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(/Z" Hé thong kién thive va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truong

VAN PE 1. LUQNG GIAC

l. PUONG TRON LUONG GIAC
N N sinAy tangAt / ’
AN / //
-7s
-
cotang
X
-
cosin
II.  CONG THUC LUONG GIAC
1) Hang dang thirc co ban: ~ 2) Cung lién ket:
sina+cos’a=1 tana.cota=1 Cos doi Sin bu
sin(—a)=-sina sin(z—a)=sina
1+tan*a=—= 1+cot’a=—
cos’a sin®a cos(—a)=cosa cos(z—a)=—cosa
_ 3) Cong thirc cong: tan(-a)=-tana tan(r-a)=-tana
sin(a+b)=sina.cosb+ cosa.sinb
L cot(—a)=—cota cot(7—a)=—cota
cos(axb)=cosa.coshxsina.sinb
+
tan(aib): tanazxtanb
lxtana.tanb
2020-2021 1

0983.900.570



H@é théng kién thivc va phwong phdp gidi Todn 11

Bi Kip Vo Cong Truong

4) Cong thirc nhan déi:
sin2a =2sina.cosa

cos2a=cos’a—sin’a
=2cos’a-1
=1-2sin’a
2tana

tan2a = >
l1-tan“a

5) Cong thirc ha bac

) 1+cos2a
coS a:T

. 5 1-cos?2a
sin“fa=———

6) Cong thirc nhan ba
sin3x = 3sin x—4sin® x
cos3x = 4¢os® x —3¢os X

Chéo phu

. T T .
sin| =—a |=cosa, cos| =—a |=sina
(2 ] (2 j

tan (%—aj —cota, cot(%—aj —tana

Tang, Cotang hon kém x
sin(a+7)=-sina

(
(

tan(a+7)=tana

cos(a+rm)=—cosa

cot(a+7)=cota
Sin hon = Cos kém (72)

. T T .
SIH(E+O{ =CO0S ¢, cos(z+aj=—sma

tan(%—#—aj:—cota, Cot(%—kaj:—tana

7) Cong thirc bién tich thanh tong
cosa.cosb:%[cos(a+b)+cos(a—b):|
) . 1
Ssinb== -b)- b
sina.sin 2[cos(a )—cos(a+b)]

] 1r. ]
.cosh== b —b
sina.cos 2[3|n(a+ )+sin(a )]

8) Cong thirc bién tong thanh tich

a+b a-b
cosa+cosb=ZCosT.cosT

. a+b . a-b
cosa—cosb=—25mT.smT

. ) . a+b a-b
sin a+smb=23|nT.cosT

] . a+b . a-b
sina-sinb= 2COST.SIHT

(cosx+sinx)” =1sin 2x

] ) 1.
cos* x+sin* x =1—2cos® x.sin’ x =1—Esm2 2X

sin x+cosx=ﬁsin(x+%}=\/§cos(x—%j

9) Cong thirc dac biét

cos* x —sin* x = cos 2x

) ] 3.
cos® x +sin® x =1—3cos? x.sin? x =1—Zsm2 2X

sin x—cosx=\/§sin(x—%j=— 2003(x+%)

IIl. HAM SO LUONG GIAC
1. y=sinx 2. y=CosX
TXD: D=R. TGT: T=[-11] TXD: D=R. TGT: T =[-11]
Tinh chdn Ié: La ham 1¢ = D) thi ddi xtng qua gdc | Tinh chin chén: La ham 1¢ = D6 thi d6i xting qua
toa do truc tung.

Tinh tuan hoan: Tuan hoan voi chu ki 27

Sw bién thién: Pdng bién trén (—% : %) - Nghich bién

. [72_37rj
tren | —;,—
2 2

Do thi:

Tinh tuan hoan: Tuan hoan v&i chu ki 27

Sw bién thién: Nghich bién trén (0;7); Dong bién
trén (7z; 27z)

Do thi:

2020-2021 2
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H@é théng kién thivc va phwong phdp gidi Todn 11

Bi Kip Vo Cong Truong

1 v =sinx

3. y=tanx
TXD: D=R\{%+k7z/keZ}. TGT: T =R

Tinh chén Ié: La ham 1¢ = D6 thi d6i ximg qua gdc
toa do

Tinh tudn hodn: Tuin hoan vé6i chu ki 7

Sw bién thién: Ludn dong bién trén ting khoang xac

(53} (5
2 2 2 2

Do thi:

/

4. y=cotx
TXD: D=R\{kz/k eZ}.

Tinh chdn Ié: La ham 16 = D6 thi ddi ximg qua gbe

toa do

TGT: T=R

Tinh tuan hoan: Tuan hoan véi chu ki 7

Sw bién thién: Ludn dong bién trén timg khoang xéac

dinh (0;7); (7; 27[)

Do thi:

5]
=]
(X}

IV.  TIM TAP XAC PINH:
1. Phwong phap:

B1: Lap diéu kién x4c dinh (DKXD):

u , . .
— xacdinhkhi v#0 | Juxac dinh khi u>0

tanu xac dinh khi

cotu xac dinh khi

v u¢%+k7z',(keZ) uzkz,(k eZ)
B2: Gidi PKXD - Tim dicu kién cuia bién
B3: Tuy theo PK cua bién, Ta két luan TXD nhu sau:
X#a Xx=a

@ix=b > D=R\{ab;...};

V. SUBIEN THIEN:
1. Ham so LG so cap:

@a<x<b > D=(ab];

Ham so Chiéu bién thién Khodng
y =sinx Nghich bién Bén trai Oy
Dong bien Bén phai Oy
Y = COSX Nghich bién Phia trén Ox
Dong bién Phia dudi Ox
y=tanx Ludn Pong bién Khong chira x = % +kr,(keZ)
y =cotX Luon Nghich bién Khong chira x =k, (k S Z)

2. Tinh chit co bén:

a) Néu y= f(x) Dongbién (Nghich bién) trén K thi y=a.f (X)+b ciing dong bién (Nghich bién) trén

K

b) Néu y= f(x) Dong bién (Nghich bién) trén K thi y =—f (x) Nghich bién (Dong bién) trén K

