cosAEA' 2 cosAEA' 4cosa
S.cosa
< BC=2 : 2)
NE)
A'A:AE.tanATEX'zBC;\/g.tanzA/EX' =\/x/§S.cosoc.tanoc. 3)
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Thay (2), (3) vao (1), ta dugc:

\" :§.4S.j§sa .\/x/gs.cosa.tanoc = Sy//3S.cosa.sina (dvtt).
Vidu 12: Cho ling tru tam gidc déu ABC.A’B’C’, canh ddy bang a. Mt phazng
(ABC) hop véi mdit phdang (BCC'B’) mot géc a. Goi 1, J theo thir tu la
hinh chiéu cua A lén BC va BC’.

a. Tinh sd do géc AlL. b. Tinh thé'tich hinh lang tru.

&5 Gidi

a. Taco:

AI L BC

Al L BB
Vi AJ vuong géc v6i BC’ thi 1J cling s€ vuong géc véi BC’ (dinh 1 ba dudng

vuong géc), do do (m) ~All=aq.

(ABC’) N (BCC’B’) = BC’, { , = Al L (BCC’B’).

b. Ta cé:
2
V = Saapc.CC = 2 f.cc'. (1)
Ta lan luot:
» Trong AAJIL, taco 1J = AI.cotXJ\I = M%toc .
=  Trong ABCC,, ta co:
CC, = BC.tan CBC,
a’~/3cota
e pc__Y . 2 S ER
BJ \/BIZ—IJ2 \/212_3.&200‘[2& \/tanzoc—3
4 4
Thay (2) vao (1), ta duoc:
2 3
v=2 a3 (dvtt).

4 '\/tan2a—3 4+/tan’ o —3
Vidu 13: Cho ling tru tir gidc déu ABCD.A’B’'C’D’, duong cao h. Mdt phdng
(A’BD) hop véi mdt bén (ABB’A”) mot géc o. Tinh thé 'tich ling tru.
&5 Gidi
Trudc tién, ta di x4c dinh géc a, ta co:
(A’BD) N (ABB’A’) = A’B, {AD LAB = AD 1 (ABB’A”’).
AD L AA'
Ha AH vuong goc véi A’B thi DH ciing s€ vuong géc véi A’B (dinh 1i ba dudng
vuong géc), do do:
((A'BD), (ABB'A"))=AHD = a..
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Goi a la canh ddy cua hinh lang tru, suy ra:
= Trong AHAD, ta c6 AH = AD.cota = a.cota..
= Trong ABAA’, ta cé:

11 s 1
AH?> AB’> A'A?
<:>;=%+i:>a=h tan o —1.

a’.cot’a a’ h’
T d6, suy ra:
V = Sapcp.AA’ = a.h = hi(tan’a — 1) (dvtt).
Vidu 14: Cho khoi lang tru ditng ABCD.A’B’C’D’ ¢6 AA’ = h, ddy la hinh binh
hanh va BAD =o.. Cdc duong chéo AC’ va DB’ lan luot tao voi ddy
nhitng géc a.va B. Tinh thé'tich ciia khoi ldng tru.

&S Gidi
Ta cé:
V=S ,s-AA" = AB.AD.sin BAD.AA' = h.sina.AB.AD. (D)
Ta lan luot:

» Tu gia thiét ta suy ra C'AC=o0 va B/'IiizB.
* Trong AACC’ ta co6:
AC=CC".cotC'AC = h.cota.
» Trong ADBB’ ta ¢ BD =BB'.cotB'DB = h.cotp.
= Ap dung dinh 1y ham s6 cosin, ta c6:
BD? = AB* + AD?> — 2AB.AD.cosa.
AC? =DC? + AD?> — 2DC.AD.cos(n — o) = AB?> + AD? + 2AB.AD.cosa.
Trir theo vé& hai dang thic trén, ta duoc:
4AB.AD.cosa = AC? — BD? = h?.cot’a — h%.cot*f3
h*(cot” o — cot” B)
4cosa ’
Thay (2) vao (1), ta duogc:
h*(cot® o — cot” B) _
4cosa B
Vidu 15: Cho ldng tru xién ABC.A’B’C’ dday ABC la tam gidc vudng cdn dinh A.
Mt bén (ABB’A’) la hinh thoi canh a, ndm trong mdt phdng vuong géc
Vi ddy. Mcit bén (ACC’A’) hop véi day mot géc a. Tinh thé'tich ldng tru.

< AB.AD =

2)

V =h.sina.

3
= hT.(cot2 o —cot’ B)tano (dvtt).

&5 Gidi
Ha A’H L ABthi A/H L (ABC) nén:

1

V=A'HS,,; =5a2.A'H. (1)
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Ta lan luot:
= Taco:

{AC 1 AB

— AC L (ABB’A”)
ACLA'H

= ACLAA = A'AH=0. A
» Trong AA’AH, tacé A’H= AA’.sin A/'A\H = a.sind..

Thay (2) vao (1), ta duoc V = %a?sina.

Vidu 16: Cho ldng tru xién ABC.A’B’C’ ddy la tam gidc déu canh a. Hinh chiéu clia
A’ lén mdt phdang (ABC) tring véi tam duong tron ngoai tiép AABC. Cho
BAA' =45°. Tinh thé tich ldng tru.

&S Gidi
Goi G la trong tam AABC thi A’G L (ABC) nén:
2
V=A'GS, ., =A'G.#. (1)
Ta lan luot:

* Goi M la trung diém ctia AB, ta c6:

AA’AB vuong can tai A’ = A’M = %AB =—.

= Trong AA’MG, ta cé:
2 2 2
A’G2=A’M2_MG2=A’M2_ (%) - (E) _[QJ = i
3

@A’G:%. )

Thay (2) vao (1), ta duoc:
a6 a’\3 _ a'\2
6 4 8
Vidu 17: Cho lang tru xién ABC.A’B’C’ ¢6 dday ABC la tam gidc vuong tai A,
AB = a, BC = 2a. Mdr bén ABB’A’ la hinh thoi, mdt bén BCC'B’ nam
trong mdt phdng vuong géc voi day, hai mdt nay hop véi nhau mot goc o.
a. Tinh khodng cdach tir A t6i mdt phdng (BCC’B’).
b. Xdc dinh goc a.
c. Tinh thé'tich ldng tru.

V= (dvtt).

L5 Gidi
a. Ha AM vuodng géc véi BC thi:
AM 1L (BCC’B’) = d(A, (BCC’B’)) = AM.
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Trong AABC, ta c6:
AC?=BC? - AB’>=4a’>-a’>=3a> = AC = a+/3. (1)

1 1 1 = 1 1 =i<:>AM:QB’ C’

AM?> AB® AC* a® 3a® 3a’ 2
b. Ké MN vuong géc véi BB suy ra ANM=q.
c. HaB’H 1L BCthi B’H L (ABC) nén:

V = B’H.Saasc = %B'H.AB.AC. 2)
Ta lan luot:
, ——  a+/3.cota A
» Trong AAMN, tacé MN = AM. cot ANM = ——.
» Trong AABC, ta c6:
2 2
AR =BMBC—BM= 2B _& _ 2
BC 2a 2
» Tur hai tam gidc vuong dong dang 1a ABHB, va ABNM, ta c6:
a+/3.cota A
ﬂ=ﬁ =B'H= MNB'B = 2 = a+/3.coto. 3)
MN MB MB

2
Thay (1), (3) cung v6i AB = a vao (2), ta dugc:
V= % av3.coto.a.a\3 = %a3.cotoc (dvtt).

Vidu 18: Cho khoi hop ABCD.A'B'C'D' ¢6 ddy la hinh chit nhdt véi AB = a,
AD = Db va canh bén cé do bang c. Hai mdt bén (ABB'A") va (ADD'A") ldn
luot tao voi day nhiing géc o.va B. Tnh thé tich khoi hop.

&5 Gidi

Dung A'H L (ABCD) (H € (ABCD)), HK L. AB (K € AB), HM L AD (M € AD).
Theo dinh 1y 3 dudng vuong goc, ta co:

ABLAK= A'KH=a, ADLAM= A'MH=.
Ta c6: ,
V=A'HS,,, =A'HAB.AD. 1) c

bat A'H = x, ta lan luot:
- Trong AHA'M, tacé A'M=—2 10 X
sinA'MH sinf

» Trong AMA’A, ta cé:

2
AM = VAA?-A'M? = [¢? .
sin” 3
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= Trong AHA’K, ta cé:
HK = A'H.cot A'KH = x.cot ol
* Tunhan xét AMHK Ia hinh chit nhat, ta c6:

2 2
X X
AM=HK & [c*—— S— =x.cotff < ¢’ —— > =x.cot’B
sin” sin”

1 2 c
. =¢" & x= . @
sszJ \/cot2a+c0t2[3+1

Thay (2) cung v6i AB = a, AD =b vao (1), ta dugc:

\% abe (dvtt).

& x? [cot2 B+

\/cot2 o +cot’ B+1
Vi du 19: Cho hinh chép tit gide déu S.ABCD. Goi M, N, P ldn lugt la trung diém
cua AB, AD va SC.
a. Dung thiét dién tao béi mdt phang (MNP) va hinh chop.
b. Tinh ti s6 thé tich ciia hai phdan hinh chdp dugc phdn chia bdi mdit
phdng (MNP).
&5 Gidi
a. Talan luot c6:
»  MN ciat BC, CD theo thi tu tai E, F.
» PE cit SB tai I; PF cit SD tai J.
= Noi IM va JN.
Ta nhan duoc thiét dién 1a MNJPIL.
b. batSO=h, AB=ava:
Vi= Vgapen> V2= Vsuanmr s
V3= Veeonmey » V4 = Visme, Vs = Vipnr, Ve = Vecer.

Ta c6 ngay:
Vlzlazh.
3
2
Vi=Vs= L SumplH= L. 1BMBEH= 1. 2 20 _ah
3 372 6224 9
2
Vo= L SaerPK = - LcECRPR= L 32 38 h_3ah
3 372 62 22 16
2 2 2
Vis=Ve—2V, = 3a’h _z.ﬂ:ﬂ_
16 9% 6
2 2
Vo= Vi—Vy= Loy &0 _ah
3 6 6
V2o

V3
Vay, mat phing (AEF) chia hinh 1ap phuong thanh hai phan c6 thé tich bang nhau.
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CHUONG 2 — MAT CAU, MAT TRU, MAT NON

A KIEN THUC CAN NHG
I. MAT CAU, KHOI CAU *

1. DIEN TICH MAT CAU - THE TICH KHOI CAU
Hinh cau v6i ban kinh R, ta c6 cac két qua:
» Dién tich mat cau la S = 4nR>

» Thé tich khoi cAu V = %nR3 )

2. DIEN TiCH XUNG QUANH CUA HINH TRU - THE TICH KHOI TRU

Vi hinh tru c6 ban kinh day R va dudng cao h, ta c6 cac két qua:

* Dién tich xung quanh hinh tru la S,y = 2nRh.

= Thé tich khéi tru 1a V = nR?h.
3. DIEN TICH HINH NON — THE TICH KHOI NON

V6i hinh nén ¢6 ban kinh day R, duong sinh 1 va duong cao h, ta c6 cac
két qua:

= Dién tich hinh nén la S, = nR/.

., N 1
» Thé tich kh6inénla Vv = 3 nR%h.

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN

Dang toan 1: Dién tich mit cAu — Thé tich khéi cAu
Phuong phap

Do dic thut cta cong thirc tinh dién tich mat cau va thé tich khéi cau
chung ta thuc hién theo cac budc:

Buéc 1: Dua vao gia thiét tinh R.

Bugc2: Tinh dién tich mit cau va thé tich khéi cau.

& Chu y: Thong thudng ching ta gip nhimg yéu cdu trén sau khi thuc hién doi
hoi "Xdc dinh tdm va bdn kinh tinh bdn kinh mdt cdau ngoai tiép hodc
néi tiéh mot khoi da dien”.

Thi du 1. Mot hinh hdp chit nhdt ndi tiép mdt cdu va cé ba kich thudc la a, b, c.

Tinh dién tich mdt cdu va thé tich khoi cdu.
L5 Gidi
V6i hinh hop chit nhat ABCD.A’B’C’D’, goi R 1a ban kinh ctia mat cu.
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Ta cé:

D’ :
R= %A'C = %\/A'Az +AC C

INVAER-

= %\/A‘Az +AB® +BC? = %\/az b el \DE\ .
Khi dé, ta lan luot c6: i
A B

2
S=4nR?= 4n[%\/a2 +b* +cz) = n(32 +b’ +c2) (dvdt).

3
V= %nR3 = %n[%\/az +b’ +czj = én,[(az +b? +02)3 (dvtt).

& Nhdn xét: V6i mit cAu ngoai tiép hinh lang tru ching ta can luu y:
1. biéu kién cin va dii dé mot hinh ling tru ding c6 mat ciu
ngoai ti€p la day ctia n6 c6 dudng tron ngoai tiép.
2. Tam mat cAu ngoai ti€p hinh lang tru ding cdch déu tat ca céc
dinh mot doan bang R. Do d6, tam mat ciu ngoai ti€p
hinh lang tru 13 trung diém ctia doan thang
noi tam dudng tron ngoai ti€p hai day hoac
c6 thé coi né 1a giao diém ctia mat phang
trung truc mot canh bén véi truc OO.
3. Ban kinh mat cau dugc tinh dua theo cac
h¢ thac lugng trong tam gidc va ti giac.

Thi du 2. Cho hinh chép tam gidc déu c¢é canh ddy bdang a va chiéu cao bdng h.
a. Xdc tdm va tinh bdn kinh mdt cdu ngoai tiép hinh chdp.
b. Tinh dién tich mdt cdu va thé tich cua khoi cdu tuong ving.
L5 Gidi
a. Dung SH 1 (ABC), suy ra HA = HB = HC, tiic H 1a tam
duong tron ngoai ti€p AABC.
Trong ASAH dung dudng trung truc clia SA cit
SH tai O, ta dugc:
OA=0B=0C=0S
< Mit cau (O, OS) ngoai tiép ta dién.
Vi ASMO va ASHA dong dang nén ta c6:

SA.% 2 2 2
OS _SM _ o SMSA _ ) _SA’ _SH’+AH
SA SH SH SH 2SH 2SH
h* +(a\/§J2
_ 3 )  3n+a’
B 2h ~ 6h
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2 2
Vay, mat cdu ngoai tiép t dien déu ABCD 1a (O, P2

).
b. Talan luot co:

2.2V w(3h%+a? ’
Seanre o an 2 ) i ) (dvd).
6h 9h
2,2 n(3n%+a?)
vt = in’ Sh™+a” ) ( - ) (dvtt).
3 3 6h 162h

& Nhdn xét: Vé6i mit cu ngoai tiép hinh chép ching ta can luu y:
1. Diéu kién cin va di dé mot hinh chép ¢6 mat cdu ngoai tiép la
ddy cua n6 c6 duong tron ngoai tiép. a
2. Tam mat cau ngoai ti€p hinh choép
cdch déu tat ca cdc dinh mot doan
biang R. Do d6, tam mat ciAu ngoai
ti€p hinh chép 1a giao cla truc duong
tron ngoai ti€p mot ddy va mat phang
trung truc cua mot canh bén.
3. Ban kinh mat ciu dugc tinh dua theo cac hé thiic lugng trong
tam gidc va tir giac.
Thi du 3. Cho tir dién ABCD c¢6 AD = a va vuong géc véi mdt phdang (ABC),
AABC vuong tai Bva AB=b, BC=c.
a. Xdc tam va tinh bdn kinh mdt cdu ngoai tiép tit dién.
b. Tinh dién tich mdt cdu va thé tich cia khoi cdu tuong iing.

&5 Gidi
a. Goi O la trung diém ctia CD, nhan xét rang:
AD 1 (ABC) = AD L AC < AACD vuong tai A = OA = OC = OD.

AD 1 BC D
= BC 1L (ABD) = BC L BD
AB 1 BC o
< ABCD vuong tai B= OB =0C = 0D.
Vay, mat cau (O, OA) ngoai ti€p tit dién ABCD. A o

Ta lan luot c6:
CD?*=AD?>+ AC?=AD?*+ AB*+ BC?=a?+ b? + 2,

B
R:OA:C—D:%\/a2+b2+cz.

2
b. Talan luot c6:

2
S=4nR?= 4n(%\/a2 +b? +02) = 75(32 +b’ +cz) (dvdt).
4 4 (1 =)
V=—nR =§TC 5 a~+b”+c =

3 (a2 +b’ +¢? )3 (dvtt).

r
6
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@ Nhdn xét: Nhu vay, vé6i tit dien ABCD & trén ching ta da st dung tinh chat
dudng trung tuyén thuoc canh huyén ctia tam gidc vuong dé xdc
dinh duoc diém O cich déu céc dinh cua tif dién.

Dang todn 2: Dién tich xung quanh ctia hinh tru - Thé tich khéi tru
Phuong phap
Do dic thi1 cta cong thiic tinh dién tich xung quanh hinh tru va thé tich
khoi tru chung ta thuc hién theo cac budc:
Buéc 1: Dua vao gid thiét tinh R, h.
Buéc2: Tinh dién tich xung quanh, dién tich toan phan hinh tru va thé
tich khai tru.

& Cha y: V6i khéi tru ndi tiép va ngoai tiép ching ta sit dung dinh nghia hinh

tru cung tinh chat cta cac khoi hinh lién quan.

Thi du 1. Mot hinh tru T ¢6 bdn kinh ddy R va chiéu cao R+/3 .

a. Tinh dién tich xung quanh va dién tich toan phan ctia hinh tru T.
b. Tinh thé'tich ciia khoi tru gidi han bdi hinh tru T.
L5 Gidi
a. Talan luot c6:
Syq = 27R. R/3 =21R2/3 (dvdy).
Sp = Sy + 2B =27R2/3 +27R? = 2nR2(\/§ + 1) (dvdt).
b. Ta cé ngay:
V =nR2R3 =R3/3 (dvib).

& Nhdn xét: Nhu vay, dé thuc hién duoc yéu clia bai todn trén chiing ta chi cdn
nhé dugc cic cong thuc tinh dién tich xung quanh, dién tich toan
phan cta hinh tru va thé tich khéi tru.

Thi du 2. Mot mdt phdng di qua truc ciia hinh tru (T), cdt hinh tru theo thiét dién

la hinh vuong cé dién tich bdng a*.
a. Tinh dién tich xung quanh va dién tich toan phan cua hinh tru (T).
b. Tinh thé'tich ciia khoi tru (T).

&S Gidi

a. Vi thiét dién qua truc 12 mot hinh vuong c6 dién tich bang a? nén canh clia n6

bang a va tir d6 suy ra hinh tru ¢6 ban kinh ddy bang % va chiéu cao bang a.

Ta c6 ngay:

Sxq = 211% .a = ma? (dvdt).

3ma’
2

2
Spp = Sxq + 2B =ma* + 27{%) =

(dvdt).

326



b. Ta cé ngay:
2 3
V=n 2] a =" @,
2 4
& Nhdn xét: Nhu vay, dé thuc hién duoc yéu clia bai todn trén trudc tién ching
ta can di xac dinh do dai duong cao va ban kinh day cta hinh tru.

Dang toan 3: Dién tich xung quanh ctia hinh nén — Thé tich kh6i nén
Phuong phap
Do dic thi cia cong thitc tinh dién tich xung quanh hinh nén va thé tich
khoi non chung ta thuc hién theo cac budc:
Buéc 1: Duya vao gia thiét tinh R, h, Z
Buéc 2: Tinh dién tich xung quanh, dién tich toan phan hinh nén va thé
tich khéi non.

& Cha y: V6i khoi non noi tiép va ngoai tiép ching ta st dung dinh nghia hinh
non cung tinh chat cua cac khai hinh lién quan.
Thi du 1. Cho AABC vuéng tai A, AB = a, AC = b. Xét hinh tron xoay (N) sinh
bdi AABC khi quay quanh duong thing AB. Tinh dién tich xung quanh,
dién tich toan phdn va thé'tich ciia (N).
5 Gidi
Hinh tron xoay (N) sinh bdi AABC khi quay quanh dudng thing AB 1 hinh nén

¢6 cac thuoc tinh:
» Bankinh diy R = AC=b.

= Chiéucaoh=AB=a. B
= Dudng sinh/=BC= VAB> +AC? = Va2 +b’ .
Tir d6, ta l1an luot co: C C

Sxqg = MRl = mbv/a® +b* (dvdt).
Sp = Sxq + Sa = TRI + R? = mby/a® +b*> + mb?> = wb(+/a> +b*> + b) (dvdt).
V= %nth = %nbz.a(dvtt).

& Nhdn xét: Nhu vay, dé thuc hién duoc yéu clia bai todn trén trudc tién ching
ta can di xdc dinh céc thuoc tinh vé do dai ctia hinh nén (bén kinh
day, chiéu cao va dudng sinh). Va cong viéc cudi cung chi can
nhé dugc cdc cong thuc tinh dién tich xung quanh, dién tich toan
phan cta hinh nén va thé tich khéi nén.

Thi du 2. Cdt mdt nén (N) bdang mot mdt phdng di qua truc ciia né, ta duoc thiét
dién la mot tam gidc vudéng cdn canh a. Tinh dién tich xung quanh,
dién tich toan phdn va thé'tich ciia hinh nén (N).
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&S Gidi
Gia st thiét dién 1a AABC vuong can tai dinh A canh a, tir d6 suy ra hinh nén da
cho c¢6 céc thuoc tinh:

2

1

* Ban kinh ddy va chiéucao R=h= —BC =— ABx/i =&V A

* Puodng sinh /=AB=a.
Tir d6, ta lan luot co:

ax/ia_rcazx/i B C
)

Sw=mRl= 7.~ (dvdt).

Sip = Sxq + Sa = R/ + nR? = (dvdt).

nazﬁ aﬁ 2_na2(\/§+2)
2 " - 2

2

v=larm=1 [af] a2 _ ﬂaS\/E(tht).
3 3 12

2

@ Chu y: Cic em hoc sinh can nhd lai hai dinh nghia sau:
_1. Mot mat cau goi 1a ngoai tiép hinh nén néu mat cau dé di qua
dinh cta hinh nén va di qua duong tron ddy cta hinh nén. Hinh

nén nhu vay goi la ndi tiép mat cau do.

2. Mot mit cau goi 1a ndi tiép néu nd tiép xdc véi mit ddy cua hinh nén
va tiép xudc véi moi dudng sinh cua hinh nén. Khi d6 hinh nén duge
goi 1a ngoai tiép mat cau.

Thi du 3. Cho hinh nén noi tiép mdt cau bdn kinh R. Néu hinh nén dé cé chiéu cao
bang h. Tinh dién tich xung quanh va thé'tich ciia hinh nén dé.
L5 Gidi
Thiét dién qua truc cua hinh nén 1a ASAB cén tai S. Trong (SIA), dung trung truc
Mx ctia doan SA va cit SI tai O.
Vay, mat cau (O; OS) ngoai ti€p hinh nén c6 ban kinh day r va duong sinh /.
Dua trén tinh chat dong dang ctia tam giéc ta cé'

S0 _sM < SO.SI = SA.SM = SA.— SA— SA2
SA  SI 2 2

< SA?=2S0.SI & [ = SA =+/2hR .
Trong ASAI, ta co6:

< AP=SA?-SP < r=Al=+v2hR—h?> =\/h(2R-h).

Tir d6, ta l1an luot co:

Sy = 1l = mA/h(2R —h) .+/2hR = 7h/2R(2R —h) (dvdt).
V= %nrzh = %n(JhQR - h))2 h= %nhz(ZR —h) (dvib).
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C. CAC BAI TOAN CHON LOC
.
ha, %A’ =bh.

Vidu 1: Cho hinh ldng tru ding ABC.A’B’C’, ddy la tam gidc déu can
a. Xdc tam va tinh bdn kinh mdt cdu ngoai tiép ldang tru.
b. Tinh dién tich mdt cdu va thé tich cia khoi cdu tuong iing.
&5 Gidi
a. Goi G, G’ theo thtt tu la trong tam AABC va AA’B’C’ va
O 1a trung diém GG’.
Vi GG’ la truc duong tron ngoai ti€p AABC va
AA’B’C’, ta co:
OA=0B=0C, OA’=0B’=0C’,
OA =0A’,
suy ra:
OA=0B=0C=0A’=0B"=0C
< Mat cau S(O, OA) ngoai ti€p hinh lang tru ding ABC.A’B’C’.
Trong AOAG, ta c6:

2 2 2 2 5 )
OA>=AG*+0G = @AE) +GGG') =[3 ﬁJ +(EJ =a‘—+bT

372 2 3
2 2
PCY N L
3 4
a’> b’

Vay, mat ciu ngoai tiép lang tru ABC.A’B’C’ 1a (O, Y + v ).

b. Talan luot c6:

2
2 2 2 2
S=47R? = 47{ %JLJ - 47{al +b—J (dvd).

4 3 4
2 IR} 2 2\’
VzgrcR2 = %TC[ a? %} = % (a? b—] (dvtt)

Vidu 2: Cho hinh chép S.ABC cé day ABC la tam gidc vuéng dinh A, AB = a,
AC =Db, SA = ¢ va vuong géc véi mdt phang (ABC).
a. Xdc tam va tinh bdn kinh mdt cdu ngoai tiép hinh chdp.
b. Tinh dién tich mdt cdu va thé tich cia khoi cdu tuong iing.
&S Gidi
a. Vi AABC vuong tai A nén trung diém I cha BC I1a tam dudng tron ngoai tiép
AABC, dung Ix song song véi SA.
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Trong mat phang (SA, Ix) dung duong trung truc clia SA cat Ix tai O, ta duoc:
OA = OB = OC = OS < Mait cau S(O, OA) ngoai tiép ta dién.

Trong AAMO vuong tai M, ta cé:
R = 0A = VMA® + MO?

5w - 5] )

= %\/SAZ +AB? +AC? = %\/az +b% +c?.

S

=

Vay, mat ciu ngoai tiép tit dien SABC 12 (O, %\/a2 +b*+c?).
b. Ta lan luot co:

2
S=4nR?= 4n(%\/a2 +b? +02) = Tt(a2 +b’ +cz) (dvdt).
4 s 4 (1 55 23 1 2 12, 2\
V=—-nR’= gn E\/a +b” +c = grc (a +b” +c ) (dvtt).

3
Vidu3: (Pé thi dai hoc khoi D — 2003): Cho hai mdt phdng (P) va (Q) vuéng
goc voi nhau, cé giao tuyén la duong thing (A). Trén (A) ldy hai diém
A, Bva AB = a. Trong mdt phdng (P) ldy diém C, trong mdit phdng (Q)
ldy diém D sao cho AC, BD cung vuéng géc véi (A) va AC =BD = AB.
a. Tinh ban kinh mdt cdu ngoai tiép tir dién ABCD.
b. Tinh khodng cdch tir A dén mdt phdng (BCD) theo a.

&5 Gidi —Ban doc tu vé hinh
a. Nhan xét rang:
= AACD vuong tai A = CAD = 90".
» ABCD vuong tai B= CBD = 90°.
Vay, tit dién ABCD ndi ti€p mat cau duong kinh CD.

Do dé:
R= %CD= % VAC? + AD? = % VAC? + AB? + BD? = a‘f.
b. Goi H 1a hinh chi€u vuong géc cua A 1én BC, ta c6:
AH 1 BC
{ — AH 1 (BCD) = AH = d(A, (BCD)).
AH 1 BD

Trong AABC vuong can tai A, tacé AH = %BC = a\Z/E .
Vidud: Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a, mdt
phdng (SAB) vuéng géc véi mdit phang (ABCD), SA = SB = a.
a. Xdc tam va tinh bdn kinh mdt cdu ngoai tiép hinh chdp.
b. Tinh dién tich mdt cdu va thé tich ciia khoi cdu tuong ving.
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&5 Gidi
a. Ta lan luot:
* Goi G la trong tam ASAB, thi vi:
SA =SB = AB = a <> ASAB déu
= G la tam duong tron ngoai ti€p ASAB.
* Goi O la tam cta hinh vuong ABCD.
* Goi I 1a tam mat cau ngoai ti€p hinh chép
S.ABCD, ta c6 IG L (SAB) va IO L (ABCD).
Vay, mat cau (I, TA) ngoai ti€p hinh chép S.ABCD.

Ta cé:
2 sAV3)
R=1A=JIG* +AG® = \/OMz (5 —J = \/(—
S

a.a
4 3 6

b. Talan luot c6:
[a\/_ J Tra’
3

S=4nR*= (dvdt).

(dvtt).

3 6

Vidu5: Cho tirdién ABCD v6i AB=CD=c, AC=BD=b, AD=BC=a.
a. Xdc tdm va tinh bdn kinh mdt cdu ngoai tiép tit dién.
b. Tinh dién tich mdt cdu va thé tich ciia khéi cdu tuong ving.

V= 4 RS = ax/7 7na W2t
3 54

&5 Gidi
a. Goil, J theo thit tu 12 trung diém ctia AD va BC, ta ¢6 nhan xét:
ACAD = ABDA (c.c.c) = IC = IB = 1J la trung truc ctua BC.
AABC = ADCD (c.c.c) = JA =JD = 1J la trung truc ciia AD.
Vay, ta thdy AD va BC c6 doan trung truc chung 1J ta thuc hién:

IJ2:AJ2—AI2:ﬂ_£ _a _c4bioal R
2 4 4 2
Goi O la tam mat cau ngoai ti€p t& dién SABC, ta co:
Oel
A B
OA* =0C?
J

Pat OI = x, ta bién déi diéu kien OA? = OC? thanh:
IA2 + 10?2 =]C? + JO?

2
a® , a’ c+b*-a’ ¢ +b*—a’
&S —+X =—+ 1/——x SX= f—
4 4 2 8
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2 22 2 2 2 2
:>R2=0A2=op+1A2=E_i%_jL+%r=fLi%;iEﬁ

2 2 2
Vay, mat cdu ngoai tiép ti dien ABCD la [o, 1/%} .

b. Ta lan luot co:

2
2 2 2 2 2 2
S:4TER2:4TE[ /a +b" +c J _ ma“+b“+c”) (dvd).
8 2
4 4 a’+b’+c’ ’
V=—nR® = —q| ,|———— | (dvtt).
3 3 8

Vidu6: Mot khoi tru ¢é bdn kinh ddy a3, chiéu cao 2a3 . Tinh dién tich
mdt cdu va thé tich ciia khoi cdu ngoai tiép khoi tru.

&5 Gidi
Goi I 1a trung diém ctia OO'.
Khi d6, khéi cau ngoai ti€p khéi tru c6 tam I va ban kinh la:

' N
R=1A=JOA?+0P = m%(%} AL TTTNE
=+/3a’+3a°> = a\/g. I
Do d6, ta dwoc: N\l &5

A B
Ve = %nR3 = %n( a6 ) = 8ma’\6 (dvtr).

Vidu7: Cho hinh chép tir gidc déu SABC cdc canh bang a. Xdc dinh tam va tinh
bdn kinh ctia mdt cdu (S) tiép xiic vdéi cd bon mdt ciia hinh chop.
&5 Gidi
Goi G la trong tam AABC, suy ra SG la truc duong tron
ndi ti€p AABC.
Goi M la trung diém AB va I 1a giao diém ctia dudng phan
gidc goc SMG véi SO va ha IH vudng géc v6i SM, suy ra:
IH=1G. (1)
Ta c6 nhan xét:
{AB 1GM

= AB1 (SGM)= AB_LIH
AB 1 SG

= IH L (SAB) = IH =d(I, (SAB)).
Vi I thudc SG nén I cdch déu cdc mit bén ctia hinh chép.
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Két hop véi (1), ta két luan mat cau (I; IG) s€ ti€p xic véi ca bon mat clia hinh
chép S.ABC.
Trong ASGM, ta cé:

E 15 < IG.MS = MG(SG - 1IG) & (MS + MG)IG = MG.SG
MG MS
G= MG.SG ' ?)
MS + MG

Trong do, ta lan luot c6:

1 ax/— ax/g

MG——CM———:—'

SG = /SC? - CG? = 1/ SM=£.

Thay cac két qua trén vao (2), ta dlIQc.

a3 avo
6 3 _al6
a3 a3 12

2 6
Vidu8: Cho mdt cdu bdn kinh R va mét hinh tru cé bdn kinh ddy R va chiéu
cao 2R. Tinh ti s6'thé tich ciia khoi cdu va khoi tru.

R=IG=

&5 Gidi
Ta lan luot c6:
* Khoi cdu c6 ban kinh R nén c6 thé tich la:
47R’?
3
» Khéi tru ¢6 bdn kinh ddy R va chiéu cao 2R nén c6 thé tich Ia:
V, = tR?h = nR%.2R = 2nR3.
Twr d6, suy ra:
47R’
Vi __3 _Zz
V, 2R’ 3
Vidu9: Cho hinh tru c¢é chiéu cao bang ban kinh dday. Mot hinh vuéng ABCD
c6 canh bang a va hai canh AB va CD ldn luot la hai ddy cung ciia hai
duwong tron dday. Mdt phdang (ABCD) khéng vuong géc véi mdt phdng
day cua hinh tru.
a. Tinh chiéu cao va bdn kinh ddy hinh tru theo a.
b. Tinh dién tich xung quanh va dién tich toan phdn ciia hinh tru. Tinh
thé tich cua khoi tru.

V]Z

&5 Gidi

a. Gia st hinh tru c6 ban kinh ddy bang R thi ¢6 chiéu cao bang R.
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Goi C, D' theo thtt tu 1a hinh chi€u vuong géc ctia C, D xuéng duong tron (O), ta co:

2a’ ax/ﬁ

BDZ:BD'2+DD'2<:>2a2:4R2+R2<:>R2=?<:>R= )

5

Vay, hinh tru c6 béan kinh ddy bang % va chiéu cao bang a.

b. Ta lan luot co:

a\10 av/10 _ 4na
. 5 -

2
S =2nRh =2 5 (dvdt).

2 2 2
Sp= Sy + 2B = 47;2‘ + 2;{”?} = 8”53 (dvdt).

(a\/ﬁjz a\/10 _ 21a°\10
5 )7 )

V=nR’h=n

0
dvtt).
5 5 (dvtt)
Vi du 10: Mot khoi hop chit nhdt noi tiép trong mot khoi tru. Ba kich thudc cuia khoi
hop chit nhdt la a, b, c. Tinh thé tich ciia khoi tru.
L5 Gidi
Ta c6 ba truong hop:

Truong hop 1: Néu AA; = a thi khai tru c6 chiéu cao h = AA; =ava
ban kinh day la:

R=1AC=LJaAB+CB = b ic.
2 2 2
Khi d6, thé tich ctia khéi tru la:

V = 7R%h = %n(bz + cD)a (dvib). X

Bi
Truong hop 2: Néu AA, = b thi khoi tru c6 chiéu cao h= AA, = b va ban kinh day la:

R = %Alc1 = %\/Ale +C,B = %\/az +c?.
Khi d6, thé tich ctia khéi tru la:
V =nR’h = in(a2 + ¢c?)b (dvtt).
Truong hop 3: Néu AA, = c thi khoi tru ¢6 chi€u cao h = AA, = ¢ va ban kinh ddy la:
R = %Alc1 = %\/Ale +C,B} = %\/az b

Khi d6, thé tich ctia khéi tru [a V = tRh = %n(a2 + b?)c (dvitt).

Vidu 11: Mot hinh tru cé thiét dién qua truc la hinh vuéng. Mdt phdng (o) song
song Vdi truc hinh tru va cdt né theo thiét dién ABBA,. Biét mot canh
cia thiét dién la day cung ciia duong tron ddy cdang mot cung 120° va
dién tich xung quanh hinh tru la 4n. Tinh:

a. Dién tich toan phdn hinh tru.
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b. Dién tich thiét dién ABBA,.
c. Thé'tich hinh tru.
d. Thé'tich hinh lang tru n-gidc déu noi tiép hinh tru.
e. Thé'tich hinh cdu ngoai tiép hinh tru.
&5 Gidi
Goi R 1a ban kinh day.
a. Taco:
Sxq =21R.00; Sy = 27R(R + O0y)
S
LSe J2RRE00) R L3¢ 3, o
S, 27R.00, 00, 2 2 2
b. Vi thiét dién ABB,A, ta co:
A,0,B, =120°, AB; = 2R sin120° = R+/3

Mat khéc, ta c6:
47 = S = 27R.00; =271R2R <R =1 = A B, = /3.
Do do, dién tich thi€t dién la:
S=ABLAA = 3.2=243 (dvdy).
c. Tacéngay V = nR?h = 21R? = 27 (dvtt).

d. Goi AC; 1a canh cua n — da gidc déu ndi tiép hinh try, suy ra A,0,C, = 2
n
va dién tich ddy cua hinh lang tru bang:
2
Si=nS,, oc = n.le.sinz—Tc - IR .sinz—7t (dvdt).
1~1~1 n 2 n
Ki hiéu S la dién tich ddy hinh truy, ta cé:
nR” sin— n sinz—n n sinz—rE
S, _ 2 " n ___ n — A ___  n
S R’ 2n \Y 2n
V.n.sinz—Tc 2n.n.sin2—n e
= V.= n - N — p.sin== (dvtt).

2n 2n n
e. Duong tron 16n ctia hinh ciu ngoai ti€p hinh tru 1la dudng tron ngoai ti€p thiét
dién qua truc, do d6 ban kinh mat cdu 1a Rc = R/2 .
Tt do, ta duoc:
Ve= 4 TRY = 8m\/2
3 3

(dvtt).

Vi du 12: Xét hinh tru néi tiép mdr cdu bdn kinh R ma dién tich thiét dién qua
truc hinh tru la 1on nhdt. Tinh:
a. Thé'tich V va dién tich toan phdn Sy, ciia hinh tru.
b. Thé tich hinh ldng tru n-gidc déu noi tiép hinh tru.
c. Thé'tich hinh ldng tru n-gidc déu ngoai tiép hinh tru.
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d. Dién tich thiét dién song song vdi truc hinh tru va cdch truc mot

R
khodng — .
oang 5

5 Gidi

Goi O, O, 1a tim cua hai day hinh try, véi thiét dién qua
truc OO, tuong ting 1a ABB;A,. Goi O' 1a trung diém OO,
suy ra O'1a tam mat cau da cho.

Ki hiéu h, r 1an luot 1a dudng cao, ban kinh ddy cta hinh
try, khi d6 dién tich thiét dién qua truc la:

Std=21‘h.
Ta cé:
2 "A2 2 h2 2 2 h2 1 2 2
R*=0'A’=r"+ — <r*=R°- — ©r=—+4R" -h
4 4 2
2 2 2
:>Sld=2%V4R2—h2 h= h2(4R2—h2) < # =2R?

tite 12 (Sw)max = 2R?, dat dugc khi:

=4R>-h><h*=2R><h=R\/2 =r= /Rz—i.sz :RT\E:;

a. Taco:

V =mnr’h = n( (dvtt).

R\/E ’ TER3\/5
: J.Rf: :

Sip = Sxq + 2S¢ = 2mrh + 2nr? =27

R;/E RV2 +2n [RT\/EJ =3nR (dvdt).

2
L g i i N0 2T
b. Ddy cuta hinh lang tru n — gidc déu ndi ti€p hinh tru c6 dién tich bang T.sm— ,
n

do d6 thé tich hinh lang tru d6 bing:
3
nr’ 2m 2n (R\/E] .2 nRW2 | 2n
> .si = .sin—.

Vii= —.sin— .2r= nr’.sin— = n
2 n n

n 4 n
c. Da gidc déu n canh ngoai ti€p dudng tron ddy hinh tru ¢6 do dai canh bing

2r.ta nE, nén dién tich ddy hinh lang tru la:
n

Si= n.l.r.Zr.ta nl = nttanl (dvdt).

2 n n

Khi dé, thé tich clia lang trun — gidc déu ngoai ti€p hinh tru la:
3

RV2 J n  nR’

5 tan— =

no 2

tanZ. (dvtt).
n

T T
V = nr’.tan—.2r = 2nr'.tan— = 2n(
n n

336



d. Gia st thiét dién 14 MNN;M, thi MNN;M; la hinh chit nhat. Goi I 1a trung diém
ctia MN, ta co:

2 2 2
or=R. M- L R _[R2) R
2 4 2 4

Vi du 13: Mot khoi tir dién déu canh a noi tiép trong mot khoi nén. Tinh thé tich
khoi non.
L5 Gidi
T dién déu ABCD, goi G la trong tam AABC.
Khai nén ngoai tiép ti dién cé ban kinh ddy R va chiéu cao h véi: D

R=GA= 23
3

2
h=SG=SA’>—GA’ = az—(gj _ o 3 A

3
Khi do, thé tich clia kh6i nén la:

2
3
V= %nth: %n(afJ a6 _ m’V6

dvtt).
3 27 (dvir

Vi du 14: Cho AABC vuéng tai A, AB = a, AC = b. Tinh thé tich
ciia khoi tron xoay sinh bdi tam gidc dé (ké cd cdc
diém trong) khi quay quanh dwong thdng BC.

L5 Gidi

Ha AI vuong géc vé6i BC, khi do: &
V=V +V,= %nAIZBI + %nAIZCI = %nAIZ(BI +CI) = %nAIZBC. (1)

B

A A’

Ta co:
BC2=AB*+ AC?=a?+b*< BC=+a’+b>. (2)
1 1 1 , AB*.AC? a’b’
= + o AP = = . 3
AI> AB* AC? AB* +AC?  a’+b? )

21.2 21.2
Thay (2), 3) vao (1), ta duge V = 2122 a2 b2 = @ qyy),
3 a“+b 3va? +b’
Vi du 15: Mot hinh nén cé chiéu cao h va bdn kinh ddy bdng S
1. Hay tinh thé tich khoi cdau noi tiép hinh nén.
&S Gidi M
Vi hinh nén dinh S va cé tam I & ddy, suy ra SI 1a truc cua

dudng tron ddy. Trong (SIA), dung phan gidc Ax clia géc SAI va A B
cét SI tai O.
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Vay, mat cau (O; OI) noi ti€p hinh nén.
Trong ASIA, ta co6:

OF_0S_ SI-0l . on/SE+AL = AISI-OD)
Al AS  SP? + AP

o 01(\/512 L AP +A1) _AISI e o[ Ast
S+ AR AT vh 412 41

T d6, ta dugc =i R’ = 4 [L
’ oY 37t 375 Vh* +1° 41
Vi du 16: Mot hinh nén cé duong sinh bang a va géc & dinh bang 90°. Cdt hinh nén
bdng mdt phdng (o) di qua dinh sao cho géc gifta (o) va mdit ddy ciia hinh
nén bang 60°. Tinh dién tich thiét dién.
&5 Gidi
Gia st ASAC la thiét dién qua dinh va tao v6i ddy mot géec 60°. Goi M 1a hinh
chi€u vuong géc cua O 1én AC, suy ra SMO = 60°.
Trong ASOM vuodng tai O, ta c6:

3
] (dvtt).

av2
sM= 9 __ 2 - :a\/g;OM:lSM:&. S
sinSMO  sin 60 3 2 6
Trong AAOM vuong tai M, ta cé:
2 2 \/g 2 5
AME=0A2-OMP= | V2| |22 1 2 B
2 6 3 Al
a\/g 2a\/§

=>AM= —=AC= .
3 3

Khi d6, dién tich thiét dién dugc cho bai:

2
S= %SM.AC=l.a\/€.2a\/§ =1 3‘5

dvdt).
2 3 3 ( )
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CHUGONG 3 — PHUONG PHAP TOA DO

TRONG KHONG GIAN
é‘ KIEN THUC CAN NHO §%§
I. HE TOA PO TRONG KHONG GIAN

1. HE TOA PO TRONG KHONG GIAN

Dinh nghia 1
Hé gom ba truc Ox, Oy, Oz déi mot vuong goc duoc goi
la hé truc toa do trong khong gian.

Ki hiéu Oxyz hoic (O, i, j, k) véi i, i, k 1a céc vecto
don vi 1an luot nam trén ba truc dé.
* Diém O dugc goi 1a géc toa do.
=  Truc Ox dugc goi 1a truc hoanh, truc Oy dugc goi la truc tung, truc Oz dugc
goi la truc cao.
Ta chd ¥ ring:

P=3=k =1vai.j=j.k=k.i =0.
2. TOA PO CUA VECTO
Taco v(X;y;2) < V=X1i+Yy] +zKk.

Néu v(x;y;z) thix=v.i,y=v.j,z=v.k.

Cdc tinh chdt: D6i v6i hé toa do Oxyz, cho hai vecto v, (X1; yi; z1) va v, (X2; y2; 22) ta
c6 cac két qua sau:
X=X,
. v,=V, &3y, =Y,.
Z,=17,
2). o
3). av, £BV, =(ox: £ Bxz; ayr = Py oz £ Pz), véia, B e R.
4) \7] . \72 = X1X2 + yiy2 + Z1Z2.
o _ -2 _ 2 2 2
5). [V|=4V,” =X +y, +z; .
XX, +y,y, +2,2,
2 2 2 2 2 2
\/Xl +yl 'i‘Z1 .\/X2 +y2 'i‘Z2

'{;2 =0 xixX2+y1y2+2122=0.

v, = (ox1; ayi; azy), véia € R.

6). cos(v,, v,)=

7. v
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3. TOA PO CUA PIEM
Taco M(x;y; z) < OM =x1i +yj +2zK.
& Chit y: Ta c6 cic két qua:
M=0<x=y=z=0.
M e (Oxy) < z =0, tic 1a M(x; y; 0).

M e (Oyz) < x =0, tic 1a M(0; y; z).
M e (Oxz) < y =0, tic 1a M(x; 0; z).

M e Ox < y=0vaz=0,tic la M(x; 0; 0).
M e Oy & x=0vaz=0, tic la M(0; y; 0).
Me Oz x=0vay=0, tic 1a M(0; 0; z).
4. LIEN HE GIUA TOA PO CUA VECTO VA TOA PO HAI PIEM MUT
Trong hé toa do Oxyz, cho hai diém A(Xa; ya; Za) va B(xs; ys; zg) ta co:
a. AB = (XB — XA} YB — YA} ZB — Za).
b. AB= |A—B| = \/(XB —xA)2 +(yg —yA)2 +(z, —ZA)2 .

. , 3 (x, +x + zZ,+z
C. TrungdlémIcuadoanABcotQadQ( A2 B;yA yB; A BJ.

2 2

5. TICH CO HUONG (HAY TICH VECTGO) CUA HAI VECTO

DPinh nghia 2
Tich co huong (hay tich vecto) cua hai vecto v, (Xi; yi; 21) va Vv, (X2; y2; 22) ki

hiéu [vl, V2:| la mot vecto v duoc xdc dinh bai:
Y1 7y,

= ([ 7 .
y2 Z2
Cdc tinh chdt cua tich cé hudng: Ta co:
a. Vecto [VT vt} vuong géc voi hai vecto v, va v, , tic la:
[q’ Vﬁz]'v} = [VT’ Z}'Vz =0.

o []

c. [\71 \72] = 0 khi va chi khi hai vecto v, va ¥, cling phuong.

Zr Xy X N

X Y2

>

Z, X,

= | v, || v, |.sin(V1 , V,), trong d6 o la goc gitta hai vecto v, va v, .

Ung dung cia ciia tich cé6 huéng
Dién tich hinh binh hanh: Dién tich cta hinh binh hanh ABCD dugc cho bdi cong
thic:

SAaBcp = ‘[E, ﬁ] =|AB|.| AD |.Sin(§3, AD),
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Dién tich tam gidc: Dién tich cia AABC dugc cho bdi cong thiic:

Sssc = = [ AB, AC || =~ | AB || AC | sin(AB, AC).
2 2

Diéu kién dong phdng ciia ba vecto
Dinh li: Diéu kién cdn va dit dé' ba vecto v, , v, va v, dong phdng la:

[vi. v, ]9, =0.
Thé tich hinh hép: Thé tich V ctia hinh hop ABCD.A,B,CD; duoc cho bdi cong thic:
v = [AB, &D|A4].
Thé tich tir dién: Thé tich V clia tit dién ABCD duoc cho bdi cong thic:
1 r— — —
= - ‘[AB, AC].AD‘ .

6. PHUONG TRINH MAT CAU
Dinh li: Trong khong gian Oxyz, mdt cau (S) cé tdm I(a; b; ¢) va bdn kinh R ¢é
phuong trinh:
(S): (x—a)’+(y—-by+(z—c)’=R2% (1)
Phuong trinh (1) goi 1a phutong trinh chinh tdc cua mdt cdu.
Vay, ta dugc:

Tam I(a;b;c)
S): S (O):(x—ay+(y—bP+(z—c)P=R2%
S {BénkinhR O:x-a)y+(y—-b+(z-c)
@& Chi y: Tacé:
» Mat c4u tam O bdn kinh R ¢6 phuong trinh x? + y* + 7z = R%
*  Mat ciu don vi c6 phuong trinh x* + y> + 2> = 1.
Pinh li: Trong khong gian Oxyz, mdt (S) co phuong trinh:
(S): x>+ y*+ 7> —2ax — 2by — 2cz + d =0, 2)
v6i a2 + b2 + ¢2—d > 0 la phuong trinh ciia mdt cdu tam 1(a; b; ¢) va bdn
kinhR = ya’ +b> +c’ —d .

Phuong trinh (2) goi 14 phitong trinh téng qudt ctia mdt cdu.

II. PHUONG TRINH MAT PHANG
1. PHUONG TRINH MAT PHANG
Dinh Ii: Trong khong gian Oxyz, mdt phang (P) di qua diém Mo(Xo; yo; Zo) va cé vipt
i (A; B; C) ¢6 phuong trinh:
P): A(x — x0) + B(y — yo) + C(z — z0) = 0.
Vay, ta c6:
P. {Qua M, (X3 ¥57,)

thtﬁ(A;B;C) < (P): A(X —xo) +B(y—y0) +C(z —20) = 0.
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Phuong trinh tong qudt cia mdt phdng trong khong gian Oxyz la:
(P): Ax+By+Cz+D=0v6i A2+ B>+ C*> 0. (1)
Khi dé, né nhan vecto i (A; B; C) lam mot vtpt.
2. CAC TRUONG HOP RIENG
1. Néu D =0, mat phang (P) di qua goc toa do.
2. Néu A =0,B=0,C =0, mat phang (P): By + Cz + D = 0 chtta hoac song
song voi truc Ox.
Tuong tu:
* Mat phang (P): Ax + Cz + D = 0 chita hoac song song véi truc Oy.
* Mat phang (P): Ax + By + D = 0 chita hoac song song véi truc Oz.
3. NéuA=0,B=0,C =0, mat phang (P): Cz + D = 0 chita hoic song song véi
truc Ox va Oy nén né song song hodc trung v6i mat phang xOy.
Tuong tu:
* Mat phang (P): Ax + D =0 song song hoac triing véi mat phang yOz.
= Mat phang (P): By + D = 0 song song hodc triing v6i mat phang xOz.
BDdc biét, cac phuong trinh x = 0, y = 0, z = 0 theo thi tu 12 phuong trinh cta
céc mit phang toa do yOz, xOz, xOy.
4. NéuA #0,B=0,C=0, D=0 thi bang cich dat:
a=-2 p=_D o D p. X Y2 )
A B C a b c
Phuong trinh (2) goi 12 phuong trinh doan chdn ciia mat phang (P). Mat phang dé6
cét c4c truc Ox, Oy, Oz lan luot tai cdc diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢).

Vay, ta c6:
Qua A(a;0;0)
(P): {Qua B(O;b;0) < (P): = + ¥ + Z =1.
Qua C(0;0;¢) a b

3. VITRI TUGNG POI CUA HAI MAT PHANG
Véi hai mat phang (Py) va (P,) c6 phuong trinh:
(P1): Aix+Biy + Ciz+ Dy =0, diéu kién A} +B; +C; >0,
(P2): Axx + Boy + Coz + D, =0, diéu kién A} +B. +C: >0,
khi d6 vecto 1, (Aj; Bi; Ci), 11, (Az; Bo; G) theo thit tu 1a vtpt cta (Py) va (P,), do do:

a Neu =BG _Dpy= ey
A2 B2 C2 D2
b, Neu 2 =B oG L Do py e,

AZ B2 CZ DZ
EuA;:Bi: Ci# Ay Bo: G thi (P) n(P2) = {(d)}.

o
Z
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4. KHOANG CACH TUMOT PIEM PEN MOT MAT PHANG

Cho diém M(xm; ym; zv) va mat phang (P): Ax + By + Cz + D = 0. Khi d6,
khoang cach tir M dén (P) dugc tinh bai cong thuc:
|Ax,, + By, +Cz, +D|

JA? +B* +C?

III. PHUONG TRINH PUONG THANG
1. PHUONG TRINH PUONG THANG

Trong khong gian Oxyz, dudng thang (d) di qua diém Mo(xo; yo; Zo) ¢d vtcp
u(a; b; ¢) c6 phuong trinh:

dM, (P)) =

X =X, +at
(d): {y=y, +bt,t € R — Phuong trinh tham so.
z=12,+ct

(d): X=X Y _bYo =27% \6i abe # 0 — Phuong trinh chinh tdc.
a C

Dudng théng (d) di qua hai diém Mi(x1; yi; z1) va Ma(X2; y2; 22), ta ¢6:
(d): {Qua M, (x,5y,52)) o {Qua M, (x,;y,;2,)

Qua Mz(Xz;Y2;Z2) VthM1M2(Xz_X1;YZ_Y1;ZZ_ZI)
X=X, +(X, —x)t
S ) Jy=y,+(y,—-ypt,te R
z=2,+(z,— 7))t
hoac (d): T YT 2T
X, =X Yo=Y Z,—1z

@ Cha y: Cho hai mat phing (P;) va (P,) ¢6 phuong trinh:
(P): Aix + By + Ciz+D; =0, c6 vipt n,(A,; B;; C,),
(P2): Aox + Boy + Gz + D, =0, ¢6 vipt n,(A,; B,; C,)
v6i dieu kién A:Bi:Ci= Ax:B:Co. *)
Diéu kién (*) chiing t6 (P;) va (P2) cit nhau theo giao tuyén l1a dudng
thang (d) gém nhiing diém M(x; y; z) thod man hé phuong trinh:

Ax+By+Cz+D, =0
Ax+B,y+C,z+D,=0"

Khi d6, mot vtcp u clia duong thang (d) duoc xdc dinh boi:

a:[n—'pn—z’] =(B1 Cl Cl Al AI Bl j

B

>

BZ CZ CZ AZ AZ B2
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2. VITRI TUGNG POI GIUA HAI PUONG THANG
Cho hai duong thing (d) va (d»), biét:

(dy) di qua diém M;(x; yi; Z1) va c6 vicp uT (ai; b ci).

(d2) di qua diém Ma(x2; y2; Z2) va c6 vicp uj (az; by; ¢2).

Khi d6, xét ba vecto u, , u, vd MM, ta cé két qua:

L.

(d1) va (d») dong phang khi va chi khi ba vecto u, , u, v MM, dong phéng.
Nhu vay:

(d1) va (d2) déng phing < [ u;, u; | MM, =0.
(d1) va (d») cat nhau khi va chi khi chiing dong phing va cdc vtcp clia chiing
khong cung phuong. Nhu vay:

(d1) va (d2) cat nhau < [u;, u | MM, =0 va [u,, u; |#0.
(d1) va (d») song song v6i nhau khi va chi khi uT va uj cung phuong va (di),
(d2) khong c6 diém chung. Nhu vay:

)/ (d) & [uﬁ, El] =0 va [uﬁ, Mle] £0.
(di) va (d») tring nhau khi va chi khi u, vd u, ciing phuong va (di), (d2) c6
diém chung. Nhu vay:

)= & [u,u|=[v, MM, |=0.

. (d)) va (d2) chéo nhau khi va chi khi ba vecto u,, u, va MM, khong déng

phéng. Nhu vay:
(d1) va (d2) chéo nhau < [uﬁ, u—,J.W £0.

Khi d6, khoang cach gitta (di), (d2) duoc cho bai:

[0

o]

d((dy), (d2)) =

@ Chu y: Néu biét phuong trinh ctia hai duong thing (d) va (dy) thi ciing c6 thé
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xét vi tri tuong doi cua ching bang cdch giai hé gdm cac phuong trinh

xdc dinh (d;) va (d») dé ithda man giao diém va khi do:

a. Néu hé c6 nghiém duy nhat thi (d;) va (d») cat nhau.

b. N&u hé c6 vo s6 nghiém thi (d;) va (d,) trung nhau.

c. Neéu hé vo nghiém thi (d;) va (d2) song song hoac chéo nhau, song
song néu hai vtcp ctia ching cung phuong, chéo nhau néu hai
vecto d6 khong cung phuong.



3. KHOANG CACH TU MOT PIEM PEN MOT PUONG THANG

Cho diém M va dudng thang (d) c6 vtcp u va di qua diém M. Khi d6, khoang
céch tir diém M dén dudng thang (d) duoc cho bdi:

MM ﬁ]‘

d(M, (d)) = ‘[—
‘u
4. GOC GIUA HAI PUONG THANG

Cho hai duodng thang (d;) ¢é vtep uT (ai; bi; c1) va (d2) c6 vicp la uj (az; by; c2).

Goi o 12 géc tao bdi hai dudng thang (d) va (da) (0 < o < g), ta c6:

u,.u,
COSOl = ——— =
‘ul Ju,

la,a, +bb, +c,c,|

2 2, 2 2 2, 2
\/a1 +b; +¢; .\/a2 +b; +c¢;

@ Cha y: Diéu kién can va du dé (d) L (dy) la:
cosa=0 S aa+ bib, + Ccic2 = 0.
5. GOC GIUA PUONG THANG VA MAT PHANG
Cho:
= Mat phang (P) c6 vtpt i (A; B; C).
» Puong thang (d) c6 vtep u(a;b;c).
Goi o 1a goc tao boi (P) va (d), ta co:
|Aa +Bb +Cc|

JAZ 4B +C* A2’ + b2 + & .

sino =

B PHUONG PHAP GIAI CAC DANG TOAN LIEN QUAN
@

§ 1. Hi: TOA PO TRONG KHONG GIAN

Dang toan 1: Toa dd ciia diém, vecto va cac yéu t6 lién quan
Phuong phap

Str dung cac két qua trong phan:

+ Toa d6 ctia vecto.

+ Toa do cta diém.

+ Lién hé gita toa d0 vecto va toa d6 hai diém mut.

+ Tich c6 huéng cta hai vecto va cac ing dung

Thidu 1. Cho ba diém A(1; 2; 3), B(3; 5; 4), C(3; 0; 5).
a. Chiing minh A, B, C la ba dinh ciia mét tam gidc.
b. Tinh chu vi, dién tich cua AABC.
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c. Tim toa do diém D dé ABCD la hinh binh hanh va tinh cosin géc
giita hai vecto AC va BD.

d. Tinh do dai duong cao ha ciia AABC ké tir A.

e. Tinh cdc goc ciia AABC.

f. Xdc dinh toa do truc tam H ciia AABC.

g. Xdc dinh toa do tam duong tron ngoai tiép AABC.
L5 Gidi
a. Taco:

AB(2;3; 1) vd AC(2; —2;2) = AB va AC khong cung phuong.
Vay, ba diém A, B, C khong thang hang.
b. Ta lan luot co:
CVaasc = AB+ AC + BC = 122 + 3 + 17 +/22 +(=2)2 +22 +/(=5)" + I’
= 134413 +436.
Saac =l‘ AB, H:] —Li8:22:-10)] :l V82 +(=2) +(=10)* =+/42 .
c. Gia st D(x; Y z), dé ABCD la h1nh binh hanh diéu klen la:
AB=DC < (2:3;1)=B-x; -y;5—-2)
2=3-x x=1
& 3=-y < Jy=-3 = D(1; -3;4).
1=5-z z=4
ABBD _ 12 51

AR|[pD| V2o 17

cos(A—C, ﬁ) =

d. Tacé:
2Spe 242 24273

BC 26 13

Saasc = %hA.BC & ha=

e. Talan luot c6:
COSA = E =0 A=90°
i i |

cosB = EMBE = \/5_ va cosC =sinB = /1 - viig
[BA[BC|
f.  Ta c6 thé lua chon mot trong hai cdch sau:
Cdch 1: Gia st H(x; y; z) 1a truc tam AABC, ta c6 diéu kién:
AH 1 BC AH 1 BC
BH L AC < {BH L AC
H e (ABC) Ba vecto AB, AC, AH déng phing
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AHBC=0 (x—1;y—-2;2-3).(0; =5 1)=0
< {BH.AC=0 o {(x-3%y-52-4).(2,-2,2)=0
[E,A—C].EzO (8;-2;-10).(x-1;y-2;2z-3)=0

—-5(y—-2)+z-3=0 Sy—z=17 X =
S 2x=3)-2(y-5)+2(z-4)=0 &S<x—-y+z=2 Sy =2
8x—-1)—-2(y-2)-10(z-3)=0 4x —y—-5z=-13 z=3
Vay, ta dugc truc tam H(1; 2; 3).
Cdch 2: Vi AABC vuong tai A nén truc tam H = A, tic 1a H(1; 2; 3).
g. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Gia st I(x; y; z) 1a tam dudng tron ngoai ti€p AABC, ta c6:
Al = BI AI’ =BI’ AI’ =BI’
Al=CI << {AI’=CI’ < {A =CI°
I e (ABC) AB, AC, AH déng phéng [E, A—C}KI =0

x=1Y+(y=2Y+z-3"=(x=-3 > +(y=5)>+(z—4)
& ()(—1)2+(y—2)2+(z—3)2 :(x—3)2+y2 +(z-5)°

4x -y—-5z=-13
2x+3y+z=18 x=3
S 9x—y+z=5 < qy=5/2.

4x —y—-5z=-13 z=9/2

Vay, ta dugc tam dudng tron ngoai ti€p la 1(3; %; %j .

Cdch 2: Vi AABC vuong tai A nén tam I cua duodng tron ngoai ti€p AABC chinh la

trung diém ctia BC, tic 12 1(3; %; %} .

@& Nhdn xét: Nhu vay, v6i bai todn trén (tam gidc trong khong gian) cac em
hoc sinh c6 thé 6n tap duogc hau hét kién thic trong bai hoc "Hé
toa do trong khong gian", va trong do véi céc cau f), g):
= O cich 1, ching ta nhan dugc phuong phap chung dé thuc cic
yéu cu cua bai toan.
» O cach 2, bang viéc danh gia dugc dang dac biét cia AABC
ching ta nhan dugc 10i giai don gian hon rat nhiéu.
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Thi du 2. Trong khong gian Oxyz, cho bon diém A(5; 3; —1), B(2; 3; —4), C(1; 2; 0),
D@3; 1; -2).
a. Tim toa do cdc diém Ai, As theo thit tu la cdc diém doi xiing voi
diém A qua mdt phdng (Oxy) va truc Oy.
Chiing minh rang A, B, C, D la bon dinh ciia moét hinh ti dién.
Tinh thé'tich khoi tit dién ABCD.
Chitng minh rang hinh chép D.ABC la hinh chdp déu.
Tim toa do chdan duong cao H cua hinh chép D.ABC.
Chimg minh rang tir dién ABCD c6 cdc canh doi vuong géc véi nhau.
Tim toa do diém 1 cdach déu bon diém A, B, C, D.

e Ao T

&S Gidi
a. Talan luot:
* Hinh chiéu vuong géc ctia diém A trén mat phiang (Oxy) la diém E(5; 3; 0). Tix
do, vi E 1a trung di€ém ctia AA; nén A(5; 3; 1).
* Hinh chiéu vuong géc cha diém A trén truc Oy la diém F(0; 3; 0). Tir d6, vi F 1a
trung diém ctia AA, nén Ax(-5; 3; 1).
b. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch 1: Dé chitng minh bon diém A, B, C, D khong dong phéang ta s& di chitng minh
ba vecto DA (2; 2; 1), DB (~1; 2; =2), DC (=2; 1; 2) khong dong phéng.
Gia su trai lai, tic 1a ba vecto DA, DB, DC déng phang, khi d6 s& ton tai cap so
thuc o, B sao cho:

2=—a—-2f
DA = o DB +BD—C & 92=2a+p ,vonghiém
1=-2a+2p

— Ba vecto DA, DB, DC khong déng phing.
Vay, bon diém A, B, C, D 1a bon dinh ctia mot hinh t¢ dién.
Cdch 2: Tacé DA (2; 2; 1), DB (~1; 2; —2), DC (=2; 1; 2), tir d6 suy ra:
1 2
(2)+

DA. DB |.DC = | 1+
(oK. D¢ - |

1 2
2=27#0
-2 2
= Ba vécto DA, DB va DC khong déng phéng.
Vay, bon diém A, B, C, D 1a bon dinh ctia mot hinh ot dién.

c. Thé tich V ciia t& dién ABCD duge cho bdi V = %‘[ﬁ, ﬁ]ﬁ:‘ = %.
d. Ta lan lugt c6:

DA =~2?+2*+1? =3

DB =+/(-1)? +22 +(-2) =3 = DA =DB = DC.

DC=4/(=2)? +12+2? =3
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Tuong tu, ta cling c6 AB=BC=CA = 32,
Vay, hinh chép D.ABC Ia hinh chép déu.
e. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Gia st H(x; y; z) 1a hinh chiéu vuong géc cta D 1én mat phiang (ABC), ta c6
diéu kién:
DH L AB DH L AB DH.AB =0
DH L AC <{DH L AC < {DHAC=0

He(ABC)  |Ba vecto AB, AC, AH dong phing [@, A—C}H{ -0

Xx+z=1 x=8/3 g8 s
& 4x+y-z=15 & y=8/3 = H(E 5 —gj
x—-5y—-z=-9 z=-5/3

Vay, ta dugc H § § —2 .
3’37 3

Cdch 2: Dua theo két qua cau d), ta suy ra chan duong cao H ctia hinh chép D.ABC
chinh la trong tam ctia AABC, do d6:

OH = (A + OB +0C)
3

3 3 3
f. V6icap canh AD va BC, ta c6:
DA (2;2; 1), BC(~1;-1;4) = DA.BC =0 < AD L BC.

Chitng minh tuong tu, ta cﬁng c6 AB 1L CD va AC 1 BD.

Vay, tit dién ABCD c6 céc canh doi vuong géc véi nhau. D
g. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: Gia st I(x; y; z) la tam mat ciu ngoai ti€p td dién
ABCD, ta c6:

o H(XA+XB+XC. YaT¥s T Yc. ZA+ZB+ZCJ:(§. §_§]

Al =BI A’ =BI A B
Al=CI < {AI° =CI°
Al = DI AL = DI

(X=5 +(y=3V +(z+1)’ =(x-2)" +(y=3)* +(z+4)

SIE=5+({y =3 +z+1) =(x=1) +(y-2) +7"

(x=5 +(y=3) +(z+1)’ =x=3+(y -1 +(z+2)
x+z=1 x=5/2

& dx+y-—z=15 < jy=7/2 :IG%_%)

4x+4y+2z=21 z=-3/2
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Cdch 2: Dua theo két qua cau d), ta suy tam I(x; y; z) thudc DH sao cho ID = IB, titc

la ta co:

x=3)2+(y—-1’+(z+2) =(x-2)" +(y=3)’ +(z+4)

2 2
DI" = BI o 1x=3 _y-1_z+2
DI//HI 8 8 5
X—— y-- z+>
3 3 3
2x—4y+4z=-15 x=5/2 s 7 3
y y=1/ (2 5 2)

x+z=1 z=-3/2

@& Nhdn xét: Nhu vay, véi bai toan trén (khoi da dién) cdc em hoc sinh da o6n

tap duoc cac kién thic trong bai hoc "Hé toa do trong khong

gian", va trong do:

= O cau b), ching ta nhan dugc hai phuong phip dé ching
minh bon diém khong dong phing (twong ting vé6i ba vecto
khong déng phang) va thong thuong chiing ta sir dung cach 2
trong bai thi. Va dic biét gid tri [ﬁ, ﬁs]ﬁc’ duoc xdc dinh

rit nhanh va chinh xac véi cac em hoc sinh biét st dung may
tinh Casio fx — 570MS.

» O cau e), cich 1 trinh bay phuong phép chung cho moi dang
ti dién va cdch 2 duogc dé xuat dua trén dang dac biét cua td
dién ABCD. Va cdc em hoc sinh cin nhé thém ring ching ta
con ¢6 mot cach chung khdc bang viéc thuc hién theo céc
budc:

Budc 1: Viét phuong trinh mat phang (ABC).

Budc2: Viét phuong trinh duong thang (d) qua D va vuong
g6c v6i mat phang (ABC).

Budc 3: Khi d6, diém H chinh 1 giao diém ctia dudng thang
(d) v6i mat phang (ABC).

» Hai cach st dung trong cau g) véi y tuong tuong tu nhu cau
e). Tuy nhién, céc em hoc sinh ciing c6 thé thuc hién nhu sau:
Buoc 1: Viét phuong trinh mat cau (S) ngoai ti€p ti dién

ABCD (phuong trinh mit ciu di qua bon diém).
Budc2: Tikét qua ¢ budc 1, ching ta nhan duge toa do tam 1.

Dang todn 2: Phuong trinh mit cAu
Phuong phap
V6i phuong trinh cho duéi dang chinh tic.
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ta lan luot co:
+ Ban kinh bing R = k.
+ Toa do tam I la nghiém ctia h¢ phuong trinh:
x—a=0 Xx=a
y-b=0 < Jjy=b = I(a; b; ¢).
z—c=0 z=c
Vi phuong trinh cho dudi dang t6ng quatta thuc hién theo cac budc:
Buoc 1: Chuyén phuong trinh ban ddu vé dang;
(S): x>+ y* + 72> — 2ax — 2by — 2cz + d = 0. 1)
Buoc2: DE (1) 1a phuong trinh mat ciu diéu kién la:
a®+b*+c*-d>0.
Bu6c 3: Khi do (S) co thudc tinh:
{Tam I(a;b;c)

Ban kinhR =+/a? +b>+¢* —d |

Thi dv 1. Cho ho mdt cong (Sm) co phuong trinh:
Sw): x=2P+(y -1+ (z-m)’=m’-2m + 5.
a. Tim diéu kién ciia m dé (Sw) la mot ho mdt cdu.
b. Tim mdt cdu c6 bdn kinh nhd nhdt trong ho (Sw).
c. Chiing t6 rang ho (Sw) luén chita moét duong tron cé dinh.
&S Gidi
a. Dé (Sm) mot ho mat cau diéu kién Ia:
m?>—-2m+5>0< (m - 1)>+4 >0, luon ding.
Vay, v6i moi m thi (S,) luon la phuong trinh ctia mat cau vdi:
TamI(2;1;m)
BankinhR =./(m-1)> +4
b. Tacé:
R2=(m — 12 +4 >4 = Ry = 2, dat dugc khim = 1.
Vay, trong ho (Sm) mat cau (S;) c6 ban kinh nho nhét bang 2.
c. Gia st M(Xo; yo; o) 12 diém c6 dinh ma ho (S,) luon di qua, ta c6:
x0—2)+(yo— 1+ (zo—m)’=m?>-2m + 5, Vm
< 2(1-z,)m+(Xx, —-2) +(y, —-1)° +z(2] -5=0, Vm

1-z,=0 z,=1
& & .
Xy =2 +(y,—- 1> +2z,-5=0 Xy =2 +(y, - 1) =4
Vay, ho (Sw) luon chita dudng tron (C) ¢6 tam Io(2; 1; 1) va ban kinh Ry = 2 nam
trong mat phang (Po): z = 1.
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& Cha y: Thong qua 10i gidi cau ¢) cdc em hoc sinh hiy tdng két dé c6 duoc
phuong phdp thuc hién yéu cau "Chiing 16 rang ho mdt cdu (Sw) luon
chita mot duong tron cd dinh".

Thi du 2. Cho ho mdt cong (Sw) cé phuong trinh:

(Sw): x* + y* + 22-2m’x —4my + 8m* — 4 = 0.
a. Tim diéu kién ciia m dé (Sw) la mot ho mdt cdu.
b. Chitng minh rdng tam cia ho (Sw) luén nam trén mot Parabol (P)
¢’ dinh trong mdt phdng OXy, khi m thay doi.
c. Trong mdt phdng Oxy, goi F la tiéu diém cua (P). Gid si duong
thing (d) di qua F tao véi chiéu duong ciia truc OX mot goc o va
cdt (P) tai hai diém M, N.

»  Timtoa dé trung diém E ciia doan MN theo o.
» T dé suy ra quy tich E khi o thay doi.
L5 Gidi
a. Ta c6 thé trinh bay theo hai cdch sau:
Cdch 1: Bién déi phuong trinh ban ddu vé dang:
(x—m??+ (y-2m)*+ 22 =m* - 4m* + 4.
Tur d6, dé phuong trinh di cho 1a phuong trinh ctia mat cau diéu kién Ia:
m—4m2+4>0 (M -22>0om*-2£0< m=+/2 .
Vay, v6i m#++/2 thi (Sw) 12 phuong trinh clia mat cdu c6:
TamI(m?;2m;0)
{BkinhR =|m* 2|
Cdch 2: Dé (Swm) 1a mot ho mat cau diéu kién can va du la:
m*+4m? — 8m? +4>0< (M —2P >0 m?—2#0< m=+/2 .
Vay, v6i m# +2 thi (Sw) 12 phuong trinh cia mat cau cé:
TamI(m*;2m;0)
{Bkinh R= ‘mz - 2‘ '

b. Taco:
x =m? 'y
I y:2m<:>{y T
z=0
z=0

Vay, trong mat phang Oxy tam I, luon nam trén Parabol (P): y? = 4x.
c. Trong mat phiang Oxy, xét Parabol
(P): y2 = 4x, c6 tiéu diém F(1; 0).
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» Phuong trinh duong thang (d) di qua F tao véi chiéu duong clia truc Ox mot
g6c a cb dang:
qua F(1;0)
(d): {

& (d): y = (x — Dtana.
hé s6 géc k =tana (@:y=( )

* Toa do giao diém M, N cta (P) va (d) 1a nghiém ctia hé phuong trinh:

2
{y =X = x2tan’oL — 2(tan’oL + 2)x + tan’o, = 0. (1)
y=(x—-1)tana
Ta c6:
A' = (tan’a + 2)? — tan*o. = 4tan’a + 4 >0, Vo

do d6 (1) luon c6 2 nghiém phan biét.

Vay (P) va (d) luon cit nhau tai hai diém phan biét M(xa; ym), N(Xum; ym) ¢6 hoanh
do thoa man:
_ 2(tan” a.+2)

tan’o

*  Goi E(xg, yg) 1a trung diém ctia doan MN, ta co:

XM +XN

tan” o+ 2
1 Xg =—————
Xg :E(XM +Xy) tan” o
2
ye =(x; —Dtana o :l{z(tan—f“rz)—%tana
2 tan” o
tan” oL + 2
XE =t—2
N an"o 0
2
Ye =
tan o

Khir o tir hé (I) ta duoc y> = 4xg — 2

Vay, qui tich trung diém E ctia doan MN thuoc Parabol (P1) cti phuong trinh y? = 4x —2
trong mit phing Oxy.

& Nhdn xét: Nhu vay, v6i bai toan trén:

= O cau a), viéc trinh bay theo hai cach chi ¢6 tinh minh hoa,
bdi trong thuc t€ ching ta thuong st dung cach 2.

» O cau b), chiing ta sir dung kién thiic vé tam thiic bac hai.

» O cau c), cdc em hoc sinh da thdy duoc m&i lién hé giita hinh
hoc giai tich trong mat phang vé6i hinh hoc giai tich trong
khong gian.

Dang todn 3: Viét phuong trinh mit cau
Phuong phap

Goi (S) 1a mét cAu thod man diéu kién dau bai. Ching ta lwa chon phuong
trinh dang t6ng quat hodc dang chinh tic.

353



Khi do:
_1. Mudn c6 phuong trinh dang chinh tic, ta lap hé 4 phuong trinh véi
bon 4n a, b, ¢, R, diéu kién R > 0. Tuy nhién, trong trudng hgp nay
ching ta thuong chia né thanh hai phan, bao gém:
= Xac dinh ban kinh R ctia mit cau.
*  Xac tam I(a; b; c) cia mit cau.
Tt d6, chiing ta nhan dugc phuong trinh chinh tic ctia mét cau.
2. Mu6n c¢6 phuong trinh dang tong quat, ta lap hé 4 phuong trinh véi
bonana, b, ¢, d, diéu kién a2+ b*+c*—d > 0.
@ Chu y: 1. Cin phai can nhic gia thiét cia bai todn that k§ cang dé lua chon
dang phuong trinh thich hop.
2. Trong nhiéu trudng hop dic thi ching ta con sit dung phuong
phdp quy tich dé x4c dinh phuong trinh mat cau.
Thi du 1. Viét phuong trinh mdt cdu trong cdc truong hop sau:
a. Puong kinh ABvoi A(3; —4; 5), B(-5; 2; 1).
b. Tam1(3; =2; 1) va di qua diém C(=2; 3; 1).
L5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Mat cau (S) c6:
Tam I 1a trung diém AB

S): < (S):
®) Ban kinh R:% ®) {

Tam I(-1; —1; 3)
R =429

SO+ 1)+ (y+1)2+(z—3)*=29.
Cdch 2: Ta cé:
M(x; y; z) € (S) & MA L. MB < AM.BM =0
SEx-3;y+4,z-5.x+5y-2,z-1)=0
SEX-3)EE+)+Y+Hy-2)+(z-5z-1)=0
SxX2+y +22+2x+2y— 62— 18 =0.
D6 chinh la phuong trinh mat cau (S) can tim.
Cdch 3: Ta cé:
M(x; y; z) € (S) < AMAB vuong tai M < AM? + BM? = AB?
SE=-3)P+F+4’+ -5 +ExX+5)°+(y-2)P+(z-1)*=116
SxXP+y + 22+ 2x+2y— 62— 18 =0.
D6 chinh 1a phuong trinh mat cau (S) can tim.
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Mat cau (S) co:
S {Tél.m I s, {Tﬁm 13;-2;1)
biquaC BankinhR = IC =52
S (S): (x =32+ (y+2)?+(z— 1)*=50.
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Cdch 2: Mat cau (S) c6 tam I(3; —2; 1) c6 phuong trinh:
(X=3)P2+(y+2)?*+((z-1=R%
biém C(=2; 3; 1) € (S) diéu kién la:
(-2-32+B3+2)+(1-1*=R*>< R?>=50.
Vay, phuong trinh mat cau (S) ¢6 dang:
(X=3)P+(y+2)*+(z—-1*=50.
Cdch 3: Mat cau (S) c6 tam I(3; —2; 1) c6 phuong trinh:
(S):x>+y*+722—6x+4y—2z+d=0.
biém C(-2; 3; 1) € (S) diéu kién la:
449+1+12+412-2+d=0<d=36.
Vay, phuong trinh mat cdu (S): x>+ y? + 22 — 6x + 4y — 22+ 36 = 0.
Cdch 4: Ta cé:
M(x;y;z) € (S) ©IM=1A < IM? = A2
S -3+ (y+2)?2+(z—1)*=50.
D6 chinh 1a phuong trinh mat cau (S) can tim.

& Nhdn xét: Nhu vay, v6i bai toan trén:

» O cau a), vi cich 1 chiing ta di x4c dinh toa do tam I va tinh
ban kinh R, tir d6 st dung cong thitc dé nhan dugc phuong
trinh chinh tic cta mat cdu (S). Céc cdch 2, ciach 3 ching ta
da st dung phuong phép quy tich dé nhan duoc phuong trinh
mat cau (S).

» O cau b), cich 1 ¢6 y tuong tuong tu nhu trong cau a). Cic
cach 2, cach 3 ching ta da st dung cac dang phuong trinh ¢6
san clia mat cau va ¢ do gia tri ctia tham s6 con lai (R hoac d)
duoc xdc dinh thong qua diéu kién C thudc (S). Cach 4 ching
ta stt dung phuong phap quy tich dé nhan dugc phuong trinh
mat cu (S).

Thi du 2. Viét phuong trinh mdt cdu di qua hai diém A(1; 2; 2), B(0; 1; 0) va tam
I thuoc truc Oz.
&5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Mt cau (S) ¢6 tam I thuoc truc Oz suy ra I(0; 0; ¢) nén né ¢6 dang:
x2+y>+(z—c)*=R2%
e Diém A(1;2;2) € (S) nén:

1+4+Q2-¢) =R’ (c-2)*+5=R2% (1)
e Diém B(0; 1; 0) € (S) nén:
|+ (=P =R’ 2+ 1 =R2 )

Lay (2) — (1), ta duoc:
4c-8=0<=c=2.
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Thay ¢ =2 vao (2), ta duoc R? = 5.
Vay, phuong trinh mat ciu (S) ¢6 dang:
(S): x>+ y*+(z—2)*=5.
Cdch 2: Mat cau (S) c6 tam I thudc truc Oz suy ra I(0; 0; ¢) nén n6 c6 dang:
xX2+y*+22-2cy+d=0,v6ic*—d>0.
V6i cac diém A, B thuoc (S), ta ¢6 hé phuong trinh:
{9—4c+d:O {022
=
1+d=0 d=-1
Vay, phuong trinh mat cau (S) c6 dang:
(S):x>+y*+27>—4z—-1=0.
Cdch 3: Mat cau (S) c6 tam I thuoc truc Oz suy ra 1(0; 0; ¢).
Vi céc diém A, B thudc (S), ta c6 diéu kién 1a:
IA=I B IA’=IBP< 1+4+Q2-¢) =1+(-c) <c=2.
Vay, phuong trinh mat cau (S) dugc cho boi:
Tam 1(0;0;2)
S):
{Bén kinhR =IA =+/5
Cdch 4: Mat cau (S) c6 tam I thuoc truc Oz suy ra 1(0; 0; ¢).

<SS):x*+y?*+(z—2)*=5.

Trung diém cuia AB la diém M(%, %; lj , ta c6 diéu kién la:
IM1AB< IM L AB < IMAB=0
= l;é;l—c --L-2)=0 < —1—2—2(1—c)=0 Sce=2.
2°2 2 2

Vay, phuong trinh mat cau (S) dugc cho bdi:
Tam 1(0;0;2)

: S (S): X2 +y +(z—2)=5.
{Bén kinhR =1A =+/5 Y

& Chu y: Ngoai bon cich giai trén, d€ viét phuong trinh mit cdu di qua hai
diém A, B va c6 tam thuoc dudng thang (d) ching ta con c6 thé thuc
hién theo cac buéc sau:

Budc 1: Mat cau (S) di qua hai diém A, B suy ra tam I thudc mat
phang (P) 12 mat phang trung truc cia AB. Ta cé:
P QuaE latrung diém clia AB
" | vipt AB '
Buoc 2: Tam {I} = (P) n (d), nén toa do cua I la nghiém cua hé
phuong trinh tao bai (d) va (P).
Budc 3: Vay, phuong trinh mat cau (S) dugc cho boi:

Tam I
(S): o .
BankinhR =1A
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Thi du 3. Viét phuong trinh mdt cdu di qua ba diéem A2; 1; 1), B(1; 1; 0), C(0; 2; 4)
va cé tam nam trén mdt phang (Oyz).
&S Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Gia stt mat cau (S) c6 phuong trinh:
(S): x2+y*+27>—2ax —2by —2cz+d=0,v6ia’+b*+c*—d>0.
Vi tam I(a; b; ¢) thuoc mat phang (Oxy) nén a = 0. (1)
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
6-4a-2b-2c+d=0 2b+2¢c—-d=6 b=1
2—-2a—-2b+d=0 < j2a+2b-d=2 & <c=2.
20—4b—-8c+d=0 4b+8c—-d=20 d=0
Vay, phuong trinh mat ciu (S): x>+ y? + 22— 2y — 4z =0.
Cdch 2: Mat cau (S) c6 tam I thuoc mat phang (Oyz) suy ra I(0; b; c).
Véi céc diém A, B, C thuoc (S), ta c6 diéu kién Ia:
Al =BI=1IC
AI’ =BI’ - 4+4b-1) +Cc-1)"=1+(0b-1)"+c*
AI’ =CI? 4+ (-1 +(c-1 =(b-2)" +(c—-4)

c=2 c=2
< < .
b+3c=7 b=1
Vay, phuong trinh mat cau (S) dugc cho bai:

S): Tam 1(2;1;0)
" |BankinhR =IA =3

S OS):xX2+(y-1)P+(2z-2)*=09.

& Chu y: Ngoai hai cach giai trén, dé viét phuong trinh mat cdu di qua ba diém
A, B, C va c6 tam thuoc mat phang (P) chiing ta con c6 thé tan dung
duoc tinh chat ciia AABC dé nhan duoc 10i giai don gidn hon, cu thé:
Budc 1: Taco:

% Neéu AABC déu thi tam dudng tron ngoai ti€p AABC la
trong tam H cua AABC.
#% Néu AABC vuong tai A thi tam dudng tron ngoai tiép
AABC 12 trung diém H ctia BC.
Budéc 2: Viét phuong trinh duong thang (d) qua H va vuong géc véi
v6i mat phang (ABC).
Buoc 3: Tam {I} = (P) n (d), nén toa do cua I 1a nghiém cua hé
phuong trinh tao bai (d) va (P).
Buoc 4: Vay, phuong trinh mat cau (S) dugc cho bai:
Tam [
(S): { - :
BankinhR =TA
Chiing ta s& dugc thdy cach gidi niy trong phan dudng thang.
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Thi du 4. Ldp phuong trinh mdt cdu di qua ba diém A(2; 1; 1), B(1; 1; 0), C(0; 2; 4)
va cé bdn kinh bdng /5 .
&5 Gidi
Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Gia stt mat cau (S) c6 phuong trinh:
(S): x>+ y*+ 7> —2ax — 2by — 2cz+d =0,
tacongay a’+b*>+c?—d=>5. (1)
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
6—-4a—-2b—-2c+d=0 2a+2b-d=2 c=2-a
2—2a—-2b+d=0 & qa+c=2 & <b=5a+1. D
20—4b-8c+d=0 a—b—-4c=-9 d=12a
Thay (I) vao (1), ta duoc:
a’+Ba+1)2+Q2-a)Y-12a=5<27a>-6a=0
< a=0hoac azg.
Khi do:
= Vgia=0tadugcb=1,c=2vad=0nén:
S): x> +y*+22-2y—4z=0.
= Véi a=g ta duoc b=£,c=E va d=§ nén:
9 9 9 3

4 38 32 8
S): x4y +72 ——x——y-—""z7-=-=0.
(S,) y 93X 5V 573

Vay, ton tai hai mat cau (S;) va (S,) théa man dicu kién dau bai.

Cdch 2: Gia st mat cdu (S) v6i ban kinh béng /5 ¢6 phuong trinh:
(S): (x —a)’+ (y—b)*+ (z—c)*=5.
Vi céc diém A, B, C thuoc (S), ta c6 hé phuong trinh:
(2-a)’+(1-b)’+(1-c)’ =5 (1-a) +(1-b)> +c> =5

(1-a)’+(1-b)y’+c* =5 & Ja+c=2
a’+(2-b)’ +(4-c) =5 a-b-4c=-9
(1-a) +(1-b)* +c* =5 (1-a)* +25a*> +(2—a)* =5
& <Jc=2-a & <dc=2-a
b=5a+1 b=5a+1
27a’> —6a=0 a=0 =>b=1c=2va d=0
& <Jc=2-a = 2 19 16 8.
a=—=>b=—,c=—vad=—
b=5a+1 9 9 9 3

358



Khi dé:
= Vgia=0,b=1,c=2vad=0 taduoc:
(S): x>+ y*+272>—2y—4z=0.

= Véi azg, b=£,c=E va d=§ ta duoc:
9 9 3
s 38 32 8

Vay, ton tai hai mat ciu (S;) va (S;) thdéa mén diéu kién dau bai.

Thidy 5. Cho bon diem A(1; 1; 1), B(1; 2; 1), C(1; 1; 2) va D(2; 2; 1).

a. Chimg t6 rang A, B, C, D khong dong phdng. Tinh thé tich tir dién
ABCD.

b. Ldp phuong trinh mdt cdau ngoai tiép tir dién ABCD.
&5 Gidi
a. Tacé AB(0; 1;0), AC(0;0; 1), AD(1; 1; 0) , suy ra:
| AB, AC|.AD =(1; 0; 0)(1; 1; 0) = 1 %0
= AB, AC, AD khong déng phing < A, B, C, D khong déng phing.

Ta cé:

Vs = ~ ‘[AB, Ac].ﬁ‘ -1 aie
6 6
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Gia sit mat cau (S) c6 tam I(a; b; ¢), khi d6 ta c6 diéu kién:
IA = IB IA* =IB®
IA=IC < {IA* =1IC?
IA=1ID 1A? = ID?

=D+ -1D*+z-1) =x-1)+(y-2+(z-1)°
SIx-D+y-1D+z-1) =x-1)*+(y-1)*+(z-2)
=D+ -1 +z-1Y =(x=-2)+(y-2) +(z-1)°

2y =3
3 333
& <2z=3 Sx=y=z=—=> 1| —;——|.
2 222
x+y-3=0

Vay, phuong trinh mat cau (S) dugc cho bdi:

R 333
TamI(E;E;Ej 3 2 3 ) 3 5 ;
\/_

BankinhR =1A = 73
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Cdch 2: Gia sit mat cau (S) c6 dang:
(S): x>+ y*+ 72— 2ax — 2by — 2cz+d =0, di€u kién a> + b* + ¢ —d > 0.
biém A, B, C, D e (S), ta duoc:
3-2a-2b-2c+d=0 2a+2b+2c—-d=3
6—-2a—4b—-2c+d=0 2a+4b+2c—-d=6
6—-2a—-2b—-4c+d=0 < 2a+2b+4c—-d=6
9-4a—-4b—-2c+d=0 4a+4b+2c—-d=9
a:b=c=g .
2 , thoa man diéu kién.
d=6
Vay, phuong trinh mat cau (S) ¢6 dang:
(S):x>+y*+2>—3x-3y—-3z+6=0.
@ Chu y: V6i cau b), ngoai hai cch giai trén, dé viét phuong trinh mat cau di
qua bon diém khong déng phang A, B, C, D (ngoai tiép ti dién
ABCD) ching ta con c6 thé tan dung dugc tinh chét cia ti dién
ABCD dé nhan duoc 101 giai don gian hon, cu thé:
Truong hop 1: Néu DA = DB = DC thi:
Budc 1: Xac dinh tam I bang cdch:
=  Dung duong cao DHL(ABC).
* Dung mat phang trung truc (P) cia DA.
= Khidé {I} = (DH) N (P).
Buoc 2: Vay, phuong trinh mat cau (S) dugc cho bai:
Tam [
<S>:{ o :
BéankinhR =1A
Truong hop 2: Néu DA L(ABC) thi:
Budc 1: Xac dinh tam I bang cdch:
* Goi K Ia tam duong tron ngoai ti€p AABC.
* Dung dudng thang (d) qua K va song song véi DA
(hoac (d) L (ABC).
* Dung mat phang trung truc (P) cia DA.
= Khidé6 {I} =(d) N (P).
Budc 2: Vay, phuong trinh mat cau (S) dugc cho boi:

Tam I
(S): o .
BankinhR =1TA

Truong hop 3: Néu ACB = ADB = % thi mat ciu ngoai ti€p DABC

c6 tam I 12 trung diém AB va ban kinh R = %

360



Truong hop 4: Néu AD va BC c¢6 doan trung truc chung EF thi:
Budc 1: Talan luot:
* Viét phuong trinh tham s6 cla dudng thang (EF)
theo t.
= Khi d6, mat cau ngoai tiép tit dien ABCD c6 tam I € EF
(thda man phuong trinh tham s6 ctia EF).
* Tir diéu kién IA? = IC* = R? suy ra gi4 tri tham s0 t,
tir d6 nhan duogc toa do tam 1.
Buoc 2: Vay, phuong trinh mat cau (S) dugc cho bai:

Tam [
(S): o .
BankinhR =TA

Thi dy 6. Viét phuong trinh mdt cdu:
a. Cotam1(2; 1; —6) va tiép xiic voi truc OX.
b. C6 tam 1(2; —1; 4) va tiép xiic véi mdt phdang (Oxy).
c. C6 tam O(0; 0; 0) tiép xiic voi mdt cdu (T) ¢ tam 1(3; —2; 4), bdn
kinh bang 1.
&S Gidi
a. Goi H, 1a hinh chiéu vuong géc cua I 1én Ox, ta ¢6 Hi(2; 0; 0).
Dé (S) tiép xiic vdi truc Ox diéu kién la:
R =d(I, Ox) = IH, = /1> + (=6)> =/37.
Khi dé:
S Tam I(2;1;—6)
" |BankinhR =+/37
b. Vi (S) tiép xiic v6i mat phang (Oxy) diéu kién 1a:
R = d(L, (Oxy)) = 4.
Khi dé:
Tam 1(2;—-1;4)
O:qn. .
BankinhR =4

SO):x-2P+({y—-1)*+(@z+6)*=37.

S (S): x=22+(y+ 1P +(@z—47=16.

c. Dé (S) tiép xuc véi mat cau (T) ¢6 tam I(3; —2; 4), ban kinh bing 1 diéu kién Ia:
R+1=0I R+1=+29 R=+29-1
LR—I|=OI - LR—u:@ - L:@H'
Khi dé:
»  V6i R =429 -1, ta dugc mat cdu:
v {;jir:k?rfl?ﬁf)\/ﬁ—l S Sixiryies :(@_1)2'
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» V6i R=+29+1,1ta duoc mat cau:
. Tam O(0;0;0)

' {BénkfnhR =29 +1

Vay, ton tai hai mét cau (S)), (S:) thdéa man diéu kién dau bai.

S (S): X +y +7° =(\/E+1)2.

& Nhdn xét: Nhu vay, qua bai todn trén ching ta da lam quen véi viéc viét
phuong trinh mit cdu tiép xidc v6i dudng thang, mat phang va mat
cau. Cu thé:
= Mat cau (S) tam I tiép xtic véi duong thang (d) khi:

R =d(L, (d)).
= Mat cau (S) tam I ti€p xtic véi mat phang (P) khi:
R =d(L, (P)).