2020-2021 3
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VI.  TINH CHAN LE:
1. Dinh nghia:

H@é théng kién thivc va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truong

f (x) 1a ham chan < f (—x)= f (x),vxeD

f(x) laham 1¢ < f (—x)=—f (x),¥xeD
2. Tinh chit:
x?" = Chédn; x*™* > L& f s > , .
. 0’ . x) Ch f (ax) Ch f(x)L f(ax) L
Hing s6 > Chin () Chan = f (&) Chan () Le = f(ax) Le
Chéan + Chin - Chin Lé+1¢>Lé Chin * Lé > Khong Chin, Khong Lé
Chan x(=) Chan = Chan Lé x(=) Lé > Chian Chén x(+) Lé > Lé
(Chan)" > Chan (L) >1.¢ (Lé)*" > Chan
k.Chan = Chan k¢ > Lé |Chan| = Chan; [Lé| & Chan
f Lé, g Chin = f (g) Chén f Lé,gLé= f(g) Lé f Chén, g Chan (hay Lé)= f (g) Chén

VII. TINH TUAN HOAN:

1. Dinh nghia:
f (X) tuan hoan véi chu ki T < Ton tai s6 T duong nho nhat sao cho: f (x+T) = f (x)
2. Tinh chat:

y=sinx, y=cosx tuan hoan chuki T =27 y=tanx, y=cotX tuan hoanchuki T =7
, X . 3 2
Neéu f (X) tuanhoan voichuki T y=sm(ax+b), y =cos(ax+b) tuan hoanchuki T = ﬁ
s A N e
thi f (ax+b) tuan hoan v6i chu ki T "= |a| y:tan(ax+b), y=CO'[(aX+b)tu§n hoanchuki T =ﬁ

Neéu y =sinu, y=cosu tuan hoan chuki T Néu y=tanu, y=cotu tuan hoan chu ki T

. . X . T . )
thi y=sin®u, y =cos’u tuan hoan chu ki 5 thi y=tan®u, y=cot’u tuian hoan chuki T

Néu f (x), g(x) tuan hoan véi chuki T, , T, thi

Neu f(x), g(x) tuan }‘102‘1n véichuki T, , T, (x).9(x), f(x) b hodn véi chu ki
thi f(x)£g(x) tuan hoan véi chu ki 9(x)

T =BCNN(T,,T,) (May tinh: LCM(T,,T,)) T =BC(T,.T,)=k.BCNN(T,,T,) (ke N")
(Méy tinh: k.LCM (T,,T,))

VIIl. TIM GIA TRI LON NHAT- NHO NHAT CUA HSLG:
1. Dinh nghia:

min f (x)=m

*)

m< f(x)<M :{

max f (x)=M

2. Phwong phdp: Chian ham s0 ) )
B1: Bién d61 ham s6 da cho dén khi chi con chtra 1 HSLG (néu duoc)
B2: Dung Bit dang thirc LG va Tinh chit Bat dang thic > Bién ddi va dang: m< f (X) <M
. ) min f (x)=m
B3: Dung dinh nghia (cong thirc (¥) ) 2 Xac dinh GTLN-GTNN:
max f (x)=M

3. Bt ding thirc LG:

—1<sinu<1 0<sinu<i 0<[sinu|<1 tan’u>0
—-1<cosu<l 0<cos’u<il Os|cosu|sl cot?’u>0
: -1_ 1 22 2
— ZSSInuiCOSUS\/E ?SSIHU-COSUSE —1<sin“u—cos‘u<1

2020-2021 4 0983.900.570



H@é théng kién thivc va phwong phdp gidi Todn 11

4. Tinh chét Bit ding thirc:

Bi Kip Vo Cong Truong

A>B= A+C>B+C {A>BACBD AsB>0m 7B
>B=A+C>B+ = A+C>B+ >B>0=>
C>D JA>\B
AC>BC (C>0) A>B>0 A’ > B®
A>B= = AC>B.D A>B=
AC<BC (C<0) C>D>0 Ia>3iB
O<A<le —>1 m>A>n>O<:>£<£<l
m A n
IX. PHUONG TRINH CO BAN
Dang f(u):a Dang f(u): f(V)
. U=a+k2r
sinu=a < .(a|<1) _ _ [u:v+k27z
U=r—-a+k2r sinu=sinv <

=r—-v+k2
(Véi a =arcsin(a)=sin"(a)) U=z-v+k2r

cosu=a <u=+a+k2r,(a <1)
» ., COSU =COSV < U=+V+k2r

(V6i a =arccos(a)=cos ™ (a))
tanu=a< u=a+kr

(V6i o =arctan(a)=tan""(a))
cotu=a<u=a+kr

(Véi a =arccot(a) = tanl[éj)

tanu=tanve u=v+kr

cotu=cotv< u=v+kr

Trudng hop dic biét: D6i voi PT sinu=a,cosu=a
% Néu a =1 thi chi can lay 1 trong 2 cong thirc nghiém.

o,

% Néu a=0 thi chi can ldy 1 trong 2 cong thirc nghiém va thay k27 thanh kz

sinu:1<:>u=%+k27r sinu=—1<:>u=—%+k27z sinu=0<su=kr

cosu=1l<u=k2r cosu=-lou=r+k2r cosu:0<:>u:%+k7r

X.  PHUONG TRINH THUONG GAP
1. Phwong trinh béc hai dbi véi mét HSLG 1a PT c¢6 dang: asinu+bsinu+c=0 (1)
(Twong tu cho cosu,tanu,cotu)
Céach giai: Xem sinu 13 an, Ta c6 PT bac 2 voi an 1a sinu > Giai PT bac 2, Ta dugc PTLG co ban
- Giai PTLG co ban, tim nghiém.

2. Phwong trinh bic nhit ddi véi sinu; cosu 1a PT c¢6 dang: a.sinu+b.cosu=c (a’+b’*#0) (2)
Cich gidgi: B1. Kiém tra diéu kién c6 nghiém: Néu a® +b? >c? thi PT c6 nghiém
B2. a.sinu+h.cosu=c

a b
= JaZ +b? Jai+b?