»  Mat cau (S) tam I ti€p xiic v6i mat cau (T) tam T, ban kinh Ry khi:
(S)va (T)ti€p xic ngoai - R+R;=1IT
(S)va (T)tiép xuic trong |R — RT| =IT

Thi du 7. Ldp phuong trinh mdt cdu:
a. C6 tam ndm trén tia Ox, bdn kinh bdng 5 va tiép xiic voi mdt
phang (Oyz).

b. C6 ban kinh bang 2 va tiép xiic vdi (Oxy) tai diém M(3; 1; 0).
&5 Gidi
a. Gia st mat cau (S) c6 tam I(a; b; ¢) va ban kinh R.
T gia thiét suy ra R = 5, ngoai ra:
» (S) tiép xiic v6i mat phang (Oyz) diéu kién 1a:
d{d, (Oyz)) =R < a=>5.
* Tam nam trén tia Ox diéukiénlab=c =0.
Vay, phuong trinh mat cau (S) dugc cho bdi:
Sy {Téim 1/(5;0;0)
BankinhR =5
b. Ta lan luot danh gia:
» Mt ciu (S) tié€p xic v6i mat phiang (Oxy) tai diém M(3; 1; 0) nén tam I(3; 1; ).
= ViR=2nén:
IM=2<c=%2 = 1,(3; 1; 2) va L(3; 1; -2).

< (S): (x5 +y*+22=25.

Khi do6:
» Vi tam I;(3; 1; 2) ta dugc mat cau:
Tam I, (3;1;2

(Sh: { X )

SS):x=3P+({y-1)2+(z-2)?%=4
BéinkinhR <2 (S: ( )+ (y— 1) +( )
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» Vi tam I(3; 1; —2) ta duoc mat cau:

(S | BT g m3p e (y— 1+ e 2= 4

: (X = — zZ =4,
BankinhR =2 Y

Vay, ton tai hai mat cau (S) va (Sz) théa man diéu kién diu bai.

§2. PHUONG TRINH MAT PHANG

Dang toan 1: Phuong trinh mit phing
Phuong phap
Phuong trinh:
Ax+By+Cz+D=0
1a phuong trinh ctia mot mit phing khi va chi khi A2 + B2+ C2 > 0.

& Chu y: i kém vé6i ho mat phéng (P,,) thudng c6 thém cic cau hdi phu:

Cdu hdi 1: Chiing minh ring ho mat phang (P.) luon di qua mot

diém co dinh.

Cdu hdi 2: Cho diém M c6 tinh chat K, bién luan theo vi tri cia M

s6 mat phang ctia ho (Pn) di qua M.

Cdu hdi 3: Ching minh ring ho mit phang (P,) luon chia mot

duong thang co dinh.

Thi du 1. Cho phuong trinh:
mx + m(m — 1)y — (m*-1)z—1=0. (1)

a. Tim diéu kién ciia m dé phuong trinh (1) la phuong trinh cuia mot

mdt phdng, goi la ho (Pw).
b. Tim diém cé dinh ma ho (Pw) luén di qua.
c. Gid sit (Pn) véi m # 0, £1 cdt cdc truc toa do tai A, B, C.
»  Tinh thé tich tir dién OABC.
1 1 1 N .
- — ——j lam trong tam.

» Timm dé AABC nhdn diém G
9 18 24

&S Gidi
a. Taco:
A+ B+ C*=m? + m*(m — 1)> + (m? — 1)?
=m’+ (m - 1)’[m?+ (m + 1)?)] > 0, moi m.
Vay, véi moi m phuong trinh da cho 1a phuong trinh ctia mot mat phing.
b. Gia sit M(Xo; yo; o) 12 diém c6 dinh ma ho (Py,) luon di qua, ta c6:
mxo + m(m — 1)yo— (m*—1)zo— 1 =0, Vm
< m2(yo — z0) + m(Xo — yo) + 20— 1 =0, Vm



Yo—2,=0 X, =1
S X, -y, =0 <y, =1.
z,—-1=0 z, =1

Vay, ho (P,) luon di qua diém c6 dinh M(1; 1; 1).
c. Tacd ngay toa do cua cac diém A, B, C la:

A i;0;0 , B 0;;;0 ,C(O;O; ! 2).
m m(m—1) 1-m

Khi dé6:
= Thé tich tit dien OABC duoc cho bai:

L‘I L]
m'|m(m—1)|'|1—m2|

Voase = éOA.OB.OC = é

1
~6m’(m—1)*|m+1|’
o 1 1 1) .. . .
= Piém G| —; —; —— | la trong tam AABC khi:
9 18 24
1.1
m 3 m=3
_ :l(:) m(m-1)=6 < m=3.
m(m-1) 6 | 5 g
11 -mees
1-m? 8

@ Nhdn xét: Nhu vay, dé tim diém c6 dinh ma ho mat phang (P.) luon di qua ta
thuc hién theo cac budc:
Budc 1: Gia sit M(Xo; yo; Zo) 12 diém c6 dinh cta ho (Pn), khi
doé Axo + Byo +Czo+ D= 0, Vm.
Budc2: Nhom theo bac clia m rdi cho céc hé s6 bang 0, tir dé
nhan duogc (Xo; Yo; Zo).
Bu6c 3: Két luan.
Thi dv 2. Cho phuong trinh:
(a+b)x+ay+bz—-3(+b)=0.
a. Tim diéu kién ciia a, b dé phuong trinh da cho la phuong trinh cia
mot mdt phdng, goi la ho (Pyy).
b. Gid sit (Puy) v6i a, b # 0 cdt cdc truc toa do tai A, B, C.Tim a, b dé"

» AABC nhdn diém G(l; 4; %J lam trong tam.

» AABC nhan diém H(2; 1;1) lam truc tam.
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» Tirdién OABC c6 thé'tich nhd nhdt véi a>0,b > 0.
c. Chiing td rdang ho (Pay) luon chita mot duong thang co dinh.

&S Gidi
a. Xét diéu kién:
a+b=0
A+B*+C=0<(a+b) +a>+b*=0<Ja=0 <a=b=0.
b=0

Vay, véi a # 0 hoac b # 0 phuong trinh da cho 12 phuong trinh clia mot mét phang.
b. Véivéia, b0 tacéngay :

A(3; 0; O) , B(O; 3(a+b); Oj , C(O; 0; 3(a; b)j.
a

Khi dé:

= Piém G(l; 4; %) 1a trong tam AABC khi:

a+b=4
a 3a:b
pt < b =3a.
a+tb 4 3a=b
b 3

Vay, v6i b = 3a # 0 thoa man diéu kién dau bai.
= Diém H(2; 1; 1) 1a truc tam AABC khi:
HA L BC HA.BC=0 a—-b=0
HB L AC < {HBAC=0 < Ja-b=0 <a=b.
He(P) He(P) 2(a+b)+a+b—-3(a+b)=0
Vay, v6i a = b # 0 thod mén diéu kién dau bai.
= Thé tich ti dién OABC duoc cho boi:
2
V. oo —10AOBOC =2 FD) 9 2ab
‘ 6 2 ab 2 ab
=9, dat dugc khi a =b.
c. Ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Viét 1ai phuong trinh mat phang (P.») dudi dang:
(Pap):ax+y—-3)+b(x+z-3)=0.
Tur d6, suy ra ho (P,p) luon chita céc diém c6 toa do thod mén hé:
x+z-3=0
X+y-3=0
Heé (*) chinh 12 phuong trinh giao tuyén (d) clia hai mat phang c6 dinh:
P):x+z-3=0va(Pr):x+y—-3=0.
Vay, ho (P.p) luon chita mot dudng thing co dinh (d).

Vay, ta duoc (Vg 40 )

Min

)
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Cdch 2: Nhan xét rang ho mat phang (P.») luon di qua hai diém M(1; 2; 2) va N(2; 1; 1)
nén ho (P.) luon chita mot dudng thang cé dinh (d) duoc cho boi:

@ {Qua M(1; 2; 2)@(d _ {Qua M(; 2; 2)

Qua N(2; 1; 1) vtep MN(I; —1; —1)
Xx=1+t
& (d):qy=2—-t,teR.
z=2—-t

Cdch 3: Nhan xét ring ho mat phang (P.») luon di qua diém M(1; 2; 2) va c6 vipt
ﬁ(a +b;a; b), suy ra:
n(a+b;a;b)ul; - -)=a+b—a-b=0< nlu, Va, b=0.
Vay, ho (P,) luon chita mot dudng thang cé dinh (d) dugc cho boi:
d_{QuaM(1;2;2) x—lzy—ZZZ—Z

. & (d): .
vtep u(l; =1; =1) 1 -1 -1
@& Nhdn xét: Nhu vay, dé tim dudng thing ¢ dinh thuoc ho mit phing (P.p)
chiing ta cin ¢ thém kién thifc vé dudong thang va cic em hoc sinh cdn nhé lai
rang mot duong thang (d) duoc hoan toan xdc dinh khi biét né:
= L giao tuyén ctia hai mat phing cit nhau — Ung véi cdch 1.
= Di qua hai diém phan biét M, N — Ung véi cach 2.
»  Di qua mot diém M va c6 phuong c6 dinh — Ung véi cich 3.
Va cau hoi thuong dugc cac em hoc sinh dat ra doi véi cac cach 2, cach 3 1a viéc
xdc dinh toa do diém M, N va vecto u . Cau tré 10i nhu sau:
= Cic diém M, N c6 toa do thod man hé (*) va khi biét duoc toa do clia ca
M, N thi suy ra duoc toa do clia vecto u .
= Toa do cia vecto u c6 thé dugc xdc dinh ddc lap véi M, N dua trén nhan xét:
{(d)c ® {IELE—IQ vipteia (P) - =[Eafz]-
(d)<=(P,) u L n, —1lavtpt cua (P,)
Dang todn 2: Viét phuong trinh mit ph%mg
Phuong phap
Dé viét phuong trinh mat phz“:mg (P) ta c6 thé lua chon mot trong cac cach sau:
Cach I Thuc hién theo cac budc:
Budc 1: Xac dinh Mo(xo; yo; zo) € (P) va vtpt ii (ny; nz; ns) cua (P).
Buoc2: Khi do:
By {qua M, (X03¥,3 %)

vtpt ﬁ(n];nz;n3)

< (P): nu(x — x0) + n2(y — yo) + na(z — zo) = 0.
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Cédch 2 St dung phuong phap quy tich.

& Cha y: Chiing ta c6 céc két qua:

1.

Mat phang (P) di qua diém M(Xq; yo; 7o), luon cé dang:
P): Ax—x%x0)+B(y —yo) +C(z—27) =0

2. Mat phang (P) c6 vtpt i (n1; n; ns3), ludn c6 dang:

P):nx+nmy+nz+D =0
Pé x4c dinh (P), ta cin di xdc dinh D.
Mait phang (P) song song vé6i (Q): Ax + By + Cz + D =0, ludn c6
dang:
(P): Ax+By+Cz+E=0
Pé x4c dinh (P), ta cin di xdc dinh E.
Phuiong trinh mdt phdng theo cdc doan chdn, d6 12 mat phang (P) di
qua ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) ¢ phuong trinh:
(P):§+X+E=l.
a b ¢
V6i phuong trinh mat phang (P) di qua ba diém khong thang hang
M, N, P chiing ta c6 thé lua chon mot trong hai céch sau:
Cdch I1: Goi i 12 vtpt ctia mat phang (P), ta c6:
IR S ———
{# ~ < ii=| MN, MP].
n 1 MP
Khi d6, phuong trinh mat phang (P) dugc cho bdi:

quaM
(P): { o
viptn

Cdch 2: Gia sit mat phang (P) c6 phuong trinh:
Ax+By+Cz+D=0, (D)
voi A+ B+ C* > 0.
Vi M, N, P thuoc mat phang (P) nén ta c6 hé ba phuong
trinh véi bon 4an A, B, C, D.
Biéu dién ba 4n theo mot 4n con lai, réi thay vao (1)
chiing ta nhan dugc phuong trinh mat phéng (P).

Thi du 1. Viét phuicong trinh mdt phdng (P), biét:

&5 Gidi

a.

b

(e @]

(P) la mdit phdng trung truc cia doan ABvéi A(1; 1; 2) va B(1; =3; 2).

. (P) di qua diém C(1; 2; =3) va song song véi mdt phdng (Q) co
phuong trinh x =2y +3z+ 1 =0.

. (P) di qua diém D(1; 1; 2) va c6 cdp vtep a(2; -1, 1), b(2; —1; 3).

. (P) di qua diém E(3; 1; 2) va vudng goc vdi hai mdt phdng:

R):2x+y+2z2-10)va(Ry): 3x +2y +z+ 8 =0.
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a. Ta c6 thé Iva chon mot trong hai céch:
Cdch I (S dung cong thiic): Goi I 1a trung diém clia doan AB, suy ra I(1; —1; 2).
Khi dé, mat phang (P) dugc cho bdi:

I(1;-1; 2
(P): {qual o p). J L)
(P) L AB vtpt AB(0;—4; 0) chon (0; 1; 0)

SPr0x-D+1.(y+D)+0.(z-2)=0=P)y+1=0.

Cdch 2 (St dung phuong phdp qui tich): Piém M(x; y; z) thuoc mat phing (P) khi:
AM = BM < AM? = BM?
SE-1D)+F-1P+z-22=x-12+(y+3)*+(z-2)

&8y +8=0y+1=0.

D6 chinh 14 phuong trinh mat phing (P) cin tim.

b. Ta c6 thé lua chon mot trong hai cach:

Cdch 1: Talan luot str dung gia thiét:

* (P) di qua diém C(1; 2; —3) nén c6 phuong trinh:
PrAx-1)+By-2)+C(z+3)=0 €Y
<& (P Ax+By+Cz-A-2B+3C=0.

= (P)songsong v6i (Q): x —2y +3z+ 1 =0 nén:

A B C_ -A-2B+3C {B:—zA
——— e~ = .
1 -2 3 1 C=3A

Cdch 2: Ta lan lugt st dung gia thiét:

= (P) song song v6i (Q): x — 2y + 3z + 1 = 0 nén c6 phuong trinh:
P):x-2y+3z+D=0.

*  Piém C thuoc (P), suy ra:
1-22+3(-3)+D=0<D=12.

Vay, phuong trinh mat phiang (P): x — 2y + 3z + 12 =0.

Thay (2) vao (1) r6i thuc hién phép don gian biéu thiic, ta dugc phuong trinh mat

phing (P): x — 2y + 3z + 12 =0.

Cdch 3: Mat phang (P) dugc cho boi:

R
P)//(Q) vtptn, (1;—-2;3)
SPrl.x-1)-2y-2)+3.z+3)=0={P):x-2y+3z+12=0.
c. Goi i 1a vtpt ctia mat phang (P), ta cé:

{ma o (—11
_<<n=[a,b]=

2

1 2
3 2

2 -1
2 -1

ot}

B ’

=(-2;-4;0).
ilb -1 3 ]
Mt phang (P) duoc cho béi:
quaD(1;1;2)
P): - SPrx-D+2(y-1D=0P):x+2y-3=0.
vtpt n(1;2;0)
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d. Goi i, n,, n, theo thit tu 12 vtpt clia cdc mat phing (P), (Ry), (R»), ta c6:
n (2 1:2), 0, (3: 2 1),
Vi (P) vuong goéc véi (R1) va (R2) nén né nhan nT , nt lam cap vtcp, tu do:
iln . - — 122221
_ < n=[n,n,]
il 21133 2

Mat phang (P) duoc cho bdi:
p quaE(3;1;2)
* | vipt n(=3;4;1)

b 9

D =34 D).

& P):3x—-4y—-z2-3=0.

& Nhdn xét: Nhu vay, qua bai toan:
» O cau a), ching ta nhan duoc hai phuong phap (c6 tinh minh
hoa) dé viét phuong trinh mat phéng.
» O cu b), véi ba cich giai do thi cac cach 1 va cach 2 c6 tinh
minh hoa dé cic em hoc sinh hiéu c4ch khai thc timg gié thiét.
Vanhu vay, cach 3 ludn la su lua chon khi thuc hién bai thi.
= Cau c), cau d) minh hoa viéc viét phuong trinh mat phang khi
biét cap vtcp cta no.
Thi du 2. Cho ba diém A(1; 2; 3), B(3; 5; 4), C(3; 0; 5).
a. Ldp phuong trinh mdt phdng (P) di qua ba diém A, B va C.
b. Ldp phuong trinh mdt cdu nhdn duong tron ngoai tiép AABC lam
duong tron lon.
L5 Gidi
a. Ta c6 thé lva chon mot trong hai céch sau:
Cdch 1: Goi i 1a vtpt clia mat phang (P), ta c6:
i L AB —
P [AB, Ac] = (8; —2; —10) chon i (4; —1; —5).
nl AC
Mt phing (P) duoc cho béi:
uaA(l;2;3
P): q f )
vtpt n(4;—1;-5)
& P)dx-y-52+13=0.
Cdch 2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0v6i A>+B*+ C>*>0. (1)
Vi A, B, C thuoc (P), ta dugc:
A+2B+3C+D=0 A=-4B
3A+5B+4C+D=0«< {C=5B

3A+5C+D=0 D=-13B

S Prdx-1)-(y—2)-5z-3)=0
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Thay A, B, C vao (1), ta duoc:
(P): -4Bx +By +5Bz—- 13B=0< (P): 4x —y - 52+ 13 =0.
b. Mat cau (S) c6 tam I(x; y; z) 1a tam duong tron ngoai ti€p AABC, ta co:
Al = BI A’ =BI’ Al =BI’
Al=Cl < {AI’=CI’ < {AIP =CI°
I e (ABC) AB, AC, AH déng phéng [HB, A—C}KI =0

xX=1’+(y-20+(z-3) =(x =3 +(y-5° +(z—-4)
SIE-1D)+(y=2) +(z-3) =(x=3) +y> +(z-5)
4x —y—-5z=-13

2x+3y+z=36 x=39/7 39 89 81

S 4x-y+z=5 < 1y=89/14 :I(— — —j
147 14

4x-y—-5z=-13 z=281/14

Khi d6, mat cau (S) dugc cho boi:

(39 89 81
Tam I fam I(T;E;ﬁj
(S): { . < (S):

biquaA o J9338
14

BankinhR =1A =

39 89 81 667
S S| x——| +|y- +|z— =
7 14 14 14

@ Nhdn xét: Nhu vay, cau a) cla thi du trén trén da minh hoa hai phuong phap
viét phuong trinh mat phang di qua ba diém khong thang hang
cho truée (kién thic da duge trinh bay trong phan chi y cua bai
toan 2).

Thi du 3. Cho hai diém A(1; -1; 5), B(0; 0; 1).
a. Tim diém M thuoc Oy sao cho AMAB cdn tai M.
b. Ldp phuong trinh mdt phdng (P) di qua hai diém A, B va song song
voi truc Oy.
c. Ldp phuong trinh mdt cdu cé ban kinh nhd nhdt di qua hai diém A,
B va cat (P) theo thiét dién la duong tron lon.

&S Gidi
a. V6i diém M thudc Ox thi M(0; y; 0), ta co:
AM=BM < AM2 = BM? & (~12+ (y + 12 + (572 = y2 + 1
&2y =26y =13 = M(0; —13; 0).
Vay, véi M(0; —13; 0) thoa mén diéu kién dau bai.
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b. Taco:

quaA quaA(L;—15)
P):

. Lo d: I
capvtcp AB va j vitpt n = [AB, J] =(40;-1)

& Prdx-z+1=0.

c. Mait ciu ¢6 ban kinh nho nhét di qua hai diém A, B va cit (P) theo thiét dién 1a
duong tron 16n chinh 1a mat cau duong kinh AB, ta c6:

1 1
Tam 1 1a trung diém AB Tam 1(5; —5 3j
©) Ban kinh R = AB <~ J18
2 BankinhR = -

= (S):(x—%) +(y+%) +(Z—3)2 =%

Thi du &. Cho hai diém A2; 1; =3), B(3; 2; —1) va mdt phdng (Q) c¢6 phuong
trinh (Q): x+2y+3z—-4=0.
a. Ldp phuong trinh mdt phang (P) di qua hai diém A, B va vuong
goc véi mdt phang (Q).
b. Tim toa dé diém 1 thuéc (Q) sao cho 1, A, B thdng hang.

&5 Gidi
a. Goi fi, n, theo thi tu 1a vtpt ctia (P) va (Q), ta duge n,, (1;2; 3).
Ta co:
ilAB(LL2) | — — B
- o h o= [AB, nQ] =(=1; —1; 1) chon i (1; 1; —1).
il n,(1;2;3)

Mat phang (P) dugc cho béi:
P): {qua/}(z;lﬂ) S Prx-2+y-1-(z+3)=0
vtpt n(1;1;—1)
&S Prx+y-z-6=0.
b. Gia sir diém I(x; y; z) thuoc mat phéng (Q) , vi vecto Al ciing phuong véi vecto
AB nén Al =tAB.
Suy ra, toa do cua I 1a nghiém ctia hé phuong trinh:

XxX—2=t X=t+2 x=3

y - y=t+1 - y=2

z+3=2t z=2t-3 z=-1

X+2y+3z—-4=0 t+2+2(t+1)+32t-3)—-4=0 t=1
=1(3; 2; -1).
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Thi du 5. Cho diém A(2; =2; —4).
a. Ldp phuong trinh mdt phdang (P) di qua diém A va chita truc OX.
b. Tim diém B thuéc mdt phang (P) sao cho AOAB déu.

&S Gidi
a. Tacé:
quaO qua0(0;0;0)
Py — =P = -
capvicp OA va i vitpt n = [OA, 1] =(0;-4;2)

& P):2y-z=0.
b. Gia sir diém B(x; y; z), ta lan luot co:
* PiémBe (P)nénx+y=0<y=-x. (1)
*  AOAB déu, ta duoc:

AB? = OA? (X=2) +(y+2) +(z+4) =24
W [2x? +7% =24 z=x-3 z=x-3
= = =
x—z=3 2x* +(x=3)* =24 x> =2x-5=0
{Z:X_3 B, (1+V6;-1-/6; V6 -2)
= .
x=12v6 B, (1-6:-1+6: -6 -2)

Vay, ton tai hai diém B, va B, thda man diéu kién diu bai.

OB’ =0A’ X*+y’ +z° =24
OA=0B=AB& =

Thi du 6. Viét phuiong trinh mdt phdng trong moi truong hop sau:
a. Pi qua diém G(1; 2; 3) va cdt cdc truc toa do tai cdc diém A, B, C
sao cho G la trong tam AABC.
b. Di qua diém H(2; 1; 1) va cat cdc truc toa do tai cdc diém A, B, C
sao cho H la truc tam AABC.
c. Biqua diém M(1; 1; 1) cdt chiéu duong ciia cdc truc toa do tai ba
diém A, B, C sao cho tit dién OABC c6 thé'tich nhd nhdt.
L5 Gidi
a. Vé6i ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢), ta dugc phuong trinh:

P: 2+ Yy Z=n
a C

b
bé G(1;2; 3) 1a trong tam AABC, diéu kién Ia:

a=3

b=6 :(P):§+%+§:1<:>(P):6x+3y+2z—18:0.

c=9
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b. Véi ba diém A(a; 0; 0), B(0; b; 0), C(0; 0; c), ta dugc phuong trinh:
@: 2+ Y 2o (1)
a b ¢
Dé H(2; 1; 1) 1a truc tam AABC, diéu kién la:

HA LBC |HABC=0 b—c=0

- =3
HB L AC < JHBAC=0 < {2a-c=0 @{z ]
:C:
HE(P) %+l+l:l %4_14_1:1
a b c a b c¢

Thay a, b, c vao (1), ta dugc:
(P): % + % + % =1 P):2x+y+z-6=0.
c. Véiba diém A(a; 0; 0), B(0; b; 0), C(0; 0; ¢) v6i a, b, ¢ > 0, ta dugc phuong trinh:

P:2+L+Z=0
a C

b
Piém M thuoc (P) nén:
Cosi
l+l+l=1 =>1= l+—+l > 33 lll & abe > 27
a b c a C abc
Thé tich tit dien OABC, duoc cho bai:
Vossc= L0A0BOC= L abe> 2L =2
6 6 6 2

Vay, ta duge (Voasc)sin = % . dat dugc khi:

l:l:l<:>a=b=c=3.
b ¢
va khi dé6:
X y z
P, —+Z+—=1 <« P:x+y+z-3=0.
P) 373713 (P) y

1
a

Dang toan 3: Vi tri tuong d6i ciia hai mit phing
Phuong phap
Str dung kién thitc trong phan vi tri tuong d6i ctia hai mat phang.

Thi du 1. Cho hai mdt phdng (P) va (Q) ldn luot cé phuong trinh la:

P):x-3y-32+5=0,
(Q):(mM>+m+ Dx—3y+(m+3)z+1=0.

Vi gid tri nao cua m thi:

a. Hai mdt phdng dé song song ?

b. Hai mdt phdng dé tring nhau ?

c. Hai mdt phdng dé cdt nhau ?

d. Hai mdt phdng dé vuong géc ?
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&5 Gidi

a. Dé hai mat phing song song v6i nhau diéu kién 1a:
m’+m+1=1
1 -3 -3 5 . Lo
———=—= #—- & sm+3=-1 , vO nghiém.
m +m+1 -3 m+3 1
1#5
Vay, khong ton tai m dé hai mat phing song song véi nhau
b. D& hai mat phang tring nhau diéu kién Ia:
m +m+1=1
— ! 3.3 :§<:> m+3=-1 ,vonghiém.
m +m+1 -3 m+3 1
1=5
Vay, khong ton tai m dé hai mat phang triing nhau
c. Tir két qua ctia cdc cau a) va b) suy ra v6i moi m hai mat phang (P) va (Q) luon
cét nhau.
d. Goi a , H(; theo thit tu 1a vtpt cta (P) va (Q), ta duoc:
n, (1;-3;-3) va n, (m?+m+ 1;-3; m + 3).
D& hai mat phiang vuong géc v6i nhau diéu kién 1a:
n,ln, ©n,.n, =0 m’+m+1-3(-3)-3(m+3)=0
om*-2m+1=0<m=1.
Vay, v6i m = 1 thi hai mat phang vuéng géc véi nhau.
Thi du 2. Cho hai mdit phdng (P1) va (P2) ldn luot c¢6 phuong trinh la:
(P): Ax+By+Cz+ D=0,
(P2): Ax+By+Cz+D'=0v6iD =D
a. Tim khodng cdch giita hai mdt phang (P,) va (P2).
b. Viét phuong trinh mdt phdng song song va cdch déu hai mdt phdng
(Py) va (P2).
Ap dung véi hai mdt phdng:
P):x+2y+2y+3=0,(P2):2x +4y+4y+1=0.
&S Gidi
a. Nhan xét rang (P;) va (P») song song v6i nhau.

Lay diém M(xo; yo; Zo) thuodc (Py), ta c6:
AXO+By0+CZO+D:0. (1)
Khi do:

|Ax, +By, +Cz,+D| ®  |D'-D|
d((Py), (P)) = d(M, (P2)) = =

JA*+B* +C? JAT 4B 4O

b. Mat phing (P) song song véi hai mat phing da cho s& c6 dang:

(P): AXx + By + Cz+ E=0. 2)
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Dé (P) cdch déu hai mat phang (P;) va (P») diéu kién 1a:

D,-E _  [D,-F| D
= = |D1 E| = |D2 E|
JAZ+B +C A2 +B +C?
D#E
o E:%(D1+D2). 3)

Thay (3) vao (2) ta duoc (P): Ax + By + Cz + %(Dl +D,)=0.
Ap dung v6i hai mat phing (P1) va (P): Trudc tién ta c6:
P):x+2y+2z+ %: 0.

a. Khoang cach giita (P) va (P,) duoc cho bdi:

2 2 s
d(P), (P)) = ————====—.
V12422422 3 6

b. Tacé thé trinh bay theo ba céch sau:
Cdch I: (S dung két qud trén): Ta cé ngay:

(P):X+2y+22+%[3+%J:O<:>(P):x+2y+22+%:O.

Cdch 2: (Sit dung phuong phdp qui tich): Goi (P) 1a mat phang cin tim.
biém M(x; y; z) € (P) khi:

x+2y+22+;

|X+2y+22+3| B

V1+4+4 V1+4+4

<:>X+2y+22+%:0.

dM, (P1)) = dM, (P2)) <

& |x+2y+2z+3|= x+2y+2z+%

D6 chinh 1a phuong trinh mat phang (P) can tim.
Cdch 3: (St dung tinh chdt): Mat phang (P) song song v6i hai mat phiang da cho s& c6
dang:
(P): x +2y + 22+ D =0, )

Lay céc diém A(=3; 0; 0) € (P)) va B(—%; 0; O] € (P,), suy ra doan thang AB c6
o 7
trung diém M(_Z; 0; Oj.

Dé (P) céch déu (P)) va (P») diéu kién 1a (P) di qua diém M, tic:

7 +D:0c>D:Z.
4 4

Thay D = % vao (*), ta nhan duoc phuong trinh (P): x + 2y + 2z + % =0.
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& Cha y: Trong truong hop hai mat phang (P;) va (P.) song song vé6i nhau (gia

376

st ¢6 vipt n(A; B; C)) ching ta thudng gap thém cau hoi:

Tinh khoang cach giita (Py) va (P»).

Viét phuong trinh mat phéng (P) song song va cach déu (Py), (P»).

Viét phuong trinh mat phiang (Q) song song véi (Py), (P2) va

d((Q), (P1)) =k.d((Q), (P2)).

Viét phuong trinh mat cau ti€p xdc v6i (Py) tai diém M, va:

a. Tiép xic vai (P2).

b. Cit (P,) theo thiét dién 1a dudng tron 16n.

5. Viét phuong trinh mat cu tiép xic vé6i (P)) tai diém M, va cat
(P>) theo thiét dién 1a dudng tron (C) c6 ban kinh bang r (hoic
biét chu vi, dién tich cta (C)).

hadi S e

>

* Vai yéu cau "Tinh khodng cdch d gifia (Py) va (P2)" chiing ta str dung két qua:

d = d((P)), (Py) = d(My, (P2)), Vi M, € (Py).

& V6i yeu cau "Viét phuong trinh mdt phdang song song va cdch déu (Py), (P2)",

ching ta lua chon mdt trong hai cich sau:
Cdch 1: (St dung tinh chdt): Thuc hién theo cac budc:
Buoc 1: Mat phang (P) song song véi hai mat phang da cho sé& c6
dang:
(P): Ax + By + Cz + D = 0. (*)
Butc2: 1ay cic diém E, € (P)) va Exe (P»), suy ra doan thing AB
c6 trung diém E(xo; yo; zo).
D& (P) cdch déu (Py) va (Py) didu kién 1a (P) di qua diém
M, tic la:
Axo + Byo + Czo + D =0 = Gid tri cta D.
Budc3: Thay D vao (*), ta nhan dugc phuong trinh (P).

Cdch 2: (Sur dung phuong phdp qui tich): Diém M(x; y; z) € (P) cin dung khi:
d(M, (P1)) = d(M, (P)) = Phuong trinh (P).

Véi yeu cau "Viét phuong trinh mdt phang (Q) song song véi (P1), (P2) va
d((Q), (P1)) = k.d((Q), (P2))", chiing ta sit dung y tuong trong cach 2 cta yéu
cau (2), cu thé:
Piém M(x; y; z) € (Q) cin dung khi:

d(M, (Py)) = k.d(M, (P»)) = Phuong trinh (Q).
V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va thod
mdn diéu kién K", chiing ta thuc hién theo céc budc:
Budc 1: Goi M 1a hinh chiéu vuong géc ctia M; trén (P»). Toa do cta diém

M, duoc xéc dinh bang cach:
{MIM2 L®) MM, =tn
M2€(P2) M2 E(Pz) .




Budc 2: Vi diéu kién K la:
a. Tiép xuic véi (P>) thi mat cau can dung chinh la mat cau duong
kinh M;M..
b. Cit (Py) theo thiét dién 1a dudng tron 16n thi mat cdu can dung
chinh 1a mat cau tam M, va ban kinh R = MM, =d.

* V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic véi (Py) tai diém M, va cat
(P2) theo thiét dién la duong tron (C) ¢6 bdn kinh bdng r", chiing ta thuc hién
theo cac budc:

Buoc 1: Gia su mat cau (S) cin dung c6 tam I(x; y; z) va ban kinh R. Ta lan
luot:
= (S) ti€p xtic véi (Py) tai M; khi:
MIL(P) < M]I=tn.
= (S)cit (P») theo thiét dién 1a dudng tron (C) ¢6 ban kinh bang r khi:
>+ Mol = R? = M 12 = Gié tri t = Toa do tam 1.
Budc 2: Viét phuong trinh mat c4u (S) tam I va ban kinh R = ML

Thi du 3. Cho diém Mi(2; 1; —3) va hai mdt phing (Py), (P2) ¢é phiuong trinh:

P):ix+y+22+3=0,
P):ix+(mMm-2)y+(m-1)z-3m=0.
1. Tim dé (P,) song song voi (P2).
2. Véim tim duoc 0 cdu 1) hdy:
a. Tim khodng cdch giita hai mdt phdng (P)) va (Ps).
b. Viét phuong trinh mdt phdng song song va cdch déu hai mdt
phdng (P) va (P2).
c. Viét phuong trinh mdt phdang (Q) song song véi (P1), (P2) va
d((Q), (P1)) =2d((Q), (P2)).
d. Viét phuong trinh mdt cdu tiép xic véi (Py) tai diém M, va tiép
xtic voi (Py).
e. Viét phuong trinh mdt cdu tiép xic voi (P) tai diém M, va cdt
(P>) theo thiét dién la duong tron lon.
f. Viét phuong trinh mdt cdu tiép xiic véi (P) tai diém M, va cdt
(Py) theo thiét dién la duong tron (C) c6 bdn kinh t=6~2 .

&5 Gidi
1. Dé hai mat phang (Py), (P2) song song v6i nhau diéu kién 1a:

1 m-2 m-1 -3m
—= = #* < m=3.
1 1 2 3

2. V6im =3 mat phang (P2): x +y +2z—9 =0 vacé vipt n(l; 1; 2).
a. Taco ngay:

|2+1+2(—3)—9|:2\£.

AP, (P2) = (M, (P2)) = —pe—="mr
+1° +
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b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: (St dung tinh chdf): Mat phang (P) song song véi hai mat phing da cho s& c6 dang:
P):x+y+22+D=0. *)

Lay diém N(1; 0; 4)e (P»), suy ra M;N c6 trung di€ém M(% % %)

Dé (P) cach déu (Py) va (P,) diéu kién 1a (P) di qua diém M, tic la:
§+l+2.l+D =0 ©D=-3.
2 2 2
Thay D = -3 vao (¥), ta nhan duogc phuong trinh (P): x +y + 2z -3 =0.
Cdch 2: (S dung phwong phdp qui tich): Goi (P) 1a mat phang cdn tim thi diém
M(x; y; z) € (P) khi:
|x+y+22+3| 3 |x+y+22—9|

N1+1+4 - N1+1+4

S |x+y+2z+3|=|x+y+2z2-9| ©x+y+22-3=0.

dM, (P1)) = dM, (P2)) <

D6 chinh 14 phuong trinh mat phing (P) cin tim.
c. biém M(x; y; z) € (Q) khi:
|x+y+2z+3|_2|x+y+22—9
J1+1+4 - Ji+1+4
X+y+2z-21=0
X+y+2z-5=0

d(M, (Py)) =2d(M, (P»)) <

& |[x+y+2z+3[=2|x+y+2z-9| & {

Vay, ton tai hai mat phang thoa man diéu kién dau bai la:
Q:x+y+2z-21=0va(Qy:x+y+2z-5=0.
d. Goi Mx(x; y; z) 1a hinh chi€u vuong géc cua M; trén (P»), ta c6:
{MIMZ L) {Mle =tn

M, € (P,) M, e(P,)
Xx—2=t X=t+2 =2
y—1l=t y=t+1 x=4
= = = = My(4; 3; 1).
z+3=2t z=2t-3 y=3
X+y+2z-9=0 6t—12=0 z=1

Khi d6, mat cau (S) can dung chinh 1a mat cau dudng kinh MM, tic la:
Tam I(3; 2; — 1) latrung diém M, M,
(S):

Bén kinh R:%:%

& (S):(x—3)2 +(y—2)2 +(z+1)2 =6.
e. Goi My(x; y; z) 1a hinh chi€u vuong géc ctia M trén (P2), theo d) ta c6 ngay Ma(4; 3; 1).
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Khi d6, mat cau (S) can dung chinh la:
S Tam M, (4; 3; 1)

' {Ba’m kinh R=M M, =26
f. Gia sir mat cau (S) cin dung c6 tam I(x; y; z) va ban kinh R.

Goi M; 1a hinh chiéu vuong goc ctia M, trén (P>) thi M» chinh 1a tam cua dudng
tron (C), ta cé:
R’-r’ =M= |MM,-IM[ = (d-R)’ ©2dR =d* + 1

d’+17 24472

2d 46
Ta lan luot c6:
» (S) ti€p xtc v6i (Py) tai M khi:

S (S (x—4P+(y =3P+ @z~ 1P=24.

=4J6 = M, =26 =d(L, (P.)). *)

< R=

x—2=t X=t+2
MIL(P)e MI=tn & y-l=t &y=t+1 .
z+3=2t z=2t-3

» (S) cat (P,) theo thiét dién 1a dudong tron (C) c6 ban kinh bang r khi:
>+ M212 =R?= M112

2
t+2)+(t+1)+22t-3)-9
o (o] 20D
NI +17 427

ST2+6(t—2P =622 <9624t =0t =4 = 1(6; 5; 5).

Khi d6, phuong trinh mat cau (S) dugc cho boi:
TﬁmI(6;5;5)

" |Bkinh R=M,I=46
< (9):(x=6) +(y=5) +(z-5) =9.

@ Chu y: Trong trudng hop hai mit phing (P1) va (P2) cit nhau ching ta thudng

gap thém cau hoi:

1. Tinh goc gitta (Py) va (P).

2. Viét phuong trinh giao tuyén (d) cua (Py) va (P,).

3. Viét phuong trinh mat phang phan gidc clia géc tao boi (P) va
(P2).

4. Viét phuong trinh mat phang chita (d) va thod mén diéu kién K.

5. Viét phuong trinh mat cau tiép xiic véi (P)) tai diém M, va:
a. Tiép xic vai (P2).
b. Cit (P,) theo thiét dién 1a dudng tron 16n.
c. Cit (P,) theo thiét dién 1a dudng tron (C) ¢6 ban kinh béng r

(hoac biét chu vi, dién tich cua (C)).
+ V6i yéu cau "Tinh géc giita (P1) va (P2)", ching ta c6 ngay:
= (P))c6 vipt n, (As; Bi; Ci) va (P2) c6 vipT 1a n, (Ax; By; Co).

379



»  Goi a la géc tao bdi hai mat phing (P1) va (P,) (0 < o < g), ta c6:

n,.n |A/A, +B,B, +C,C,|
CoSOL = =0 = )
| JAZ+BIeCi AT+BIAC

Luu y: Dé (P;) L (P2) <> cosa. =0 < AjA; + BiB, + CiC, = 0.
* Vi yéu cau "Viét phuong trinh giao tuyén (d) ctia (Py) va (P2)", ching ta thuc

hién theo cic budc sau:

Budc 1: Giao tuyén (d) clia hai mat phing (P;) va (P,) gém cic diém M(x; y;

z) thoa man hé:

(P)
. 1
o »

Buoc2: 1Lua chon mot trong céc cach sau:
Cdch I: Ldy diém Me(d) va goi u 1a vtep ctia (d) thi:

u= [nl, nz] .
Tu do, ta co:
Qua M
(d): { o
vicp u
Cdch 2: Lay hai diém M va N thuoc (d), ta c6:

(d): {Qua M o (@ {Qua o
Qua N vtep u=MN
Cach 3: Pat x = fi(t) (hoac y = fx(t) hoac z = f3(t)) (t € R), ta bién
déi he (1) vé dang:
x =1 (t)
y=f,(),te R.
z=1,(t)
D6 chinh 12 phuong trinh tham s6 clia dudng thang (d).
Luu y: Nhu vay, dé thuc hién dugc yéu cdu nay ching ta can c6
thém kién thic vé duong thang trong khong gian.

+ V6i yéu cau "Viét phuong trinh mdt phang phdn gidc cia géc tao bdi (Py) va
(P»)", chiing ta lap luan:

Mat phang phan gidc (Q) clia géc tao bdi hai mat phang (Py) va (P,) gém céc
di€ém M(x; y; z) thoa man:
d(M, (P)) = d(M, (P)) = Hai mit phiing (Q1) va (Q»).

+ V6i yeu cau "Viét phuong trinh mdt phdng chita (d) va thod man diéu kién K",
chiing ta da duoc thiy thong qua yéu ciu "Viét phuong trinh mdt phdng di qua
hai diém A, B va thod man diéu kién K" trong dang toan 2 va s& dugc thdy
trong chu dé vé duong thdng.
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+ V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va thod
mdn diéu kién K", chiing ta thuc hién theo céc budc:
Buoc 1: Gia st mat ciu (S) can dung ¢6 tam I(x; y; z) va ban kinh R.
(S) ti€p xuc véi (P;) tai diém M; suy ra:
MIL(P) & MI/n, & MI=tn,.
Budc2: Vi diéu kién K 1a:
a. Tiép xuc v6i (P,) thi:
Ml =d(, (P2)) = Gia tri tham s6 t = Toa do tam 1.
Luu y: Vé6i gia thiét ndy ching ta con c6 thé sit dung phuong
trinh mat phang phan gidc (Qi), (Q.) dé x4c dinh toa do tam 1.
b. Cat (P,) theo thiét dién 1a dudng tron 16n thi:
I € (P2)) = Gia tri tham s6 t = Toa do tam 1.
c. Cit (Py) theo thiét dién 1a dudng tron (C) ¢6 bén kinh r thi:
R2 = dX(I, (P2)) + 12 & M2 = dX(I, (Py)) + 1
= Gia tri tham s6 t = Toa do tam L.
Budc 3: Viét phuong trinh mat c4u (S) tam I va ban kinh R = ML

Thi du 4. Cho diém M(2; 5; 0) va hai mdt phang (Py), (P2) ¢6 phuong trinh:
P):3x-2y—-z+4=0, (P)):x-3y+2z—-1=0.
a. Chitng t6 rdang (Py) cdt (P2) theo giao tuyén (d). Tinh géc giita (Py),
(P,) va tim mot vtcp ciia duong thang (d).
b. Viét phuong trinh mdit phdng phdn gidc ciia géc tao béi (Py) va (Py).
c. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va tiép xiic
voi (P).
d. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va cat (P2)
theo thiét dién la duong tron lon.
e. Viét phuong trinh mdt cdu tiép xiic voi (Py) tai diém M, va cat (P2)
theo thiét dién la duong tron (C) ¢é bdn kinh r=+21/2 .
&5 Gidi
a. Hai mat phang (Py), (P,) theo thit tu c6 vtpt nﬁ(3; -2;-1), nﬁ(l; —-3;2), suy ra
rTl va ni khong cliing phuong nén (P;) cat (P») theo giao tuyén (d).
Ta lan luot c6:
= Cosin goc a tao bai (P1), (P2) duge cho bai:

n,.n,

3.1-2(-3)-12 1 n
COSOL = =0 = L —
|| B P32 2 3
= Giao tuyén (d) ctia hai mat phang (P;) va (P») gébm céc diém M(x; y; z) thod
man hé:
3x-2y-z+4=0
: (1)
x-3y+2z-1=0
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Té6i day, ta lua chon mdt trong cic cich sau:
Cadch I: Goi u 1a vicp ctia (d) thi u = [nf, nj] =(=7;=7;-7) chon u (1; 1; 1).
Cdch 2: Ldy hai diém A(0; 1; 2) va B(1; 2; 3) thuoc (d), thi vtcp cta (d) la
u=AB(L ;).
Cdch 3: Dat x = t, ta bién doi hé (1) vé dang:
X=t X=t
3t—2y-z+4=0 & {y=1+t = vtcp u(l; ;1).
t—-3y+2z-1=0 z=2+t
b. Mat phiang phan gidc (Q) clia géc tao boi hai mat phang (Py) va (P2) gém cdc diém
M(x; y; z) thoa man:
dM, (P1)) =dM, (P2))
Bx-2y-z+4  |x-3y+2z-1| - [2x+y—3z+5 =0
P2+ P37+ 4X =5y +z+3=0
Vay, tén tai hai mat phiang (Q:): 2x +y — 3z + 5 =0va (Qu): 4x — 5y + z+ 3 = 0 thoa
man diéu kién dau bai.
c. Gia stt mat cau (S) can dung c6 tam I(x; y; z) va ban kinh R.
(S) tiép xiic v6i (Py) tai diém M, suy ra:

x—2=3t x=3t+2
MIL(P) < MI/n, < MI=tn, < {y-5=-2t < {y=-2t+5.
z=—t z=—t

Té6i day, ta lva chon mdt trong cac cach sau:
Cdch I: (S) ti€p xuc vai (P) thi:

|Bt+2)=3(2t+5)+2(-t) -1
JP (=32 +2

2t=t-2 t, =-2
=

2t=—t+2 t,=2/3

Mil = d(I, (P2) < /(3t) +(<21)* +(~t)’

|7t -

2
& 1417 = | <:>4t2:(t—2)2<:>{

Ta lan luot c6:
*  Véit =-2 ta dugc tam I;(—4 ; 9 ; 2), suy ra mat cau:

Tam I, (—4;9; 2
(Sl)_{ am I, ( )

: <) (x+4) +(y-9) +(z-2) =56.
Bén kinh R = M,I, =+/56 D (x+4) +(y-9) +(2-2)

= Véit, =§ ta dugc tam 1, (4; 13—1; %j , Suy ra mat cau:
Tam I, (4; E; gj
(S2): 3°3
Bénkinh R=M,1, =+/56/9
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3 9
Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

= (Sz):(x—4)2 +(y—%) +(z—£) :ﬁ.

Cdch 2: (Dua theo két qud cdu b): (S) ti€p xtic v6i (P2) thi tam I phai thuoc mat phing
phan giac ctia géc tao bai (Py) va (P»).

Ta lan luot:

= V6i mat phang phan gidc (Qi): 2x +y — 3z +5 =0, suy ra:

2Bt+2)+ (2t+5)-3(-)+5=0=Tt+ 14=0t=-2.
Khi d6, ta duoc mat cau:
Tam I, (—4; 9; 2)
1)

Bén kinh R =M1, =+/56

= V6i mat phang phan gidc (Qu): 4x — Sy +z+3 =0, suy ra:

43t+2)-5(2t+5)+ () +3=0=21t-14=0< tz%'

< (S): (x+4) +(y=9) +(z-2)" =56

Khi d6, ta dugc mat cau:

Tam I, (4; H; zj
(S2): 3°3

Ban kinh R =M,I, =/56/9
2 2
& (Sz):(x—4)2+£y—%) +[z—§] _36

Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

d. Gia stt mat cau (S) can dung c6 tam I(x; y; z) va ban kinh R.
(S) ti€p xtc v6i (P) tai diém M, suy ra:

x—2=73t Xx=3t+2
MIL(P) & MI/n, & MI=tn, & {y-5=-2t & {y=-2t+5.
z=-t z=-t

Dé (S) cit (P) theo thiét dién 1a dudng tron 16n diéu kién la:
le(P)) o Gt+2)—3(2t+5)+2(-)-1=0Tt—14=0t=2.
Khi d6, phuong trinh mat cau (S) can dung duoc cho bai:
Tam I(8; 1; - 2)

: & (8):(x-8) +(y-1) +(z+2) =56.
{BénkfnthMllzJ% (S):(x=8) +(y~1) +(z+2)

e. Gia sir mat cau (T) can dung c6 tam T(x; y; z) va ban kinh R.
(T) tiép xiic v6i (Py) tai diém M, suy ra:

x—-2=3t x=3t+2
MTL(P) < MT/n, & MT=tn, < Jy—5=-2t < {y=-2t+5.
Z=-—t zZ=—t
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Dé (T) cit (P) theo thiét dién 1a dudng tron (C) ¢6 béan kinh r thi:
R2=d%T, (Po)) + > & M| T?> = d¥(T, (P,)) + r*
7t -14]
=+

t
< 142 %@4t2=(t—2)2+3@3t2+4t—7=0@[‘

t,=-7/3
Ta lan luot c6:
* Véit =1 ta duoc tam Ti(5; 3; —1), suy ra mat cau:

Tam T, (5; 3; 1)
Bankinh R=M,T, =+/14

1):

& (T):(x=5) +(y-3) +(z+1)" =14.

.. 7 .
= Voit,= _5 ta dugc tam T, (—?; — gj , suy ra mat cau:

(Tz)Z
Ban kinh R=MT, = %

o @[ xe13) o[y 2] o - T) 2686
2 3 73 3 9

Vay, ton tai hai mat cau (T;) va (T») thoa man di€u kién dau bai.

@ Cha y: Vé6i ba mit phing (P), (Q) va (R) ¢4 chita tham s ching ta thudng gap
thém cau hoi "Xdc dinh gid tri ciia tham sé dé ba mdt phdng (P), (Q)
va (R) doi mot vuong géc voi nhau. Tim diém chung ciia cd ba mdit
phdng'". Khi d6, ching ta thuc hién theo c4c budc:

Buéc1: Tim cic vipt n, , @ , n, cha cic mat phang (P), (Q), (R).
Budc 2: Dé ba mat phang (P), (Q), (R) doi mot vuong géc vé6i nhau,
diéu kién la:
np, Ln, npag =0
n, Ln, < {n,n, =0.
ng Lln,  |ngng=0
Budc 3: Toa do diém chung I ctia ba mat phang (P), (Q), (R) 1a
nghiém hé phuong trinh tao bdi (P), (Q), (R).

Thi du 5. Cho ba mdt phdng (P), (Q) va (R) ¢é phuong trinh:
Prx+y+z—6=0; Q):x—2y+z=0;
R)kx+(m—1)y—z+2=0.

a. Xdic dinh gid tri m va k dé'ba mdit phdng dé cing di qua mot duong theng.
b. Xic dinh gid tri m va k dé’ ba mdt phdng dé doi mot vuong géc voi
nhau. Tim diém chung cia cd ba mdt phdng.
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&S Gidi
a. Nhan xét rang:
1 1
— ¢ —_—
1 -2
nén hai mat phang (P) va (Q) cat nhau theo giao tuyén (d) c6 phuong trinh:
X+y+z-6=0 s . .
(d): = Hai diém A(4; 2; 0) va B(0; 2; 4) thuoc (d).
x—=2y+z=0
DPé ba mit phang (P), (Q), (R) ciing di qua mot duong thang diéu kién 1a:
(de®R)<AeR)vaBe (R)
4k+2(m-1)+2=0 2k+m=0 m=2
= = .
2(m-1)—-4+2=0 2m =4 k=-1
Vay, v6i m = 2 va k = —1 ba mat phang (P), (Q), (R) cling di qua mot duong thang.
b. Goi a , i , i theo thit tur 1 vept clia cdc mat phang (P), (Q), (R), ta duoc:
np (1515 1), ng (13 =2; 1), ng (ki m = 1; —1),
Dé ba mit phang (P), (Q), (R) doi mot vuong géc véi nhau, diéu kién 1a:

mplng nmeng =0 1 241=0
— N k+m=2
n, Lny < <in,ny =0 < k+m-1-1=0
— . k-2m=-1
ng Ln, ng.ny =0 k=2(m-1)-1=0
Sm=k=1.

Khi d6, toa do diém chung I 1a nghiém hé phuong trinh:
X+y+z-6=0 x=1
x-2y+z=0 < y=2 =1(;2;3).
x—z+2=0 z=3

Vay, véi m = k = 1 thi ba mat phang (P), (Q), (R) déi mot vuong géc véi nhau va
c6 diém chung 1a I(1; 2; 3).
Dang todn 4: Vi tri tuong d6i ctia mit cAu voi mit phezmg
Phuong phap
Ta thuc hién theo cac budc:
Budc 1: Xac dinh tam I va tinh ban kinh R cta mit cau (S).
Xac dinh d = d(l, (P)
Budc2: So sanh d v6i R d€ dua ra két luan:
» Néud>R< (P)n(S)= D (Hinh 1 trang bén).
* Néud =R« (P) tiép xuc vdi (S) tai H (Hinh 2 trang bén).
* Néud <R < (P) n (5) = (C) la mot dudng tron nam trong
mat phang (P) (Hinh 3 trang bén).
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Va trong trudng hgp nay néu:
(S): x*+y*+7z°—2ax—2by —2cz+d =0,
(P): Ax+By+Cz+ D=0,
thi phuong trinh du@ng tron (C) c6 phuong trinh:
X +y>+7° —2ax—2by —2cz+d = O
AX +By+Cz+D=0

2 0.6

Hinh 1 Hinh 2 Hinh 3

C .

@ Cha y: 1. Trong phan nay ching ta s& quan tam nhiéu hon t6i cdc dang todn:
Dang 1: Viét phuong trinh mat phéng tiép xtc v6i mat ciu va
thoa man diéu kién K cho trudc.
Dang 2: Viét phuong trinh mat phang cit mat cau theo giao tuyén la
dudng tron (C) thoa man diéu kién K cho trude.
Dang 3: Viét phuong trinh mat cau ti€p xdc v6i mat phang va
thdéa man diéu kién K cho trude.
Dang 4: Viét phuong trinh mat cau cat mat phang theo giao tuyén la
dudng tron (C) thoa man diéu kién K cho trude.
2. Trong trudng hop mat phang khong cit mat ciu, cu thé véi mat phang
(P) (c6 vtpt ﬁ(A; B; C)) khong cét mat cau (S) (c6 tam I ban kinh
R) ching ta thuong gap thém céc cau hoi:
1. Viét phuong trinh mat phing song song véi (P) va:
a. Tié€p xuc vai (S).
b. Cit (S) theo thiét dién 1a dudng tron 16n.
c. Cat (S) theo thiét dién 1a dudng tron (C) c6 ban kinh bang r
(hoac biét chu vi, dién tich ctia (C)).
2. Viét phuong trinh dudng thing vuong géc véi (P) va cit (S) tai
hai diém A, B sao cho AB c6 do dai 16n nhat.
Viét phuong trinh mét cau (S’) doi xing véi (S) qua (P).
4. Viét phuong trinh mat cu ti€p xtc véi (P) va (S).

2

Ta lan luot:

+ V6i yéu cau "Viét phuong trinh mdt phdng (Q) song song véi (P) va thod mdn
diéu kién K", chiing ta thuc hién theo céc budc:

Buoc 1: Mat phang (Q) song song véi (P) nén c¢é phuong trinh:
(Q):Ax+By+Cz+D=0.
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Buoc2: Vi diéu kién K 1a:
a. (Q) tiép xuc véi (S), suy ra:
d(I, (Q)) =R = Gi4 tri cia D = Phuong trinh (Q).
b. (Q) cat (S) theo thiét dién 1a dudng tron 16n, suy ra:
I € (Q)) = Gia tri cua D = Phuong trinh (Q).
c. (Q) cit (S) theo thiét dién 1a dudng tron (C) ¢6 ban kinh béang r,

suy ra:
d(L, (Q))=vR? —r* = Gid tri chaD
= Phuong trinh (Q).

+ V6i yeu cau "Viét phuong trinh duong thdng vuong géc véi (P) va cdt (S) tai
hai diém B sao cho AB cé dé dai l6n nhdt", ching ta thdy ngay d6 1a dudng
thing di qua I va c6 vtcp n.

+ Vi yéu cau "Viét phuong trinh mdt cdu (S’) doi xiing véi (S) qua (P)", ching
ta thuc hién theo c4c budc:

Budc 1: Tim toa do diém I’ d6i xing véi I qua (P).
Budc 2: Mit ciu (S') ¢6 tam I' va ban kinh R.

+ V6i yéu cau "Viét phuong trinh mdt cdu tiép xiic véi (P) va (S)", cac em hoc
sinh cdn c6 thém kién thifc vé dudng thing dé trinh bay theo cic budc:

Buoc 1: Goi (T) 1a mat cau thoa man diéu kién dau bai va gia su (T) ti€p xuc
vai (S), (P) theo thit tu tai M va H (H chinh 1a hinh chi€u vuong géc
cta I trén (P)), suy ra M, H, I thuoc (d) ¢6 phuong trinh cho bai:

@): {Qua '
vtcp n
Buoc2: Tiép diém H cta (T) véi mat phang (P) 1a giao diém cta (d) vé6i (P).
Buoc 3: Tiép diém M cua (T) v6i mat cau (S) 1a giao diém cia (d) véi (S).
Buoc 4: Viét phuong trinh mat cAu dudong kinh MH.

Thi du 1. Cho mdt phdng (P) va mdt cdu (S) ¢é phiong trinh:
P):2x -3y +2z-3=0,
(S): (x=8)’ +(y+8)’ +(z-7)" =68.
a. Xdc dinh vi tri tuong doi ciia mdt phdng (P) va mdt cdu (S).
b. Viét phuong trinh mdt phdng song song véi mdt phdang (P) va tiép
xtic voi mdt cdu (S).
c. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.
d. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron (C) ¢é bdn kinh bdng t=~/51.
e. Viét phuong trinh mdt cdu (S”) doi xiing vdi (S) qua (P).
f. Viét phuong trinh mdt cau tiép xiic vdi (P) va (S).
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&5 Gidi
a. Xét mat cdu (S) ¢6 tam I(8; —8; 7) va ban kinh R =2+/17 , ta c6:

oL, (BY) = 2.8-3.(-8)+2.7-3| 3T 52T
22+ (=3 +22

Do dé, mat phang (P) khong cat mat cau (S).
b. Goi (Q) 1a mat phing can dung, ta lan luot st dung gia thiét:

= (Q) song song v&i (P) nén c6 phuong trinh:

Q):2x-3y+2z+D=0. (1)

»  (Q) ti€p xuc vai (S), suy ra:

2.8-3(-8)+2.7+D|

dI, (Q)=R < =217 < |D+54|=34
V22 + (=3 +2°
D, =-20
=
D, =-88

Khi dé:
= V6i D; =-20 thay vao (1), ta dugc (Qi): 2x — 3y + 2z —-20=0.
»  V6i D, =-88 thay vao (1), ta dugc (Q2): 2x — 3y + 2z — 88 = 0.
Vay, ton tai hai mat phang (Q:) va (Q.) thda man diéu kién dau bai.
c. Goi (R) 12 mat phing cin dung, ta lan luot sir dung gi thiét:
= (R) song song véi (P) nén c6 phuong trinh:
R):2x -3y +2z2+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)<=28-3(-8)+27+D=0< D=-54.
Vay, phuong trinh mit phing (R) c¢6 dang 2x — 3y + 2z — 54 = 0.
d. Goi (o) 1a mat phang can dung, ta 1an luot st dung gia thiét:
= (o) song song v&i (P) nén c6 phuong trinh:
():2x =3y +2z+D=0. 2)
* () cat (S) theo thiét dién 1a dudng tron c6 ban kinh r = J5t, suy ra:

AL () =V P o |2.8—3(—8)+2.7+D|: e

22+ (=3 +22

{Dl =-37
< [D+54=17 & :
D, =-71

Khi dé:

=  V6i Dy =-37 thay vao (2), ta duogc (ou): 2x — 3y + 22— 37 =0.

= V6i Dy =71 thay vao (2), ta dugc (o): 2x — 3y + 2z — 71 = 0.

Vay, ton tai hai mat phang (o) va (a2) thda man diéu kién diu bai.
e. Mit cdu (S°) d6i xiing véi (S) qua (P) s& c6 ban kinh R =2+/17 va tam I’ Ia diém doi
xting v6i I qua (P). Dé xdc dinh toa do diém I’ ta ¢6 thé trinh bay theo céc céch sau:
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Cdch 1: Goi H(x; y; z) 1a hinh chi€u vudong géc ctia I trén (P), suy ra:
{IH L) {fﬁ//ﬁ; - {fﬁ =tn, (2 -3 2)

He(P) H e (P) He (P)
X—8=2t Xx=2t+8 x=2
+8=-3t =-3t-8 =1

= Y Py Y = Y
z—7=2t z=2t+7 z=1
2x-3y+2z-3=0 17t+51=0 t=-3

= H(2; 1; 1) = I'(-4; 10; -5).
Cdch 2: Gia st I’(x; y; z), suy ra:
{II' L (P) {ﬁ‘//r?,, {ﬁ’ =tn,
= =

H € (P) v6i H la trung diém cua IT H e (P) He(P)
X—8=2t Xx=2t+8 x=—4
o -‘Z/:Lj:;’t o Jy=38  fy=10
z=2t+7 z=-5
P X8 3 Y8 5287 5 o |17t+85=0  |t=—6
2 2 2

= H2; 1; 1) = I'(-4; 10; -5).
Khi d6, phuong trinh mat cau (S’) can dung dugc cho bai:
Tam 1'(—4;10; —-5) ) 2 2
(S8): < (SY):(x+4) +(y—=10) +(z+5) =68.
Ny (93 (x+4) +(y-10) +(s+3)
f.  Goi (T) 1a mat cau can dung va gia st (T) ti€p xidc véi (S), (P) theo thi tu tai M va
H, suy ra:
» (T)la mat cau duong kinh MH.
= M, H, I thuoc (d) ¢6 phuong trinh cho bai:

_ 842t
Qua I(8; —8; 7) X=o+
d): L & @y=8-3LeR.
viep n(2; -3, 2) 72742t

Tiép diém H ctia (T) véi mat phang (P) 1a giao diém clia (d) véi (P), suy ra:
28 +20)—3(=8—30) + 27 +26)—=3=0<> 17t + 51 = 0 <> t = —3

= H2; 1; 1).
Tiép diém M ctia (T) véi mit cau (S) 1a giao diém cua (d) véi (S), suy ra:

(S): (8+2t—8)" +(-8-3t+8)" +(7+2t-7)" =68

S 17t =68 > t=12.
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Khi d6, ta 1an luot véi:
* Véit=2taduoc M (12' —14;11) va mat cdu dudng kinh M, H la:

Tam T, (7 - j latrung diém M H
(Tl)Z
Bén kinh R——H= ﬁ
2 425
< (T):(x-7 ( j .

= Véit=-2taduoc M

(Tz)Z

<:>(T2):(x—3)2+(y+%j2 H(z-2) =

va mat cau ducng kinh M,H la:

2
-2;3
j 1a trung diém M, H

Ban kinh R = =, /—
2 4

Tam T, (

NIH

17
4

Vay, ton tai hai mat cau (Ty) va (T,) thdéa man diéu kién dau bai.

@ Cha y: Trong trudng mit phing (P) (c6 vtpt n(A; B; C)) tiép xdc v6i mat
cau (S) (c6 tam I ban kinh R) tai diém M chiing ta thudng gip thém
cac cau hoi:

1.
2.

3.

4.

Tim toa do ti€p diém M cta (P) va (S).

Viét phuong trinh mat phang song song véi (P) va:

a. Tiép xic vai (S).

b. Cit (S) theo thiét dién 1a dudng tron I16n.

c. Cit (S) theo thiét dién 1a duong tron (C) ¢6 ban kinh bang r
(hoac biét chu vi, dién tich cua (C)).

Viét phuong trinh dudng thang qua M va cat mat cdu (S) tai

diém N sao cho MN c6 do dai 16n nhat.

Viét phuong trinh mat cau (S’ ) doi xing véi (S) qua (P).

* Vi yéu cau "Tim toa do tiép diém M cuia (P) va (S)", ching ta thdy ngay M
chinh 1a hinh chi€u vuong géc cua I trén (P).

+ V6i yéu cau "Viét phuong trinh mdit phang (Q) song song véi (P) va thod man
diéu kién K", duoc thuc hién tuong tu nhu trong trudong hop (P) khong cit (S).
Tuy nhién, v6i yéu cdu (2.a) ching ta con ¢6 thé thuc hién nhu sau:

Buoc 1:

Gia sl mat phang (Q) can dung tiép xidc véi (S) tai diém N, suy ra
N la diém d6i xting v6i M qua 1.

Bugc 2: Phuong trinh mat phiang (Q) duoc cho bdi:
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+ V6i yéu cau "Viét phuong trinh duong thang (d) qua M va cdt mdt cdu (S) tai
diém N sao cho MN ¢6 dé dai l6n nhdt", chiing ta thay ngay dudng thang (d)
di qua hai diém M va L.

* Vi yéu cau "Viét phuong trinh mdt cdu (S’) doi xiing véi (S) qua (P)", ching
ta thuc hién theo céc budc:
Budc 1: Tim toa do diém I’ d6i xing vé6i I qua (P), suy ra I' doi xing véi I

qua M.

Buoc 2: Mait ciu (S') ¢6 tam I' va ban kinh R.

Thi du 2. Cho mdt phang (P) va mdt cdu (S) c6 phuong trinh:

&5 Gidi

(P:2x—y+22-5=0, (5):(x-3) +y*+(z—4)" =9.

a. Ching t6 rdang mdt phdng (P) tiép xiic véi mdt cdu (S). Tim toa do
tiép diém M ciia (P) va (S).

b. Viét phuong trinh mdt phdng song song véi mdt phdng (P) va tiép
xitic voi mdt cdu (S).

c. Viét phwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.

d. Viét phuwong trinh mdt phdng song song véi (P) va chia (S) thanh

hai phdn cé ti sO'thé tich bdng 210 )

e. Viét phuong trinh mdt cdu (S”) doi xiing vdi (S) qua (P).

a. Xét mat cau (S) c¢6 tam I(3; 0; 4) va ban kinh R = 3, ta c6:

ddI, (P)) =
2P+ (=D +27

23+2.4-5|
=3=R.

Do d6, mat phang (P) tiép xtc véi mat cau (S).
Toa do tiép diém M(x; y; z) chinh 12 hinh chi€u vuong géc ctia I trén (P), suy ra:

%

HLEP) H//n, - H=tn,(2-12)
He(P)

He(P) He(P)
x—-3=2t x=2t+3 x=1
Y PE = 7T S M),
z—4=2t z=2t+4 z=2
2x —y+2z-5=0 9t+9=0 t

=1

Vay, mat phing (P) tiép xiic v6i mat ciu (S) tai diém M(1; 1; 2).

b. Ta c6 thé trinh bay theo cdc cdch sau:
Cdch I: Goi (Q) 1a mat phang cin dung, ta lan luot st dung gié thiét:
= (Q) song song v&i (P) nén c6 phuong trinh:

Q):2x-y+2z+D=0.
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= (Q) ti€p xtc vai (S), suy ra:
23+2.4+D|
dI, (Q) =R < =3 D+ 14/=9

V22 (=17 +2°
Khi do, v6i D, = —23 ta duoc (Q): 2x —y + 2z —23 =0.
Cdch 2: Gia st mat phang (Q) can dung ti€p xic vdi (S) tai diém N, suy ra N 1a diém
dai xing v6i M qua I nén N(5; —1; 6).
Phuong trinh mit phang (Q) dugc cho boi:
Qua N(5; -1; 6)
. {tht 5(2; -1;2)
c. Goi (R) 12 mat phang can dung, ta 1an luot sit dung gié thiét:
= (R) song song v6i (P) nén c6é phuong trinh:
R):2x-y+2z2+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)<=23+24+D=0&D=-14.
Khi d6, v6i D =14 ta duoc (R): 2x —y +2z—- 14 =0.
d. Trudc tién, trong mat phang Oxy ta xét dudng tron (C) tam O bdn kinh R = 3 va
duong thang x = m (0 < m < 3) (hinh bén). Goi V 1a thé tich ctia mat cdu cé ban kinh
R =3, taco:

y
T VM Y < 7(V = V) =20V, Vv Vi

20V, V-V, K X
7 3 5 74 X
&SV, =—V & n[(9-x")dx=—.—7nR
127 [O=xd =273 —3\0 V
3

3
B (27—9)—(9m—m—J=§
3 3

D, =-5(oai)
= .
D,=-23

& (Q):2x —y +2z-23=0.

3

0<m<3

Sm-2Tm+26=0(m-1)mM>+m-26=0 < m=1.
Tur d6, yéu cau cta bai todn duoc phat biéu lai duéi dang "Viét phuong trinh mdit
phang song song voi (P) va cdch 1 mot khodng bang 1", do d6 ta lan luot:
= (o) song song v&i (P) nén c6 phuong trinh:

(a):2x—y+2z2+D=0. )
* (o) cdch I mot khoang bang 1, suy ra:
23+2.4+D| D =-11
d(I, (a) =1 < =1 < D+14=3 < )
22+ (1) +22 D, =-17

Khi do6:

* V6i Dy =—11 thay vao (2), ta dugc mat phang (ou): 2x —y +2z— 11 =0.

*  V6i Dy =—17 thay vao (2), ta duge mat phang (o): 2x —y + 2z — 17 = 0.

Vay, ton tai hai mat phiang (o) va (o2) thda méin diéu kién diu bai.
e. Mit cau (S’) d6i xtng vdi (S) qua (P) s& c¢6 ban kinh R = 3 va tam I’ 1a diém doi
xtng véi I qua (P), suy ra I' doi xing véi I qua M nén I’(—1; 2; 0).
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Khi d6, phuong trinh mat cau (S’) can dung dugc cho bai:
.. |Tam I'(=1;2; 0)
(S): {

2 2 2
< (S (x+1) +(y=2)"+z" =9.
Ban kinh R=3 ) ( ) (y=2)

@ Chii y: Trong trudng mat phang (P) (c6 vtpt n(A; B; C) ) cit mat cdu (S) (c6 tam
I ban kinh R) theo thiét dién la duong tron (C) ching ta thuong gap
thém cdc cau hoi:

1. Xéc dinh toa do tam va tinh ban kinh cta (C).

2. Viét phuong trinh mat phang song song v6i (P) va:
a. Tiép xic véi (S).
b. Cit (S) theo thiét dién 1a duong tron 16n.
c. Cit (S) theo thiét dién 1a dudng tron (C’) c6 ban kinh bing r

(hoac biét chu vi, dién tich ctaa (C’)).

3. Viét phuong trinh dudng thang vuong géc véi (P) va cat (S) tai hai
diém A, B sao cho AB c6 do dai 16n nhat.

4. Viét phuong trinh mat cau (S’) doi xing véi (S) qua (P).

5. Viét phuong trinh mat cu tiép xic véi (P) va (S)

* V6i yéu cau "Xdc dinh toa do tdm va tinh bdn kinh ciia (C)", ching ta thuc
hién theo cac budc:

Budc 1: Bén kinh rc cta (C) duge xéc dinh boi 1. =+/R* —d(I, (P)) .
Budc2: Toa do tam cua (C) chinh 1a hinh chi€u vuéng géc M cua I trén (P).

+ V6i yéeu cau "Viét phuong trinh mdt phang (Q) song song voi (P) va thod man
diéu kién K", duoc thuc hién tuong tu nhu trong trudong hop (P) khong cit (S).
Tuy nhién, véi yéu cau "Viét phuong trinh mdt phang (Q) song song véi (P) va
cdt (S) theo thiét dién la duong tron c¢é bdn kinh bdng (C)" chiing ta con c6
thé thuc hién nhu sau:

Budc 1: Gia st mat phang (Q) can dung cit (S) theo thiét dién 1 dudng tron
c6 tam N, suy ra N 1a diém d6i xding v6i M qua L.
Bugc 2: Phuong trinh mat phang (Q) duoc cho bdi:
ua N
(Q): {Q - -
vipt n
# Cdc yéu cau con lai dugc thuc hién tuong tu nhu trong trudng hop (P) khong
cat (S).
Thi du 3. Cho mdt phdng (P) va mdt cdu (S) ¢é phuong trinh:
(P x+2y+32—-10=0, (S):(x-2) +y*+(2+2)" =56.

a. Chiing td rdang mdt phdang (P) cdt mdt cdu (S) theo giao tuyén la
duong tron (C). Xdc dinh toa do tam M va tinh bdn kinh r cua (C).

b. Viét phuong trinh mdt phdng song song véi mdt phdang (P) va tiép
xtic voi mdt cdu (S).

c. Viét phuwong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron lon.
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d. Viét phuong trinh mdt phdng song song véi (P) va cdt (S) theo thiét
dién la duong tron cé bdn kinh bang r.

e. Viét phuong trinh mdt cdu (S°) doi xiing vdi (S) qua (P).

f. Viét phuong trinh mdt cdu tiép xiic voi (P) va (S).

&5 Gidi
a. Xét mat cdu (S) ¢6 tam I(2; 0; —2) va ban kinh R =+/56 , ta c6:
2+3.(-2)-10
aq oy 23D e,

NP +27+3°
Do d6, mit phang (P) cat mat cdu (S) theo giao tuyén 1 duong tron (C) 1an luot cé:
» Bin kinh r duoc xdc dinh bai:

r=+R?—d(I, (P)) =~/56—14 =42 .

» Toa do tam M(x; y; z) cta (C) chinh 1a hinh chi€u vuong géc cua I trén (P),

suy ra:
IH L (P) - IH//n, - IH=tn,(; 2; 3)
He(P) He(P) He(P)
Xx—2=t X=t+2 x=3
=2t =2t =2
y =Y = T SME 2.
z+2=3t z=3t-2 z=1

X+2y+3z-10=0 14t—-14=0 t=1
Vay, mat phang (P) cat mat cau (S) theo thiét dién l1a dudng tron (C) c6 ban kinh
r=+42 vi tam M@3; 2; 1).
b. Goi (Q) 12 mat phing can dung, ta 1an luot st dung gia thiét:
= (Q) song song v&i (P) nén c6 phuong trinh:

D,=-24"

(Q):x+2y+3z+D=0. 0
» (Q) tiép xdc Vvéi (S), suy ra:
AL Q) =R o 2EHDHD_ o @|D_4|:28©{D1=32

V12 +22 432
Khi d6:

* V6i Dy =12 thay vao (1), ta dugc (Qi): x + 2y + 3z + 32 =0.
= V6i D, =—44 thay vao (1), ta dugc (Q2): x +2y + 3z —-24 = 0.
Vay, ton tai hai mat phang (Q:) va (Q.) thda man diéu kién dau bai.
c. Goi (R) 12 mat phing cin dung, ta lan luot sir dung gi thiét:
= (R) song song véi (P) nén c6é phuong trinh:
R):x+2y+3z+D=0.
* (R) cat (S) theo thiét dién 12 dudng tron 16n, suy ra:
Ile R)=2+3(-2)+D=0<=D=4.
Vay, phuong trinh mat phiang (R) cin dung c6 dang x + 2y + 3z +4 = 0.
d. Ta c6 thé trinh bay theo céc céch sau:
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Cdch I: Goi (o) 1a mat phing cin dung, ta lan luot sit dung gid thiét:
= (o) song song v&i (P) nén c6 phuong trinh:
():x+2y+3z+D=0.
* (o) cat (S) theo thiét dién 1a dudng tron ¢ ban kinh r = J42 , suy ra:

2+3.(-2)+D D, =-10 (loai
d(1, (o)) =vR? —1? ©M=\/56—42 = ( ').
V1242243 D, =18
Khi d6, v6i D, = 18 ta dugc (Q): x + 2y + 3z + 18 =0.
Cdch 2: Gia st mat phang (o) can dung cit (S) theo thiét dién 12 dudng tron c6 tam
N, suyraN la diém doi xtng v6i M qua I nén N(1; -2; -5).
Phuong trinh mat phang (o) dugc cho bdi:
Qua N(1; —2; -5)
| vipt n(l; 2; 3)
e. Mat cdu (S’) doi xing véi (S) qua (P) s& ¢6 bén kinh R =+/56 va tam I’ 1a diém d6i
xung v6i I qua (P), suy ra I' doi xting véi I qua M nén I'(4; 4; 4).
Khi d6, phuong trinh mat cau (S’) can dung dugc cho bdi :
) Tam 1'(4; 4; 4)
" |Ban kinh R=+/56
f. Goi (T) 1a mat ciu can dung va gia st (T) ti€p xuc v6i (S), (P) theo thi tu tai A va
M, suy ra:
» (T)la mat cau duong kinh MA.
= M, H, I thuoc (d) c6 phuong trinh cho bai:

& (a): x+2y+3z+ 18=0.

& (S):(x—4)" +(y—4) +(z-4)* =56.

=2
Qua 1(2; 0; - 2) X=2+t

: -3 & (d):qy=2t ,teR.
viep n(l; 2; 3) z=-2+3t

Tiép diém M ctia (T) v6i mat phang (P) 12 giao diém cta (d) vé6i (P), suy ra:
Q40 +220+331=2)—10=0e>t=1= M@3; 2 1),
Tiép diém A cta (T) v6i mat cdu (S) 1a giao diém clia (d) v6i (S), suy ra:

(S): (2+t-2)" + (20 +(-2+3t+2)" =56 < 141> =56 = t=+2.
Khi d¢, ta lan luot véi:
= V6it=2taduoc A (4;4;4) vamatcdu dudong kinh M H la:

Tam T, (%, 3; %J latrung diém A, M

Ban kinh R=TM =\/g
2

i (Tl):(x—%) +(y-3)° +(Z—§j :%.

(To):
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= V6it=-2taduoc A,(0; —4;—8) vamatcdu dudong kinh A,M la:
. 3 7Y, .2
Tam T, 5; -1 5 latrungdiém A,M

Bén kinh R =T,M =/63/2

& (TQ:(X—%) +(y+1)2+(z+%j =%.

Vay, ton tai hai mat cau (Ty) va (T,) thdéa man diéu kién dau bai.

(Tz)Z

§ 3. PHUGNG TRINH DUONG THANG

Dang toan 1: Phuong trinh duong th%mg
Phuong phap
Ta co:
1. Phuong trinh:
X =X, +at
y=y,+bt, teR
z=2z,+ct
v6i diéu kién a® + b? + ¢ > 0 1a phuong trinh tham s6'cta mot dudng
thing (d). Khi d6, dudng thing (d) c6 vecto vtcp 1a u(a;b;c) va di qua
diém Mo(xo; Yo; Zo).
2. Phuong trinh:
X=Xo _ Y=Y _277%

a b c
voi diéu kién abc # 0 1a phuong trinh chinh tic cia mot dudng th:fmg (d).
Khi d6, duong thegmg (d) c6 vectd vtcp 1a u(a;bic) va di qua diém
Mo(xo; Yo; Zo).
3. Phuong trinh:
Ax+By+Cz+D, =0
{Azx +B,y+C,z+D, =0
1a phuong trinh ctia mot dudng thing khi va chi khi:
Bl Cl Cl Al Al Bl ] P
#0.

B2 C2 C2 A2 A2 B2
J 1a mot vitcp caa (d).

b b

A1:B1:C1¢ Az:Bz:Cz = (

Khi do, vecto:

—-[Bl Cl
a

BZ C2

Cl Al
CZ A2

A, B
A, B,

b

b
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& Cha y: Dikeém véi ho dudng thing (d,) thudng c6 thém céc cau hodi phu:

Cdu hoi 1:

Cdu hoi 2:

Cdu hdi 3:

Chitng minh rang ho (d.) luon di qua mot diém c6 dinh.
Cho diém M c6 tinh chat K, bién luan theo vi tri clia M s6 dudng
thang clia ho (dn) di qua M.
Chitng minh ring ho dudng thang (d.) luon thuoc mot mat phang
c6 dinh, dé thuc hién yéu cdu nay ching ta lua chon mot trong hai
cach sau:
Cdch 1: Khit m tir hé ciia phuong trinh (d), ta dugc:
Ax+By+Cz+D=0 (D)
Khi d6 (1) chinh 12 phuong trinh clia mat phiang c6 dinh (P) chia
cac duong thang ctia ho (dn).
Cdach 2: Ta thuc hién theo cac budc sau:
Bute 1:  Chum mat phang tao béi truc (dw) c6 phuong trinh:
a[Ai(m)x + Bi(m)y + Ci(m)z + Di(m)] +
+ B[A2(m)x + By(m)y + C(m)z + Do(m)] =0.  (2)
Buoc 2:  Lua chon céc gia tri thich hop cua o, B, dua (2) vé dang:
Ax+By+Cz+D=0 3)
Buée 3: Khi d6 (3) chinh 12 phuong trinh ctia mat phang c6 dinh
(P) chita cdc dudng thang clia ho (dm).

Thidy 1. Cho phuong trinh:

&5 Gidi

a. Taco:

Xx=2+(m+1)t
y=1l+m-Dt,te R. (D)
z=mt
Tim diéu kién cia m dé phuong trinh trén la phuong trinh ciia mot
ho duong thang ki hiéu la (dw), tir d6 chi ra diém cé dinh ma ho
(dwm) luon di qua.
Diém A(3; 1; 1) ¢6 thudc duong thdng nao ciia ho (dw) khong.
Chiing minh rdang ho duong thing (dw) luon thudéc mot mdt phang
(P) ¢6" dinh, tim phuong trinh mdt phdng (P).
Viét phuwong trinh mdt cdu tiép xiic véi moi duwong thdng ciia ho
(dm) va 6 tam thuéc mdt phang (Q): x +y +2z—1=0.

Viét phuong trinh mdt cdu cé bdn kinh R =26 tiép xiic voi moi
dwong thdng ciia ho (dw).

a’+b’+c’ =(m+ 1)+ (m-1)>+m?>=3m>+2 >0, Vm
Vay v6i moi m, phuong trinh (1) 12 phuong trinh tham s6 ctia ho dudng thang (dm)
va dé nhan thady ho (dm) luon di qua diém c6 dinh My(2; 1; 0), Gng vé6i t = 0 khi thay
vao phuong trinh tham s6 clia dudng thang.

397



b. Diém A(3; 1; 1) thuoc mot dudong thang ctia ho khi hé sau c6 nghiém:
3=2+(m+1)t mt+t=1
I=1+(m-It <& {mt—-t=0<>m=t=1.
1=mt mt=1
Vay, diém A(3; 1; 1) thuoc duong thang (di) ctia ho (dm).

c. Talua chon mdt trong ba cich 1ap luan sau:
Cdch I: Tix hé (1) bang cach rit theo t, ta duoc:

t_x—2

m+1 X-2 z

_ - —7—-2)= g
t_}’1<::>m+1 m@m(XZ )Z:>sz:_1

m-—1 y-1_1z my—z-1)=-z y—z-1
tzi m—-1 m

m

=>x+y—-2z-3=0.
D6 chinh I phurong trinh mat phang (P) c6 dinh chita ho dudng thang (d).
Cdch 2: Tix hé (1) bang cdch cong phuong trinh thit nhit v6i phuong trinh thit hai, ta
duoc:
{x+y tem :{x+y tem =>x+y-2z-3=0.
zZ=mt 2z =2mt
D6 chinh I phurong trinh mat phing (P) c6 dinh chita ho dudng thang (d).
Cdch 3: Ho (dm) c6 vtcp u (m+ 1; m — 1; m) va vGi vecto n (1; 1; —2) ta c6 nhan xét:
un=m+1.1+m-1.1-2m=0,Vm< u Ln, Vm.
Do d6, ho (dw) thuoc mit phang (P) ¢6 dinh ¢6 phuong trinh duoc cho béi:
Qua M, (2;1;0)

{vtpt ﬁ(l; 1,-2)
d. Mait ciu (T) can tim chinh 12 mat cdu tiép xdc v6i mat phang (P) tai diém co dinh
My(2; 1; 0) va va c6 tam thuoc mat phang (Q).

Ta lan luot c6:
» (S) tiép xiic v6i (P) tai diém Moy, suy ra I thuoc duong thing (A) c6 phuong
trinh cho bdi:

&Prx+y—-2z2-3=0.

X=2+t
(A):{QuaM‘) < (A): Qua}w(’(z’l’o)@(m: y=1+t,te R.
(A) L(P) vtepn(l;1;-2) "

» Bang céch thay phuong trinh tham s6 cua (A) vao (Q), ta dugc:
24+4t+1+t+2(-20)-1=02-2t=0<=t=1
= Tam T(3 ; 2 ; —2) va ban kinh R = TM, =+/6.
Tt d6, ta nhan duoc phuong trinh mat cau (T) c6 dang:
(M): (x=32+(y -2+ (z+2)=6.
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e. Mat cdu (S) can tim chinh 12 mat cdu c6 ban kinh R =26 ti€p xic v6i mat
phang (P) tai diém c6 dinh Mo(2; 1; 0).

Ta lan luot c6:

= (S) ti€p xiic v6i (P) tai diém Moy, suy ra I thuoc duong thing (A) c6 phuong

trinh cho boi:

) {Qua M
(A) L(P)

Suy ra tam I(2 + t; 1 +t; —2t).
= (S) ti€p xtc v6i (P) tai Mo khi va chi khi:

MiI=ReMPP=R’<6’=24t?=4<

Khi do:

' S (A):

=2
Qua M, (2;1;0) X=2+t
- S (A):qy=1+t,te R.
vtepn(L;1;-2)

z=-2t

= Véit=2,suyratam [,(4; 3; —4) khi d6 duogc (Si) c6 phuong trinh la:
S): x—4*+(y-3P2+(@z+4)?>=24.

= V6it=-2,suy ratam I»(0; —1; 4) khi d6 duogc (S,) c6 phuong trinh la:
(S2): X2+ (y+ 1)*+ (z—4)*=24.

Vay, ton tai hai mat cau (S;) va (S;) thoa man di€u kién dau bai.

& Nhdn xét: Nhu vay, trong 10 giai chia bai todn trén:

a. O cau b), bang viéc lua chon t = 0 ching ta nhan dugc diém c6
dinh M(1; 0; 2) ma ho dudng thang (d.) luon di qua. Va céc
em hoc sinh can linh hoat trong phép lua chon nay.

b. Ocau ¢), vOi ba cach:

Cdch 1, ching ta thuc hién viéc chuyén phuong trinh clia ho
(dm) vé dang chinh tic réi dang tong quét (giao tuyén cta hai
mat phang) va tir d6 khit m dé nhan dugc phuong trinh mat
phing c6 dinh (P). Cong viéc nay thuc chat 12 khir dan céc
tham s6 t va m.
Cdch 2, ching ta thuc hién lién ti€p hai phép khir cho céac
tham s6 t va mt va day la cach giai ma cac em hoc sinh hay
ghi nhan dé 4p dung cho céc bai tap tuong tu.
Cach 3, dé tim duoc vecto n chiing ta thyc hién nhu sau:
Gia st n (A; B; C) va khi d6:
a.n =0,Vm < A(m+ 1)+ Bm - 1) + Cm =0, ¥m
S A+B+Om+A-B=0,Vm
A+B+C=0 B=A
= .
A-B=0 C=-2A

Tir d6, chon A = 1 ta duge n (1; 1 ;-2).
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Thi du 2. Cho phuong trinh:
x—1 _my _ z+1

. (1
2m 2 m
a. Tim diéu kién ciia m dé phuong trinh (1) la phuong trinh chinh tdc
ctia mot duong thdng, goi la ho (dw).
b. Tim diém cé dinh ma ho (dw) luon di qua.
c. Chiing 6 rdang ho duong thing (dw) luon thuéc mot mdt phdng cd'dinbh.

&5 Gidi
a. Trudce tién ta can c6 diéu kién m # 0 dé€ chuyén phuong trinh (1) vé dang:
x-1 'y z+1
2m 2 m
m

Khi d6, dé phuong trinh trén 13 phuong trinh chinh tic ctia mot dudng thang diéu
kién la:
2m.£.m #0 ©&m#0.
m
Vay, v6i m # 0 phuong trinh (1) 12 phuong trinh ctia mot dudng thing.
b. Ta thdy ngay ho (d.) ludn di qua diém c6 dinh M(1; 0; —1).

c. Céc duong thang thuoc ho (dm) c6 vtcp ﬁ(2m; 3; mj .
m

Véi vecto n(1;0; —2) ta c6 nhan xét:
un=2m-2m=0 < uln,Vm.
Vay, ho duong thang (d.) luén thudc mat phiang c6 dinh (P) ¢6 phuong trinh duoc
cho bai:
Qua M(1;0;-1)

{ - & P)rx-2z2-3=0.
vtptn(1;0;—2)
& Nhdn xét: V6i mat phang (Q) chiing ta con gap mot dang toan 12 "Tim duong
thang cd dinh luén thuoc ho mdt phdng (Q)". Thi du v6i mat phang
(Q): x + my — 3mz — m — 1 = 0 ta thuc hién phép bién déi:

Q:x-1+m(y-3z-1)=0
Tir d6, suy ra duong thing c6 dinh thuoc ho mat phing (Q) c6
phuong trinh:

(d): {X =0

y—-3z-1=0
Nhu vay, dé ching minh ho mat phang (P) luon di qua mot dudng
thang (d) c6 dinh, ta thuc hién theo céc buéc:
Buéc 1: Bién doi phuong trinh ctia ho (Py,) vé dang:
f(x,y, z) + mg(x,y, z) =0.
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Budc 2: Vay, ho (P,) luon di qua mot duong thing (d) c6 dinh c6

phuong trinh:

d): {f(x,y,z) =0 .
g(x,y,z)=0

Dang toan 2: Viét phuong trinh duong thing

Phuong phap

DE viét phuong trinh duong thing (d), ta sit dung cac két qua:

Cich 1. Duong thang di qua mot diém va biét vtcp hodc dudng théng di qua
hai diém phan biét da dugc trinh bay trong phan phuong trinh
duong thing.

Cich 2 Dudng thing dugc coi 1a giao tuyén ctia hai mit phing (P1) va (P»)

6. T do, ta thuc hién theo cac budc:
; Viét phuong trinh mit phang (P): Aix + Biy + Ciz+ D, =0.

> Viét phuong trinh mit phang (P2): Axx + Boy + Coz + Dy = 0.

. Pudng thang (d) gdom nhiing diém M(x; y; z) thod min hé

phuong trinh:
{Alx +B,y+Cz+D, =0

. *)
A,x+B,y+C,z+D, =0

> Chon mot diém M, thod man hé (¥) va mot vicp u cua dudng

thang (d) dugc x4c dinh bi:

i el B
0.0,

B, C,

C A
C, A

A, B
A, B,

b

b

J.

; Viét dang phuong trinh duong thiang (d) theo yéu ciu cla

bai todn (trong nhiéu truong hop ching ta c6 thé bd qua
budc 4 néu bai todn yéu cdu vé phuong trinh tham s6 cta
dudng thang).

Thi du 1. Viét phuong trinh duong théng (d) di qua diém M(2; —1; 3) va:

a. Song song véi duong thing (A): B

X y+2 2z+1
1 2

b. Vuéng géc véi mdt phing (P): 3x — 2y +z— 6 =0.
c. Song song véi hai mdt phdng:

&5 Gidi

a.

Ta cé:

(d): {

P):2x+2y+z2-4=0,P):2x—-y—-z+5=0.

Xx=2+2t
M(2;-1;3
QuaM- Qua M( )<:>(d): y=—l+t,te R
(d)//(A) vtep u, (2;1;1) S 34t
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b. Taco:

M(2;-1;3 _ _
(d):{QuaM @(d:{QuaJ )<:>(d):x 2_y+l_z2-3
(d) L(P) vtep n, (3;—2;1) 3 -2 1

c. Cac mat phing (P)), (P,) ¢6 vipt n, (2;2; 1), n, (2; —1; —1).
Goi u 12 mot vtcp clia dudng thing (d), ta c6:

¥®m3> {ﬁLE .
=

= =[n7, nj} = (-1; 4; —6) chon ﬁ(l; —4; 6).

@/MP)  |uln
Khi dé:
Qua M(2;—1:3) x=2+t
d): - &S (d): y=-1-4t,t e R.
vtep u(l;—4;6) 2 =346t

@ Cha y: 1. Rat nhiéu em hoc sinh khi thuc hién cau a) méc phéi sai 14m boi
cho ring dudng thang (A) c6 mot vtep 1a u(2;1;2).

2. Chiing ta biét rang giao diém H clia dudng thang (d) véi mat phang
(P) trong cau b) chinh 12 hinh chi€u vuong géc clia diém M trén (P).
Nhu vay, ching ta ¢c6 thém mot phuong phap dé "Tim toa do hinh
chiéu vuong goéc cua diém M trén mdt phdng (P) cho truoc'.

3. Dé "Viét phuwong trinh duong thang (d) di qua diém A va vuong
gbc véi hai dwong thang (d,) va (da) cho truée" chiing ta thuc hién
theo cac budc:

Budoc 1: Tim cac vtcp 1?1 va uj clia cdc dudng thang (d;) va (d).
Buée 2: Goi u 1a vtep ctia dudng thing (d), ta c6:
- S
lj li =>u= [ul,uz].
ulu,
Buoc 3: Khi do, ta dugc:

(d): {Qua/} .

vicp u
Cac em hoc sinh cin luu ¥ t6i viéc bai todn c6 thé thay déi diéu
kién vuong géc v6i dudng thang (di) (hoic (dz2)) bing yéu ciu
song song v&i mat phang (Py) (hoac (Py)).

Thi du 2. Cho diém M(1; 2; 1) va hai duong thang (d,) va (d2) ¢é phuong trinh:
x y-1 2-z x-1 1-y z
d):—="—= , (d): ===,
(d) 11 1 (d.) 1 21

a. Tim géc va khodng cdch giita hai duong thdng (d,), (d2).
b. Viét phuong trinh duong thang di qua diém A va vuéng goc voi ca

(dy), (do).
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&5 Gidi
a. Taco:
* Puong thang (d;) c6 vtcp \71(1; 1; —1) vadi qua diém M, (0; 1; 2).
* Puong thang (d») c6 vtcp \72(1; —2;1) va di qua diém Mx(1; 1; 0).
Khi do6, ta 1an luot co6:
» (Cosin géc o gifta hai duong thiang (d;) va (d») duoc cho bdi:
Vv, 1-2-1] 2
e Y S S S S T
» Khodng cich giita hai dudng thang (d;) va (d.) dugc cho boi:
‘[VI,VZJ-MIMZ k-2 -3 0-2) 5

[viov. ] cE-2-3 V4

b. Gia st (d) ¢6 vtep u, ta c6:

cosa =

v,

d((d,), (d,)) =

AL@) |ulv, - — — R
=1 ﬁéu:[vl,vz]:(—l;—Z;—S) chon u(l; 2; 3).
DL oLy,
Tu do, ta co:
Qua M(L:2;1) x=l+t
: - & (d):qy=2+2t,teR.
vtep u(l;2;3) L =143t

& Chu ¥: 1. Bai todn trén con c6 thé thuc hién theo cach:
Buoc 1: Tim cic vtcp uﬁ va uj clia cdc dudng thang (d;) va (do).
Budc 2: Talan luot:
= Viét phuong trinh mat phang (P)) qua A v vuong
gbc véi (dy).
= Viét phuong trinh mat phang (P,) qua A va vuong
g6c véi (do).
Buoc 3: Khi d6 (d) chinh 1a giao tuyén cta (P) v6i (P).
Va tir day, ching ta da biét cac cach xac dinh dang
phuong trinh cho dudng thang (d) & thi du 3.