& sinu.cosa +cosu.Sing =

.Ssinu + cosu =

__° (Chia 2 v& PT cho+/a? +b? )
Va? +b?

c a
Va? +b? JaZ+b?
—c (*) (Ap dung cong thic cong)
va? +b?

B3. Giai PT co ban (*) = Tim nghiém.
MO RONG:
Loai 1: asinu+hb.cosu=c.sinv (a’+b?=c?) hay a.sinu+b.cosu=c.cosv (a’+b?=c?)

(bat: =CO0S«; =sina)

b
Ja? +b?

< sinlU+a) =

2020-2021 5 0983.900.570



‘/Ay H@é théng kién thivc va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truong

Loai 2: a.sinu+b.cosu=c.sinv+d.cosv (a°+b*=c*+d?)
Cich gidi: Chia 2 vé cho va? +b® - Bién ddi dua vé dang sint =sinw hay cost = cosw

3. Phuong trinh thuin nhét (ding cip) bac hai d6i véi sinu, cosu 12 PT ¢6 dang:
asin®u+bcos”u+csinu.cosu =d, (a* +b* = 0) (3)

Cdch gidi 1: Dung cong thirc nhan d6i va ha bac >Bién ddi dua vé PT bac nhit d6i véi sin va cos.

Ciich gidi 2: Chia 2 vé cho cos®u (hay sin’u)->Thu gon, ta dugc PT bac 1 hay bac 2 déi véi tanu (hay cotu)
Cha y KT: Néu cosu =0 (haysinu=0) thoa PT(3) thi nghiém cuacosu =0 (haysinu=0) la nghiém cua
PT(3)

A=0
4. Phwong trinh dua vé phwong trinh tich: ABC=0<|B=0
C=0

XI.  PHUONG PHAP KIEM TRA PIEU KIEN XAC DINH CUA PHUONG TRINH:

Cach 1: - Biéu dién diém xéac dinh cong thirc diéu kién va cong thire nghiém 1én Dudng tron luong giac
- Loai bo diém trung cta nghiém so véi diém cua diéu kién
> Két luan: Nghiém PT 1a nhiing diém con lai (Moi diém cong thém k27 ).

Cach 2: - Cho tham sb nguyén (K) trong cong thirc diéu kién va cong thirc nghiém chay tir 0 dén khi tim
du s6 diém trén doan [O; 7[]
- Loai bo diém trung clia nghiém so voi diém cua diéu kién
- Két luan: Nghiém PT 1a nhitng diém con lai (M3i diém cong thém k27 ).
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‘/A?‘ Heé théng kién thirc va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truwong

VAN DPE 2. TO HQP XAC SUAT

l. QUY TAC PEM
1. Qui tac cong: Mot cong viéc duge hoan thanh boi mot trong hai hanh dong: Hanh dong thir nhat c¢6 n
cach thuc hién, hanh dong thtr hai c6 m céach thuc hién (khong trung véi bt ¢t cach nao cua cau hanh
dong tht nhat). Khi d6 cong viée c6 thé duogc thuc hién béi n+m cach.
2. Qui tic nhin: Mot cong viée dugc hoan thanh béi hai hanh dong lién tiép: Hanh dong thar nhat ¢ n cach
thuc hién, vi mdi cach thyc hién hanh dong thu nhét c6 m cach thyc hién hanh dong thir hai. Khi d6 cong
viéc ¢6 thé duge thyc hign boi n.m céch.

Il.  HOAN VI - CHINH HQP — TO HQP

Dau hiéu nhdn

Loai Dinh nghia Céng thirc tinh so lwong bidt
MGi vi tri sap xép thi tir ctia n phan tir Lay l}ét n ph,ém
Ho4n vi (neN*) goi la mot hoan vi ctia n P, = n(n-1).(n-2)...2.1=n! tur d€ sap xép
A thir tu
phan tu.
MBoi vi tri sap xép thtr tu k phan tir | Lay k phén tu
Chinh | guoc 1ay trong n phan tfr(n > k) goila | [A“=n(n-1...(n-k+1) = n: trong n phan tur
\ —k)! & sdp xép tht
heP | 16t chinh hop chap k cita n phin ti. (n-k)y | de sap xep thir
Mai tap hop k phan tir dugc 14y trong n Lay k f)hﬁp tur
Té hop phan tlﬁ:(n > k) goi 12 mot t6 hop chap Ck = _nt trqng n phén:tfr
: , AL k!(n—k)! va khong sap
k ctia n phan tir. PO
xeép thu tu
CONG THUC TO HOP MO RONG
Logi Cong viéc thue hién Cong thirc dém
Hoan vi vong quanh Sép xép n phan tir theo mot vong tron (n —1)!
X Chon kK phan tir trong n phan tir va sap xép vao m vi tri C nk
Chinh t6 hop (kgn, kgm) C,.A,
e Cong thirc dic biét:
. Y
01=1 Néuk=nthi A=V pp
o 1
co=cr=1 C,=n
Ci=Cr* (0<k<n) Ci+Ci*=CS1 (0<k<n)
n | — — — k
3 CE=Cl4Cl4C24..4CT =2 (0O<k<n) |cr=— M __N=h=2)..(n=k+D) A
k=0 k!(n—k)! k! k!

I1Il.  NHI THUC NIU-TON
1. Coéng thirc nhi thirc Niu-Ton:

(a+b)" =Cla" +Cra"'h+Cla" %’ +...+Cla" *b* +...+C/b" = Zn:Cr'ja”’kbk (neN¥*)
k=0

Tinh chit cia nhi thirc Niu-ton

e Sé cac s6 hang ctia cong thirc 1a n+1

. Sc”')Nmﬁ cua a giam ‘d?m tir n dén 0, s6 mii cta b ting tir 0 dén n; dong thoi tong cac sd mii cta a va b trong
moi hang tir déu bang n

e S0 hang tong quat thar K +1 c6 dang T,,, =C*a"*b* (k=0,1,...,n)
Cac hé s6 ctia nhi thirc cach déu hai s6 hang dau va cudi bang nhau: C* =C"™*;0<k <n

3. Mt s6 dang dic biét
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‘/A; Hé théng kién thirc va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truong