2. Dé "Viét phuong trinh duong thang (d) di qua diém A cdt hai
dwong thdng (di) va (dz) chéo nhau cho truéc", ta c6 thé lua chon
mot trong hai cich:

Cdch 1: Ta thuc hién theo cic budc:
Buéc 1: Viét phuong trinh mat phang (P) thod man:

qua A
P): .
® {(dl)C(P)
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Budc 2: Xac dinh giao diém B cia (d») va (P).
Buéc 3: Viét phuong trinh duong thang (d) thod man
diéu kién:
ua A
(d): {q S
vtcp AB
Cdch 2: Ta thuc hién theo cic budc:
Buéce 1: Gia st dudng thang (d) cat (di) va (dz) theo
tht tu tai B, C. Khi d6 toa do B, C theo thit tu
thoa man cac phuong trinh ctia (d;) va (d»).
Buéc 2: Tu diéu kién A, B, C thang hang ta xdc dinh
duoc toa do B, C.
Buéc 3: Viét phuong trinh dudng thang (d) di qua A
va B.
Cdch 3: Ta thuc hién theo cic budc:
Budc 1: Viét phuong trinh mat phang (P;) thod man

diéu kién:
aA
(P])Z {qu .
(d)e(®)
Buéc 2: Viét phuong trinh mat phang (P») thod man
diéu kién:
aA
(P>): {qu .
(d,) e(P,)
Buidc 3: Pudng thing (d) chinh 1a giao tuyén cla hai
mat phang (P)) va (P).

Va tir day, ching ta da biét cac cach xac dinh
dang phuong trinh cho dudng thang (d).
Diéu kién di qua diém A trong bai todn trén c6 thé duoc thay boi
diéu kién song song v6i mot duong thang (A) hoic vuong géc véi
mot mat phang.

Thi du 3. Cho mdt phdng (P) va hai duong thang (d,) va (d2) ¢é phuong trinh:
(P): 3x +3y —4y =0,
x-1 y-3 z+2 x-2 y-1 z-1
d,): = = , (d): = = .
(d)) 1 5 1 (d,) 3 1 5

a. Tinh cosin géc gia mdt phdng (P) véi cdc duong thdng (d,), (do).
b. Viét phuong trinh duong thdang vuong géc voi mdt phang (P) va cdt
cd hai duong thdng (dy), (dy).
&5 Gidi
a. Taco:
= Mat phing (P) c6 vipt n,(3; 3; —4).
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* Puong thang (d;) c6 vtcp ;1(1; 2; 1) va di qua diém M,(1; 3; -2).
= Pudng thing (d2) c6 vicp u,(3; —1; —2) va di qua diém Mx(2; 1; 1).
Ta lan luot:
=  Goi a la goc giita (d,) véi (P) thi:
upnp| [13+2.3+1(-4)| 5
| Ve B3y V476

= cosa, =+/1—sin’ a =\/1—£ = ﬂ

476 476
»  Goi [ 1a goc gitra (d) véi (P) thi:

sinoL =

np

g u,n, 33-13-2(-4) 7
SInnp = — 7 = =
Wl 3 (12 (22 BB (4 V119

49 /70 /10
= coSs =«/1—sin2 = /1l-——=,]—=,]—.
P P 119 119 17

b. Ta c6 thé lua chon mot trong cac cach sau:
Cdch 1: Chuyén phuong trinh cdc dudng thing (d,), (d) vé dang tham s6:

x=1+t x=2+3u
(d): sy=3+42t (te R), (d2): sy=1-u (ue R).
z=-2+t z=1-2u

Gia st (A) 1a dudng thiang can dung va (A) cat (d;) va (dz) theo thit tu tai cdc diém
E, F. Khi dé6:

* DPiémE e (di) suyraE(1 +t; 3 +2t; t—2).
* PiémF € (d2) suy ra F(2 + 3u; 1 —u; 1 — 2u).
* Vi EF vuong géc v6i mat phang (P) c6 vipt ITI; (3; 3; —4) ta duoc:
E—szi - Bu—t+1 =—u—2t—2 :—2u—t+3
3 3 -4
Khi dé, dudng thang (A) duoc cho béi:

=t=1= E(25-1).

Qua E(2:5:~1) X=2+3t
: ﬁl(33 4)<:>(A): y=5+3t ,te R.
vtep u'(3;3; —
z=-1-4t

Cdch 2: Gia sl (A) 1a dudng thang cin dung, khi dé (A) 1 giao tuyén ciia hai mat
phang (Q)) va (Q), trong d6:

(L@ [P L@,
(Q: {(d»c(Ql)Val (Qu) {(d»c(Qz)'
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*  Phuong trinh mat phang (Q:) dugc cho boi:
Qua M, (1;3;-2) Qua M, (1;3;-2)
Q):{ T T e@yy . T
Capvtcp n, va u, vtpt ng, =[n,, u J=(1L-73)
S (Q): 11x—=T7y+3z2+16=0.
*  Phuong trinh mat phang (Q,) dugc cho boi:
Qua M, (2;1;1) Qua M, (2;1;1)
Q)i T ey
Capvtcp n, va u, vipt ng, =[n;, u,]=(-10;-6;-12)
< (Q): 5x+3y+62—-19=0.

Vay, dudng thing (A) chita cdc diém M(x; y; z) thod man hé:
11x-7y+3z+16=0 M
5x+3y+62-19=0

Bing viéc dat x = 3t + 2, ta bién doi hé (I) vé dang:
x=3t+2 x=2+3t
113t +2)-Ty+32+16=0 < jy=5+3t ,te R.
53t+2)+3y+6z2-19=0 z=—-1-4t

D6 chinh 12 phuong trinh tham s6 clia duong thang (A) can dung.

Cdch 3: Gia slt (A) 1a dudng thang can dung va (A) cit (d) tai F.
* Goi (Q)) 1a mat phang vuong géc véi (P) va chita (d,), ta cé:
Qua M, (1;3;—-2) Qua M, (1;3;—-2)
Qxy " T e@)y . —
Capvtcp n, va u, vipt ng, =[n,, v, 1=(115-7;3)
<SS (Q): 11x—=T7y+3z2+16=0.
* Toa do diém F 1a nghiém cta hé phuong trinh:
x-2 y-1_z-1 x=5-3y

3 1 2 &dz=2y-1
11x-7y+3z+16=0 115-3y)-7y+3Q2y-1)+16=0
= F(-1;2;3).
Vay, phuong trinh duong thiang (A) c6 dang:
Qua F(-1;2;3) x+1 B
.{Vtcpfp(3;3;—4)©(A): 3 :y3 - —43'

Cdch 4: Gia st (A) 1a dudng thang can dung va (A) cat (d;) tai E.
* Goi (Q») 1a mat phang song song véi (d’) va chita (d»), ta c6:
Qua M, (2;1;1) Qua M, (2;1;1)
Q)4 T e (Q ISR
Capvtcp n, va u, vipt ng, =[n;, u,]=(-10;-6;-12)

< (Q):5x+3y+62—-19=0.
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* Toa do diém B la nghiém ctia h¢ phuong trinh:
x—1 y-3 z+2 y=2x+1
1 2 1 ©qz=x-3 =E(25-1).
5x+3y+62-19=0  |5x+32x+1)+6(x—=3)—19=0
Vay, phuong trinh duong thang (A) ¢6 dang:
'{deﬂli—b x=2 y-5 z+1

vtep nT,(3;3; —4) < @) 3 3 -4
& Chu y: Két hop diéu kién vuong géc va cit dudng thing chiing ta nhan duoc
dang todn "Viét phuong trinh duong thdng (d) di qua diém A vuong
goc va cdt duong thdang (d) cho truéc", vi du s& sau minh hoa phuong
phép thuc hién.
Thi du 4. Cho diém M(1; 2; —1) va duong thdng (d) c6 phuong trinh:
x=2
(d):qy=t ,te R.
z=1-t
a. Xdc dinh toa do hinh chiéu vuong géc ciia M trén duong thdang (d).
T dé, suy ra toa doé diém M, doi xiing véi M qua (d).
b. Ldp phuong trinh duong thing di qua M vuéng géc voi (d) va cdt (d).
&5 Gidi
a. Goi H 12 hinh chiéu vuong géc clia M 1én dudng thang (d), suy ra:
HQ2;t1-t)= MH(l;t—2;2—1),
MH L (d)< MH Lu< MHu=0 &t-2+t-2=0&t=2=H(2; 2, -1).
Vi H 12 trung diém cﬁaqMMl nén ta cé M;(3; 2; —1).
b. Phuong trinh dudng thang di qua M vuong gdc véi (d) va cat (d) l1a:

Qua M(1:2;-1) x=1+t
A): . & (A):jy=2 ,te R.
vtcp MH(1;0;0) g1

& Chu y: Dé tang do khé cho dang toan "Viét phuong trinh duong thdng (d) di
qua diém A vuong géc va cdt duong thang (A) cho trude", ngudi ta
thuong thay diéu kién vudng gdc bang tao vdi (A) mot géc a.,
Thi du 5. Ldp phuong trinh duong thang di qua A(4; 1; —1) cdt (A) va tao véi (A)
mot géc bang 45°, biét:
x=0
(A):qy=1+t,teR.
z=1+t
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&S Gidi
Ta c6 thé lua chon mot trong hai céch sau:

Cdch I: Buong thang (A) di qua diém B(0; 1; 1) va c6 vtcp u—A (0; 1; 1).
Gia st dudng thing (d) can dung c6 vtcp u,(a; b; ¢) , ta lan luot c6:

=  Goi (P) Ia mat phang qua A va chita (A) thi (P) c6 vtpt rTP duoc cho bai:

n, = [Hs, ﬁ] =(=2; 4;—4) chon n,(I;-2;2).
* Vi (d) cat (A) nén nam trong (P), do do:

u,ln, &umn, =0 &a-2b+2c=0<a=2b-2c.
» D¢ gdc gitta (d) va (A) bang 45° diéu kién la:

Uy.Uy 1 |b+C|

—— > ==

ud|.|uA 2 \/.512+b2+02.\/12+12

S ((b+c)P=02b-20)+b>+c?<2b%—5bc+2¢* =0
<> b =2c hoac ¢ =2b.

cos45° =

Khi dé:
= V6ib=2cthia=2cnén uj(Zc; 2¢; ¢) chon 117(2; 2; 1), tir do:
Qua A(4:1:—1) X=d+2
(dy): _ < (d):y=1+2t,teR.
vtep u,(2;2;1) s 14t

= Véic=2bthia=-2bnén u,(-2b; b; 2b) chon u,(-2;1; 2), tir dé:

Qua A(4:1:—1) x=4-2
(do): — 212<:>(d2): y=1+t ,teR.
viep u (=2;1:2) Z=—1+2t

Vay, ton tai hai dudng thang (d;) va (d2) thod man diéu kién diu bai.

Cdch 2: Buong thang (A) di qua diém B(0; 1; 1) va c6 vicp u—A (0; 1; 1).
Goi H 1a hinh chi€u vuong géc cua A trén (A), ta 1an lugt ¢6:
= Goi (Q) 1a mat phing qua A va vuong géc véi (A), ta co:
Qua A(4;1;—-1)
): . < Q):y+z=0.
vtpt u, (0; 1; 1)

= Vi {H} =(A) " (Q)nén toa do H la nghiém hé¢ phuong trinh:

{
x=0
“ 14t
Y=t =y =2=0= H(©; 0; 0).
z=1+t

y+z=0
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Gia st duong thiang (d) can dung cat (A) tai M(0; 1 + t; 1 + t) thi AHAM vuong
can tai H, suy ra:
HM=HA & HM?=HA2 & (1 + )2 + (1 + 2 =42 + 12+ (=1)?
{1“:—3 {t, =—4
S(1+1)=9< = .
1+t=3 t,=2
Khi dé:
*  Véit; =—4 thi My(0; —3; -3), tir d6:
{ x=4+2t

ua A(4;1;—-1
Q ( ) < (d):qy=1+2t,teR.

(dy): .
vtep M,A(4;4;2) chon (2;2;1) s= 1+t

*  V6it, =2 thi My(0; 3; 3), tir do:

Qua A(41;-1) x=4-2t
(do): . < (dy)y=1+t ,teR.
vtep AM, (—4;2;4) chon (-2;1;2) e 14+t

Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.
Cdch 3: Puong thang (A) di qua diém B(0; 1; 1) va c6 vtcp uj (0; 1; 1).

Ta lan luot c6:

» Khoang cach d tir A dén (A) duoc cho bai:

‘[@’uj] - JI8.

d=
u

A
= Goi H 12 hinh chiéu vuong géc clia A trén (A) va gia sit duong thang (d) cin
dung cét (A) tai M(0; 1 +t; 1 + t) thi AHAM vuong cén tai H, suy ra:
AM = AHV2 & AM? =2AH? < (—42 + 2+ (2 + 1) =2.18
St2+2t-8=0<ti=—4hoic b, =2.
Khi do:
= Véit =—4 thi My(0; —3; -3), tu do:
Qua A(4;1;-1)
vtep M,A(4;4;2) chon (2;2;1)

Xx=4+2t
< (d):qy=1+2t,teR.
z=-1+t

(do):

*  V6it, =2 thi My(0; 3; 3), tir do:

d): Qua A(4;1;-1)
" | vicp AM, (—4;2;4)chon (~2;1;2)

x=4-2t

< (dy))qy=1+t ,teR.
z=-1+2t

Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.

& Chu y: Két hop diéu kién vuong géc va cit dudng thing chiing ta nhan duoc
dang toan "Viét phuong trinh duong thing (d) di qua diém A vuong
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goc véi duong thdang (di) va cdt duong thing (dv) chéo nhau cho
trudc", vi du s€ sau minh hoa phuong phéap thuc hién.
Thi du 6. Cho diem A4; —1; —1) va hai duong thang (A1) va (Az) ¢6 phuong trinh:
x—-1 y-3 z-2 x=3 y-1 z-1
A== 2 p) e
B == o BT 3
a. Chiing minh rdng hai duong thing (A,), (A2) chéo nhau.

b. Viét phuwong trinh dwong thang di qua diém A vuong géc voi (A)
va cat (As).

&S Gidi

a. Tacé:
= Pudng thing (A) c6 vicp v,(2; —1; 1) va di qua diém Mi(1; 3; 2).
*  Puong thang (Az) cé vtep 72(—2; 1; 3) va di qua diém My(3; 1; 1).
Nhan xét rang:

[VT, Z].MIMZ -8 = (A1) va (A) chéo nhau.

b. Goi (d) 1a duong thang cin dung, ta c6 thé trinh bay theo céc cdch sau:
Cdch I: Chuyén phuong trinh dudng thang (A>) vé dang tham sé:
x=3-2u
(A2): <y=1+u (ue R).
z=1+3u
Gia str (d) cat (A,) tai diém N, khi do:
* Piém N e (A;) suy raN(3 —2u; 1 +u; 1 + 3u).
» Diéu kién dé (d) vuong géc v6i dudng thang (A) la:
AN Lv, & ANy, =0 & 2(-1-20) -2 +u) +2+3u=0
& -2u-2=0&u=-1=N(5; 0; -2).
Khi d6, phuong trinh dudng thang (d) dugc cho boi:
d4): {Qua T;_l;_l) o (d): x—4 _ y+1 _ z+1 .
vtep AN(1;1; —1) 1 1 -l
Cdch 2: Ta lan luot:

Goi (R)) 1a mat phang di qua A va vudng géc véi (A;) thi:
Qua A(4;-1;-1)
R1)1 .
vtpt v, (2;-1;1)
Goi (R2) 12 mat phang di qua A va chita (A,) thi:
( Qua A(4;—-1;-1) Qua A4;-1;-1)
¥\ Capvicp AM, va v, 7 vipt n=[AM,, v,]= (4~ 1;3)
& Ro):d4x—-y+32-14=0.

& R):2x—-y+z-8=0.
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Khi d6, dudng thang (d) can dung chita cdc diém M(X; y; z) thod man hé:
2x-y+z-8=0
4x—y+3z-14=0

Bang viéc dat x = t, ta bién d6i hé (*) vé dang:

()

X=t X=t
2t—-y+z-8=0 <& <y=-5+t,te R.
4t—y+3z-14=0 z=3-t

D6 chinh 12 phuong trinh tham s6 clia duong thang (d) can dung.

@ Luu y: Ching ta c6 thé t6i uu 16i giai trong céch 2 nhu sau:

Gia st (d) v6i veep u 12 dudng thing cdn dung, khi d6 (d) 12 giao tuyén
ctia hai mat phang (R)) va (Ry), trong d6:

R): Qua A 3 (Ro): Qua A
PladL®R) U ) e R,

= Mat phang (R)) c6 vtpt Vi(Z; -1;1).

= Mt phing (R») ¢6 vtpt n, dugc cho bdi n, =[AM,, v,]=(4;—1;3).
* vtcp u cia dudng thing (d) duoc cho béi u = |:VT nj] =(1;1;-1).
Khi d6, dudng thang (d) dugc cho boi:

Qua A(4;—-1;—-1) _
) i <:>(d):X 4:y+1:Z+1.
vicp u(l;l; —1) 1 1 -1

Cdch 3: Ta lan luot:
= Goi (R)) 12 mat phing di qua A va vuong géc véi (A) thi:
Qua A(4;—-1;—-1)
R): _ & R):2x—-y+z-8=0.

vtpt v, (2;-1;1)

» Mat phang (R;) cit (A,) tai diém N thi toa do ctia N 12 nghiém clia hé:

x-3 y-1 z-1 x+2y=5 x=5

2 1 3 oly-z=2 &dy=0 = N(5;0; -2).

2x-y+z-8=0 2x—-y+z-8=0 z=-2

Khi d6, phuong trinh dudng thang (d) duoc cho bdi:
Qua A(4:—1:—1) x=d+4t
d): - &S (d):sy=-1+t,te R.

vtep AN(l;l; —1)

z=-1-t
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Dang toan 3: Vi tri tuong d6i ciia duong thgng va mat phgng
P]urohg phap
Dé xét vi tri tlrdng doi cia duong thang (d) va mat phang (P) (hodc xac
dinh diéu kién vé vi tri tuong d6i gitta dudng thang (d) va mat phang (P)), ta
thuong lwa chon moét trong hai cach sau:
Cach 1. (Phuong phdp dai s6): Thuc hién theo cac budc:
Budc 1: Xét hé phuong trinh tao bdi (d) va (P).
Buoc2: Bién luan:
* Néu hé ¢6 nghiém duy nhét , khi d6 (d) n (P) = {A} ¢
toa do 1a nghiém ctia he.
»  Néuhé vonghiém, khid6 (d)n(P)=D<=(d)// P).
»  Neéu hé c6 v6 s6 nghiém, khi d6 (d) < (P).
Cach 2 (Phuong phap hinh hoc): Thuc hién theo cac budc:
But6c 1: Giasu: ~
= (d) co6 vtcp u (a; b; ¢) va di qua Mo(Xo; yo; Zo).
= (P)c6 vipt n(A; B; C).
Buoc 2: Khi do:
1. Bé(d) cat (P) diéu kién la:

u.n #0< Aa+Bb+ Cc#0.
2. DE (d) song song vdéi (P) diéu kién la:

{Mﬁ {a,ﬁ:o {Aa+Bb+Cc:0
= =

M,¢((P) |M,e(P) [Ax,+By,+Cz,+D=#0
3. Dé (d) nam trong (P) diéu kién la:
uln wn=0 Aa+Bb+Cc=0
= = )
M, (P) M, €(P) Ax,+By,+Cz,+D=0
Hoic ¢6 thé 14y hai diém phan biét M, N thuoc (d) va thiét
lap diéu kien M, N thuoc (P).
4. Pé (d) vuong goc véi (P) diéukiénla u =kn.

@ Chu y: Trong trudng hop dudng thing (d) nim trong mat phing (P) chiing ta

thuong gap thém céac cau hoi:

1. Viét phuong trinh mat phang chita (d) va vuong géc véi (P).

2. Viét phuong trinh mat phang chia (d) va tao vé6i (P) mot géc a.

3. Viét phuong trinh mat cau c¢6 ban kinh R tiép xuc véi (d) va (P) tai
diém M.

4. Viét phuong trinh mat cau ¢ ban kinh R tiép xiic vdi (d) tai di€ém
M va cit (P) theo thiét dién 1a dudng tron 16n.

5. Viét phuong trinh mat cdu c6 ban kinh R tiép xtic véi (d) tai diém
M va cit (P) theo thiét dién 1a dudng tron c6 ban kinh bang r.
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& V6i yéu cau "Viét phuong trinh mdt phdng (Q) chita (d) va vuong goéc véi
(P)", ching ta thuc hién theo cic budc:
BuSc1: Tim mot vicp u cta dudng thang (d) va 1dy diém A thuoc (d).
Tim mot vtpt n clia mit phang (P).
Goi n,, la mot vtpt ctia mat phang (Q), ta c6:
n, Llu . ..
"t afai]
n, Ln
Budc2: Khi d6, phuong trinh mat phing (Q) dugc cho boi:
) {Qua A

vipt ng,

+ V6i yeu cau "Viét phuong trinh mdt phang (Q) chita (d) va tao véi (P) mot géc
o', ching ta thuc hién theo cic budc:
Buc1: Tim mot vicp u ctia dudng thing (d) va 14y diém A thuoc (d).
Tim mot vtpt n clia mit phang (P).
Goi n—Q (a; b; ¢) 12 mot vtpt ctia mat phang (Q), ta lan luot c6:
= n,lu< ngu=0. (1)
ng-n
* g((P),Q)=a<= T =Cosda. (2)

ol

Giai hé tao bdi (1) va (2) ching ta nhan duoc toa do cta i .
Budc 2: Khi d6, phuong trinh mat phing (Q) dugc cho boi:
{Qua A

vtpt '

* Vi yéu cau "Viét phuong trinh mdt cdu (S) cé bdn kinh R tiép xiic véi (d) va
(P) tai diém M" thi bai todn dugc chuyén vé dang "Viét phuong trinh mdt cdu
c6 bdn kinh R tiép xiic véi (P) tai diém M", day 1a dang todn ma chiing ta da
biét cach thuc hién.

% Vi yeu cau "Viét phuong trinh mdt cdu (S) ¢6 ban kinh R tiép xiic véi (d) tai
diém M va cdt (P) theo thiét dién la duong tron l6n", ching ta c6 thé Iva chon
mot trong cdc cach:

Cdch I: Ta thuc hién theo cac budc:
Buoc 1: Gia su I(x; y; z) 1a tam mat cau (S), khi d6:

Ie(P) Ie(P)
MI L (d) < {MLu=0 = Toa do tam L.
MI=R M? =R?

Bu6c 2:  Viét phuong trinh mét cau (S) v6i tam I ban kinh R.
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Cdch 2: Ta thuc hién theo cac budc:

Budc 1: Lap phuong trinh tham s6 ctia dudng thang (A) nim trong
(P) va vuong géc véi (d) tai M.

Buoc2: Gia su11a tam mat cau (S), khi d6: toa do tam I thoa man
phuong trinh tham s6 cua (A).
Str dung diéu kién:

MI =R = Toa do6 tam 1.

Budc 3: Viét phuong trinh mat cau (S) véi tam I ban kinh R.

* Vi yéu cau "Viét phuong trinh mdt cdu (S) ¢6 ban kinh R tiép xiic véi (d) tai
diém M va cdt (P) theo thiét dién la duong tron cé ban kinh bdng r'", ching ta
thuc hién theo cic budc:

Buoc 1; Gia st I(x; y; z) 1a tam mat cau (S), khi do:
MI L (d)
MI=R = Toa do tam 1.

d(1, (P))=vR> =12

Budc2: Viét phuong trinh mat cau (S) véi tam I ban kinh R.

Thi du 1. Cho mdt phdng (P) va duong thing (d) ¢é phuong trinh:
x=1
P):x+2y+22-5=0, (d):{y=2+t,teR.
z=—t

a. Chiing minh rdng duong thang (d) nam trong mdt phdang (P).
b. Viét phuong trinh mdit phdng (Q) chita (d) va vuéng géc véi (P).
c. Viét phuong trinh mdt phdng (R) chita (d) va tao véi (P) mot géc o

. 6
co cosoL=—.
3

d. Viét phuong trinh mdt cdu cé ban kinh R =18 tiép xiic véi (d) tai
diém M(1; 2; 0) va cdt (P) theo thiét dién la duong tron lon.

e. Viét phuong trinh mdt cdu (S) ¢é bdn kinh R =3 tiép xiic vdi (d)
tai diém N(1; 3; —1) va cdat (P) theo thiét dién la duong tron cé dién

tich bang %t )

5 Gidi
a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Xét hé phuong trinh tao boi (d) va (P) bang cdch thay phuong trinh tham s6
cua (d) vao (P), ta dugc:
1+2Q2+t)+2(-t)-5=0<0=0.
Tiic hé ¢6 vo s6 nghiém, do d6 (d) nam trong (P).
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Cdch 2: Puong thang (d) di qua hai diém A(1; 2; 0) va B(1; 3; —1).
Nhan xét rang A, B ciing thudc (P) nén (d) nam trong (P).

Cdch 3: Dudng thing (d) ¢6 vtep u(0; 1; —1) va di qua diém A(1; 2; 0).
Mt phéng (P) ¢6 vtpt n(l; 2; 2) . Nhan xét ring:

un=12-12=0 < uln. (1)
1422-5=0=A € (P). 2)
Tu (1) va (2) suy ra (d) nam trong (P).
b. Ta cé:

* Puong thang (d) c6 vtcp ﬁ(O; 1; —1) va di qua diém A(1; 2; 0).
= Mat phang (P) c6 vtpt n(l; 2;2).
Mat phéng (Q) ¢6 vtpt n,, thoa man:
nglu . ..
I n, =[u, n}=(4; -1;-1).
n, Ln
Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(l; 2; O)
(Q): _ < (Q)dx—-y—-z-2=0.
vipt ny(4; =1 = 1)

c. Gié sirmat phing (R) c6 vipt n, (a; b; ¢) # 0, ta ldn luot:
» D¢ (R) chita (d) diéu kién Ia:
n, Llu © nu=0<b-c=0sb=c.

= (R) tao v6i (P) mot géc a c6 cosa :76 diéu kién la:
|a+2b+2¢| J6  |a+2b+2d|
JaZibr e 12422428 3 Ja®+b? +¢?
& (a+4b)’ =6(a’ +2b%) < 52> —8ab—4b>=0 < a =2b hoic a:—gb.
Khi do:
= V6i a=2b thichona=2tadugcb=c=1nén n,(2;1;1), tir d6:

A(1;2;0

&S Ri):2x+y+z2-4=0.

vipt ng (2; 1; 1)
= Vé6i az—%b thi chon a =2 ta dugc b=c=-5nén i(z; —5;-5),trdo:
Qua A(1;2;0)

(R,): —
vtpt n, (2; —35; -5)
Vay, ton tai hai mat phang (R)), (R») thoa man diéu kién diu bai.

& (R2):2x -5y —-52+8=0.
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d. Ta c6 thé trinh bay theo céc céch sau:
Cdch 1: Gia st I(x; y; z) 1a tam mat cau (S) can dung, khi dé:

Ie(P) Ie(P) X+2y+22-5=0
MIL(d) < {Mlu=0 < Jy-2-2=0
MI=R IM* =R*? x=-1)*+(y-2"+2z"=18
x=1-4z x=1-4z
x=-3,y=3,z=1
& y=z+2 Siy=z+2 &
x=5y=1,z=-1

(42 +z° +72° =18 |z=%I
Khi do:
*  V6iIi(-3; 3; 1), tir d6 ta duoc mit cau:
Tam I, (-3;3;1)
(Sy):
Ban kinh R=+/18
= VéiI(5; 1; —1), tir d6 ta duoc mat cau:
Tam L, (5;1; -1
So): 2( )
Bin kinh R=/18

Vay, t6n tai hai mat cau (S)), (S2) thoa man diéu kién dau bai.

S S):x+3)?+ (-3 +(@z-1)7*=18.

S (S): x=5+(Fy -1 +(@z+1)7>=18.

Cdch 2: Gi st I 1a tam mat cau (S) can dung, khi d6 I thuoc dudng thiang (A) ¢6 vtcp
u—A nam trong (P) va vuong géc vdi (d) tai M. Ta co:

—

ljf lj:> u, =[u, n]=(4; -1;-1).

u, Ln

Khi d6, phuong trinh dudng thang (A) dugc cho béi:

Qua M(1:2:0) x=1+4t
: — & (A): qy=2-t ,te R.
vtcp uA(4;—1;—1) A

Tir d6 tam I(1 + 4t; 2 — t; —t) va diéu kién:
MI=R e MP=R’< 162 +?+t?=18 <=1 < t=11.
Khi dé:
= Vé6it=—1thi I;(-3; 3; 1), tir d6 ta duoc:
Tam I, (-3;3; 1)
Sv):
Ban kinh R=/18
= Véit=1thiLx(5; 1; —1), tir d6 ta duoc:
Tam L, (5;1; -1
So): { 2( )

SS):x+3)?+ (-3 +(@z-1)7*=18.

S(S): x=5+(Fy -1 +(@z+1)7>=18.
Bén kinh R=+/18

Vay, ton tai hai mat cau (S)), (S2) thoa man diéu kién dau bai.
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e. Gia st K(x; y; z) 1a tam mat cau (T) can dung, khi d6 ta lan luot c6:
= ViNK L (d) nén:

NKu=0 oy-3-z-1=0y=z+4=0. (3)
= VINK=Rnén(x— 1P+ (y—3P+(z+1)?=3. (4)
*  Gia sir dudng tron (C) tao boi (T) cat (P) ¢6 ban kinh r, ta ¢6 :

S =t & 2f,ﬂ::?‘cr2 < r:g.

+2y+2z-5
A, (P =R -7 o 2223 -2
VI 422422 9
x+2y+2z=10
& |x+2y+2z-5|=5 & .
X+2y+2z=0
Tu do:
*  Vé6ix +2y+ 2z =10 két hop vé6i (3) ta dugc:
x+2y+2z=10 x=2-4z
=
y=z+4
Thay (I) vao (4) ta duoc:
(1-4z2*+(z+ 1)+ (z+1)?=3<622-42=0< z=0hoic z=§.
Khi dé:
- V6iz=0thix =2vay=4nénK,(2; 4; 0), suy ra mat cau:
(T): x=2)*+(y—4)*+22=3.

y=z+4 ’ D

- Véi z:§ thi x=—=va y:% nén K, [——,—, %j, suy ra mat cau:

2Y 14’ 2Y
T)|x+=| +|y——| +|z—=| =3.
(2)( 3) (y 3) ( 3]
*  Vé6ix+2y+2z=0két hop véi (4) ta duoc:
Xx+2y+2z=0 x=—4z-8
f—g .
y=z+4 y=z+4

Thay (IT) vao (4) ta duoc:

ey

9z? + 362 + 40 =0 < z = -2 hoiac z:—? .
Khi dé6:
- Vé6iz=-2thix=0vay=2nénKs(0; 2; —2), suy ra mat cau:
(T3): x2+ (y =2 + (z + 2)* = 3.

- Véi z=—% thi x=§ va y=§ nén K4(§;E;—§j,suy ra mat cau:

9
8\’ 16 20Y
T)i | x——=| +|y——| +|z+—| =3.
(“)[ ‘9j (y 9) ( 9)
Vay, tén tai bon mat cau (T)), (T>), (T3), (Ts) thoa mén diéu kién dau bai.
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& Chu y- Trong trudng hop dudng thing (d) song song véi mat phing (P) ching
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ta thuong gap thém cau hoi:

Tinh khoang cach giita (d) va (P).

Viét phuong trinh mat phang chita (d) va song song véi (P).

Viét phuong trinh hinh chiéu vuong géc cua (d) trén (P).

Viét phuong trinh mat phang chita (d) va tao v6i (P) mot géc o.
Viét phuong trinh mat cau c6 ban kinh nhd nhat ti€p xic véi (P)
va tiép xidc véi (d) tai diém M.

NP P

6. Viét phuong trinh mat cau ti€p xic véi (d) va tiép xuc voi (P) tai
diém M.

+ Vi yéu cau "Tinh khodng cdch giita (d) va (P)", chiing ta c6 ngay:

d(d, (P)) =d(A, (P)), v6i A € (d).

+ V6i yéu cau "Viét phuong trinh mdt phdng chita (d) va song song véi (P)",

ching ta c6 ngay:
ua A e(d
o {Q Aeld)
vipt n,
Véi yéu ciu "Viét phuong trinh hinh chiéu vuéng géc cia (d) trén (P)", ching
ta c6 cac cach giai sau:
Cdch 1: Ta thuc hién theo cac budc:
Budc 1; 14y diém A e (d), tir d6 xac dinh toa do diém Ha 12 hinh
chi€u vuong goc cua A 1én (P).
Budc2: Phuong trinh hinh chi€u vuong géc clia duong thang (d)
lén mat phing (P) 1a duong thang (di) duoc cho boi:

H
(dy): {qua A

(d)//(d)
Cdch 2: Ta thuc hién theo cac budc:
Budc 1: Viét phuong trinh mit phiang (Q) chita (d) va vuong géc
v6i (P).
Budc 2: Khi dé, hinh chi€u vuong géc clia duong thiang (d) lén
mat phang (P) chinh 12 giao tuyén ctia (P) va (Q).

Véi yéu cau "Viét phuong trinh mdt phdng chita (d) va tao véi (P) mot géc o,

chiing ta thuc hién tuong tu nhu trong trong hop dudng thiang (d) nim trong

mat phang (P).

Véi yéu cau "Viét phuong trinh mdt cdu c6 ban kinh nho nhdt tiép xiic voi (P)

va tiép xiic voi (d) tai diém M", ching ta thuc hién theo c4c budc:

Buoc 1: Goi (S) 1a mat cau can dung, suy ra (S) chinh 1a mat cau dudng kinh
MN véi N 1a hinh chi€u vuong géc cua M trén (P).

Budc 2: Xiac dinh toa do diém N.

Buoc 3:  Viét phuong trinh mat cau duong kinh MN.




+ Vi yeu cau "Viét phuong trinh mdt cdu tiép xic voi (d) va tiép xiic voi (P) tai
diém M", chiing ta thuc hién theo cdc budc:
Buoc 1: Gia st mat cau (S) can dung ¢6 tam I, ban kinh R va ti€p xic véi

duong thang (d) tai N.
ViN e (d) nén thod man phuong trinh tham s6 cua (d).

Budc 2: Viét phuong trinh tham s6 clia dudng thiang (A) qua M va vuong géc

véi (P).
Vil € (A) nén thoa man phuong trinh tham s6 cua (A).

> Thiét 1ap diéu kién IN L (d) va R = IM = IN chiing ta s& nhan duoc

toa do tam I va do dai ban kinh R.

B . Viét phuong trinh mat cau (S) tam I ban kinh R.
Thi du 2. Cho mdt phdng (P) va duong thing (d) cé phuong trinh:
x=1
Pex+y—-6=0, (d):1y=1 ,teR.
z=4+t

&5 Gidi

Ta cé:

Chiing minh rdang duong thdng (d) song song véi mdt phang (P).

Tinh khodng cdch giita (d) va (P).
. Viét phuong trinh mdt phdng chita (d) va song song voi (P).
. Viét phuong trinh hinh chiéu vuong géc cua (d) trén (P).
. Viét phwong trinh mdt phdng chita (d) va tao véi (P) mét géc o co

3
cosa =——

NTE

. Viét phuong trinh mdt cau cé bdn kinh nho nhdt tiép xiic voi (P) va

tiép xiic voi (d) tai diem A(1; 1; 1).
Viét phuong trinh mdt cdu ¢é bdn kinh R =2+2 tiép xiic vdi (P) va
tiép xiic voi (d) tai diem A(1; 1; 1).

. Viét phuong trinh mdt cdu tiép xiic voi (d) va tiép xiic voi (P) tai

diem E(5; 1; 1).

= Mat phing (P) c6 vtpt n(l; 1; 0).
=  Puong thang (d) c6 vtcp ﬁ(O; 0; 1) va di qua diém M(1; 1; 4).

a. Ta lan luot:

» Pé chitng minh (d) song song vdi (P) ta ¢4 thé trinh bay theo céc cach sau:
Cdch 1: Bang céch thay phuong trinh tham s6 cua (d) vao (P), ta thay:

1+ 1-6=0, mau thuan

do d6 (d) song song véi (P).
Cach 2: Ta cé:

nu=0<nlu. (1)
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Nhan xét M ¢ (P). 2)
Twr (1) va (2) suy ra (d) song song vé6i (P).
» Khoang cach gida (d) va (P) duoc cho bdi:

1+1-6|
ddd, (P)) =dM, (P)) = |— =22
VIZ 417
b. Goi (Q) 1a mat phing cin dung, khi dé:
Qua M(L; 1;4
vtpt n(1; 1; 0)

c. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Goi H 1a hinh chi€u vuong géc cta M trén (P), ta c6:

&S Qr:x+y-2=0.

Qua M(1; 1:4) x=1+t
(MH): - < (MH): sy=1+t,te R.
vtep n(l;l; O)
z=4
Vi {H} = (MH) n (P), toa do H 1a nghiém hé phuong trinh:
x=1+t x=3
=1+t =3
Y= S T S G 34,
Z=4 Z:4

X+y—-6=0 t=2

Tir d6, phuong trinh duong thang (d’) 14 hinh chiéu vuong géc ctia (d) trén (P)
dugc cho boi:

Qua H(3; 3; 4) x=3
(d”): _ & (dY:y=3  ,teR.
vtep u(0; 0; 1) 7= 4+t

Cdch 2: Goi H(x; y; z) 1a hinh chi€u vudng géc cia M trén (P), ta c6:
x+y—-6=0 x=3

He(P) He(P) x—1=k y=3
v v < = H(3; 3; 4).
MH// n MH =kn y—1=k 7=14

z—4=0 k=2

Tir d6, phuong trinh dudng thing (d’) 1a hinh chi€u vuong géc cta (d) trén (R)
duoc cho boi:

Qua H(3; 3; 4) x=3
(d): . & (d):qy=3 ,teR.
vtep u(0; 0; 1) T

Cach 3: Goi (P) véi vipt n' la mit phing chita (d) va vuong géc véi (P), ta cé:

[P i
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Khi d6, phuong trinh mat phang (P*) duoc cho bdi:
, Qua M(1; 1; 4)
P): — (
vtpt n'(—1; 1; 0)
Tir d6, phuong trinh duong thang (d’) 14 hinh chiéu vuéng géc cta (d) trén (P)
gbm céc diém M(x; y; z) thoa man hé:

S P)x—-y=0.

{X+y_6:0¢>xzy=3.
x—y=0
Vay, dudng thang (d’) luon ¢6 phuong trinh tham sé 1a:
x=3
(d):qy=3 ,teR.
z=4+t

d. Gié sir mat phing (R) c6 vipt n, (a; b; ¢) thoa mén diéu kién ddu bai, ta 1an luot:
= Pé(R) chita (d) diéukienla n, Lu < n,u=0 <c=0.

*= (P) tao v6i (P) mot géc o ¢ coso = 3 diéu kién la:

J1o
|a+b| 3 - |a+b| 3
Jal b+ 21212 10 NICIESEENG
< 5(a+b)*=9(a’ + b?) < 2a% — 5ab + 2b* = 0 a = 2b hoac b = 2a.
Khi do:
= Véia=2bthi n,(2b; b; 0) chon n,(2;1; 0), tir dé:
Qua M(1; 1; 4)
(R)): _
vtpt ng (2; 1; 0)
= V6ib=2athi n,(a;2a; 0) chon n,(I; 2; 0), tir d6:
Qua M(1; 1; 4)
(R,): —
vtpt n, (1; 2; 0)
Vay, ton tai hai mat phang (R)), (R») thoa man diéu kién diu bai.
e. Goi (S) 1a mat cau can dung, suy ra (S) chinh 1a mat cau duong kinh AA’ véi A’
1a hinh chi€u vuong géc cua A trén (P). Ta lan lugt:
*  Xic dinh toa do diém A’(x; y; z) bang viéc st dung mot trong cc cich sau:
Cdch I: Ta cé:
A'e(P) - A'e(P)
AA' L (P) AA'(x-1y-1z-1)//n(1; 1; 0)
x+y—-6=0 t+D)+(t+)-6=0
x—1=t x=t+1
= = = A’3;3; 1).
y—1=t y=t+1
z—1=0 z=1

< [Ri):2x+y-3=0.

& Ro):x+2y-3=0.
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Cdch 2: Phuong trinh dudng thang (AA’) dugc cho boi:

x=1+t
AL 13 1
(AA): {QuaA < (AA): Qua#(’ ' )<:>(AA’): y=1+t.
(AA") L (P) vtep n(1; 1; 0) 1

Vi {A’} =(AA’) N (P) nén toa do A’ duoc xac dinh bing cach thay phuong trinh
tham s6 ctia (AA’) vao phuong trinh cta (P), ta duoc:
l1+4t+1+t—-6=0=t=2=>A"3;3; 1).
»  Phuong trinh mdt cdu duong kinh AA” dugc xac dinh bang mot trong cdc cch sau:
Cadch 1: Ta co:
Tam I 1atrung diém AA'

S): ' < (S):
®) Ban kinh Rz% ®) {

Tam 1(2; 2; 1)
R=+2

< (S):(x=2) +(y-2) +(z-1) =2.

Cdch 2: Mt cau (S) v6i duong kinh AA’ gébm céc diém:
N(x;y;z) € ()< AN LA'N< AN.A'N=0
Sx-Ly-1Lz-1).(x-3;y-3;z-1)=0
Sx-Dx-3D+y-)y-3)+(z-Dz-1)=0
SxXP+y+72-4x—4y—-2z+7=0.

D6 chinh la phuong trinh mat cau (S) can tim.

Cdch 3: Mat céu (S) v6i duong kinh AA” gom:
N(x; y; z) € (S) < ANAA’ vuong tai N < AN? + A’N? = AA™
SE-1D)P+y-1P2+z-1)+Ex-3 +F-32+(z-172=8
SxXP+y+72—4x—4y-2z+7=0.

D6 chinh la phuong trinh mat cau (S) can tim.

f.  Gia str mat cau (S) can dung c6 tam I(a; b; ¢), khi d6 I thuoc mat phang:

Qua A Qua A(I; 1; 1)
P,): P,): - Pa):z—1=0.
Fu) {(PAu(d) Y {vtpt sy <

Ta lan luot c6:
le P)=>c-1=0cc=1.
Al=R = @a-12+(b-1P2+(c—-12=8=@-12+b-172=8. (¥

d(I, (P) =R & M—zﬁ@| ibog=d4 e 071070
T JeEer ) - b=2-a
Tir d6:

= V6ib =10 - athay vao (*) ta duoc:
(a— 17+ (9—a)’=8 < 2a>-20a+ 76 =0, vo nghiém.
» V6ib=2-athay vao (*) ta dugc:
a=3 =>b=-1=13;-L1)

—1P+(l-af=8c(a-1)Y=4< '
(@a-1"+(1-a) @-1 L=_1:>b=3 =L(-131)
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Khi do:
»  Véitam I;(3; —1; 1) ta dugc mat cau (S;) ¢6 phuong trinh:
S): x=3 +(y+1)2+(@z-1)>*=8.
*  Véi tam I(—1; 3; 1) ta dugc mat cau (Sz) 6 phuong trinh:
(S): x+1)*+(y—-3)2+(@z—-1)>*=8.
Vay, ton tai hai mat cAu (S)), (S2) thod mén diéu kién ddu bai.
g. Gid sttmat cdu (T) cin dung c6 tam I, ban kinh R va tiép xtic v6i dudng thang (d) tai F.
ViF € (d)nén F(1; 1; 4 +1).
Goi (A) 1a duong thiang qua E va vuong géc véi (P), ta co:

Qua E(5:1:1) - X:fiu N

: R :dy=14+u,ue R.
vtep n(1;1; 0) Y .
7=

Vil € (A)nénI(u+5;u+ 1; 1), talan luot c6:
= ViFIL(d)nén:
Fllu & Flu=0 <3+t=0<t=-3=F(; 1; 1).
= ViFI=IEnén:
FP=1E’< (u+4)’+uv’=v’+v’<8u+16=0<u=-2.
Tur d6, mat cdu (T) v6i tam T(3; —1; 1), ban kinh R =2+/2 ¢6 dang:
(T):(x=3)" +(y+1)" +(z-1)" =8.

@ Chi y- Trong trudng hop dudng thing (d) cit mat phing (P) tai diém A

chung ta thuong gap thém cau hoi:

1. Tinh gbc gitta (d) va (P).

2. Viét phuong trinh hinh chiéu vuong goc ctia (d) trén (P).

3. Viét phuong trinh dudng thang (A) di qua A, ndm trong mat
phang (P) va vuong géc v6i duong thang (d).

4. Viét phuong trinh mit phang chita (d) va tao véi (P) mot géc 6 s6
do nho nhat.

5. Viét phuong trinh mat cau c¢6 ban kinh R, tam thudc duong
thang (d) va tiép xtc véi (P).

6. Viét phuong trinh mat cau ti€p xic véi (d) va tiép xuc véi (P) tai
diém M.

7. Viét phuong trinh mit cdu ¢6 ban kinh R tiép xiic véi (d) tai diém
M va tiép xuc v6i (P).

8. Viét phuong trinh mat cau ¢ ban kinh nho nhat tiép xdc vai (d) tai
diém M va ti€p xiic v6i (P).

+ Vi yéu cau "Tinh géc giita (d) va (P)", chiing ta ¢6 ngay:
» Mat phang (P) c6 vtpt i (A; B; C).
*  Pudng thing (d) ¢ vicp u(a;b;c).
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Goi o la goc tao boi (P) va (d), ta co:
|Aa +Bb +Cc|
VAT +B2+C A2 + b2 + ¢
+ VGi yéu cau "Viétr phuong trinh hinh chiéu vuong géc cua (d) trén (P)",
ching ta c6 cac cach giai sau:
Cdch 1: Ta thuc hién theo cac budc:
Budc 1: Xéc dinh toa do giao diém A ctia (d) va (P)
Budc2: 1Liy diém M e (d), tit d6 xéc dinh toa do diém Hy la
hinh chi€u vuong géc ctia M 1én (P).
Bu6c 3: Phuong trinh hinh chiéu vuong géc clia dudng thing
(d) 1én mat phang (P) 1a dudng thang (d;) duoc cho béi:

Qua A
(dl)l .
vtep AH,,

Cdch 2: Ta thuc hién theo cac budc:
Budc 1: Viét phuong trinh mat phing (Q) chita (d) va vuong
gbc voi (P).
Budc2: Khi dé, hinh chiéu vuong géc ctia duong thiang (d) lén
mat phang (P) chinh 12 giao tuyén ctia (P) va (Q).
+ V6i yéu cau "Viét phuong trinh duong thing (A) di qua A, ndm trong mdt phang
(P) va vuéng géc véi duong thang (d)", ching ta c¢6 cic cch gidi sau:
Cdch I: Ta thuc hién theo cac budc:
Budc 1: Goi u, 12 mot vicp clia dudng thing (A), ta c6:
{“f‘i: o =[aa].
u, Ln

sino. =

Budc2: Khi d6, phuong trinh dudng thing (A) dugc cho béi:
Qua A
(A): { ..
vtep u,,
Cach 2: Ta thuc hién theo cic budc:
Budc 1; Viét phuong trinh mat phiang (R) qua A va vuéng géc véi

(d).
Budc 2: Khi d6, duong thang (A) chinh 1a giao tuyén cta (P) va
(R).