Dang 1. Thay a=1vab=x vao (1), tadugc: (1+x)" =C?+Cx+C2x* +...+CI X" +C"X"
> Chox=1= C’+C!+C*+..+C" =2"

Dgng 2. Thay a=1, b=—x vao (1), tadugc: 1-x)" =C? —Cx+C’x* —...+ (D) Cx* +..+ (-)"C"x"
- Cho x=1= C’-C!+C?—..+(-1)"C"=0

4. Tinh chit liiy thira:

° an =aa.a m-+n m 4n m-n am T nfam
(tich cta n thira so a) ca =aa °a T e a’"=va
0 1
e a’=1,a=0) nooon R
’ a"=4a
1 ° (a.b)n —a"p" o (Ej :a_n ° \/—
° ain:—n,(aio) b b
a . (am)n :(an)m —qm

IV. XACSUAT , , 7
1. Khoéng gian mau: Tap hop tat ca cac két qua co thé xay ra cua mot phép thur. Ki hi¢u: Q

2. Bién co:
Ki higu Thudt ngiv bién co Ki hiéu Thudt ngit bién cé
AcQ Ala bién cd C=AUB C 1a bién cd: “A hoac B”
A=D A 1a bién c6 khong C=AnB=AB | Clabiéncd: “AvaB”
A=Q A 1a bién cb chic chan ANB=0 A va B xung khac
A=Q\A A 12 bién cb dbi cua A B=A A va B doi nhau

3. Xac suat cia bien co.
a) Dinh nghia cé dién ciia xdc suat:

n(A) _ M
Q) [
Trong do: n(A) = |Q A| 1a s6 phan tir (hay két qua thuan 1oi) cua bién cd A;

b) Xac suét ctia bién cb A la: P(A) =

n(Q)=|CY 1a s6 phan tir cia khong gian mau (hay tat ca két qua c6 thé xdy ra cua phép thu).
C) Tinh chit: o P(D)=0 ; e P(Q)=1; e 0<P(A)<1 o P(A)=1-P(A)

d) Céng thirc cong xdc suit:
» Néu A va B xung khéc thi P(AUB)=P(A)+P(B)
> Mo réng:|P(AUB)=P(A)+P(B)-P(AB),(VAB)
e) Cong thirc nhén xdc sudt:
Hai bién c6 A va B doc lap < P(AB)=P(A).P(B)

CAC DANG TOAN THUONG GAP

Dang 1: Bai toan dém:
Quy tic: Hanh djng nao cé diéu kign manh nhét thi thwe hién dém trudc nhit,...
Dang 1.1: Dém s6 lwong sé tw nhién:
B1: Goi sb tu nhién ¢ dang: x=a,..a,, & #0 va a, thudc tap chura cac chir s6 theo dé.
B2: Chon chir sé thoa diéu kién bai toan dit vao cac hang sb theo thir ty vu tién: Hang nao co diéu kién
“manh” nhdt thi thwe hién triwée nhat. (Chii y phin ra nhiéu truong hop néu b tring diéu kién)
B3: Dung Quy tic nhan dé tinh két qua timg trudng hop va Dung Quy tic cong dé tinh Két qua ca bai.

Tinh chdt chia hét Dau hiéu chia hét
Sb 1é Chir s6 tan cung 1a chit s6 1
Sb chan (S6 chia hét cho 2) | Chit sb tan cung 1a chit s6 chin
Chia hét cho 3 Tong cac chir s6 chia hét cho 3
Chia hét cho 4 S6 gom 2 chit s6 cudi 1a s6 chia hét cho 4
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Chia hét cho 5 Chir sb tan cung 12 0 hodc 5

Chia hét cho 8 S6 gom 3 chir sO cuoi 1a so chia hét cho 8

Chia hét cho 9 Tong cac chir so chia hét cho 9

Chia hét cho 11 Ir?él% fac chir s0 ¢ hang 1€ trir di tong cac chit s6 ¢ hang chan 1a mot s6 chia hét
Chia hét cho 25 Hai chit s6 tan cung 1a 00, 25, 50 hodc 75.

Dgng 1.2: Bé'{n $6 cdch sip xép:
» Sap xép xen ké 2 nhom A, B:
v' THI. S6 phan tir 2 nhém béang nhau: n(A)=n(B)=m-> S6 c4ch sip xép la 2.mLm!.
v/ TH2. 86 phan tir 2 nhém hon kém 1 don vi: n(A)=m, n(B)=m-+1-> S6 c4ch sdp xép 1a mL(m+1)!
> Sdp xép theo nhém A, B, C: n(A)=a,n(B)=b,n(C)=c
v' THI. Chi ¢6 cac phan tir nhom A ké nhau = Sé cach sap xép 1a a!.(b+ C+1)!
v' TH2. Céc phan tir 2 nhém A, B ké nhau > S6 céch sip xép la albl(c+2)!

v/ TH2. Céc phan tir 3 nhom A, B, C ké nhau > S cach sap xép 1a albl.cl.3!
© Twong tw cho sap xép n nhom.
n+1

> Sip xép nhom A cé n phin ti sao cho cé k phan tira,, a,,...,a,_ khong ké nhau (k STJZ
v' Bl. Xem s vi tri can sap xép 1a 2(n—k)+1 > Sip xép n—k phén tir a,, 8,,,-.,@, vao cac vi tri
chdn > C6 (n—k)! cach
v’ B2.Sip xép k phan tir a,, a,,...,a, Va0 M vi tri con lai (m=[2(n—k)+1]—k) > CO A cach
v' B3. Sé cach sap xép 1a (n — k)!.A';

Dang 1.3: Dém so cdach chon:
» Chon khong sap xép: . N )
v Chpn K phan tir loai | tur péc nh(')m A, B, C, - Phan nlgiéu Truong hop, chgn moi qhém 1 s6 lugng
phan tur loai | , sao cho tong so luwong phan tur loai | & moi truong hop phai bang k phan tir.
v
> Chon cé sip xép:

Dang 2: Xac dinh cac hé s6, s6 hang trong khai trién nhi thirc Newton

Dang 2.1: Tim h¢ 6 ciia 56 hang chira X" trong KT: (ax” +bx")’

B1: Khai trién: (axp + bx® )n = ic: (aXP )”"k (qu )k _ ic:an—kbkxnp—pkmk
k=0 k=0

B2: S6 hang chira ™ tmg véi gid tri k thoa: np — pk + gk =m. Tir do tim k = 1P
P—q
B3: Vay hé s6 cia s6 hang chira x™ la: C*a" ™ b* véi gia tri k di tim duoc & trén.
Néu k khong nguyén hodc k > n thi trong khai trién khong chtra x™, hé s6 phai tim bang 0.
Dgng 2.2: Tim h¢ sé ciia s6 hang chira X" trong khai trién: P(X)= (a +bx” +cx* )n = a,+aX+..+a, X"

k

B1: Viét P(x)=(a+bx"+cx“‘)n =Zn:Crfa”’k (bxp+qu) ;
k=0

e I 3 ) k
B2: Viét s0 hang tong quat trong khai trién (bxp +cx? ) thanh mét da thirc theo luy thira ciia X.

B3:Tir s6 hang tong quat ctia hai khai trién trén ta tinh dugc hé s6 cua X"
Dang 2.3: Tim hé so lon nhat trong khai trién nhi thirc Niuton
B1: Tinh hé s6 a, theo k va n;
B2: Giai bt phuong trinh a_, <a_ v&iansd K ;
B3: Hé s6 10n nhat phai tim (mg véi s6 tu nhién k 16n nhét thoa mén bat phwong trinh trén.
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Dang 3: Bai toin tong Z:akCr'fbk .
k=0

Phwong phdp 1: Dya vao khai trién nhi thirc Newton: (a+b)" =C’a" +a"'bC! +a"?b?C? +...+b"C".
Ta chon nhitng gid tri a, b thich hop thay vao dang thic trén.
Mot sb két qua ta thuong hay st dung:

*Cl=Cr* *CI+Cl+..+CP=2"
* > (-DCk =0 * > CH _Zc;f * —Zc * Y Cha =(1+a)".
k=0 k=0 k=0 k=0

Phwong phdp 2: Dua vao dang thirc dic trung
Mau chdt cia cach giai trén 1a ta tim ra duoc dang thirc (*) va ta thuong goi (*) la dang thuc dac trung.
Cach giai ¢ trén dugc trinh bay theo cach xét s6 hang tong quat & vé trai (thuong c6 hé¢ so chtra k) va
bién d6i s6 hang d6 c6 hé s6 khong chira k hodc chira k nhung tong méi d& tinh hon hodc di co san.

Dang 4: Tinh xdc suét 3 ) i . )
B1. Mo ta khong gian mau Q (Néu dugc). Kiém tra tinh hiru han cua Q, tinh dong kha nang cua cac két qua
> Pém s6 két qua c6 thé xay ra ciia phép thu: n(Q)

B2. X4c dinh bién c6 A > Dém s6 két qua c6 thé xay ra cia bién cb: n(A)

B3. Tinh x4c suét ctia bién ¢d A: P(A) = M
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VAN PE 3. DAY SO - CAP SO CONG — CAP SO NHAN

I.  PHUONG PHAP CHUNG MINH QUY NAP

1. Quy tic: Dé chimg minh ménh d¢ chita bién A(n) 1a mot ménh dé ding véi moi gid tri nguyén duong n

, ta thuc hién nhu sau:
e Buwdc I: Kieém tra ménh dé ding voi n=1.

e Buwdc 2: Gia thiét ménh dé ding voi s6 nguyén duong n=K tuy y (k 21) , chimg minh rang ménh dé

dung voi n=k+1.

2. Chay: Néu phai chimg minh ménh dé A(n) 1a ding véi v6i moi s6 nguyén duong n> pthi :

e O budc 1, ta phai kiém tra ménh dé ding véi n=p

o O budc 2, ta gia thiét ménh dé dung véi sd nguyén dwong bat ki n=k > p va phai chimg minh ménh

dé dung voi n=k +1.

Il. DAY SO , , o
1. Dinh nghia : Day s6 la ham s0 v&1 doi so 1a sO tu nhién
u: N*->R
n +—u(n)

2. Day sé ting, day sé giim
e (u,) ladaysoting < u,,>U,,VneN
e (u,) ladaysogigm <u,,, <u,, VneN’
3. Day sé bi chin
° (un)lédﬁysébjchantrén < 3IMeR:u, =M ,VneN".

e (u,)laday so bichin dusi < 3ImeR: u,>m, VneN".

e (u,)ladaysobichin <3Im,MeR: m<u, <M, VneN".

I1l.  CAP SO CONG — CAP SO NHAN

Cap so cong

Cip s6 nhén
Day s6 (u,)la cép s6 cong|Day so (u,)la cdp s6 nhén
Dinh nghia . «
ou,,=u,+d,vneN & U, =u,-q,(VneN’)
Sé hang téng quat | u, =u+(n-1d , (¥n=2,neN’) u,=t.g"*, (vn=2,neN’)

Tinh chét ukzw,(wzz keN') U =u_ U, (Vk22, keN')
Téng n s6 hang Khig=1: S, =nu,
P n(u,+u,) n
diu tién S=—2_—0"=—[2u,+(n-1)d] _ _ 1-q"
S, =U, +U, +...+U, 2 2 Khigq=1: S, =u,. g
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VAN DE 5. GIOI HAN

l. GIOI HAN CUA DAY SO:

Gidi han hiru han

Gid6i han vo cuc

1. Gidi han dic bigt:

e lim 1-0; e lim £ =0(keZ")
n—+owo n n—+0 p

o lim ¢" =0 (g <1); e lim C=C

n—>+0 n—>+0

2. Pinh li: Cho limu, =a, limv, =b. Taco:
e lim(u, + v,)=a+b e lim(u,v,)=ab

) limu—”:% (néub=0) o lim‘un‘:|a|

J lim\/2=\/g (u,,a=0)