+ V6i yéu cau "Viét phuong trinh mdit phdang chita (d) va tao véi (P) mot géc ¢ so
do nho nhdt", ching ta c6 cac cach giai sau:
Cdch I: Ta thuc hién theo cac budc:
Budc 1: Goi (Q) 1a mat phang can dung, nhan xét ring:
g((Q), (P)) 2 g((d), (P))
= Min[g((Q), (P))] = g((d), (P)) = a..
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Buoc2: Goi i 12 mot vtpt ctia mat phang (Q), ta lan luot c6:

= n,luengu=0. (1)
o

= g((P),(Q) =0 ————-=cosa. )
gl

Gidi he tao bai (1), (2) chiing ta nhan dugc toa do ctia n,, .
Budc 3: Khi d6, phuong trinh mat phing (Q) dugc cho boi:

A
Q) {Qua—

vipt n,,

: Ta thuc hién theo cédc budc:

Budc 1: Goi (Q) 1a mat phang can dung, nhan xét ring:
g((Q), (P)) = g((d), (P))
= Min[g((Q), (P))] = g((d), (P)) = a..

Buoc2: Goi i 12 mot vtpt clia mat phang (Q), ta lan luot c6:

{ELE_, = i{i,ﬁ]

nQJ_uA

Budc 3: Khi d6, phuong trinh mat phang (Q) dugc cho boi:
Qua A
Q) o

vtpt '

+ V6i yéu cau "Viét phuong trinh mdt cdu cé bdn kinh R, tdm thudc duong
thang (d) va tiép xiic véi (P)", chiing ta thuc hién theo cic budc:

Buoce 1:

Buoc 2:
Buoc 3:

Gia st mat cau (S) can dung c6 tam 1.

Vil € (d) nén thoa man phuong trinh tham s6 cua (d).

Dé (S) tiép xiic véi (P) diéu kién 1a d(I, (P)) = R = Toa do tam 1.
Viét phuong trinh mat cau (S) tam I ban kinh R.

+ Cé4c yéu ciu (6), (7) dugc thuc hién twong tu nhu trong trudong hop (d) song
song véi (P).
+ Vi yeu cau "Viét phuong trinh mdt cdu cé bdn kinh nhé nhdt tiép xiic véi (d) tai
diém M va tiép xiic véi (P)", chiing ta thuc hién theo céac budc:
Budc 1: Mat ciu (S) v6i tam I can dung s€ tiép xuc véi hinh chi€u vuong géc

Buoe 2:

(d’) cta (d) trén (P). )
Ta lan luot co: E

= Mt phang ((d), (d")) véi vipt 0 duge cho bdi: m
Pl n.i] g
— ~ n=|nuj.

(d)
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= Pudng thing (EI) véi vtep v dugc cho bdi:
S
Y Ij = V=|:u, n'].
vliu
*  Phuong trinh dudng thing (EI) dugc cho boi:
ua E
(ED): {Q . = Phuong trinh tham s6 (theo t) cua (EI).
vtcp v
Budc 3: Tu d6, vi I thuoc (EI) nén thoa man phuong trinh tham s6 cta (EI),
ta c6 diéu kién:
EI = [H = d(I, (P)) < EI = dX(I, (P)) = Tham s6 t
= Toa do tam 1.
Buc 4: Viét phuong trinh mat cau (S) tam I ban kinh R = EL

Thi du 3. Cho duong thdang (d) va mdt phdng (P) cé phuong trinh:
(d): X12=y;4=212, (P): 2x + 2y + 2~ 5=0.

a. Chimg minh rang duong thang (d) cdt mdt phdng (P) tai diém A.
Tim toa do A, tinh géc giita (d) va (P).

b. Viét phuong trinh hinh chiéu vuéng goc cua (d) trén (P).

c. Viét phuwong trinh dwong thdng (A) di qua A, ndm trong mdt phdng
(P) va vudng géc vdi duong thang (d).

d. Viét phuong trinh mdt phdng chita (d) va tao véi (P) mot géc cé sé
do nho nhat.

e. Viét phuong trinh mdt cdu cé bdn kinh bang 3, tam thuéc duong
thang (d) va tiép xiic voi (P).

&5 Gidi
Ta cé:
*  DPudng thang (d) di qua diém M(2; 4; 2) va 6 vtcp u(l; 3;1).
= Mat phang (P) c6 vtpt n(2;2; 1).

a. Xét hé phuong trinh tao bdi (d) va (P):

x-2 y-4 z-2 y=3x-2 x=1
1 3 1 ©4z=x < qy=1.
2x+2y+z-5=0 2x+2(3x-2)+x-5=0 z=1

Vay, ta thay (d) cat (P) tai diém A(1; 1; 1).
Goi o 1a goc tao bai (d) va (P), ta co:

, 2.1+23+1.]| 3
siInnao = = .
V222 P32+ VT

b. Ta c6 thé trinh bay theo céc céch sau:
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Cdch 1: Goi H 1a hinh chi€u vuong géc cua M trén (P), ta co:

Xx=2+2t
Qua M Qua M(2;4;2)
(MH): < (MH): - <& (MH): dy=4+2t,te R.
MH L (P) vtep n(2;2; 1)
z=2+t
Vi {H} = (MH) n (P) nén toa do H 1a nghiém hé phuong trinh:

Xx=2+2t Xx=2+2t x=0
:4 = =
y=4+2t - y=4+2t - y=2
z=2+t z=2+t z=1
2x+2y+z-5=0 22+2t)+2(4+20)+(2+1)—=5=0 t=-—1

= H(0; 2; 1).

Tir d6, phuong trinh dudng thang (di) 12 hinh chiéu vuong géc cia (d) trén (P)
duoc cho bai:

x=1-t
A(L; 1;1 Qua A(1;1;1)
@y: |QuALED - e @)ly=1+t,te R.
Qua H(0; 2; 1) vtep AH(-1;1; 0) o

Cdch 2: Goi H(x; y; z) 1a hinh chi€u vudng goc ctia M trén (P), ta c6:
2x+2y+z-5=0 x=0

He(P) He (P) x—-2=2k y=2
L L. e i = H(0; 2; 1)
MH// n MH =kn y—4=2k z=1

z—-2=k k=-1

Tir d6, phuong trinh duong thang (d;) 1a hinh chiéu vuéng géc ctia (d) trén (P)
dugc cho boi:
x=1-t
ua A(L;1;1 Qua A(1;1;1)
(dv): {Q ( )<:> di): {

N & (d):qy=1+t,t e R.
Qua H(0; 2; 1) vtep AH(-1;1; 0) .

Cdch 3: Goi (P’) véi vtpt n' la mat phang chita (d) va vuong géc véi (P), ta cé:
_.Y J_ - . - N .
Il lj:> n' =[u, n} =(-1;-1;4) chon n'(1; 1; - 4).
n'Ln
Khi d6, phuong trinh mat phang (P*) duoc cho bdi:
, Qua M(2; 4; 2)
P): — (
vipt n'(1; 1; — 4)
Tir d6, phuong trinh duong thang (d;) 1a hinh chiéu vuong géc ctia (d) trén (P)
gém cdc diém M(x; y; z) thod min hé:
X+y—-4z+2=0 - Xx+y—-4z+2=0
2x+2y+z-5=0

SP)x+y-4z+2=0.

. 1
Xx+y+5z-7=0 )
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Bang viéc dat x =t, ta bién d6i hé (1) vé dang:
Xx=t x=t
X+y—-4z+2=0 < Jy=2-t,te R.
X+y+5z2-7=0 z=1
D6 chinh 12 phuong trinh tham s6 clia duong thiang (d;) cin dung.
c. Ta co6 thé trinh bay theo c4c cach sau:
Cach 1: Goi ﬁ; 12 mot vtcp clia dudng thing (A), ta c6:

=
Eﬁ lj:> u, =[u, n]z(—l; -1;4).
u, Ln

Khi dé, phuong trinh duong thang (A) duoe cho bdi:

Qua A(I:1:1) x=1+t
(A): i o (A)dy=2 ,teR.
vtep u, (—1;—1; 4)

Cdch 2: Goi (R) 1a mat phang théa man:
A ua A(1;1;1
®): {qua o ®);: 1 AEED R x+3ysz-520.
(R) L(d) vipt u(1;3;1)
Khi d6, duong thang (A) chinh la giao tuyén clia (P) va (R) gém cic diém M(x; y; z)
thod man hé:
x+3y+z-5=0 - 2x+y+2z-6=0
2x+2y+z-5=0 x—y+z=0 '
Bang viéc dat x =t, ta bién d6i hé (2) vé dang:
X=t X=t

2

t+3y+z-5=0 & Jy=t ,te R.
2t+2y+z-5=0 z=5-4t
D6 chinh 13 phuong trinh tham s6 clia duong thang (A) cin dung.
d. Ta co thé trinh bay the9 cac qéch sau: )
Cdch 1: Goi (Q) 1a mat phang can dung, nhan xét rang:
g((Q), (P)) < g((d), (P)) = Min[g((Q), (P))] = g((d), (P)) = a..

Goi g(a; b; ¢) 12 mot vtpt clia mat phang (Q), ta 1an luot cé:

n,Llu < n,u=0<a+3b+c=0<c=-a-3b.

non 2
| [2a+2b+¢| _ 1_( 3 j

IlQ.Il

— 7 =C0S0 &
‘nQ‘.n‘ Ja? +b2 + 222 422 412 Ji1

& 11[2a+2b+(-a—3b)] =18(a’ +b* +¢?)
<> 25a% + 130ab + 169b? = 0 < (5a + 13b)* = 0 < 5a = —13b.
Chona=12tadugcb=-5vac=2nén E(B; -5;2).
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Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(LL 1)
(Q: {vtpt n,(13;-5;2)
Cdch 2: Goi (Q) 1a mat phang can dung, nhan xét rang:
g((Q), (P)) < g((d), (P)) = Min[g((Q), (P))] = g((d), (P)) = a..

Goi i(a; b; ¢) 12 mot vipt clia mat phang (Q), ta 1an luot cé:

n, Llu . . .
2T =, =lu,,ul=(-135-2).
n, Lu ¢ :

Q A

< (Q): 13x -5y +22-10=0.

Khi d6, phuong trinh mat phang (Q) duoc cho béi:
Qua A(L; ;1)

Q): — < (Q): 13x -5y +22—-10=0.
vipt n,(13; =5; 2)

e. Giasttmat cau (S) cAn dung cotam I, viI € (d) nén I(t + 2; 3t + 4; t + 2).
Dé (S) tiép xiic v6i (P) diéu kién la:

|2(t+2)+2(3t+4)+(t+2)—5|_3

dd,P) =R <
V22 422 412
& |t+1| =1 <t =0hoac t, =-2.

Khi do:

= Véit; =0 thi [,(2; 4; 2), tir d6 ta duoc:
Tam I (2;4;2

(S (24:2)
Ban kinh R=3

= Véit; = -2 thi I,(0; -2; 0), tir d6 ta duoc:
Tam 1, (0; —2; 0

(S2): { 20 =2:0)

S (S): (x =27+ (Y—4)P +(z -2 =09.

S(S): X2+ (y+2)12+22=9.
Ban kinh R=3

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.
Dang toan 4: Vi tri tuong d6i ciia hai duong thing
Phuong phap

DE xét vi tri twong d6i ctia hai duong thing (di) va (d) , ta thuc hién theo
cac budc:
Buoc 1: Thuc hién:

»  V6i dudng thing (di) chira vtep u, va diém M;e(ds).

» V6i dudng thing (ds) chi ra vtep u, va diém Mse(dy).
Bugc 2: Kiém tra:

» Néu u,, u,, MM, cing phuong thi két luan (di) va (d)
trung nhau.
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» Néuu,,u, cung phuong va khong cung phuong véi MM,
thi két luan (di) va (d2) song song vGi nhau.
» Néu u,, u, khong cung phuong, thuc hién bude 3.
Budc 3: Xac dinh [u, ,u, ]. M,M, , khi d6:
» Néu[u,, u, MM, =0thikétluan (d;) va (d2) ctnhau.
» Néu[u,,u, .MM, #0 thikétluan (di) va (d») chéo nhau.

& Cha y: V6i hai dudng thang (d;) va (d,) song song véi nhau, ching ta thudng

gap thém céac yéu cau:

1. Tinh khoang cach gitta (d,) va (d).

2. Viét phuong trinh mat phang chita (d;) va (d»).

3. Viét phuong trinh dudng théng (d) thuoc mat phang chia (di),
(d2) va song song, cach déu (d,), (d»).

4. Viét phuong trinh mat phang chita (di) va cach (d2) mot khoang
béng h.

5. Viét phuong trinh mat cau c¢6 ban kinh nhd nhat tiép xuc véi
(dy) tai diém E va tiép xtc véi (d).

6. Viét phuong trinh mat cau ti€p xuc véi ca (di), (d2) va cé tam

thuoc duong thang (A).
+ V6i yéu cau "Tinh khodng cdch gifta (di) va (d2)", ching ta c6 ngay:
H:MIMZ ’u2]
d((dy), (d2)) =d(My, (d2)) = — )
u2

Vv6i Mi € (di), Ms € (d) va u, 1a mot vicp ciia (da).

+ V6i yeu cau "Viét phuong trinh mdt phang (P) chita hai duong thdang song song
(d) va (d2) ", chiing ta c6 thé lua chon nhitng cdch giai sau dé thuc hién:
Cdch I: Thuc hién theo cac budc:
Bubc1: Goi u. 1a vicp clia (dy) va 13y Mie(di) va Mae(d).
Budc2: Mat phang (P) dugc cho boi:

QuaM, QuaM
Py — = (P): - r— .
Capvtcp M|\M, vau, thtn:[ul, MIMZ}

Cdch 2: Thuc hién theo cac budc:
Buoc 1: Lﬁ:y A, M, € (d1) vaM, e (dz)
Budc2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A> + B>+ C*> 0.
Budc 3: Vibadiém A, M, M, e (P) = Phuong trinh ctia (P).
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* V6i yeu cau "Viét phuong trinh duong thdng (d) thudc mdt phdng chita (dv), (da) va
song song, cdch déu (dy), (d2)", chiing ta thuc hién theo cac budc:
Budc 1 Goi u, 1a vtcp cta (d) va 1dy Mie(d) va Mae(dy).
Suy ra toa do trung diém M ctia M;Ma.
Budc 2: Puong thang (d) duoc cho boi:

Qua M
(d): { ..

vicp u,
+ V6i yeu cau "Viét phuong trinh mdt phdng (P) chita duong thing (di) va cdch
duong thang (d2) mot khodng bang h", chiing ta thuc hién theo c4c budc:

Buoc 1: Lﬁ’y A M, e (d1) vaM,; € (dz)

BuGc 2: Gia st mat phang (P) c6 phuong trinh:

(P): Ax + By + Cz+ D =0, diéu kién A> + B>+ C*> > 0.

Buoc 3: Vidiém A, M, e (P) va d(M,, (P)) = h, suy ra phuong trinh ctia (P).

+ V6i yéu cau "Viét phuong trinh mdit cdu (S) ¢6 ban kinh nhé nhdt tiép xiic véi (d)
tai diém E va tiép xiic vdi (d)", ching ta thuc hién theo céc buéc:

Buoc 3: Goi F 1a hinh chi€u vuong géc cua E trén (d,) thi mat cdu (S) can
dung chinh l1a mat cau duong kinh EF.

Budc 4: Talan luot:

* Tim toa do diém F.
= Viét phuong trinh mat cau duong kinh EF.
* Vai yéu cau "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dy), (d2) va ¢6 tam
thuéc duong thang (A)", ching ta thuc hién theo cic budc:

Buoc1: Vi (dl)qv\a (d2) song song vGi nhau nén tam I cia mat cau (S) thudc
mat phang (R) song song, cach déu (d,), (d2) va vuong géc véi mat
phang chua (d)), (dy).

Viét phuong trinh mat phang (R).

Buoc2: Khi do:

» Tam I chinh la giao diém ctia (Q) va (A).
=  Ban kinh ctia mat cau 1a R = d(I, (dy)).

Budc 3: Viét phuong trinh mat cau (S).

Luu y: Ching ta con c6 mot phuong phdp tdng quit dé thuc hién yéu ciu
ndy s& duogc trinh bay trong chii y ctia hai dudng thang chéo nhau.

Thi du 1. Cho hai duong thing (d,) va (do) 6 phuong trinh:
Xx=2+2t . ;
. X — -y 3-z
d):iy=1-t ,te R d,): = = .
(d):yy € va (d,) > 1 >
z=1-2t

a. Chiing minh rang hai duong thang (d,) va (dz) song song véi nhau.
Tinh khoang cdch giita (d,) va (d).
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b. Viét phuong trinh mdt phéng (P) chita (d,) va (d).

c. Viét phuwong trinh duong thing (d) nam trong mdt phang (P) va song

song, cach déu (d,), (d»).

d. Viét phuong trinh mdt phdng (Q) chita (d.) va cdch (d2) mot khodng

bang 1.

e. Viét phuong trinh mdt cdu c¢é ban kinh nhd nhdt tiép xuc voi (dy) va

tiép xiic voi (dz) tai diem B(3; 0; 1).

f. Viét phuong trinh mdt cdu tiép xiic voi (dy), (d2) va cé tam thudc

2 —1 2_3
duomg thing (A): ==Y .
g g (A) =3 5

&5 Gidi
a. Taco:

* Puong thang (d;) c6 vtcp u—1(2; —1; —2) va di qua diém M;(2; 1; 1).
*  Puong thang (d») c6 vtcp u:(Z; —1; —2) va di qua diém Mx(1; 1; 3).

Nhan xét réing céc vecto u,,u, ciing phuong va diém M, khong thuoc (d») nén

hai dudng thang (d;) va (d,) song song véi nhau.
Ta c6:
[M,. ]

d((dy), (d2)) = d(My, (d2)) = =1.

u

2
b. Ta c6 thé trinh bay theo c4c cich sau:
Cach 1: Goi n—P 12 mot vtpt clia mat phang (P), ta c6:
n, IMM, — — . _
T =[MM,, 0, |=221).
n, lLu,
Khi dé, phuong trinh mit phing (P) duoc cho béi:
Qua M, (2;1;1)
P): !
vtpt n,(2;2;1)
Cdch 2: Lay théem diém A(0; 2; 3) thuoc (d,), gid st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0,v6i A>+ B>+ C*> 0.
Tir diéu kién A, M, M, thuoc (P) ta dugc:

&S P:2x+2y+z2-7=0.

2B+3C+D=0 A=B A=B _  [A=B=2
2A+B+C+D=0 < {C+D=-3A < {2C=A o {C=1
A+B+3C+D=0 3C+D=-2A 2D=-T7A D=-7

Khi dé, ta duoc phuong trinh mat phang (P): 2x + 2y +z — 7 = 0.
c. Goi M la trung diém M;M,, suy ra M(%, 1; 2}.
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Phuong trinh dudng thang (d) cin dung duoc cho bdi:

@ {Qua ?(3/2, 1;2) o (@ X732 _y-1_z-2
viep u,(2; —1; = 2) 2 -1 =2
d. Ta c6 thé trinh bay theo c4c cich sau:
Cdch 1: Lay théem diém A(0; 2; 3) thudc (d;), gid st mat phang (Q) c6 phuong trinh:
(Q): Ax+By+Cz+ D=0, v6i A> + B>+ C*> 0.
Ta lan luot c6:
= ViA, M, thuoc (Q) nén:
{2B+3C+D=0 {B=2A—2C

= .
2A+B+C+D=0 D=-4A+C
= DEd((d), (Q)) = 1 diéu kién la:
|A+B+3C+D|
=1 4A’-4AC+C=0< C=2A.
JA? + B2 +C>
Khi dé chon A =1 ta dugc C=2, B=-2 va D =-2 nén:
Q):x-2y+2z-2=0.
Cdch 2: Tu gia thiét ta thay:

1 =d((d)), (d2) = d((Q), (d2)) = {

dM, Q) =1

(d) =@
(P)L(Q)

Goi n,, 1a mot vtpt ciia mat phing (Q), ta c6:

ng =|u;,n, |=(3;-6;6) chon ng(1;~22).
Khi d6, phuong trinh mat phang (Q) duogc cho béi:
{Qua M, (2;1;1)

S (Q)x—2y+22-2=0.

vtpt ng (1;-2;2)
e. Goi A la hinh chi€u vuong géc cua B trén (d;) thi mat ciu (S) can dung chinh la
mat cau duong kinh AB. Ta lan luot:
»  Xdc dinh toa dé diém A bang viéc st dung mot trong céc cdch sau:
Cdch I: Ta cé:

Py QB [P ey 2240
" |(R)L(d,) ' thtuT(Z;—l;—2) ' y e

Vi {A} =(di) n (P’) nén toa do A 1a nghiém hé phuong trinh:

Xx=2+2t Xx=2+2t x=8/3
=1-t =1-t =2/3
y )Y )Y /
z=1-2t z=1-2t z=1/3

2x-y—-2z-4=0 22+2t)-(1-t)-2(1-2t)-4=0 t=1/3
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Cdch 2: Vi A € (d)) nén:
AQ+2t;1—t;1-2t)= AB(-2t; t—1; 2t).
Tir diéu kien AB L (d,) ta c6:

o 1
ABLu ¢ ABu; =0 2(1-20~(t-1)-22t=0 & t=2

:>A§;g;l va AB l;—z;z nén AB=1.
333 3733
Phuong trinh mdt cau duong kinh AB duoc xac dinh bdi:

Tam I 1a trung diém AB

. 17 12
S): AB @wrjm”&??Ej
" |Bénkinh R =—~ ’
2 R=1/2

= (S):(x—%) +(y—%) +(z—§j =%.

f. Vi (d)) va (dy) song song v6i nhau nén tam I ctia mat cau (S) thuoc mat phang (R)

song song, cdch déu (d,), (d2) va vuong géc v6i mat phang chita (dy), (d2).
Ta lan luot:

= Phuong trinh mat phang (R) duoc cho béi:
Qua M(é, I; 2)

2 S R):2x—4y+4z-T7=0.
vip ng (13— 2; 2)

(R):

Vi {I} = (A) n (R) nén toa do I 1a nghiém hé phuong trinh:
x y-1 z-3 y=2x+1

1 2 2 & 9z=2x+3 = I[—l;o; 2)
2x-4y+4z-7=0 2x —4y+4z-7=0
Do dai ban kinh R ctia mat cau (S) dugc cho boi:

R = d(I, (d)) = m:ﬂ.
w4

* Phuong trinh mat cau (S) dugc cho bai:

1 2
Tam I| ——; 0; 2
(S): am ( 2 j@(S):(X—lj +y2+(z—2)2=—2601.
2 16
R=51/4

@ Chi y: Vé6i hai dudng thing (d;) va (d,) cit nhau tai M, ching ta thudng gap
thém cac yéu cau:
1. Tinh géc gitta (di) va (d»).
2. Viét phuong trinh mat phang (P) chia (d;) va (d).
3. Viét phuong trinh dudng phan giac cta goc tao bai (di) va (do).
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4. Viét phuong trinh mat cau c6 ban kinh R tiép xuc véi (di), (d2)
tai diém M.

5. Viét phuong trinh mat cau ti€p xdc véi ca (di), (d2) va ¢6 tam
thuoc duong thang (A).

6. Viét phuong trinh mat ciu c6 ban kinh R ti€p xdc véi (d,) tai
diém E va tiép xiic vdi (d).

% V6i yéu cau "Tinh géc giita (di) va (d2)", ching ta c6 ngay:
= Vi (di) c6 viep u, (ar; bi; 1) va (d2) c6 viep 1a u, (az; by; o).

* Goi o 1a géc tao bdi hai dudng thing (d;) va (d2) (0< o < g), ta co:

u,.u, |a]a2 +b,b, + c]cz|

C Jaebiaclfaleblect
Luu y: Dé (d)) L (d2) < cosa =0 <> aja, + biby + cic2 = 0.
+ V6i yéu cau "Viét phuong trinh mdt phdng chita hai duong thdang cdt nhau
(di) va (d»)", ching ta c6 thé lua chon nhiing cach gii sau dé thuc hién:
Cdch 1: Gia st (di) N (dz) = {M}, ta thuc hién theo cac budc:
Budc 1: Xic dinh cdc vicp u,, u, cta dudng thiang (di) va (do).
Budc2: Mat phing (P) dugc cho boi:

QuaM
(P): {QuaM { "

- =0 - r— —.
Capvtcp u, vau, viptn = [ul, uz]

cosa =

u,

|

Cdch 2: Thuc hién theo cac budc:
Budc 1: 1Lay hai diém M, € (d)) va Mz € (d2) khong trung véi
giao diém M cta (d;) va (d).
Budc2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A + B>+ C*> 0.
Vi ba diém M, M, M € (P), suy ra phuong trinh ctia (P).
+ V6i yéu cau "Viét phuong trinh duong phdn gidc ciia (di) va (d»)", ching ta c6
thé lua chon nhitng cdch giai sau dé thuc hién:
Cdch I: Thuc hién theo cac budc:
Budc 1: Xac dinh toa do giao diém M cua (d;) va (d).
Léy diém A e (1), v6i A = M.
Budc2: Ldy diém B e (d») thoa man Al = BI, Tir d6, nhan duoc
toa do hai diém By, Bo.
Bu6c 3: Tacé:
*  Vé6i By thi suy ra toa do trung diém K, ctia AB;.
Khi d6, phuong trinh duong phan gidc thit nhat la:

M
(A): {Qua N
vtep MK,
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*  V6i B, thi suy ra toa do trung diém K, clia AB..
Khi d6, phuong trinh dudong phan gidc tht hai la:

M
(A2): {Qua .
vicp MK,

Luu y: Véi cach giai nay, ta c6 cac luu y sau:
1. Tacékét qua:
a. Néu MAMB, > 0 thi (A)) va (A) theo thi tu 13 phuong trinh
duong phan gidc géc nhon, goc ti cua goc tao boi (di), (d2).
b. Néu MAMB, < 0 thi (A;) va (A2) theo thit tu 1a phuong trinh
duong phan gidc goc t, géc nhon cua goc tao boi (di), (do).
2. Néu bai toan yéu cau lap phuong trinh mat phang phan gidc (Q)
ctia goc tao bdi (di), (dz), ta co:

Q: {Qua M
vipt AB
Cdch 2: Thuc hién theo cac budc:
Budc 1: Xac dinh tao do giao diém M clia (d;) va (dy).
Lay A € (di) vaB € (d»), v6i A,B= L.
Buoc 2: Goi K, Ks theo thd tu 14 chan dudng vuong géc ngoai,
trong ha tir M xuéng AB.
Ta lan luot co:

*  Diém K;(x1; yi; z1) chia AB theo ti s6 t = %

i = 1A = Toa do K.
BK, IB
Khi d6, phuong trinh dudng phan giac ngoai dugc xac

dinh bai:

(IK)): {qua I

vtep I—K1 .
.o . , . IA
= Diém Kiy(x2; y2; 72) chia AB theo ti s6 _E

AK IA
& —2 =—— = Toa do Ko.
BK,

Khi d6, phuong trinh duong phan gidc trong dugc xac
dinh bdi:

IK>): ..
(1K) {VtcpIK2

* Vai yéu cau "Viét phuong trinh mdt cdu cé bdn kinh R tiép xiic véi (dv), (d) tai
diém M", ching ta thady ngay d6 chinh 1a "Mdt cdu cé bdn kinh R tiép xiic véi
mit phang (P) tai diém M" va day 12 dang toan chiing ta da biét c4ch thuc hién.
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+ Vi yeu cau "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dv), (d2) va cé tam
thuéc duong thdng (A)", chiing ta thuc hién theo cdc budc:
Budc 1: Vi (di) va (do) cit nhau nén tam I ctia mat cdu (S) thuoc mat phing
phan giac (Q) cua géc tao boi (di), (d2).
Viét phuong trinh mat phang (Q).
Buoc2: Khi do:
* Tam I chinh la giao diém cta (Q) va (A).
= Ban kinh ctia mit ciu 1a R = d(I, (d,)).
Budc 3: Viét phuong trinh mit cau (S).
* Vi yéu cau "Viét phuong trinh mdt cdu (S) ¢é ban kinh R tiép xiic véi (dy) tai
diém E va tiép xiic vdi (dz)", ching ta lua chon mot trong hai cdch giai sau:
Cdch 1: Ta thdy ngay tam I clia mat ciu (S) thuoc duong thing (a) 1 giao
tuyén cia hai mat phang (R), (T) véi:
* (R) la mat phing qua E va vuong géc véi (dy).
* (T) 1a mat phang qua F va vuéng géc véi (dv), biét F thudc (d») sao cho
ME = MF.
Tt phan tich d6 chiing ta thuc hién bai toan theo cac budc:
Buoc 1: Viét phuong trinh mat phang (R) qua E va vuong géc véi (di).
Buoc2: Tim diém F thuoc (dz) sao cho ME = MF.
Budc 3: Viét phuong trinh miat phang (T) qua F va vuong géc véi (do).
Budc 4: Thiét lap phuong trinh tham s6 cua giao tuyén (a) ctia hai mat
phing (R), (T).
Buoc 5: T diéu kién tam I thuoc (a) sao cho IE = R suy ra toa do cta I.
Budc 6: Viét phuong trinh mat cau (S).
Cdch 2: Thuc hién theo cac budc:
Buoc 1: Gia stt mat cau (S) can dung véi tam I(a; b; ¢) tiép xdc véi (do) tai F,
suy ra toa do ctia F thoa man phuong trinh tham s6 cua (d,).
Budc2: Tacé cac diéu kién:
El =R < E2 = R2. (1)
El Lu, < ELu, =0. )
ME = MF < ME? = MF? = Toa d¢ cua F.
Buoc 3: V6i F tim dugc thiét 1ap diéu kién :
FI Lu, < FlLu, =0. (3)
Budc 4: Két hop (2) va (3), dé thuc hién viéc biéu dién hai trong s6 ba 4n a,
b, ¢ theo 4n con lai. Réi thay vao (1) ching ta s& nhan duoc toa do
cta tam I.
Budoc 5: Viét phuong trinh mét cAu tim I ban kinh R.
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Thi du 2. Cho hai duong thing (dv) va (da) 6 phuong trinh:

x=—-1+2t x=3+2u
(d):qy=-1+2t,te Rva(d,):qy=2+u ,ue R.
z=1+t z=4+2u
a. Chimg minh rang (d,) cdt (dv) tai diém M. Tim toa do ciia M va tinh
goc giita (d,), (da).

b. Viét phuong trinh mdt phdng (P) chita (d,) va (d).

c. Viét phuong trinh mdt phdng (Q) chita (di) va tao véi (d2) mot géc
lon nhdt.

d. Viét phwong trinh mdt phdng (R) chita (d,) va tao véi (d2) mot géc o
biét sinou=4/9.

e. Viét phuong trinh duong phdn gidc cua goc tao bdi (dy) va (dy).

f.  Viét phuong trinh mdt cdu c6 bdn kinh R =17 tiép xiic vdi (dy), (da)
tai diém M.

g. Viét phuong trinh mdt cau tiép xiic voi cd (dv), (d2) va cé tdm thuoc
duong thang (A) c¢6 phuong trinh:

X=-2+vV
(A):5y=0 ,veR.
z=1-2v
&5 Gidi
Ta co:

=  Pudng thing (d) ¢6 vicp u,(2; 2; 1) va di qua diém M,(~1; —1; 1).
=  Pudng thing (d2) c6 vicp u,(2; 1; 2) va di qua diém Ma(3; 2; 4).
a. Béng cach thay phuong trinh tham s6 cua (d,) vao (d,), ta dugc:
—1+2t=3+2u

-1+2t=2+u =t=1=(d) N (d)={M(; 1;2)}.
1+t=4+2u

uu2

Goi o 12 géc tao béi hai dudng thing (d;) va (d»), ta c6 coso. =

O

2
b. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Goi n, 12 mot vtpt clia mat phang (P), ta co:
n,=lu,u, |=G-2-2).
Khi d6, phuong trinh mat phang (P) dugc cho boi:
Qua M, (-1;-1;1)
(P: { 1

— & P)r3x-2y-22+3=0.
vtpt n, (3;—2;-2)
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Cdch 2: Gia st mat phang (P) ¢6 phuong trinh:
(P): Ax+By+Cz+D=0,v6i A>+ B>+ C*> 0.
Tir diéu kién M, M, M> thuoc (P) ta dugc:

A+B+2C+D=0 B+2C+D=-1 2
Chon A=1 B:C:_

-A-B+C+D=0 = -B+C+D=1 & 3.

3A+2B+4C+D=0 2B+4C+D=-3 D=1

Khi d6, ta duoc phuong trinh mat phang (P): 3x — 2y — 2z + 3 =0.
c. Ta cé nhan xét:
g((d2), (Q)) < g((d2), (d1))

do d6 Max[g((d2), (Q))] = g((d2), (d1)) dat dugc khi (d;) 1a hinh chi€u vuéng géc cta
(do) trén (Q), tc la:

1 .
(Q) L ((d), (d2)) = (P) = {H_Q o g <[ =@ -7 10)

n, lu

Phuong trinh mit phang (Q) dugc cho boi:
Qua M, (-L;—-1;1)

Q: vtpt H;(2;—7;10)

1

< (Q):2x—Ty+10z—15=0.

d. Gid sirmat phang (R) c6 vtpt i(a; b; ¢), ta lan luot c6:
* Vi (d)) thuéc (R) nén:
n, Lu < n,u =0<2a+2b+c=0&c=-2a-2b. (1)

= Vig((d), (R)) = 0 ¢6 sinor :g nén:

4 iuj |2a+b+2¢|
—=——= < 16(a> +b? +c?) =9(2a + b + 2¢)?
9 ‘nQ‘. u,| 3Wa'+b +c’

)
< 16(a® +b”) +16(—2a —2b)* =9[2a + b +2(-2a — 2b)]
& 44a° + 20ab — b? = 0 < b = —2a hoac b = 22a.
Khi dé6:
= V6ib=—2athic=2anén n,(a; —2a; 2a) chon n,(l; —2;2), tir d6 ta duoc:
Qua M, (-L;-1;1)
R)): —
vtpt ng (1;—2;2)
=  V6ib=22athic=-46anén i(a; 22a; —46a) chon i(l; 22; —46) , tir d6 ta dugc:
Qua M, (-L;-1;1)
vipt ng (1;22;—46)
Vay, ton tai hai mat phang (R1), (R») thod man diéu kién diu bai.

< R):x-2y+2z2-3=0.

(R,): & (Ry): x +22y —46z+ 69 = 0.
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e. GoiN e (dy) sao cho MN = MM,, ta lan luot c6:
N@B +2u;2+u; 4+ 2u),
MN’ =MM; < Qu+2P2+u+1P2+Qu+2?=9<9u+1)*=9
<u+1=%1<u =0hoac u, =-2.
Khi do:
*  V6i u = 0 thi Ni(3; 2; 4) va trung diém cta MiN; 1a K, (1; %; %) , tir d6 ta

duogc phuong trinh dudng phan giic (A):
Qua M(1;1; 2
(A1)I ( )
vtep MK, (O; 1/2; —1/2) chon vtcp (O; L —1)
x=1
< (A)y=l+t,te R.
z=2-t
» V6iwp = -2 thi No(—1; 0; 0) va trung diém ctia M|N; 1a K, (—l; —%; %] ,tur do ta
duogc phuong trinh dudng phan giic (A»):
Qua M(l; I; 2) x=1+4t
< (A)y=1+3t,te R.
z=2+3t

(Az):

vtep MK, (2; %; %) chon vtep (4; 3; 3)

f. Mat ciu (S) can dung vé6i tam I s& tiép xtc v6i mat phang (P) tai M.
Goi (A) 1a duong thang qua M va vuong géc véi (P), ta c6:

Qua M(l; 1 2) x=1+3t
(A): _ & (A)sy=1-2t,te R.
vtep n, (3; —2; - 2) ,=2 2t

Vi tam I thuoc (A) nén I(1 + 3t; 1 — 2t; 2 — 2¢), tir d6:
IM=ReIM’=R’< I +4+4°=17T >t =1t ==1.
Khi d6:
= Véit =1 thi ,(4; —1; 0), tir d6 ta dugc:
Tam 1, (4; —1,0)
(Sh):
Bén kinh R=v/17
= Véit, =—1 thi I(-2; 3; 4), tit d6 ta dugc:
Tam I, (-2; 3; 4
) [T (39
Bén kinh R=/17

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.

S x—4P+y+ 1) +22=17.

() X +2P+(y =3+ (z— 47 = 16.
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g. Talan luot:

Véi dudng phan gidc (A)) ta c6 phuong trinh mat phang phan gidc (Q)):
Qua M(l; I 2)
(Q): .
vtpt M|N, (4; 3; 3)

Khi d6, ta co:
a. Toa do tam T, ctia mat cau (T;) 1a nghiém cua hé:

& (Q): 4x + 3y +3z— 13 =0.

X=-2+V x=-11
y oY — Ty(=11; 0: 19).
z=1-2v z=19

4x+3y+3z-13=0 v=9
b. Bén kinh R, duoc cho bdi:
[wra]
Ri = d(Tl, (dl)) = 0
o
Tt d6, ta c6 phuong trinh mat cau (T;) nhu sau:
(T): (x+11)> +y*> +(z—19)* =424.
V6i dudng phan gidc (A,) ta ¢ phuong trinh mat phang phan gidc (Q.):
( Qua M(l; 1; 2)
2): -
vtpt M|N, (O; I; - 1)
Khi do, ta co:
c. Toa do tam T, ctia mat ciu (T>) 1a nghiém cua hé:

=424 .

S Q):y—-z+1=0.

X=—2+v X=-2
=0 =0
Y =177 S0,
z=1-2v zZ=
y—z+1=0 v=0
d. Ban kinh R, dugc cho boi:
‘[MlTZ,ul]‘
Ri=d(Tz, (d) = =——=—==12.

2
Tt d6, ta c6 phuong trinh mat cau (T>) nhu sau:
(T,): (x+2) +y* +(z—1)> =2.

Vay, ton tai hai mat cau (T)), (T») thoa mén diéu kién dau bai.

@& Cha y:  V6i hai dudng thang (di) va (d2) chéo nhau, ching ta thudng gap

thém cac yéu cau:

1. Tinh géc giita hai dudng thang (d;) va (d).

2. Tinh khodng céch gifta hai dudng thing (d;) va (d).

3. Viét phuong trinh mat phang (Q,) chita (d;) va song song véi (da).
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4. Viét phuong trinh cidc mat phang (Q)), (Q») theo thit tu chita (d)),
(d») va song song v6i nhau.

5. Viét phuong trinh mét phing (Q) song song va cich déu (dy), (d»).

6. Viét phuong trinh dudong vuong géc chung cta (d;) va (dy).

7. Viét phuong trinh mat cau cé ban kinh nhd nhat ti€p xdc véi ca

(di) va (do).
8. Viét phuong trinh mat ciu ti€p xuic véi ca (di), (d2) va c6 tam
thuoc duong thang (A).

*+ V6i yéu ciu "Tinh géc giia (di) va (d2)", chiing ta thuc hién tuong tu nhu
trong phan chd y vé hai dudng thang cit nhau.

* Vi yéu cu "Tinh khodng cdch giita (d;) va (d»)", ching ta c6 két qua:
* (dy) di qua diém M;(x:; y1; z1) va c6 vicp uﬁ (ar; bi; c1).

* (dy) di qua diém Ma(x2; y2; 22) va c6 vicp uj (az; ba; c2).
Khi d6, khoang cach gitta (di), (d2) duoc cho bai:
‘[ul,uz].M,M2

o]
Ngoai ra, con c6 thé sir dung két qua trong yéu cau (3) hodc yéu cu (6).
+ Véi yéu cau "Viét phuong trinh mdt phang (Q1) chita (d)) va song song véi
(d2)", ching ta thuc hién theo cac budc:
Budc1; Tim u, va u, 12 vtep clia (di) va (d2) va ldy diém M, € (d,).
Budc2: Mat phang (Q;) dugc cho béi:

Qua M,
(Ql): {tht Hl' =|:1T], ITZ'] .

+ Vi yeu cau "Viét phuong trinh mdit phdang (Q) song song va cdch déu hai duong
thdng chéo nhau (d,) va (d») cho trudc”, chiing ta thuc hién theo céc budc:
Budc1: Tim u, va u, lavtep clia (di) va (do).
Lay M € (di) va M; € (do), suy ra toa do trung diém M clia M;M..
Budc2: Mat phang (Q) dugc cho boi:

Qua M
@ Lot =[5,
+ VGi yéu cau "Viét phuong trinh duong vuong géc chung cia (d) va (da)",
chiing ta c6 thé lwa chon nhitng c4ch giai sau dé thuc hién:
Cdch 1: Ta thuc hién theo cac budc:
Buoc 1: Gia st A, B theo thi tu 1a chan duong vuong géc chung
trén (d;) va (d).
Budc2:  Chuyén phuong trinh (d) va (d;) vé dang tham s6, suy ra toa
do cta A, B theo phuong trinh tham s6 cua (d) va (d).

d((dy), () =




Budc 3: Tix diéu kién:
{(d) 1(d,) {E Lu, {E.uT =0 {t
= Py =

@L@) " |ABLu,  |ABw =0  |u
= Toado A, B
Buoc 4: Khi d6 phuong trinh dudng vudng géc chung (d) duge
cho bai:
quaB
(d): { .
vtcp AB

Cdch 2: Thuc hién theo cac budc:
Budc1; Tim u, va u, 1a vtep ciia (di) va (d2). Goi u 1a vtcp ctia
duong vuong gbc chung (d), ta co:
Ce o
lj li = uz[ul,uz].
ulu,
Buéc 2: Goi (P)) 12 mat phing chia (d) va (d,), khi dé:
Qua M, €(d,)) qua M, €(d,)
(Py): { L e (P L

Cap vtep uva ITI vipt rTl = [ﬁ,lTl]
fm— (P1)
Buoc 3: Goi (P2) 1a mat phing chita (d) va (do), khi dé:

d d
(Py): {Qua M, e(d,) o (Po): {qua M, e(d,)

Capvtep u va u, vipt n, =[u,u,]
= (P2).
Budc 4: Puong thang chung (d) chinh 13 giao tuyén cta (P;) va
(P2) nén gém céc diém M(x; y; z) thoa man hé:

P, .
{EP' )) => Phuong trinh tham s6 hodc chinh tac ctia (d).
2

Cdch 3: Ta thuc hién theo cac budc:
BuGc 1: Tim u, v u, la vtcp ctia (di) va (d2). Goi u 1a vtcp clia
duong vuong géc chung (d), ta co:
o -
11 11 = uz[ul,uz].
ulu,
Buéc2: Goi (P)) 12 mat phing chia (d) va (d,), khi dé:
Qua M, €(d,)) qua M, €(d,)
(Py): { L e L

Cap vtep uva u, vtpt rTl = [ﬁ,lTl]

= (Pl).
Budc 3: Gia stt (d)(d2) = {B} suy ra (P))(d2) = {B} = toa do B.
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Buoc 4: Khi d6 phuong trinh dudng thang (d) duoc cho boi:
quaB
(d): -
vtcpu
Cdch 4: (Ap dung trong trudng hop hai dudng thing (d,), (d2) chéo nhau va
vuong gbc v6i nhau): Ta thuc hién theo cic budc:
Budc 1: Dung mat phing (P;) thod man:

{(dl) c(P)

(P)L(d,)

Budc 2: Dung mat phing (P») thoa man:
{(dz) < ()
(P)L(d)"

Buoc 3: Puong thang chung (d) chinh 12 giao tuyén cta (P;) va
(P2) nén gém céc diém M(X; y; z) thod man hé:
P, .
{EP' )) => Phuong trinh tham s6 hodc chinh tic ctia (d).
2
*+ VGi yéu cau "Viét phuong trinh mdt cdu c¢6 bdn kinh nhd nhdt tiép xiic voi
cd (dy) va (d»)", ching ta di viét phuong trinh mat cau duong kinh AB véi
A, B theo tht tu 1a chan duong vuong géc chung trén (d;) va (dz).
% Vi yéu cdu "Viét phuong trinh mdt cdu (S) tiép xiic véi cd (dy), (d2) va cé tam
thudc duong thang (A)", ching ta thuc hién theo cic budc:
Buoc 1: Chuyén phuong trinh céc duong thing (A), (di) va (d2) vé dang
tham s va tim c4c vtcp tuong Gng u, , u, .
Budc2: Gia sit mat ciu (S) ¢6 tam I va ti€p xuc véi (dy), (dz) theo thi tu tai
A va B, suy ra toa do I, A, B theo cac phuong trinh tham s6.
Buoc 3: Ta cé diéu kién:

IA L (d,) IA Lu, 1A, =0

. . — Toadol
AIBL(d,).< {IBlu, < {Bu,=0 = N

IA =IB IA =IB A% = B> B

Buoc 4: Viét phuong trinh mét cau (S) tam I ban kinh R.
Thi du 3. Cho hai duong thdng (d)) va (dz) ¢é phuong trinh:

x=1 x=1+u
dp)y=t,teR, (d,):qy=0 ,ueR.
z=1 z=2

a. Chimg minh rang hai dwong thdng (d), (d2) chéo nhau. Tinh
khodng cdch va goéc giita chiing.
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b. Viét phuong trinh cdc mdt phdng (Qv), (Qu) theo thir tw chita (d,),
(d») va song song voi nhau.

Viét phuong trinh mdt phdng (Q) song song va cdach déu (dy), (da).
Viét phuong trinh duong thing di qua diém A(0; 1; 0) cdt cd (dy), (dy).
e. Viét phuong trinh duong thang cdt cd (d,), (d2) va song song voi

/o

duwong thdng (AI):?zy—Tz ZIl
f. Viét phuwong trinh duong thing di qua diém B(2; 1; 2) va vuong géc
voi cd (dy), (da).
g. Viét phuong trinh duong vuong géc chung cuia (dy) va (d,).
h. Viét phuong trinh mdt cdu cé ban kinh nhd nhdt tiép xiic voi cd

(d1) va (d).
i. Viét phuong trinh mdt cdu tiép xiic voi cd (dv), (dz) va c¢é tdm thudc
, ~1 ~1
duong thang (A,): Xl =%= Zl .

j. Viét phuong trinh mdt cdu cé bdn kinh R =~/5/2 tiép xiic vdi (d,)
tai diém Ci(1; 1; 1) va tiép xiic véi (dy).

L5 Gidi
a. Taco:

* Dudng thang (d;) ¢6 vtep LTI(O; 1; 0) va di qua diém M;(1; 0; 1).

» DPudng thang (dz) ¢6 vtecp ut(l; 0; 0) va di qua diém Mx(1; 0; 2).