3. Tong cua cdp so nhan lui vo han

1. Gidi han déc bigt:
o limnf =40 (keZ') o limn =+

e limg" =+ (g>1)
2. Dinh li:(Quy tic vé gidi han vo cuec)

a u /a¢0
——>0 5 —> 0
Vn\oo V”\AO

u

[u,.v,] >
Vol

o az0

(Ddu ciia gidi han vé cuwc dwoe xdc dinh theo quy
tac nhan dau)

u
S=u1+ulq+ulq2+...:ﬁ <|q|<1)
Il.  GIOI HAN CUA HAM SO:

Gidi han hiru han

Gidi han v6 curc, gidi han tai vo cuc

1. Gidi han dac biét:

e lim x= Xo
.X—).XO

e lim C=C (Cla hding sé)

x—)xo

2. Pinh li: Cho lim f(x)=L, lim g(x)=M. Taco:
X—)XO

X —>x0

o lim [f(x)+g(x)]=L+M;

o lim /f(x)=v/L (f(x)20) e lim |f(x)| =Ll

3. Gidi han mot bén:
lim f(x)=L < lim f(x)= lim+ f(x)=L

X—)XO X—)XO X—)XO

lim [f(x)-g(x)|=L-M : _
o f(x)” Fx)”"
0 f(x).
e lim [f(x).g(x)]:L.M; e lim & _L méuM =0) | [9(X),. ” 90, l EX) g(j()]—>oo
x—>x, XX, g(x) M © L=0

1. Gidi han dic biét:

i ) 400 néu k chdn
e lim xk=+oo;ohm Xk = I .,
X—>+%0 X—>—00 —o0 néu k lé
) ) c
e lim C=C; e lim —=0
xX—>*oo X—>to0 xk

2. Pinh li: (Quy tdc vé gidi han vé cuc)

(X — X, hay X — )
(Dd'u cua gioi han vé cuc duoc xdc dinh theo quy
tac nhan dau)

PHUONG PHAP TIM GIOI HAN:

® Dang vé dinh % . (La gidi han cia thwong ma tir va mau déu cé gidi han bang 0:

()"
g,

)

a) Cdch khie: Bién tir va miu thanh tich roi don gian (hét) nhan tir chung

b) Cdc dang thwong gap:

Dang 1.1: Gi6i han cta phan thirc hitu ty tai mot diém: lim

f(%)=9(x%)=0

) s
, voi T (X), g(X) la cac da thirc va
im0 v (0, ()

PP: Phan tich ca tir va mau thanh nhén tir va rt gon nhén tir chung:

lim

)y (x22) 000

u(x) _

=% g(X) 2% (X=X, )V(X) =% v(X)
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3 2 2
VD: limx 8= im(x 2)(x +2x+4)= .X +2x+4=2=
2 %4 2 (x-2)(x+2) =2 Xx+2 4

f(x ,

Dgng 1.2: lim %, voi f ( ), g (X) la cdc biéu thirc chira can cung bac va f (XO)
x-% g (X

PP: Nhén biéu thtc lién hop (twong tmg) & tir va mau dé khir cin > Bién thanh tich rdi don gian nhan tir

chdng.
_A-VB (A—ﬁ)(m\/ﬁ) B
Mo M C(avB] "Mo(AE)

(A_Q/E)(A2+A.3/§+%/¥)_I_ A*-B _
gt C,(A2+A.€/§+3/¥) )

lim

X—>%g

A-3B .
=1lim
C  ox C.(A2+A.§/§+\3/Bz)

VD: lim 2-N4-x ( fa-x)(2+ “4_x)=1im;:l
" x50 x—>0 (2_,_4}4 x) 100 4\J4—x 4
Dgng 1.3: lim f(x), v6i T (X) la cac biéu thirc chita cin khong ciing bac va f(%)=9(%)=0

PP: Tach thanh tong cac thuong sao cho mdi thuong chi chira cin cling bac va bao toan dang VD —

Ilm\/i_%/r on[rﬂn m- %/FJ ., (Véi m= \/u g‘/v(xo))

(x) h(x
JxTJ_ HO[ x -1 1 l—x]:

VD: lim
x—0 X
A f(x 4

X=Xy

o0 ~ \
@ Dang vo dinh — : (La gidi han cua thwong ma tir va mau deu co gioi han vo cuc %
g X oo

Cac dang thwong gap:
Dgng 2.1: f(x), g(x) la cac da thirc >PP: Chia ca tir v mau cho luy thira cao nhat cia X
2x% +5x-3 270
VD: lim Z2 22 i X X )
X—>+00 X2 +6x+3 X—>+00 6 3
I+—+ —

X
Dgng 2.2: f ( ) g (X) c6 chira lity thira x* va can thirc > PP: Rut lily thira cao nhét ra khoi cac cin rdi chia

c4 tir va mau cho lu¥ thira cao nhét cia .
5_3
VD: lim %:I 2x—§> - lim L -1
X" +3-X XL+ —x A
X X

® Gidi han ciia tong, hi¢u: (Chira lily thira X*)
Cac dang thwong gap:
Dang 3.1: Gi6i han tai vo cyc cua téng, hiéu ma téng hé sb cac Iy thira bac cao nhat khac 0
PP: Rut lily thira bac cao nhat 1am nhan tir chung dua vé tich > Ap dung quy tic gidi han cia tich

[f ().9(x)] >
! v

0 L=#0
; 2 . 1
VD: Ilm( X +x—2x)= lim {x[—,fl+——2ﬂ=_oo
X—>—0 X

X—>—0

13 0983.900.570
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Dang 3.2: Gi6i han tai v cuc cia tong, hiéu ma téng hé sb cac lily thira bic cao nhét bang 0 (Dang nay
thudng co6 céan)

PP: Nhan chia biéu thitc lién hop dé khir can = Ta duoc gioi han dang vo dinh =

e8]
vD: 1im (Vi+x—+/x)= lim Wirx )i aili) lim —— —0
X—>+00 X—>+00 1+x+\/; X—>+00 1+x+\/;
@ Gidi han cia tich:
Phwong phap:

TH1: Bién thanh thuong = Ta dugc dang vo dinh % hoic ® .
(0.0]

TH2: Bién thanh téng, hiéu = Ta duogc gidi han cua téng, hiéu nhu muc 3.

VD: lim (x—2),|—=>— = lim Vaz2dx _0d2
X2 x2—4 x52 \x42 2

lIl.  HAM SO LIEN TUC:

1. Ham so lién tuc tai mot diem:

y=f(x) lién tuc tai X, < !Lnxw f(x)="f(x)

y=f(x) lién tuc tai X, < lim f(x)=lim f(x)=f(x,)

X—Xg~ X—>Xo"

Ham sé lién tuc trén mét khodng khi ham s6 lién tuc tai moi diém thudc khoang do.
3. Ham sé lién tuc trén mot doan [a; b]:y = f(x) lién tuc trén (a,; b) va

lim f(x)=f(a), lirglf f(x)=f(b)

x—at

no

4. Tinh chit:
e Ham s6 da thuc lién tuc trén R .
e Ham s phan thirc, cac ham so luong giac lién tuc trén timg khoang xéac dinh cia chung.
° T‘(X)ng hiéu,ohiéu, tich, thuong ctia cac ham s6 lién tuc tai mot diém 1a ham s lién tuc tai diém do.
5. Diéu kién dé phwong trinh co nghiém:
Néu y = f(x) lién tyc trén [a;b]va f (). f (b) <O thi ton tai it nhat mot sé ¢ € (a;b) sao cho f (¢)=0.
NOi cach khac: Néu y= f (X) lién tuc trén [a; b] va f (a) f (b) <0 thi phuong trinh f (X) =0 c6 it nhat mot
nghiém thudc (&;b).
CAC DANG TOAN THUONG GAP:
Dang 1: Xét tinh lién tyc ciia ham s6 y = f (X) tai diém x;:
B1: Tinh f(x,) .
B2: Tinh lim f (x) (Haytinh lim f(x), lim f(x))

X—>Xo" X=X~

B3: Sosanh lim f(x), f (X)) > Két luan.
x—>x0

Dang 2: Tim tham s6 dé ham s y = f () lién tuc tai diém X,
B1: Tinh f(x,) .
B2: Tinh lim f (x) (Haytinh lim f(x), lim f(x))
B3: Cho lim f(x)= f(X,) (Haycho lim f(x)= lim f(x)= f(x,))> Giai PT, HPT tim tham s.
XX, X—>Xg X—>Xg
Dang 3: Chimg minh phuong trinh f (x)=0c6 it nhét 1 nghi¢m:
B1: Chon doan [a;b] sao cho ham sé y=f(x) licntucva f(a).f(b)<O.
B2: Két luan: PT f(x)=0 c¢ it nhat mot nghiém thudc (a;b)
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VAN DE 5. PAO HAM

l. CONG THUC PAO HAM

Ham so cip Ham hop Phép toan
(c) =0 ()] =f(uu | () -usy
(x)':l (u.v)':u’v+uv’ —)(kv)':kv’
(x*) =ax? (ua)': a1y [Hj _uwv 2v’u _)(5) :—kzv’
\/_, 1 v v v v
( X) =ﬂ (\/J) Ddc biét
, . 1 '_ —-a
(lj :__} (1 :—_U' x< ) xet
X) X N a b
(sinx) =cosx (sin u) =u’.cosu ax+bj': c d _ ad-hc
(cosx)':—sinx (cosu) _ u'sing cx+d (cx+d)*  (cx+d)?
' 1 ’ i d 2 2
(tan x) = 3> (tanu) — o 4 b s _a X“+2aext|
) =L R dx+e - (dx+e)2
(cotx) sin? x (cotu) =
QUY TAC TIM PAO HAM

Khi tim dao ham ctia ham sd ta thuc hién theo thir ty vu tién nhu sau:
PHEP TOAN = HAM HQP 3 SO CAP)

1. TIEP TUYEN

1) Pinh lIy: PT tiép tuyén ctia dudng cong (C) Y=
Y=Y = k.(X—XO)

Trong do:

+ X

+y0=

f (X) tai tiép diém M (X0 ; yo)cc') dang:

()

Hoanh d6 tiép diém;

y(xo ): Tung d6 tiép diém;

+k=f'(%): Hé s goc cua tiép tuyén.

2) Quy tic 13p phuong trinh tiép tuyén ciia dwong cong y = f (X)
B1. Tim dao ham y'= f'(x)
B2. Dya vao gid thiét, tinh X, y,, f'(X,) -
B3. Thay vao PT (*), thu gon, ta dugc PT tiép tuyén can tim (Chu y: So diéu kién, loai PTTT néu c6)

3) Chay:

e Duong thing (d):y=ax+b

> Hé sb goc k, =a;

e Duong thang (d):ax+by+c=0 -> Hé s goc k, =—

o dild =k, =k,;

odld ok,k,=—1

4) Ciac dang phwong trinh tiép tuyén:

Gid thiét Theo GT, Ta co: Cic dai lwong can tinh
Biét hoanh dj tiép diém X, Tinh: y, =y(%), k=f'(x,)
Biét tung dé tiép diém Yo Tu: Y, =Y(%) > Tinh dugc X, va k= f'(x))
Biét h¢ s6 goc ciia TT k Tir: k= f'(X,) > Tinh dugc X, va y, = y(X)
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Biét TT song song DT K=k Tu: k= f'(%,) = Tinh dugc X, va y, = y(,)
(d) ’ (ChG Y loai PTTT tring PT DT d)
Biét TT vuéng géc BT -1
* v?g’;ggoc kky =-1<K =1 Tu: k= f'(X,) = Tinh dugc X, va y, =y (%)
d

Biét TT qua A(X,;Y,)

Ya—Y(%) =Y (%)-(Xa —%)

Giai PT tim x, > Tinh y; = y(%,), k= f'(x,)

TT tai giao diém ciia
(C):y=f(x)va
(d):y=ax+b

Giai PT tim x, > Tinh y; = y(%,), k= f'(%,)

TT tai giao diém ciia
(C) va Ox

Tu: Y, =Y(X,) = Tinh dugc x, va k= f'(x,)

TT tai giao diém ciia

(C) va oy

Tinh: y, =y(%,), k

='(%)
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VAN DE 6. PHEP BIEN HINH TRONG MAT PHANG
l. PHEP TINH TIEN:
1. Dinh nghia:

T.(M)=M'<MM ' =v

2. Biéu thirc toa dj:

Xy =Xy, +a
Yu: =Y +b

Tv(a;b)(M):M'Q{

3. Tinh chdt: Phép tinh tién bién:
a) Duong thang thanh duong thing song song hodc tring véi no.
b) Poan thing thanh doan thing bang no.
¢) Ba diém thing hang thanh ba diém thang hang va bao toan thir tw ba diém do.
d) Tam giac thanh tam giac bang no.
e) DPuong tron thanh dudng tron cé cung ban kinh.