Nhan xét rang:

[u), u; | MM, =1 = (d) va (d2) chéo nhau.

Khoang cach giita (d;) va (d») duoc cho bai:

o0, M,

[unu:]
Cosin géc o giita hai duong thang (di) va (d») duoc cho bi:

d((dy), () = - =1.

u,.u, T
COSOl = 7—1— =0 a=—.
o] fu 2

b. Goi n 12 vecto thod man:

el foa )
S0 = n=[uu, |=(0:0:~1) chon n(0; 0;1).
nlu,

Khi d6, ta 1an luot c6:
Qua M, (1; 0; 1)
Q): !
vtpt n(0; 0; 1)

Qua M, (L; 0; 2)

- & (Q:z—2=0.
vtpt n(0; 0; 1)

< Q):z—1=0;(Q: {
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c. Goi M la trung diém M;M, thi M(l; 0; %)

Khi d6, phuong trinh mat phang (Q) duoc cho béi:
ua M(1;0;3/2
Q): Q Q( )<:>(Q):22—3:0.
vtpt n(0; 0; 1)

d. Ta c6 thé lua chon mot trong céc cdch sau:
Cdch I: Gia st (a) 1a dudng thang can dung va (a) cit (di) va (d») theo thit tu tai c4c

diém M, N. Khi dé6:
= PiémM e (d))suyra M(1; t; 1) va AM(; t—1; 1).
= Diém N e (dy) suy ra N(1 +u; 0; 2) vA AN(u+1;—1;2).

Ba diém A, M, N thang hang ta duoc:
| =Kk(u+1)

t-1=—k =
1=2k

1
2 = N(2;0;2).
1

u=

AM =kAN <

Khi dé, dudng thing (a) dugc cho boi:
Qua A(0;1;0) X y- 7
: . a): —="——=—.
vtep AN(2;-1; 2) W=
Cdch 2: Gi st (a) 12 duong thang cin dung, khi d6 (a) 12 giao tuyén clia hai mat
phang (P;) va (P»), trong dé:
Qua A .
(Py): va (P2):
d)c(P)
Phuong trinh mat phang (P;) dugc cho bdi:
Qua A(0;1;0) Qua A(0;1;0)
(P): — . &s(P): S P):x-z=0.
Capvtcp AM, va u,
Phuong trinh mat phing (P2) duoc cho béi:
P Qua A(0;1;0) ( Qua A(0;1;0)
7 Capvtcp AM,, va g 7 vtpt ;1; =[AM,, ﬁ;] =(0;2;1)
& P):2y+z-2=0.
Vay, duong thing (a) chita cac diém M(x; y; z) thoa man hé:
{x -z=0

2y+z2-2=0

Bang viéc dat y = t, ta bién d6i hé (1) vé dang:
y=t x=2-2t
x—z=0 & qy=t ,te R.

2t+z-2=0 z=2-2t
D6 chinh 12 phuong trinh tham s6 clia duong thang (a) can dung.

Qua A
(d,)c(P)

vtpt n, = (-1;0;1)

&)
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@ Luu y: Ching ta c6 thé t6i wu 16i giai trong céch 2 nhu sau:
Gia sir (a) v6i vtcp u, la dudng thing cin dung, khi d6 (a) 1a giao tuyén
ctia hai mat phang (P;) va (P,), trong d6:

~|Qua A .. |QuaA
v {(dl)c(Pl) va (b {(dz)c(g)'

= Mt phang (P) ¢6 vtpt n, dugc cho boi:
n, =[AM,, u,]=(-10;1).
= Mt phang (P2) ¢6 vtpt n, duoc cho béi:
n, =[AM,, u,]=(0:2:1).
= vtcp u, cua dudng thing (d) duoc cho béi:
u, =[n. 0, |=(-2:1:-2) chon u(2: -1;2).
Khi d6, dudng thang (d) dugc cho boi:
Qua A(0;1;0) _
: - (:)(a):iz—y 1=£.
viep u(2;-1; 2) 2 -1 2
Cdch 3: Gia st (a) 1a dudng thang cin dung va (a) cat (d») tai N.
» Goi (P)) la trinh mat phang qua A va chia (d,), ta cé:
Qua A(0;1;0) Qua A(0;1;0)
) <P —_ .
Capvtcp AM, va u, vtpt n, =[AM,, u,]=(-10;1)
< P):x—-z=0.

* Toa do diém N dugc xé4c dinh bing céch thay phuong trinh tham s6 clia (d»)
vao phuong trinh (P;), ta dugc:
l+u-2=0<u=1= N(20;2).
Vay, phuong trinh dudng thing (a) ¢6 dang:
. {QuaA(O;l;O) x y-1 1z

vtcp H\I(Z;—l; 2) < (a):Ez—_l 2"

Cdch 4: Gia stt (a) 1a dudng thang cin dung va (a) cat (d;) tai M.
* Goi (P») la trinh mat phang qua A va chia (dy), ta cé:
Qua A(0;1;0) Qua A(0;1;0)
(P2): { (P2): {

u, vpt n, =[AM,, u,]=(0;2;1)

Capvtcp AM,, va u,

& P):2y+z2-2=0.
* Toa do diém N dugc x4c dinh bang cdch thay phuong trinh tham s6 cua (d,)
vao phuong trinh (P)), ta duoc:

2t+1-2=0< ‘[=l = M(l;l;l}
2 2

447



Vay, phuong trinh duong thang (a) c6 dang:
Qua A(0;1;0) z

a): . S (a):—= —.
vtep AM(1;—1/2;1) chon (2; -1; 1) 2 -1 2

e. Ta c6 thé lua chon mot trong cdc cach sau:

Cdch I: Gia sir (b) 1a dudng thang can dung va (b) cat (di) va (d») theo thit tu tai cic
diém E, F. Khi dé:
* PiémE e (d) suy ra E(1; t; 1).
* Piém F € (dy) suy ra F(1 + u; 0; 2).
* Vi EF song song vé6i dudng thing (A;) ¢6 vtep uTl(l; —1;1) ta duogc:
EF=ku, < %:_—Iz% —t=u=1=E®; 1 1).
Khi d6, dudng thang (b) dugc cho boi:

Qua E(L:1:1) x=1+t

b): — (11 & (b):sy=1-t,te R.
t =1
viep uy ( ) z=1+t

Cdch 2: Gia sit (b) 12 dudng thing cin dung, khi d6 (b) 1a giao tuyén clia hai mat
phiang (R)) va (R»), trong d6:
A R A R
R): {( DIRD o Ry {( VIR
d)cR) (d,)=(R,)
»  Phuong trinh mat phang (R,) duoc cho béi:
Qua M, (1;0;1) Qua M, (1;0;1)
Ry): S, Ry): U
Capvtcp u,, va u, vtpt ny, =[u,,, u,]=(-10;1)
< R):x—z=0.
» Phuong trinh mat phang (R») duoc cho béi:
Qua M, (1;0;2) Qua M, (1;0;2)
(R2): T e R T
Capvtcp u,, vau, vtpt ny, =[n,,, u,1=(0;1;1)
&SR y+z-2=0.
Vay, duong thing (A) chita cdc diém M(X; y; z) thod man hé:
x—z=0
{ . 2)
y+z-2=0
Bang viéc dat x = t, ta bién d6i hé (2) vé dang:
X=t x=t
t—z=0 & qy=2-t,te R.
y+z-2=0 z=t
D6 chinh 12 phuong trinh tham s6 cia duong thang (b) cin dung.
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Cdch 3: Gia st (b) 12 dudong thang can dung va (b) cit (d») tai F.
* Goi (R)) 12 mat phing song song v6i (A) va chita (d), ta cé:
Qua M, (1;0;1) Qua M, (1;0;1)
Ry): { : Ry): { !

Capvtcp u,, va u, vtpt ng, = [u—m, uT] =(-10;1)

< R):x—z=0.
* Toa do diém F duoc xac dinh bang cdch thay phuong trinh tham s6 cua (d,)
vao phuong trinh (R;), ta dugc:
l+u-2=0u=1= F(2;0;2).
Vay, phuong trinh duong thang (b) ¢6 dang:
Qua F(2;0;2) _ _
: i o by XT2oy 272
vep u,, (L-1;1) 1 -1 1
Cdch 4: Gia st (b) 12 dudong thang can dung va (b) cat (d,) tai E.
* Goi (R) 12 mat phang song song véi (A1) va chita (d»), ta c6:
Qua M, (1;0;2) Qua M, (1;0;2)
(Ro): { ’ (Ro): { :

B
Capvtcp u,, va u,

vipt ng, =[n,,, u,]1=(0;1;1)
&S R):y+z-2=0.
* Toa do diém E duoc xdc dinh bing cdch thay phuong trinh tham s& cta (d;)
vao phuong trinh (R»), ta dugc:
t+1-2=0t=1 :E(l;l;l).
Vay, phuong trinh duong thang (b) ¢6 dang:
_{QuaE(l;l;l) x-1 y-1 z-1

— b): = =
vep u,, (L-1;1) I T

f. Gid sir (c) 1a dudng thing cn dung va (c) ¢6 vtep u, , ta co:

{(c)udl) - {uiiu?

= u,=[u,u; |=0;0;-1).

(c) L(d,) u,lu,
Vay, phuong trinh duong thang (c) c6 dang:
Qua B(2;1;2) x= f .
C): — < (C): = ,te .
vtep uC(O;O;—l) (©):1y
z=2—-t

g. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Gia su P, Q theo tht tu 1a chan duong vuong goc chung trén (d) va (d) thi:
P(1; t; 1) va Q(1 +u; 0; 2) = PQu; —t; 1).
Tir diéu kién:
{(d)“d‘) o {?“ﬁ o {?“izo et=u=0=P(1: 0; 1) va Q(l; 0: 2).
(d) L(d,) PQ Lu, PQu, =0
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Khi d6, phuong trinh duong vuong géc chung (d) duoc cho bai:

x=1
uaP(1;0;1
d):{Q _( ) & (d):qy=0 ,te R.
vtep PQ(0; 0; 1) ye et

Cdch 2: Goi (d) la dudong vuong goéc chung ctia (d;) va (d»), khi d6 mot vtep u cla
(d) thda man ﬁz[f{, uj} =(0;0;-1).

Ta lan luot:

*  Goi (o) 12 mat phang chita (d) va (dy), khi d6:

Qua M, (1;0;1) Qua M, (1;0;1)
(an): (o) - - —
Cap vtep u vau, vtpt n, = [u, u, ] =(1, 0, 0)
< (on):x—1=0.
*  Goi (02) 12 mat phang chita (d) va (d»), khi d6:
Qua M, (1;0;2) Qua M, (1;0;2)
(02): L e () -
Capvtep u vau, vipt n, = [u, uJ =(0; -1, 0)
& (o) y=0.

Vi (d) chinh 14 giao tuyén ctia (o) va (o) nén duong thang (d) cin dung chita cdc

diém M(x; y; z) thod man hé:

o
Bang viéc dat z = t, ta bién déi hé (*) vé dang:

z=t x=1

x-1=0 &< Jy=0,te R.

y=0 z=t

D6 chinh 14 phuong trinh tham s6 ctia dudng thing (d) cin dung.
Cdch 3: Goi (d) 1a dudng vuodng géc chung ctia (di), (dz) va gia st (d) cat (d») tai Q,
khi d6 mot vtep u cta (d) thoa man:
u=up, u, |=(0;0;-1).
Ta lan luot:
*  Goi (o)) 12 mat phang chita (d) va (dy), khi d6:
Qua M, (1;0;1) {Qua M, (1;0;1)

(ou): L e () - - —
Capvtep u vau, vipt n, = [u, u, ] =(1;0;0)

< (on):x—1=0.
* Toa do diém Q duoc xdc dinh bang cdch thay phuong trinh tham s6 ctia (dz)
vao phuong trinh (o), ta dugc:
x=1=Q(;0; 2).
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Khi d6, phuong trinh duong vuong géc chung (d) duoc cho bai:

x=1
uaQ(1;0; 2
d): Q ?( )<:>(d): y=0 ,te R.
vtepu(0; 0; —1) 22—t

Cdch 4: Goi (d) 1a dudng vuong goc chung cta (dy), (d) va gia str (d) cat (d;) tai P,
khi d6 mot vtcp u clia (d) thda man u = [uT, uj] =(0;0;-1).

Ta lan luot:

* Goi (02) 12 mat phang chita (d) va (d»), khi dé:

Qua M, (1;0;2) Qua M, (1;0;2)
(o) L e () .
Capvtcp u vau, vipt n, = [u, uzJ =(0;-1;0)
& (o) y=0.

* Toa do diém P duoc x4c dinh bing cdch thay phuong trinh tham s6 cua (d)

vao phuong trinh (o), ta dugc:

y=0=P1;0; 1).

Khi d6, phuong trinh dudng vuoéng goc chung (d) duge cho bai:

QuaP(1;0;1) x=1
(d): - & (d): (d):{y=0 ,te R.
vtepu(0; 0; —1) 1t

Cdch 5: Tu két qua cau a) ((di) va (dz) vudng géc vé6i nhau), ta lan lugt c6:
* Goi (B1) 12 mat phang chita (d;) va vuong géc véi (d), khi dé:

Qua M, (1;0;1)
(B): _ S PB:x—1=0.

vtpt u, (1; 0; 0)
*  Goi (B») 1a mat phing chita (d») va vuong géc véi (di), khi dé:
qua M, (1;0;2)
(B2): _ < Bo):y=0.

vtpt u, (0; 1; 0)

Vi (d) chinh Ia giao tuyén ctia (B1) va (B2) nén dudng thing (d) cin dung chia cic
diém M(x; y; z) thoa man hé:

X—1=0. ()
y=0

Bing viéc dat z = t, ta bién doi hé (**) vé dang:
z=t x=1

x-1=0 &< Jy=0,te R.
y=0 z=t
D6 chinh 12 phuong trinh tham s6 clia duong thang (d) cin dung.
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h. Mat cau (S) duong kinh PQ véi P, Q theo thi tu 1a chan dudong vudng géc chung
trén (di) va (d2) chinh 12 mat c4u can dung. Dé viét phuong trinh mat cdu (S) ta ¢
thé trinh bay theo cdc cdch sau:
Cdch I: Mat cau (S) v6i dudng kinh PQ c6:

Tam I 1a trung diém PQ Tam I(l; 0;3/ 2)

S): < (S):
®) Bénkinth% ©) R ;

= (S):(x—1)2+y2+(z—§j -

Cdch 2: Mat céu (S) v6i duong kinh PQ gom:
M(x; y; z) € (S) < PM L QM < PM.QM =0
Sx-Ly,;z-Dx-1;y;z-2)=0
SE-DE-D+yy+z-1D)z-2)=0=x>+y*+22-2x-3z+3=0.
D6 chinh la phuong trinh mat cau (S) can tim.
Cdch 3: Mat céu (S) v6i duong kinh PQ gom:
M(x; y; z) € (S) < AMPQ vuong tai M < PM? + QM? = PQ?
SE-D?+y+@-1)P+E-1)1+y*+(z-2)7°=1
Sx2+y?+22-2x-3z+3=0.
D6 chinh la phuong trinh mat cau (S) can tim.
i. Chuyén phuong trinh duong thang (A.) vé dang tham s6:
x=1+v
(A):3y=v ,ve R.
z=1+v
Gia st mat cau (S) ¢6 tam I va tiép xtc véi (d), (d2) theo thit tu tai Dy va Dy, suy ra:
I(1+v;v;1+v), Di(1;t; 1), Do(1 +u; 0; 2)
= D_li(V; v—1t; V) va D—Zl(u—v; -v;1-v).
Ta lan luot ¢6 cac diéu kién:
= (S) ti€p xtc v6i (dy) tai Dy khi:
DIl (d)< DIly < Dlu =0 v-t=0cv=t= DI(v;0;V).
= (S) tiép xtc vai (d») tai D khi:
Dl L(dh)< DI Lu, < D,lu, =0 ©u-v=0=u=v=> D,I(0; —v; 1-V).
= (S) tiép xtc vai ca (di) va (d») khi:
DIl =D.l < D|I? = D.I?

C>V2+V2=(—V)2+(1—V)2<:>1—2V=0<:>t=u=V=%

=1 i;l;i va ban kinh Rz‘ﬁﬁ‘zi.
27272 2
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Khi d6, phuong trinh mat cau (S) c6 dang:

3’ 1Y 31
(S)(X_Ej +(y—5) +(Z—Ej =7
j.  Gia sirmat cau (S) c6 tam I(a; b; ¢) va tiép xtdc vdi (d,) tai Cs, suy ra:
Gyl +u;0;2) = Cl(a-1;b—1;¢c—1) va C,l(a—u—1; b; c—2).
Ta 14an luot ¢6 cac diéu kién:
= (S) ti€p xtc v6i (dy) tai C; khi:
CILd)e Clly < Cluy,=0<b-1=0sb=1.
= (S) ti€p xtc v6i (do) tai C; khi:
Gll(d) e Cllu, © Clu,=0 ©a-u-1=0cu=a-1.

= (S)cébankinh R = g ti€p xtc vai ca (dy) va (d) khi:
R=ClI=Cl< R>=CI?>=GI?

= %z(a—l)2 +(b=-1)*+(c-1)’=(@-u-1)>+b>+(c-2)

<:>%=(a—1)2+(c—1)2=1+(c_2)2
- %=1+(C—2)2 @{402—126c+15=0 *
(=1 +(c—17 =14 (c—2p a-D=4-2c

Phuong trinh (*) ¢6 cdc nghiém c, =% va c, =§. Khi doé:
L 3.
* V6i ¢, =— thi:
2

a-1=1 a =2
a-1Y=1< = i
—-1=-1 a,=0
Tir do:

- Vé6i a; =2 ta duge tam [ (2; 1; Ej nén c6 mat cau:

2
3) 5
S):(x=2) +(y-1) +|z—-=| ==.
9:(x-2) (1) + 23] =3
- Véia; =0 ta dugc tam 12(0; 1 %) nén c6 mat cau:
3} 5
S,):x2+(y=1)+|z-2| ==.
i 4 (y-1) +2-2] =2
» Vdi ¢ =§ thi (a — 1)* = —1, vo nghiém.

Vay, ton tai hai mat cau (S)), (Sz) thoa mén diéu kién dau bai.
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Dang todn 5: Vi tri tuong d6i ctia mit cAu voi duong thgng
Phuong phap
Ta lwa chon moét trong hai cach sau:
Cach 1: Thuc hién theo cac budc:
Buoc1: Xac dinh tim I va tinh ban kinh R ctia mit cau (S), tit d6 tinh:
d =d(I, (d)).
Budc2: So sanh d voi R d€ dua ra két luan:
* Néud>R< (d)n(S)=9 (Hinh 1).
= Néud =R < (d) ti€p xuc vi mit cau (S) tai H (Hinh 2).
* Néud <R« (d)n(S)={A, B} (Hinh 3).

&

Hinh 1 Hinh 2
Cach 2: Thuc hién theo cac budc:
Bugc 1: Chuyén phuong trinh (d) vé dang tham s6 theo t.
Budc2: Thay x, y, z caa (d) vao (S), ta dudc:
AP +Bt+C=0 1)
Budc 3: Két luan:
* Néu (1) vo nghiém < (d) N (S) = <.
» Néu (1) c6 nghiém kép ty < (S) tiép xtic v6i (d) tai diém
H(x(t); y(to); z(t0))-
# Néu (1) ¢6 hai nghiém phan biét t;, < (d) N (S) = {A, B} véi
A(x(t); y(t); z(t1) va B(x(t); y(t); 2(t2)).
Vi cédc bai todn khong chita tham s6, khi st dung cach 1 ching ta dé dang két
luan duoc vé vi tri twong déi cua (d) va (S), tuy nhién:
®= Trong truong hop (d) N (S) = {A, B} hodc (d) » (S) = {M} ching ta
khong nhan dugc toa do ctia A, B va M.
* Vi cac bai toan c6 chia tham s6 khi sit dung cach 1 s€ rét phuc tap, do vay,
tot nhat hay chon cach 2.

@ Cha y: Trong trudng hop dudng thing (d) cit mit cu (S) (tam I ban kinh R)
tai hai diém A, B chiing ta thudng gap thém cau hoi:
1. Tim toa do A, B (hoac d6 dai doan AB).
2. Viét phuong trinh dudng thang (A) song song véi (d) va cat mat
cau (S) tai hai diém E, F sao cho EF c6 do dai 16n nhat.
3. Viét phuong trinh céc mat phing (Pa), (Ps) ti€p xtic véi (S) theo thit
tu tai cdc diém A, B.
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4. Viét phuong trinh mat phang vuong géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat cdu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot dudong tron (C) c6 ban
kinh bang r (hodc biét chu vi dudng tron hodc biét dién tich
hinh tron do).

5. Viét phuong trinh mit phiang chita dudng thang (d) va cit mat
cau (S) theo thiét dién la mot duodng tron 16n cua (S).

6. Viét phuong trinh mat phiang chita dudng thang (d) va cit mat
ciu (S) theo thiét dién 1a mot duong tron nhan AB lam dudng
kinh.

7. Viét phuong trinh mat phang chita dudng thang (d) va cat mat ciu
(S) theo thiét dién 1a mot dudng tron (C) c6 ban kinh bang r (hoac
biét chu vi duong tron hoac biét dién tich hinh tron do).

% V6i yéu cdu (1) thi trong phan xét vi trf tuong d6i gitta (d) va (S) chiing ta st
dung céach 2.

Véi yéu cau (2) thi dudng thang (A) can dung sé& di qua I va song song véi (d).
Vi yéu cau (3) thi chiing ta cé ngay:

= Mt phang (Pa) di qua A va c6 vipt 1A

= Miat phing (Ps) di qua B va c6 vipt IB.

Luu y: Néu chi vé6i yéu céu tinh géc a gitta (Pa), (Ps) thi a = g(IA, IB).

+#

# Vi yéu ciu (4), ching ta thuc hién theo cdc buéc:
Budc 1; Ta co:
=  Dudng thing (d) c6 vicp u(a; b; ¢).
= Mat cau (S) c6 tam I va ban kinh R.
Budc2: Goi (P) 1a mat phing can dung, thi vi (P) vuong géc véi (d) nén:
(P):ax +by +cz+D=0.
Buoc 3: Ta lan luot:
a. Dé (P) tiép xuc véi (S) diéu kién 1a:
d(L, (P)) =R = D = Phuong trinh c4c mit phang (P;), (P2).
b. Dé (P) cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cla
(S) diéu kién la:
I € (P)) = D = Phuong trinh mat phang (P).
c. Dé (P) cit mat cau (S) theo thiét dién 1a mot dudng tron (C) ¢
bén kinh bang r diéu kién la:
d(, (P))=vR* -1’ = D = Phuong trinh cdc mat phing
(P1), (P2).
+ Véi yéu cau (5), goi (Q) 1a mat phang can dung thi (Q) = (I, (d)) = JAB)
va chiing ta da biét hai cdch dé viét dugc phuong trinh mat phiang di qua ba
diém khong thang hang.

% V§i yéu ciu (6), ching ta thuc hién theo céc budc:
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Budc 1: Goi H 1a trung diém AB, suy ra toa do ctia H.
Budc2: Goi (Q) 1a mat phing can dung thi IH L (Q). Do dé:
Qua H
Cvtpt IH
% V6i yéu ciu (7), ching ta thuc hién theo céc budc:
Budc 1: Goi (Q) 12 mat phang can dung, gid st:
Q):Ax+By+Cz+D=0.
Vi (Q) chira (d) nén A, B thudc (Q). (1)
Budc2: Dé (Q) cat mat ciu (S) theo thiét dién 1a mot dudng tron (C) ¢6 ban
kinh bang r diéu kién la:

d(L, (Q))=vR*—r* . 2)

Tt (1), (2) ching ta nhan dugc gia tri tuong ung cua A, B, C, D.

Thi du 1. Cho duong thang (d) va mdt cdu (S) ¢é phuong trinh:
x—1 y-2 z+1
d): = = ,
@ 2 1 2

(S): (X —4) + (y+ 1)+ (z— 2 = 27.
a. Chiing minh rdng duong thang (d) cdt mdt cdu (S) tai hai diém A,
B. Tinh d¢ dai AB.
b. Viét phuong trinh duong thdng (A) song song voi (d) va cdt mdt cdu
(S) tai hai diém E, F sao cho EF ¢6 d¢ dai I6n nhat.
c. Viét phwong trinh cdc mdt phdng (P), (Ps) tiép xiic voi (S) theo thit tw
tai cdc diém A, B. Tinh cosin géc giita hai mdt phang (Pa), (Ps).
d. Viét phuwong trinh mdt phdng vuong géc vai (d) va:
a. Tiép xiic vdi mdt cdu (S).
b. Cadt mdt cdu (S) theo thiét dién la duong tron lon ciia (S).
c. Cdt mdt cdu (S) theo thiét dién la mot duong tron (C) c6
dién tich bang 18m.
e. Viét phuwong trinh mdt phdng chita duong thang (d) va cdt mdt cdu
(S) theo thiét dién la mot duong tron lon cua (S).
f. Viét phuong trinh mdt phdng chita dwong thang (d) va cdt mdt cdu (S)
theo thiét dién la mot duong tron nhdn AB lam duong kinh.
g. Viét phuong trinh mdt phdng chita duong thdng (d) va cdt mdt cdu
(S) theo thiét dién la mot duong tron (C) ¢é bdn kinh bdng
r=+/54/5.
&5 Gidi
Ta c6:
* Puong thang (d) c6 vicp 6(2; 1;2) va di qua diém M(1; 2; -1).

= Mat cau (S) ¢6 tam 1(4; —1; 2) va ban kinh R = 33,
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a. Ta c6 thé trinh bay theo céc céch sau:
Cdch I: Chuyén phuong trinh ctia (d) vé dang tham so:
x=2t+1
(d): qy=t+2 ,te R.
z=2t—-1
Thay phuong trinh tham s6 cua (d) vao phuong trinh mat cau (S), ta dugc:
t=0=>A0;2;-1)
QRt=3 +t+37+2t-3y =279 -18t=0< .
t=2= B(5; 4; 3)
Khi do6:
AB=(5-12+(4-2%+(B+1)?*=36< AB=6.
Cdch 2: Nhan xét rang:

[i.4]
[
Khi d6, v6i 1a trung diém AB thi:

AB=2AH= 2JR?-d* = 2\/(36)2 —(3«@)2 =6.

b. Puong thang (A) cit mat cau (S) tai hai diém E, F biét EF c6 do dai 16n nhat khi
(A) di qua tam I ctia mat céu (S). Do d6, ta co:

Qual(4;-1;2 _ _
(A):{ ( ) x4 _y+l_z-2

d=d(, (d)) = =3J2<R = (d) n (S) = {A, B}.

- <= (A):
vtepu(2; 15 2) 2 1 2

c. Talan luot c6:
= Mat phang (P,) ti€p xiic v6i mat cau (S) tai diém A 1a:

QuaA(1;2;—1)

(Pa): .

vtptIA(—3; 3; —3) chon(1;-1;1)
= Mat phang (Ps) ti€p xtic v6i mat ciu (S) tai diém B la:
QuaB(S; 4; 3)

(PB)l

S Pa)x—y+z+2=0.

. < Pp):x+35y-z-22=0.
viptIB(1; 5; - 1)
Khi dé, ta duoc:
[1-5-1| 5
cosa = ==
VI+1+141+25+1 9
d. Goi (P) 1a mat phang can dung, thi vi (P) vudng géc véi (d) nén cé vtpt 1a u do dé
c6 phuong trinh:
P):2x+y+2z+D=0.
a. Dé (P) ti€p xiic v6i (S) diéu kién la:
8-1+4+D|

V22 412 + 22

d{1, (P)) =R < 3V3 & D+11=93 & D=-11£93.

457



Khi dé:
» V6i D=-11+93, ta duoc mat phang (P)): 2x +y + 2z — 11+9/3 =0.
= V6i D=-11+9/3, ta duoc mat phang (P2): 2x +y + 2z — 11-93 =0.
Vay, ton tai hai mat phang (P;) va (P,) thda man diéu kién ddu bai.
b. Dé (P) cit mat cau (S) theo thiét dién 12 mot dudng tron 16n cla (S) diéu kién 1a:
leP)<=24-1+22+D=0<=D=-11.
Vay, ta dugc phuong trinh mat phiang (P): 2x +y +2z— 11 =0.
c. Goi r 1a ban kinh cua duong tron (C), ta co:
So=18n< nrt=18n< r=32.
Dé (P) cat mat céu (S) theo thiét dién 12 mot dudng tron (C) c6 béan kinh r = 32
diéu kién la:

AL (PY) = JRE _1* o [B21+44D] \/(3\/_ 3) - (3v2)

V22 417+ 2
< |D+11|=9 < D =-2hodc D =-20.
Khi dé:

*  V6i D=-2, ta dugc mat phang (Ps): 2x +y +2z—2=0.

=  Vé6i D=-20, ta dugc mat phflng (Ps): 2x +y +2z-20=0.

Vay, ton tai hai mat phang (P;) va (P;) thda man diéu kién ddu bai.
e. Mat phang (Q) chita dudng thing (d) va cat mat ciu (S) theo thiét dién 13 mot
dudng tron 16n cua (S) thi (Q) = (IAB). Téi day, ching ta cé thé trinh bay theo cdc
cach sau:
Cdch 1: Goi 1 1a vtpt chia mat phang (Q), ta dugc:

= [E, ﬁa] = (18; 0; —18) chon 7 (1; 0; —1).
Khi d6, phuong trinh mat phang (Q) duoc cho béi:
QuaA(l; 2;-1)
Q- -
vtpt 1(1; 0; — 1)
Cdch 2: Gia st mat phing (Q) c¢6 phuong trinh:

< Q)rx—-z-2=0.

(Q: Ax+By+Cz+D=0v6i A>+ B>+ C?>0. (1)
Vil, A, B thuoc (Q), ta duoc:
4A-B+2C+D=0 B=0

A+2B-C+D=0 < {C=-A
5SA+4B+3C+D=0 D=-2A

Thay B, C, D vao (1), ta duoc:

QrAx-Az-2A=0<=Q):x—-z-2=0.
f.  Goi H Ia trung diém AB, suy ra H(3; 3; 1).
Goi (R) 1a mat phang cin dung thi (R) vuong géc véi IH, do doé:
ua H(3; 3; 1

. {Q (3:3:1)

: . S Rrx—-4y+z2+8=0.
vtpt HI(I; —4; 1)
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g. Gia sir mat phang (T) cin dung c6 phuong trinh:
(T): Ax+By+Cz+D=0v6i A2+ B>+ C>> 0.
Vi A, B thuoc (T), ta duoc:
{A+2B—C+D=O {A+2B—C+D=O {B=—2A—2C
& o

SA+4B+3C+D=0

4A +2B+4C=0 D=3A+5C

Dé (T) cat mat cau (S) theo thiét dién 1a mot dudng tron (C) ¢6 ban kinh r = ,/5—54

diéu kién la:

dr, (T)):m©|4A_B+2C+D|=\/(3J§)z_(\/?J

VA® + B’ +C°

o BA-(2A-20)+2C+(3A+50) _ 9

JA? +(22A-20) +C° J5

< 5(9A +9C)> =81(5A% +8AC +5C%) < 2AC=0< A =0 hodc C=0.

Khi do:

*  V6i A=0thi B=-2Cva D =5C, ta duoc mat phang:

(T): 2Cy+Cz+5C=0< (T): 2y —z—-5=0.

* V6i C=0thi B=-2A va D =3A, ta dugc mat phang:

(T2): Ax — 2Ay + 3A =0 < (To): x — 2y + 3 =0.

Vay, ton tai hai mat phang (T)) va (T>) thdéa man diéu kién ddu bai.

& Cha y: Trong trudng hop dudng thing (d) tiép xdc véi mat cdu (S) (tam 1,
ban kinh R) tai diém A chiing ta thudng gap thém cau hoi:

1.
2.

3.

Tim toa do ti€p diém A.

Viét phuong trinh dudng thang song song véi (d) va cat mit cdu

(S) tai hai diém E, F sao cho EF c6 do dai I6n nhat.

Viét phuong trinh mat phang vuong géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot duong tron (C) ¢6 ban
kinh bang r (hoac biét chu vi dudng tron hodc biét dién tich
hinh tron do).

Viét phuong trinh mat phing chita duong thang (d) va tiép xiic

VGi (S).

Viét phuong trinh mat phang chita dudng thang (d) va cat mat

cau (S) theo thiét dién 1a mot duong tron 16n cua (S).

Viét phuong trinh mat phang chita dudng thang (d) va cit mat

cu (S) theo thiét dién 1a mot dudng tron (C) ¢ béan kinh bang r

(hoac biét chu vi duong tron hoac biét dién tich hinh tron do).

Viét phuong trinh dudng thang qua A va cat mat ciu (S) tai diém

B sao cho AB c¢6 d6 dai 16n nhat.
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8. Viét phuong trinh dudng thang qua A tiép xiic véi (S) va vuong
géc v6i duong thang (d).
9. Viét phuong trinh duong thing qua A tiép xiic véi (S) va tao véi
duong thang (d) mot géc a.
% V6i yéu céc cau (1), (2), (3), (6), ching ta thuc hién theo diing phuong phép
da biét trong phan chi y vé truong hop dudng thing cit mat cau.
+ V6i yéu cic cu (4) ta thdy ngay mat phang (P) cin dung sé di qua A va c6
vipt 1a 1A .
+ V6i yéu céc cau (7) ta thuc hién viét phuong trinh dudng thang (IA).
# Vi yéu cdc cdu (8), ching ta thuc hién theo cdc budc:

Z,

Buoc3: Gia st dudng thing (d”) cdn dung 6 vicp u', ta c6:
d)Ld uvlu  — e —
{( )L )@{u i: u'=[u,IA].

(d)LIA u' LIA
Budc4: Khi d6, phuong trinh dudng thing (d”) dugc cho béi:
.. |Qua A
(d): { —.
vicp u

+ V6i yéu cdc ciu (9), ching ta thuc hién theo céc budc:
Buoc3: Gia st dudng thiang (A) can dung c6 vicp uj (a; b; ¢), ta c6:
= u, LIA & u, JA=0. (1)
u,.u

= o((A), (@) =a e — L =cosa. )

u .u‘

A

Giai heé tao boi (1) va (2) chiing ta nhan duoc toa do clia u, .
Budc 4: Khi d6, phuong trinh duong thang (A) duge cho boi:

(A): {Qua i
vtcp u,
Thi du 2. Cho duong thing (d) va mdit cdu (S) cé phuwong trinh:
x=1+t
d): qy=2+t ,te R,(S):(x=1)P+(y—-2)*+(z—-1)*=3.
z=4+72t

a. Chitng minh rang dwong thdng (d) tiép xiic véi mdt cdu (S) tai diém
A. Tim toa do tiép diém A.

b. Viét phuong trinh mdt phdng chita (d) va tiép xiic véi (S).

c. Viét phuong trinh duong thing qua A va cdt mdt cdu (S) tai diém B
sao cho AB ¢é do dai lon nhat.

d. Viét phuong trinh duong thdng qua A tiép xiic véi (S) va vuong géc
véi duomg thing (d).
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e. Viét phuong trinh duong thdng qua A tiép xiic voi (S) va tao voi
duong theng (d) mot géc 30°.
&S Gidi
Ta c6:
»  Pudng thing (d) c¢6 vtep u(l; 1; 2) va di qua diém M(1; 2; 4).
= Mat cau (S) c6 tam I(1; 2; 1) va ban kinh R = V3.
a. Thay phuong trinh tham s6 cta (d) vao phuong trinh (S), ta dugc:
C+2+Q2t+3)’=3<62+12t+6=0t=-1 = A(0; 1; 2).
Vay, dudng thing (d) ti€p xidc véi mat cau (S) tai diém A(0; 1; 2).
b. Gia sir (P) 12 mat phang cin dung, ta thdy ngay:
® QuaA(0;1;2)
. thtﬂ(—l; -1 1)
c. Gia sir (d;) 1a dudng thang can dung, ta thiy ngay:

A(0;1;2 _ _
(d): {Q‘“‘A & (d: {Qua (052) gy xoy=lz=2,
Qual

vtptﬁ(—l; -1; 1) -1 -1 1
d. Gia sir dudng thing (d’) can dung c6 vtep u', ta c6:
d)L vlu e -
{( YL@ ey o' =[u, TA]=(3; ~3; 0) chon u'(l;~1; 0).
(d) LIA u' LIA
Khi d6, phuong trinh dudng thang (d”) dugc cho béi:

&S Prx+y—-z+1=0.

x=t
ua A(0; 1; 2
(d): Q _( ) &) y=1-t,te R.
vtep u'(l; —1; 0) S

e. Gia sir dudng thing (A) can dung c6 vicp u, (a; b; ¢) # 0, ta 14n luot c6:
u, LIA © u, JA=0 <a+b-c=0&c=a+b.

‘u li‘ i’ o la.1+b.1+c.2| :ﬁ

g((A), (d)) =30 =
.u‘ Jal 402+ A1 412422 2

U,

& 2[a+b+2(+b)] =9[a’ +b*+(a+b)’ |

S ((a+b)P=a’+b’< 2ab=0<b=0hoaca=0.
Khi dé:
= V6ib=0thia=ctaduoc i(a; 0; a) chon E(I;O; 1), tir do:

Qua A(0; 1;2) x=t
(Ar): . < (A):qy=1  ,te R.
vtpt u, (1; 0; 1) ,=2 41
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= Véia=0thic=btaduoc i (0; b; b) chon uj (0; 1; 1), tir d0:

Qua A(0; 1; 2) x=0
(Ay): . & (A): y=1+t,t e R.
vtpt u, (0; 1; 1) =04t

Vay, ton tai hai dudng thang (A;), (A2) thod man diéu kién dau bai.

& Chu y: Trong trudng hop dudng thing (d) khong cit mat cdu (S) (tam I ban
kinh R) ching ta thuong gap thém cau hoi:
1. Viét phuong trinh mat phang vudng géc véi (d) va:

a. Tiép xuc v6i mat cau (S).

b. Cat mat ciu (S) theo thiét dién 1a mot dudng tron 16n cua (S).

c. Cat mat cdu (S) theo thiét dién 1a mot duong tron (C) ¢6 ban
kinh bang r (hodc biét chu vi dudng tron hodc biét dién tich
hinh tron do).

2. Viét phuong trinh mat phang chita duong thang (d) va cit mat

céu (S) theo thiét dién 1a mot duong tron 16n cia (S).
Viét phuong trinh mat phang chita dudng thang (d) va cat mat
cau (S) theo thiét dién 12 mot duong tron (C) c6 ban kinh béng r
(hoac biét chu vi duong tron hoac biét dién tich hinh tron do).
Viét phuong trinh cdc mat phang chita dudng thang (d) va tiép
xtic v6i mat cdu (S). Gia sit cic ti€p diém l1a T, T, hay viét
phuong trinh duong théng (T, T).
*+ VGi cic yéu cau (1), (2), (3), chiing ta thuc hién tuong tu nhu trong cac

trudng hop dudng thang cat hodc tiép xiic v6i mat cau.
+ VGi cdc yéu cau (4), ching ta thuc hién theo cdc budc 16n sau:

BuGc 1: Lap phuong trinh cdc mat phang (Py), (P2) chifa (d) va tiép xtc véi (S).

Budc2: Tim toa do céc ti€p diém T, T, véi céch hiéu ching chinh 1a hinh

chiéu vuong géc ctia I trén cdc mat phang (Py), (P2).
Budc 3: Viét phuong trinh duong thang (T, T»).

[9S)

&

Thi du 3. Cho duong thdng (d) va mdt cdu (S) ¢é phuong trinh:
(d): X;3 - y;2 - Zgl, (S): X+ (y— 1Y+ (z— 27 = 14.
a. Ching minh rdng duong théng (d) khong cdt mdt cdu (S).
b. Viét phuong trinh cdc mdt phdng chita duong thdng (d) va tiép xiic
VoI mdt cdu (S).
c. Gid sit cdc tiép diém ciia (S) voi cdc mdt phdng trong cdu b) la T,
T, hdy viét phuong trinh dwong thang (TiT,).

&S Gidi
Ta co:
* Puong thang (d) c6 vtcp ﬁ(9; 3;5) vadi qua diém M(3; 2; —1).
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= Mit cdu (S) ¢6 tam 1(0; 1; 2) va ban kinh R =+/14.
a. Chuyén phuong trinh ctia (d) vé dang tham so:
x=3+9t
(d):qy=2+3t ,teR.
z=-1+5t
Thay phuong trinh tham s6 cua (d) vao phuong trinh (S), ta dugc:
3 +9t)° + g3t + 172+ (5t— 3)2 =14 < 125t + 30t + 5 =0, vo nghiém.
Vay, duong thang (d) khong cat mit cau (S).
b. Lay thém diém N(-6; —1; —6) thuoc (d) va gia st mat phang (P) can dung cé
phuong trinh:
(P): Ax+By+Cz+ D=0, v6i A + B>+ C*> 0.
Ta lan luot c6:
=  ViM, N thudc (P) nén:
{3A+2B—C+D=O - {5C=—9A—3B
—-6A-B-6C+D=0 5D=-24A-13B
= Pé (P) ti€p xtc v6i (S) diéu kién la:
[Bracen] o
VA +B* +C°
& (B+2C+D) =14(A* +B* +C?).
Dé tién tinh todn, ta nhan hai vé& clia dang thic trén véi 25:
(5B+10C+5D)" =350(A +B?) +14(5C)’ . (1)
Thay (I) vao (1), ta duoc:
2A%2+3AB-2B*’=0< A =-2B hoiac B=2A.
Khi do6:
a. V6iB=2Athichon A=1suyraB=2,C=-3,D=-10, ta duoc:
P):x+2y-32-10=0.
b. V6i A=-2Bthichon B=-1suyraA=2,C=-3,D=-7, ta duoc:
P2):2x—y—-3z2-7=0.
Vay, ¢6 hai mat phang (P), (P,) thoa man diéu kién ddu bai.
c. Talan luot c6:
»  Xic dinh toa do T;: Phuong trinh duong thang (IT;) duoc cho béi:

X=t
1(0;1;2
(IT): {Qual o ary A EOED i st e R
dT) L @) vtepn, (1;2;—3)

z=2-3t

@

d(I, (P) =R <

Vi (IT)) A (Py) = [Ty}, do dé:
t+2(1+20)-32-3)-10=0¢ 14— 14=0 =t = 1= Ty(1; 3; 1)
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»  X4c dinh toa do T»: Phuong trinh duong thang (IT>) duoc cho béi:

X =2t

{Qual Qual(0;1;2)
(IT): < (IT): — S T):sy=1-t ,te R
(IT,) L (P,) vtepn, (2;—1;-3) o3t

Vi (T2) N (P2) = {T2}, do dé:
4t—(1-1)-32-3)-7=0<=14t-14=0=t=1=Tx(2; 0; -1).
* Phuong trinh dudng thang (T, T») duoc cho bdi:
QuaT,(L; 3; — 1) x=l+t
(TiT2): - & (TiTh): yy=3-3t,t e R.
vtep T, T, (1; —3; 0) s =1

Dang toin 6: (Piém va duong tlzézng: Pé tim diém M thuoc dudng
thing (d) thoa man diéu kién K.
Phuong phap
Ta lwa chon mot trong hai cach sau:
Cach I Thuc hién theo cac budc:
Budc 1: Chuyén phuong trinh dudng thing (d) vé dang tham s6:
X =X, t+at

(d:qy=y,+bt,t € R (c6 vtcp ﬁ(a; b; ¢)).
y=2z,+ct

Buéc 2 Pim M e (d), suy ra M(xo + at; yo + bt; zo + ct)

Bugc 3: Thiét lap tinh chat K cho diém M.

Cich 2 St dung diéu kién K khing dinh M thuéc dudng (L), khi do:
(d) N (@L)={M}.

Chung thuong gap:

1. Tim trén dudng thegmg (d) diém M(xw; ym; zm) sao cho X3, +y3,+z, nhd
nhat (hodc dugc phat biéu dudi dang "7im toa dé hinh chiéu vuéng
g6cM cua O trén (d)").

Khi d6, néu st dung cach 1 thi buée 3 c6 noi dung;:

Xa + Yy + 7y =(Xo+aty + (yo+ bty + (zo+ ct)? = AL + Bt + C> %.

A b
A 2 2 2 = —— 1 = ——
Vay, ta dugc (XM +yYutZy )Mm dat dugc khi t =M.

N

Xac dinh toa d6 hinh chiéu vuéng goc ctia diém A lén dudng thing (d).
Khi do:
= Neéu st dung cach 1 thi budc 3 c6 ndi dung:

AM L (d)< AM Lu < AM.u=0 = Gid tri t = Toa do H.
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= Néu st dung cach 2 thi thuc hién theo céc budc:
Budc 1: Xic dinh vtcp @ clia dudng thing (d).
Budc2: Viét phuong trinh mat phang (P) thoa man:
(P): {qua A .
(P)L(d)
Bu6c 3: Hinh chi€u vuong géc M chia A 1én dudng thang (d) 1a giao
diém cua (d) va (P).
Tut viéc xac dinh dugc toa do hinh chi€u vuong goc cua A 1én (d), ching ta
thuc hién dugc viéc:
+ Tim toa do diém M thudc (d) sao cho do dai AM ngan nht.
+ Tim toa do diém A, d6i xdng véi diém A qua (d), cu thé ta thuc hién
theo cic budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Budc2: Suy ratoa do diém A, tir diéu kién M 12 trung diém clia AA,.
Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Budc 1: Xic dinh vtcp u ctia dudng thing (d).
Buoc2: Gia st Ai(x; y; z), suy ra:
Trungdiém M cia AA, thudc(d)
{AAI 1(d)

M(XHA YHYa ;Z+ZA]€(d)
2 2 2 = Toa do A..
AA u=0
+ Viét phuong trinh dudng thang di qua A vuong géc véi (d) va cat (d),
cu thé ta thuc hién theo céc budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Butc2:  Suy ra dudong thang (AM) 1a dudng thang cn dung.
Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Buoc 1: Viét phuong trinh mat phang (P) di qua A va chia dudng
thang (d).
Budc2: Viét phuong trinh mit phing (Q) di qua A v vuong géc véi
duong thang (d).
Buoc 3: Puong thang cin tim chinh 1 giao tuyén clia hai mat phang
(P) va (Q).
+ Viét phuong trinh mat cdu tam A va tié€p xidc véi (d), cu thé ta thuc
hién theo cac budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong géc M cua A 1én (d).
Buoc2:  Mat cau (S) tam A va tiép xic véi (d) duge xac dinh boi:

Tam A
(S): o .
Ban kinh R=AM
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Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Buoc 1:  Goi R 1a ban kinh mat cau (S) tam A va tiép xuic véi (d) thi ta co:

R =d(A, (d)).
Budc2: Phuong trinh mat cau (S) dugc xac dinh boi:
Tam A
(S): { - :
Ban kinh R
Thi du 1. Cho diém A(2; 6; 2) va duong thang (d) cé phuong trinh:
x-3 y-1 z-1
d): = = .
@ -2 1 2

a. Tim trén duong thdng (d) diém M(xw; ym; zm) sao cho tong
X3 + Vo + 2y dat gid tri nhd nhdt.
b. Tim toa dé hinh chiéu vuong goc ciia diém A lén duong thdng (d).
c. Timtoa dé diém A, doi xitng véi diém A qua duong theang (d).
d. Viét phuong trinh chinh tdc duong thdng di qua diém A vuong géc
voi (d) va cdt (d).
e. Viét phuong trinh mdt cau tdm A va tiép xiic voi (d).
f. Viét phuwong trinh mdt cdu tam A va cdt duong thang (d) tai hai
diém E, F sao cho EF = 6.
&S Gidi
Chuyén phuong trinh dudng thang (d) vé dang tham s6:
x=3-2t
(d): sy=1+t ,te R.
z=1+2t
a. DiémM e (d), suyraM3 —2t; 1 +t; 1+ 20).
Khi dé:
Xy 7 = (=202 + (1 + 02+ (1 +202 =92 — 6t + 11
= Gt— 12+ 10> 10.

T d6, suy ra (x3 +yiy +7y ), =10 dat dugc khi:

3t—1=0 t=1+ = Toa do diém M(Z;i;ij.
3 333
b. Goi H 12 hinh chiéu vuéng géc clia A 1én dudng thang (d), ta c6 thé trinh bay theo
hai céch sau:
Cdch 1: Pudng thang (d) c6 vtep u(=2; 1; 2).
ViH e (d)nén HB - 2t; 1 +t; 1 +2t), suy ra AH(1-2t; t—5; 2t—1).
Dé H la hinh chi€u vuong géc clia A 1én (d) diéu kién Ia:
AH 1 (d)< AH Lu < AHu=0
& 2(1-2t)+(t-5)+2(2t-3)=0 < t=1= H(l; 2; 3).
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Cdch 2: Pudng thang (d) c6 vtep u(=2; 1; 2).
Goi (P) 12 mat phang tho4 man:

(P): {Qua A L) {Qua AZED L by ax—y- 224620,

(P) L(d) vipt u(=2; 1; 2)
Vi {H} =(d) » (P) nén toa do H 1a nghiém h¢ phuong trinh:
x=3-2t x=3-2t x=1
=1+t =1+t =2
y =Y = YT S H(1 2 3).
z=1+2t z=1+2t z=3

2x—y—-2z+6=0 9t-9=0 t=1
c. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Vi H 1a trung diém ctia AA; nén A,(0; —2; 4).
Cdch 2: (Poc lap vé6i cau b): Puong thing (d) ¢6 vicp u(-2;1;2) va gia sit diém
Ai(X; y; z), suy ra:

X Xx+2 y+6 z+2
TrungdiémHcla AA, thuoc(d) H ; Y ; e(d)
= 2 2 2

AA, L(d) -
AA,u=0
X+2:3_2t
X =4—4t x=0
y+6
2 =1+t =2t-4 =-2
&1 2 =7 = 17T o A0; -2: 4),
z =4t =4
z+2
=1+2t t-1=0 t=1
2(x-2)+(y-6)+2(z-2)=0

d. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Goi (d’) 12 dudng thang can dung thi:

A(2; 6;2 _ _ _
(d,):{QuaAQd,‘{Qua (2;6;2) o @)X 2_y-6_z-2
Qua H

vtcp ﬁ(l; 4; -1) 1 4 -1
Cach 2: (Boc lap v6i cau b): Goi (d’) co vtep u' la duong thang can dung.
Lay diém B(3; 1; 1) thuoc (d) va goi (P) = (A, (d)) thi (P) c6 vipt a duoc cho
boi:
n, :[E, ﬁ] =(=9; 0;—9) chon n,(L; 0; 1).
Khi d6, ta nhan thay:

{(dv)c(P) PN w'=[ny, 0= (-1 - 41).
(d)L(d) u'lu
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Vay, phuong trinh duong thang (d’) duoc cho boi:

ua A(2; 6; 2 _ _ _
d): Q ﬁ( ) @(d,):x 2:y 6:Z 2.
vicp u'(=1; -4; 1) -1 —4 1
e. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Mat cau (S) tam A va ti€p xuic véi (d) duoc xac
dinh béi:

Tam A(2; 6; 2)
S'{ SO):x-2P+(y—6)1+(@z-2y=18.

" | Ban kinh R=AH=1/18
Cdch 2: (Doc 1ap véi cau b): Dudng thing (d) c6 vtep u(l; 2; —2) va di qua diém
B(3: 1; 1). Goi R Ia ban kinh mat cdu (S) tam A va ti€p xiic véi (d), ta c6:
R =d(A, (d) = I8.
Phuong trinh mat cau (S) duoc xac dinh boi:
Tam A(2; 6; 2)
" | Ban kinh R=1/18

f. Ta c6 thé trinh bay theo hai céch sau:
Cdch I: (Dua vao két qua cau b): Vi H la trung diém ctia EF nén mat cdu (T) cin dung
¢6 ban kinh R duoc xac dinh bai:

2
R = AE = VAH? + EH? = ,|AH? +[%) = J18+9 =427 .
Phuong trinh mat cau (T) duoc xac dinh boi:
Tam A(2; 6; 2)
" | Bén kinh R=+/27

Cdch 2: (Poc 1ap véi cau b): Vi H 12 trung diém cua EF nén mit c4u (T) can dung c6
ban kinh R dugc xac dinh boi:

R=AE=VAM? + EM’ \/dz (A, (d)) + (%) = J18+9=+27.

Phuong trinh mat cau (T) duoc xac dinh boi:
Tam A(2; 6; 2)

):
Bén kinh R=+27

& Chu y- Tiép tuc tng dung hinh chiéu vuong géc ciia diém trén dudng thing
ching ta xét cic dang todn sau:
& Cho hai diém A, B va duong thang (d). Tim toa do diém M trén duong thdng
(d) aé:
a. ‘m + M—B‘ dat gid tri nho nhat.
b. MA? + MB? dat gid tri nho nhdt.

S (S): (x =2+ (y—6)* + (z—2)* = 18.

S (D) (x =202+ (y—6)+(z—2)>=27.

S (D) (x=202+(y—6)+(z—2)>=27.
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Khi dé:
a. Chung ta thuc hién theo cic budc:
Budc 1: Goilla trung diém cua AB, ta c6:
[MA + MB| = 2|Mi| = 2MmI.
Tir d6, ta thdy \m + m\ dat gid tri nhd nhat khi MI nhé nhat, tic

M la hinh chi€u vuong géc cua I trén (d).
Buoec2: Tim toa do cuia M.
b. Ta c6 thé lua chon cdc cach giai sau:
Cdch I: Chung ta thuc hién theo cac budc:
Budc 1: Goi I la trung diém clia AB, ta c6:

_ . I, . —\2 —_ —\2
MA2+ MB?= MA_ +MB- = (Mi+1A) +(MI+IB)
=MI? + 2MLIA +IA? + MI? + 2MLIB + IB?
2 2
— IMI +2M1(1A+IB)+A'% — IMI +A'%.

Tu d6, ta thdy MA? + MB? dat gid tri nho nhat khi MI nho nhét, tic
M la hinh chi€u vuong géc cua I trén (d).
Buoec2: Tim toa d6 cuia M.
Cdch 2: St dung phuong trinh tham s6 (gia st 12 t) clia dudng thang (d) chiing ta
bién d6i biéu thitc MA? + MB? vé dang (ta lu6n c6 a > 0):

MA?+ MB?>=at’>+bt+c 2—4A.
a

Tu do, ta thdly (MA? + MB?)min = —4A , dat duoc khi t= —23 , suy ra toa do
a a

diém M.

+ Mo rong v6i ba diém A, B, C khong thang hang (hoic tit dién ABCD) chiing ta
stt dung trong tam G ctia AABC ((hoic trong tam G clia tit dien ABCD)). Cu thé
"Cho ba diém A, B, C khong thdng hang va duong thang (d). Tim toa do diém
M trén duong thing (d) dé:

a. |MA +MB+MC| dat gid tri nhd nhdt.
b. MA? + MB? + MC? dat gid tri nhd nhat.
O day, chiing ta thuc hién phép bién déi:
MA +MB +MC =3MG .
MA? + MB? + MC? = MA~ +MB’ +MC
=(MG +GA) +(MG +GB) +(MG +GC)’
=3MG” + 2MG(GA +GB + GC)+ GA” + GB® + GC?
=3MG” +GA’ + GB* + GC’.
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Dang toan 7: (Bié’m va mdt phézngz PE tim diém M thudc miit phgmg (P)

? ~ LN ‘A
thoa man diéu kién K.

Phuong phap

Ta lwa chon moét trong hai cach sau:

Cich 1. St dung phuong trinh ban du cta mit phing.
Cich 2 St dung diéu kién K khing dinh M thuoc duong (L), khi d6:
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P)n (L) = {M}.

Chung thuong gap:
1. Xéc dinh toa do hinh chiéu vuéng goc H ctia diém A lén mit phing (P).

Khi do6:
= Neéu st dung cach 1 thi:
Budc 1: Xéc dinh vipt n ctia mat phang (P).
Budc 2: Gia stt H(x; y; z) 1a chi€u vuong goc H cua A 1én (P), suy ra:
He (P) He (P) ,
< 4__. - = ToadocuaH.
AH L (P)  |AH/n
= Néu st dung cach 2 thi:
Budc 1: Xac dinh vtpt n cla mit phang (P).
Budc 2: Viét phuong trinh dudng thang (d) thod man:

A
(d): {Q“a A Lo {Qua ™" — Phuong trinh tham s6 (d).

(d) L(P) vtcp n
Bugc 3: Hinh chiéu vuong géc H ctia A 1én (P) chinh Ia giao diém cia
(d) va (P).

Tir viéc xac dinh duoc toa do hinh chi€u vuong goc ctia A 1én (P), chiing
ta thuc hién dugc viéc:
+ Tim toa do diém H thuoc (P) sao cho do dai AH ngén nht.
+ Tim toa do diém A, d6i xing v6i diém A qua (P), cu thé ta thuc hién
theo cic budc:
Budc 1: Xac dinh toa do hinh chi€u vuong goc H cua A 1én (P).
Budc2: Suy ratoa do diém A, tir diéu kién H 12 trung diém clia AA,.
Tuy nhién, yéu cdu ny con c6 thé thuc hién bang cich:
Budc 1: Xac dinh vipt n ctia mat phéng (P).
Buoc 2: Gia su Ai(x; y; z), suy ra:
{Trung diém M ciia AA, thuoc (P)

AA, L(P)
H(x+xA;y+yA;z+zAje(P) A
Py 2 2 2 = Toa do A..
AA,//n=0



+ Viét phuong trinh mat cdu tam A va tiép xidc véi (P), cu thé ta thuc
hién theo cac budc:
Buoc 1: Xac dinh toa do hinh chi€u vuong goc H cua A 1én (P).
Buoc2: Mat cau (S) tam A va tiép xdc véi (P) dugc xac dinh boi:
{Tém A
(S): .
Béan kinh R=AH
Tuy nhién, yéu c4u nay con c6 thé thuc hién bang cach:
Buoc1:  Goi R 1a ban kinh mat cau (S) tam A va tiép xuc véi (P) thi ta c6:

R =d(A, (P)).
Budc2: Phuong trinh mat cau (S) duge xac dinh boi:
Tam A
(S): { - .
Béan kinh R

+ Tim trén mit phing (P) di€m M(xw; yw; zw) sao cho x2,+y2, +73
nho nhat bdi n6 dugc phat biéu lai dudi dang "7im toa d¢ hinh
chiéu vuong gocM cua O trén (P)").

+ Cho hai diém A, B va mat phfmg (P). Tim trén (P) diém M sao cho
‘m + M—B‘ dat gi4 tri nhd nhat, cu thé ta thuc hién theo cic budc:

Buéc 1: Goil la trung di€ém ctia AB, suy ra toa do cta L.
Budc2: Nhan xét ring ‘M—A +MB| = ‘2@‘ =2MI.
Tu do:
\m + M—B\ dat gid tri nho nhat <> MI nhd nhét

<> M 1a hinh chi€u vuong géc ctia I trén (P).
Buodc 3: Xéc dinh toa do diém M.
2. Tim diém M trén mat phéng (P) sao cho:
a. MA + MB dat gia tri nho nhat.
b. | MA - MB| dat gia tri 16n nhat.
Thi du 1. Cho hai diém A(1; 1; =1), B(=1; 3; —1) va mdt phdng (P) cé phuong
trinhx +y+2z—-6=0.
a. Tim toa do hinh chiéu vuong géc ciia diém A lén mdt phdng (P).
b. Tim toa dé diém A, doi xitng véi diém A qua mdt phdng (P).
c. Tim trén mdt phding (P) diém M(xx; ywm; zw) sao cho tong
Xy + Yy + 2y, dat gid tri nhd nhat.
d. Tim trén (P) diém N sao cho ‘ﬂJr @‘ dat gid tri nho nhdt.
e. Tim trén (P) diém E sao cho EA + EB dat gid tri nhd nhat.
f. Viét phuong trinh mdt cau tam A va tiép xiic vdi (P).
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g. Viét phuong trinh mdt cdu cé bdan kinh nho nhdt di qua A va tiép
xtic voi (P).
h. Viét phuong trinh mdt cdu cé bdn kinh nhd nhdt di qua A va cdt
(P) theo thiét dién la duong tron lon.
i. Viét phuong trinh mdt cdu tam A va cdt (P) theo thiét dién la
duwong tron (C) ¢ bdn kinh r=3+/2 .
&5 Gidi
a. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: Mit phéng (P) c6 vipt n(l; 1; 2).
Gia st H(x; y; z) 1a hinh chi€u vuong géc cua A 1én (P), suy ra:

{H e (P) - {H e(P)

AH L (P) AH(x-1 y-1 z+1)//n(;1; 2)
X+y+2z-6=0 X+y+2z=6 x=2
Six-1 y-1 z+1< 1x-y=0 <qy=2=H(2;2; 1).
11 2 2y-z=3 z=1
Cdch 2: Mt phéng (P) ¢6 vtpt n(1; 1; 2) . Goi (d) 1a dudng thing thod man:
x=1+t
A ua A(1;1; -1
(d):{%ual p @d:{Q #( )(:)(d): y=1+t ,te R.
(d) L(P) viep n(l; 1; 2) Y
Vi {H} =(d) n (P) nén toa do H 1a nghiém hé phuong trinh:
x=1+t x=2
=1+t =2
y=1+ =T S He 2,
z=—-1+2t z=1

X+y+2z-6=0 t=1
b. Ta c6 thé trinh bay theo hai cdch sau:
Cdch I: (Dua vao két qua cau a): Vi H Ia trung diém clia AA; nén A(3; 3; 3).
Cdch 2: Mat phang (P) c¢6 vtpt n(l; 1; 2) va gia sit Ai(x; y; z), suy ra:

R x+1 y+1 z—-1
{Trung diémHcta AA, thuoc(P) H( R je (P)
=

272 2
AA, L(P) L
AA,//n
x+1+y+1+2.z—1_6:0 X+y+2z=12
=22 2 o lx-y=0 = A3 3; 3).
x=1 y-1 z+1 0
1 1 2 X=z=

c. Nhan xétrang xy, +yy +Zy = (Xy —0)2 +(yu —O)2 +(zy —0)2 = OM2

472



Tur do, suy ra:
(xi4 + Y + 7y )Min < OM nh6 nhét <> M 12 hinh chiéu vuong géc ctia O trén (P).

Goi (A) 1a duong thang thoa man:

X=t
0(0; 0; 0
(A): {Q“ao o @y |00 i e R,
(A) L(P) vtep n(l; 1; 2) ot

Vi {M} = (A) " (P) nén bang cdch phuong trinh tham s6 ctia (A) vao phuong trinh
cua (P), ta dugc:
t+t+4t—-6=0<=6t-6=0=t=1= M(1; 1; 2).
Vay, véi diém M(1; 1; 2) thi (x3, +y + 2y )M =6.
d. Goilla trung diém cua AB, suy ra I(1; 3; 1). Nhan xét rang:
|NA + NEB| = |2Ni| = 2NI.
Tur do:
\ﬂ + @\ dat gid tri nhd nhat <> NI nhé nhat
<> N 1a hinh chiéu vuong géc cua I trén (P).
»  Xi4c dinh toa do diém N: Goi (d’) 13 dudng thang thoa mén:

x=1+t
I(1; 3; 1
): {Q“al @(d’:{Qua 3D Ly g3t
(d") L(P) viep n(1; 1; 2) 1ot

Vi {N} =(d’) n (P) nén bang céch phuong trinh tham s6 cta (d”) vao phuong trinh
cua (P), ta dugc:
T+)+@B+)+21+2)—-6=0=6t=0<t=0= N(1; 3; 1).
Vay, v6i diém N(0; 1; 4) thoa man diéu kién diu bai.
e. (Dua vao két qua cau b): Nhan xét rang:
ta.ts=—6.(—6) =36 > 0 < A, B & vé cing mot phia vdéi (P).
Phan tich: Goi A, 1a diém doi xing véi A qua (P) va {F} = (A;B) N (P), khi d6 véi diém

E bat ky thuoc (P), ta co: A
EA + EB=EA, + EB> A,B =FA +FB. %B
Vay, ta duge EA + EB nh nhét khi E = F. s g
Phuong trinh dudng thing (A;B) duoc xac dinh bai: INZd
Qua A,(3;3;3) X =3+
(AB): _ < (AB): y=3
vtep A, B(—4; 0; —4) chon (1; 0; 1) 734t

Khi d6, dé tim toa do F ta thay X, y, z tir phuong trinh tham s6 cta (A;B) vao
phuong trinh cua (P) duoc:
3+4t+3+2B8+1)-6=0=t=-2=F(1; 3;2).
Vay, diém E(1; 3; 1) thod man diéu kién dau bai.
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f. Ta c6 thé trinh bay theo hai céch sau:
Cdch 1: (Dua vao két qua cau a): Mat cau (S) tam A va tiép xtc véi (P) duoc xac dinh boi:
Tam A(1; 1; —1)
" | Bén kinh R=AH=+/6
Cdch 2: (Doc 1ap véi cau a): Goi R 1a ban kinh mat cau (S) tam A va tiép xtc véi (P)
thi ta c6:
R =d(A, (P)= 6.
Phuong trinh mat ciu (S) dugc xéac dinh boi:
Tam A(1;1; —1)
S):
Bin kinh R=AH=6
g. Mat cau (S) ¢6 ban kinh nho nhit di qua A va tiép xic v6i (P) chinh 1a mat cau
duong kinh AH, ta c6 ngay:
s Tam I 12 trung diém AH . Tam I(g; g; j
: < (S):
Ban kinh R:ﬂ
2 Bén kinh R=v/6 /2

5) 5Y 2 3

< (S).(X E) +£y Ej +(Z 2) =7
h. Mit cdu (S) c6 béan kinh nho nhat di qua A va cat (P) theo thiét dién 1a dudng
tron 16n chinh 14 dudng tron tam H va ban kinh AH nén:

S): (x=2+(y—-2P+(z-1)*=6.
i. Mat cau (T) can dung c6 ban kinh la:

R2=d(A,(P)) +12=6+ 18 =24 < R=+/24 .

Phuong trinh mat cau (T) duoc xac dinh bdi:
Tam A(1; 1; 1)

):
Bén kinh R=+/24

Dang toin 8: (Piém va mét cdu): P8 tim diém M thudc mit cau (S) thod
man diéu kién K.

SO (x— 12+ (=17 +@z+1)2=6.

SO -1+ (y-112+@z+1y=6.

SOS): -1+ (y—-1)72+(z+ 1) =24

Phuong phap
Ta lwa chon mot trong hai cach sau:

Cdch I: St dung phuong trinh ban dau cdia mét cau.
Cdch 2 Thiét lap diéu kién dé M 1a giao diém ctia mot d6i tugng khac d6i véi
mit cAu (thudng 1a duong thing).
Thi du 1. Cho diém A(2; 3; 4) va mdt cdu (S): x> + (y — 1)* + (z - 2)* = 3.
a. Chiing t6 rdang diém A ndam ngoai mdt cdu (S).
b. Viét phuong trinh duong thdng (d) di qua A cdt (S) tai hai diém B,
C sao cho BC ¢é do dai lon nhdt.
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c. Tim diém M thuoc (S) sao cho MA dat gid tri I6n nhdt, nhd nhdt.
d. Viét phuong trinh mdt phdng tiép xiic voi (S) va cdch A mot
khodng lon nhdt.
e. Viét phuong trinh mdt cdu tdm A va tiép xiic vdi (S).
f. Viét phuong trinh mdt cdu c¢6 bdn kinh nho nhdt, di qua A va tiép
xtic voi (S).
g. Viét phuong trinh mdt cdu cé bdn kinh 16n nhdt, di qua A va tiép
xtic voi (S).
L5 Gidi
a. Mat cau (S) ¢6 tam I(0; 1; 2) va ban kinh R = V3, ta cé:
AP =224 (3 1P+ (@-2=126 A=23>R.,
Vay, diém A nim ngoai mat ciu (S).
b. Hai diém B, C thuoc (S) c6 do dai 16n nhat khi BC 12 mot duong kinh cua (S), do
dé dudng thang (d) can dung dugc cho boi:

X=t
ua 1(0; 1; 2
(d): Q i ) &S (d): qy=1+t,te R.
vtep TA(2; 2; 2) chon (15 1; 1)

c. Nhan xét rang:
MA > [TA =M = [IA-R|=[23 -3 =13 = MAwn= 3,
dat dugc khi M, I, A thang hang.
MA <IA +IM = IA+R =23 +1/3 =33 = MAww = 343,
dat duoc khi M, I, A thang hang.
Tic trong ca hai truong hop {M} = (IA) N (S) = (d) N (S).
Thay phuong trinh tham s6 cta (d) vao (S), ta dugc:
M, (1; 2; 3) {AM =3

Ct+e+P=3t=1ot=%1 = [
M,(-L0;1) | AM, =33

Vay, ta c6 két luan:

*  MAwin = /3, dat dugc tai diém M(1; 2; 3).

" MAwm = 3+/3, dat duge tai diém Ma(—1; 0; 1).

d. Mat phang (P) can dung tiép xiic véi (S) va cach A mot khoang 16n nhat chinh 1a
mit phéng ti€p xiic véi (S) tai diém M., do d6:

Qua M, (~1; 0; 1)
(P): .
vtpt IA(3; 3; 3) chon (1; 1; 1)
e. Mait cdu tam A c6 thé tiép xiic trong va tiép xic ngoai vdi (S), nén ta c6:
»  Mait ciu (T)) tam A tiép xuic ngoai véi (S) duoc cho boi:
Tam A(2; 3; 4)
T):

):
Ban kinh R=AM, =+/3

&S Prx+y+z=0.

S (T): (x=27+(y -3+ (z-4)7*=3.
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=  Mat cau (T») tam A tiép xtc trong véi (S) duoc cho bai:
Tam A(2; 3; 4)
Ban kinh R=AM, =3/3

f. Mat cau (Si) c6 ban kinh nhé nhat, di qua A va ti€p xdc véi (S) chinh 1a mat cau
duong kinh AM,, do d6:

(T,): & (To): x—2)+(y=3) + (z—4)*=27.

e . 357
Tam [, 1a trung diém AM, Tam I, 355

S)): < (S):
&) Be’mkinhRF% &) NG
2 Ban kinh R1=7

2 2 2
& (Sl):(x—%j +(y—%) +(z—%) =%.

g. Mat cau (S,) c6 ban kinh 16n nhét, di qua A va ti€p xdc v6i (S) chinh 1a mat cau
duong kinh AM,, do dé:

s . 1 35
Tam I, 1a trung diém AM, Tam I, 355
(Sy): AM < (Sy):
Bén kinh R, =—-2
2 Bin kinh R2=¥

2 2 2
1 3 5 27
S Sy x—=| +|y-=| +|z-=| ==-.
) [X 2) (y 2j (Z 2) 4
& Cha y: Néu diém A nim trong hodc nim trén mat cdu (S) thi moi dudng

thang hodac mit phang di qua A déu cat (S). Nhan dinh nay goi y mot cich chiing
minh dudng thang hodc mat phang cit mat ciu.

Thi dy 2. Cho diém A(2; 1; 2) va mdt cdu (S) 6 phuong trinh:
(S): X+ (y— 1)+ (z— 17 =0.
a. Chiing t6 rang moi duong thdng di qua diém A déu cdt mdt cdu (S).
b. Viét phwong trinh mdt phdng (P) di qua A cdt (S) theo thiét dién la
duong tron cé bdn kinh nho nhdt.
c. Viét phuong trinh dwong thing di qua A cdt (S) tai hai diém B, C
sao cho BC cé d¢ dai lon nhdt.
d. Viét phuong trinh duong thdng di qua A vuong géc véi duong thdng
(A): % = ll :% va cdt (S) tai hai diém E, F sao cho EF =342 .
&5 Gidi
a. Mat cau (S) ¢6 tam I(0; 1; 1) va ban kinh R = 3, ta c6:
IA2=22+(1-1)*+(2-1?=5< 1A=/5<R.
Vay, moi dudng thang di qua diém A déu cat mat ciu (S).
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b. Goi r l1a ban kinh cua duong tron (C), ta ¢6 nhan xét:
P=R2-dI,(P) <R2-IA2=4 &1<2.
Suy ra ryin = 2, dat duoc khi d(I, (P)) = IA < 1A L (P).
Do d6, mat phang (P) can dung duoc cho bdi:
Qua A(2;1;2)
vtep 1A(2; 0; 1)
c. Hai diém B, C thudc (S) c¢6 do dai 16n nhat khi BC 1a mot dudng kinh ctia (S), do
dé dudng thang (d) can dung dugc cho boi:

{Qua A2 1:2) x=2+21

. < (d):qy=1 ,te R.
vtep TA(2; 0; 1) st

S Pr2x+z-6=0.

d. Gia sir dudng thing (d) cAn dung c6 vtcp u(a; b; ¢), ta 14n luot c6:
* Puong thang (d) vudng géc véi (A) véi vtcp LTA (2; -1; 1) khi:
ulu, ©uu, =0 2a-b+c=0<b=2a+c
* Phuong trinh dudng thang (d) dugc cho béi:

Qua A(2; 1: 2) x=2+at
: - & (d):qy=1+bt,te R.
vtep u(a; b; ¢) s 40t

* Toa do cic diém E, F duoc xé4c dinh bing c4ch thay phuong trinh tham s6 cla
(d) va (S), ta co:
(at + 2+ b2+ (ct + 1)*=9
S@+bP+ A +2QRa+o)t—4=0. (1)
Phuong trinh ¢6 hai nghiém t, t, thod man:
2(2a+c)
a’+b*+c’
4
a’+b*+c¢’
=  Véi E(at; + 2; bty + 1; ct; + 2) va F(at, + 2; bty + 1; ¢ty + 2) thi:
EF =32
& 18 =EF? = (at1 — at2)2 + (bt1 — bt2)2 + (Ct1 — Ct2)2
= (a+b? + A)(t1 — t)? = (a% + b* + A)[(t; + t)? — 4t;t2]

t,+t,=—

tt, =

4(2a+c)’ . 16 _ 4(2a+c)’

2 2 2
=(a +b +c) =
(a2+b2+c2)2 a’+b’+¢’ a’+b’+¢’

+16

_ 2(2a+ c)’

aeaTe - <at+c’+(2a+c)=2Q2a+c)
a’+b’ +c

<1

< 3a’+4ac=0< a=0hoac a=—§c.
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Khi do6:
» Véia=0thib=cnén u(0;c;c) chon u(0;1;1), do dé ta duoc:
x=2
(d):qy=1l+t,teR.
z=2+t

= Véia= —gc thi b =—§c nén ﬁ(—%c; —%c; c] chon ﬁ(4; 5; —3), do d6 ta duoc:

X =2+4t
(d,):{y=1+5t,teR,
z=2-3t
Vay, ton tai hai dudng thang (d;) va (d») thoa man diéu kién diu bai.
Thi du 3. Cho diém A(4; 2; 2) va mit cdu (S) c¢6 phuong trinh:
(S): (x=2*+(y—-1)?*+2=9.

Chiing t6 rang diém A nam trén mat ciu (S).
Tim diém B thuoc (S) sao cho AB dat gi4 tri 16n nhat.
Viét phuong trinh mat phang tiép xic véi (S) tai A.
Viét phuong trinh dudng thang tiép xiic véi (S) tai A va vuong géc véi
vecto v(=1; 0; 1).
e. Viét phuong trinh dudng thang tiép xiic véi (S) tai A va tao véi duong

2 _3 Z
thing (A): =Y "2 _Z mot géc 45°.
g (A): === motg

/RO o

f.  Viét phuong trinh dudng thang di qua A vuong géc vé6i dudng thang

(a):%:%: 2;2 va cét (S) tai diém B sao cho AB=24/5.

&S Gidi
a. Mat cau (S) c¢6 tam I(2; 1; 0) va ban kinh R = 3, ta c6:
IA2=22+12+2°=9< JA=3=R.
Vay, diém A nim trén mat cau (S).
b. Diém B thudc (S) c6 do dai I6n nhat khi AB la mot dudng kinh cua (S), do d6 B
doi xting v6i A qua tam I, suy ra B(0; 0; —2).
c. Mat phang (P) can dung dugc cho boi:
Qua A(4; 2; 2)
{Vtcp E(Z; 1;2)

&S P:2x+y+22-14=0.

d. Gia sir dudng thing (d) cin dung c6 vtcp u, ta co:
ulIA - o -
e us=[IAV]=(-L4-D.
ulv
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Khi d6, phuong trinh dudng thang (d) duoc cho bdi:

— 4t
Qua A(4; 2; 2) *

: - & (d):qy=2+4t,te R.
vtep u(—1; 4; - 1) P

e. Gia sir duong thing (d) cin dung c6 vtcp u, (a; b; ¢) , ta 1dn luot c6:
* Vi (d) tiép xtc vai (S) tai A nén:
u, LIA = u,JA=0 < 2a+b+2c=0<b=-2a-2c.
»  Pé gbc giita (d) va (A) bang 45° diéu kién Ia:

u,.u,

1 |-a+2b+2¢|
V2o et e 422 422

< 9[a% + (—2a — 2¢)* + ¢?] = 2[—a + 2(-2a — 2¢) + 2¢]?
< 9[5a% + 8ac + 5¢%] = 2(-5a — 2¢)?

cos45’ =

ug[[u,

< 5a% + 32bc — 37¢> =0 < a=— hoac a=3?7c.

Khi do:
= Véia=—cthib=0neén u,(—c;0; c) chon u,(-1; 0; 1), tir d6:
Qua A(4;2;2) x=4-t
di): — < (d):qy=2 ,teR.
vtep u,y (=1;0;1) s=0 4t
= Véia:%c ﬂﬁbz—&c rﬁit?d(ﬂc; —%c; c] Ch(_)ﬂuj(?ﬁ; —84;5),tu do:
Qua A:2:2) X =4+37t
(da): _ < (dy):qy=2-84t,teR.
vtep u, (37;—84;5) L =2 45¢

Vay, ton tai hai dudng thang (d;) va (d2) thod man diéu kién diu bai.
f. Gia sit duong thing (d) can dung c6 vtcp u(a; b; ¢), ta lan luot co:
* Puong thang (d) vudng géc véi (a) v6i vtcp uj(—l; 2; 1) khi:
ulu ouu =0< -—a+2b+c=0<a=2b+c
* Phuong trinh dudng thiang (d) duoc cho boi:

Qua A(4: 2: 2) X=d4+at
(d): - & (d):qy=2+bt,t e R.
vtep u(a; b; ¢) s+t
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* Toa do diém B (B # A) dugc xé4c dinh bang céch thay phuong trinh tham so
cua (d) va (S), ta co:
(at+2)+bt+ 1)+ (ct+2)’=9 < (> +b*+ A +2QRa+b+2)t=0
20 2(2a+b+2c)
St=——— 57—
a“+b +c

»  Vé6i A(4; 2; 2) va B(at + 4; bt + 2; ct + 2) thi:
AB=2.5
<20 = AB? = a’t> + b’t? + (¢*t? = (a + b + cH)t?

4(2a+b+2¢c)> _ 4(2a+b+2c)’

(aerb2+cz)2 a’+b” +c’

= (a2+b2+c2)

< 5[2b+ )+ b2+ =[2(2b+c¢) + b+ 2¢]?
&5 5(5b2 + 4cb + 2¢2) = (5b + 4c)? <> 6¢2 + 20be = 0 <> ¢ = 0 hodc c=—¥b.

Khi dé:
*  Véic=0thia=2bnén u(2b; b; 0) chon u(2;1; 0), do dé ta duoc:
x=4+2t
(d):qy=2+t ,teR.
z=2
= Vi c=—?b thi a:—gb nén a(_gb; b;—?b] chon u(4; —3;10), do dé6
ta dugc:
x—4 -2 z-2
(d): ===

4 -3 10
Vay, ton tai hai dudng thang (d,) va (d,) thoa mén diéu kién diu bai.

(.3. CAC BAI TOAN CHON LOC

Vidu 1: (D¢ thi dai hoc khoi B — 2003): Trong khong gian voi hé toa do Oxyz
cho hai diém A(2; 0; 0), B(0; 0; 8) va diém C sao cho AC (0; 6; 0). Tinh
khodng cach tir trung diém 1 ciia BC dén duong thdng OA.

&S Gidi

Gia st C(x; y;, z) suy ra:
0;6;0)=(x—-2;y;2) = C(2; 6;0) = I(1; 3; 4).

joi08]
d(I, OA) =T = 9.
04|
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Vidu 2: (D¢ thi dai hoc khoi D — 2004): Trong khong gian vdi hé toa do Oxyz
cho ba diém A(2; 0; 1), B(1; 0; 0), C(1; 1; 1) va mdt phcfng P:x+y+
z—2 = 0. Viét phuong trinh mdt cdu di qua ba diém A, B, C va cé tam
thuéc mdt phang (P).
L5 Gidi
1. Gia st mat cau (S) c6 dang:
(S): x>+ y*+27>—2ax —2by —2cz+d =0, v6i a>+b’>+c?>—d>0.

* PiémAe(S)<5-4a-2c+d=0. (1)
* DPiémBe(S)<=1-2a+d=0. 2)
* PiémCe(S)<>3-2a-2b-2c+d=0. 3)
= Tam I(a;b;c)eP)<=a+b+c—-2=0. @)

Giai he phuong trinh tao bdi (1), (2), (3), (4), ta dugc
a=1,b=0,c=1,d=1, thoda man diéu kién.
Vay, phuong trinh mat cu (S): x> +y?*+ 22— 2x -2z + 1 =0.

Vidu 3: (DPé thi dai hoc khéi A — 2005): Trong khéong gian vdi hé toa do Oxyz
cho duwong thang (d) va mdt phdng (P) cé phuwong trinh:
d): X‘11=y;3=213; (P):2x + y—2z + 9 = 0.
a. Timtoa do diém 1 thudc (d) sao cho khodng cdch tir1 t6i (P) bang 2.
b. Tim toa dé giao diém A cua (d) va (P). Viét phuong trinh tham s6
ctia dwong thdng (A) ndm trong mdt phdng (P), biét (A) di qua A va
vuong goc voi (d).

5 Gidi
Chuyén phuong trinh (d) vé dang tham s6:
x=1-t
): ly=-3+2t,t e R.
z=3+t

a. Voigiathiétl € (d) suyral(l —t; 2t —3; 3 +1t).
Véi diéu kién d(I, P) = 2, ta duoc:
_ —3)— t=4
120-0)+2t-3)-2B+1)+9]| _ 2@{ .
2 +1° +(=2)° t=-2
= Véit=4,taduoc I,(-3;5; 7).
= Véit=-2,taduoc [,(3;-7; 1).
Vay, ton tai hai diém I;, I, thod man diéu kién dau bai.
b. Thay phuong trinh tham s6 ctia (d) vao (P), ta duoc:
2l -+ 2t-3)-2CB3+1)+9=0<t=1= A(0; —1; 4).
Goi a, b, n theo thi tu Ia vtep cua (d), vtep cta (A), vipt cta (P), ta ¢
a(=1;2; Hvan(2;1;-2).
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Nhan xét rang:

{(A)C(P) - {bin < b=[n,al=(5;0;5)chon b(l;0; 1).

(A) L(d) bla
Khi dé:
qua A(0,—1,4) x=t
A): - SA): qy=-1 ,te R.
vtet b(1,0,1) o

Vidu4: (D¢ thi dai hoc khoi D — 2005): Trong khéng gian voi hé toa do Oxyz
cho hai duong thdng

-1 2 X+y—-z—-2=0
e Y

! va (d»): { .
-1 2 x+3y—-12=0
a. Chimg minh rang (di) va (d2) song song vdi nhau. Viét phuong
trinh mdt phdng (P) chita cd hai duong thang (d,) va (dy).
b. Mdt phdng toa do Oxz cdt hai duong thdang di, da ldn luot tai cdc
diém A, B. Tinh dién tich AOAB, véi O la goc toa do.

&S Gidi
a. Taco:
= (di) co vtep a (3; —1; 2) va di qua diém M;(1; -2; —1).
= (dy) c6 vicp a» (3; —1; 2) va di qua diém Ma(0; 4; 2).
Nhan xét ring a; = a, va diém M, ¢ (dy).
Vay, hai dudng thiang (d;) va (d») song song véi nhau.
Dé 1ap phuong trinh mat phiang (P) chiing ta ¢6 hai c4ch sau:
Cdch 1: (St dung chiim mdt phdng): Mat phang (P) chita (d2) nén c6 dang:

(P): A(x+y—2z—2)+B(x + 3y — 12)=0. (1)
Pé (P) chita (dy) diéu kién 1a:
M1e(P)<:>A(1—2+1—2)+B(1—6—12):OC>A:—%B. )

Thay (2) vao (1), ta dugc (P): 15x + 11y — 17z - 10 =0.
Cdch 2: Ta c6 ngay:
uaM uvaM,(1,-2,-1
(P): A o (P): a J(ﬁ _)
vtptn =[ai, MM, ]=(15,11,-17)
SP15x-1D)+11y+2)—-17z+ 1)=0= (P): 15x+ 11y —172—-10=0.
b. Ta lan luot co:
» Toa do cua A 1a nghiém cua hé tao bai (d;) va (Oxz) nén:
x—1 y+2 z+l X=-5
3 21 2 &dy=0 = A(-5;0;-5).
y=0 z=-5

cap vtepa; VaM,M,
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» Toa do cua B la nghiém cua hé tao béi (dz) va (Oxz) nén:
Xx+y—-z-2=0 x=12
Xx+3y-12=0 < {y=0 = B(12;0; 10).
y=0 z=10
Khi d6, dién tich AOAB, véi O 1a goc toa do dugc cho boi:
Ssoms = = | [0A, 08| = - [1-5: 0:-5). (12: 0: 10)1] = 5 dva.

Vidu5: (Dé thidai hoc khéi A —2002): Trong khong gian Oxyz, cho 2 duong thang:

) 420 x=1+t
X—-2y+z—-4=
(A1): Y ,(A):{y=2+t ,te R.
X+2y—-2z+4=0
z=1+2t

a. Ldp phuong trinh mdt phang (P) chita (A1) va song song voi (As).
b. Cho diém M(2; 1; 4). Tim toa do diém H thudc (As) sao cho do dai
MH ngdn nhdt.
&S Gidi
Ta lan luot c6:
a. (P) chtra (A1) < (P) thuoc chum tao bai (A), c6 dang:
P)rAx-2y+z-4)+B(x+2y—-22+4)=0
S Pr:B+AX+2B-A)y+(A-2B)z-4A+4B=0
= vtpt n, (B+ A; 2B - 2A; A — 2B).
Goi a, 1a vtcp clia (A2), ta duge a, (1; 1; 2).
Vi (P)//(A2) nén:
n, la, & n,.a, =0 < 1LB+A)+12B-A)+2(A-2B)=0<=B=A.
Vay, ta dugc (P): 2x —z=0.
b. Ta c6 thé lua chon mot trong hai cdch sau:
Cdch I: Dé He(A2): MHwmin < H 12 hinh chi€u vuong géc ctia M 1én (Ay)
Puong thang (A) c6 vtcp a,(1; 1; 2).
ViH € (A2) nén:
Hl+t2+t1+20= MH(t—1; 1+t 2t—3),
MH 1 (A)) < MH L &, < MH.d,=0
Sl(t-DH+1.(1+t)+2.2t-3)=0<=t=1= H(2; 3; 3).
Cdch 2: Dé He(A2): MHwin
< H 1a hinh chiéu vuong géc cua M 1én (A2) < H = (Q)N(Av),
trong do:
Q): {qua M o ( :{qua 1\£(2,1,4)
QL) vipt a,(1,1,2)

Béng cdch thay x, y, z tir (A2) vao (Q), ta dugc t = 1 nén H(2; 3; 3).

& Q):x=y+2z-11=0.

483



Vidu 6: (D¢ thi dai hoc khoi B — 2004): Trong khong gian véi hé toa do Oxyz
cho A(—4; —=2; 4) va duong thang (d) c6 phuong trinh:

x=2t-3
(d): sy=1-t ,teR.
z=4t-1
Viét phuong trinh dwong thdang (A) di qua diém A, cdt va vuong goéc voi

duwong thang (d).
L5 Gidi
1. Ta c6 thé lua chon mot trong hai cdch giai sau:

Cdch 1: Pudng thing (d) cé vtep a(2;—1; 4), ldy diém B(—3; 1; — 1)e(d).
Goi (P;) 1a mat phang thod man:

ua A quaA qua A(—4,-2,4)
(Pl):{q s L e @)
chura (d) capvtcpavaAB vtptn =(1,-2,-1)

S P):x-2y-z+4=0.
Goi (P») 12 mat phang thoa man:
ua A qua A(_4’_ 27 4)
P2):{ NS
(P,) L(d) vipta(2,—1,4)
Nhan xét rang, (A) chinh 1a giao tuyén ctia (Py) va (P>) do d6 c6 phuong trinh:
x—-2y-z+4=0
(A): .
2x—-y+4z-10=0
Cdch 2: Puong thing (d) c6 vtep a(2;-1;4).
Goi H 1a hinh chiéu vuong géc cua A 1én (d), suy ra:
HQt-3;1—-t;4t—1)= AH 2t + 1; 3 —t; 4t — 5),
AH La <o AH.a =02Q2t+ 1) -G -t)+4(4t-5)=0
ot=1= AH@3;2; - 1).
Khi d6, phuong trinh dudng thang (A) dugc cho béi:
uaA(—4,-2,4 _
Jd L )Q(A):x+4:y+2zz 4
vtep AH(3,2, —1) 3 2 -1
Vidu7: (Dé thi dai hoc khéi A —2003): Trong khong gian vdi hé toa do Oxyz cho
hinh hop chit nhdt ABCD.AB,CiD; ¢6 A tring véi goc ciia hé toa do, B(a;
0; 0), D(0; a; 0), A1(0; 0; b) vdi a, b > 0. Goi G la trung diém canh CC;.
a. Tinh thé'tich khoi tir dién BDAM theo avab.

& (P): 2x—y+4z—-10=0.

b. Xdc dinh ti sa’% dé (A\BD) L (MBD).
&5 Gidi

Tur gia thiét suy ra C(a; a; 0) va Ci(a; a; b) = M(a; a; %).
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a. Taco ngay:
1), =— = —

Viepau = S | [BD,BA, |.BM | (1)
trong do:

BD (—a; a; 0), BA, (—a; 0; b), BM (0; a; g), [BD,BA, ] = (ab; ab; a?).

Tur do, suy ra:
b ’b
2l=22.
2 4
b. Goi naep, nuep theo thi tur 2 vtpt clia cic mat phang (A,BD) va (MBD), ta c6 ngay:
ab

naso = [BD, BA, ] = (ab; ab; a?), NMBD =[@,W]=(%; 7,—212)

1
Vipan = s | (abs ab; a?). (0; a;

P& (A;BD) L (MBD) diéu kién Ia:
a’b* a’b’

+ —a*=0ea’=b*<=a=h.

nasp L nvep <> nasp.nmep =0 <
Vay, v6i a = b thoa man diéu kién dau bai.

Vidu 8: (DPé thi dai hoc khoi D — 2004): Trong khéng gian voi hé toa do Oxyz
cho hinh ldang tru dimg ABCAB,C,. Biét A(a; 0; 0), B(—a; 0; 0),
C(0; 1; 0), Bi(—a; 0; b), a> 0, b > 0. Goi M la trung diém canh SC.
a. Tinh khodng cdch giita hai duong thing B,C, AC,.
b. Cho a, b thay doi nhung luén thod man a + b = 4. Tim a, b, dé
khodng cdch giita hai duong thdng B,C, AC l6n nhdt.

&5 Gidi
Ta cé Ai(a; 0; b), Ci(0; 1; b). N
a. Taco: B 4 A
d(Igl(:,f%(jl) - |[I31€Eif§(zllf?(jl| — ab .
BCACI  Va+b’ NI .
b. St dung bat déng thitc Cosi, ta duoc: N\ [@ 2
ab ab Jab _a+b N
d(B:C, AC)) = < = < =2.
T e 2 2 2 '

a+b=4

Suy ra dm = +/2 , dat dugc khia=b < a=b=2.
Vidu9: (Dé thi dai hoc khéi B — 2005): Trong khong gian vdi hé toa do Oxyz
cho hinh ldang tru ding ABC.AB,C, v6i A0; -3; 0), B(4; 0; 0),
C(0; 3; 0), Bi(4; 0; 4).
a. Tim toa do cdc dinh A, C,.
b. Viét phuong trinh mdt cdu cé tam A va tiép xiic véi mdt phdng
(BCCiBy).
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c. Goi M la trung diém cia A\B,. Viét phuong trinh mdt phdng (P) di
qua hai diém A, M va song song véi BC;.
d. Mt phdng (P) cdt duong thing (A/C)) tai N. Tinh do dai doan MN.
&5 Gidi
a. A(0; =3;4), Ci(0; 3; 4).
b. Phuong trinh mat phiang (BCC,;B,) dugc cho bdi:
qua B qua B(4,0,0)
(BCCB)): _. __. &= @BCCB: - N
cZEp vtcp BCvu BB, vtptn =[ AM,BC:]=(3,4,0)
< (BCCiB1):3(x—4)+4y=0< (BCCBy): 3x +4y — 12 =0.
Mait ciu (S) tam A tiép xtic v6i mat phang (BCC;B;) khi:

R = d(A, (BCCB)) = [+ 121 _ 24

N3+ 4 5°
Vay, phuong trinh mat cau S(A, R) ¢6 dang:
576

S): x>+ (y+3) +722="—.
S):x"+(y+3)+z >s

c. Taco M(2; —%; 4) va khi do:

qua A qua A
(P): . __ =P I,
cEp vtep AM vuBCi viptn =[ AM, BCi]=(1, 4, - 2)

S Prx+4y+3)-22=0P):x+4y—-2z+12=0.
d. Phuong trinh tham s6 ctia duong thang (A,C,) duoc cho béi:

qua A, (0,—3,4) x=0 .
(AC)): . < (AIC):iy=-3+t,véite R.
vtep A, C,(0,6,0) L4

Bang céch thay phuong trinh tham s6 ctia (A,C;) vao phuong trinh cia (P) ta dugc:
0+4(-3+1)-24+12=0<t=2=N(0;-1;4)
— MN = \/(0—2)2 +(—1+%)2 +(4-4)7 = g
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