Il.  PHEP DOI XUNG TAM:

1. Dinh nghia:

D,(M)=M'<1latrung diém MM

2. Biéu thirc toa dp:

Xy =2X, —X,,

Yur :2}71 —Vu

D,(M)=M'c>{

3. Tinh chdt: Phép ddi ximg tam bién:

a) Duong thang thanh duong thang song song hodc tring véi no.
b) Poan thiang thanh doan thiang bang né.
¢) Ba diém thang hang thanh ba diém thang hang va bao toan thir tu ba diém do.
d) Tam giac thanh tam giac bang no.
e) Duong tron thanh duong tron cé cung ban kinh.

I1l. PHEP DPOI XUNG TRUC:

1. Dinh nghia:

B, (M)=M'< A ladudng trung tryc cia MM *

2. Biéu thirc toa dp:

ax,, +by, +c
XM-:XM—ZCI.W
DA:aerberc:O (M):MIQ b
o=y —2b.axM+ Yy +C
M M a® +b*
X, =X
DOX(M)=M'<:>{ e
Yo = Vu
X, =—X
DOy(M)zM'<:>{ e
Yu = Yu

3. Tinh chét: Phép ddi xtng truc bién:
a) Puong thang thanh duong thang.
b) Poan thang thanh doan thang bang né.
) Ba diém thing hang thanh ba diém thang hang va bao toan thir tu ba diém do.
d) Tam giac thanh tam gidc bang no.
e) Duong tron thanh duong tron c6 cung ban kinh.

IV. PHEP QUAY:

1. Dinh nghia:

e | M=

2. Biéu thirc toa dp:
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. X, =X,,.COS@—y,, .SIN@
Q(OW)(M)_M <:>{y =y,,.C0SQ+x,,.SiNQ
M =Yy M
, v = Vu
Q(o,goo)(M):M Q{ _
Y =Xy
X, =
Q(0—90°)(M)=Ml<:>{ T
’ Y =Xy

3. Tinh chit: Phép quay bién: w
a) Dudng thang thanh duong thang.
b) Poan thang thanh doan thang bang no.

¢) Ba diém thang hang thanh ba diém thing hang va bao toan thi ty ba diém do.

d) Tam giac thanh tam giac bang no.

e) Duong tron thanh duong tron cé cung ban kinh.

V. PHEP DOI HINH:
Dinh nghia:

=

Phép doi hinh 1a phép bién hinh bao toan khoang cach giita 2 diém bat ki.

2. Tinh chat: Phép doi hinh bién:
a) Duong thang thanh duong thang.

b) Ba diém thang hang thanh ba diém thang hang va bao toan thi tu ba diém do.

c) Tam giac thanh tam giac bang no.

d) Duong tron thanh duong tron cé cung ban kinh.

VI. PHEPVITU:
1. Dinh nghia:

(1)

(M)=M'<IM' =kIM

2. Biéu thirc toa dp:

VE1,/<)(M)=M'<:>{

Xy =X, =k(x,, —x,)

Yu — Vi :k(yM _yl)

3. Tinh chét: Phép vi ty ti s6 k bién:

a) Puong thang thanh duong thang song song hodc tring véi no.
b) Doan thing c6 do dai a thanh doan thang c6 d6 dai |k|.a.

c) Ba diém thing hang thanh ba diém thang hang va bao toan thir tu ba diém do.

d) Tam giac thanh tam giac dong dang ti s& |k| .

e) Duong tron ban kinh r thanh dudng tron c6 ban kinh |k| r.

VIl. PHEP PONG DANG:
1. Dinh nghia:

Phép dong dang ti s6 k >0 1a phép bién hinh doan thang c6 do dai a thanh doan thang co do dai k.a .

2. Tinh chit: Phép dong dang ty séq k >0 bién:
a) Duong thang thanh duong thang.

b) Ba diém thang hang thanh ba diém thang hang va bao toan th{r ty ba diém do.

¢) Tam giac thanh tam giac dong dang ti sé K .

d) Duong tron ban kinh r thanh duong tron ¢ ban kinh k.r .

CAC DANG TOAN THUONG GAP:

Dang 1: Dung dnh ciia mgt hinh qua phép bién hinh.

Phwong phap: o
B1: Tim anh cua cac yéu t6 xac dinh mdt hinh.
B2: Dung anh cuta hinh theo céc yéu to da tim.

2020-2021

18

0983.900.570



Hé théng kién thirc va phwong phdp gidi Todn 11

Bi Kip Vo Cong Truong

Dang 2: Xac dinh anh, tao anh hay yéu t6 ciia phép bién hinh.

Phwong phap:

B1: Lap cong thirc toa do ciia phép bién hinh.

B2: Thay dir kién gia thiét da cho vao cong thirc toa do.

B3: Tim dai luong theo yéu cau bai toan.

Dang 3: Viét phwong trinh anh ciia mdt hinh qua phép bién hinh cho truéc.

Phwong phap:

Cach 1: Xdc dinh yéu 10.
B1: Tim céc yéu to xac dinh hinh da cho.
B2: Tim anh cua cac yéu t6 ndy qua phép bién hinh cho truge = Suy ra cdc yéu t6 cua anh can tim.

B3: Tir cac yéu td tim dugc & B2 > Lap phuong trinh anh can tim.

Cich 2: Thé biéu thirc toa dj. , 7 7
B1: Lap bi€u thirc toa do cua phép bién hinh da cho - Rut ra biéu thirc toa d ctua diém tao anh.

B2: Thé biéu thirc toa dd vao phuong trinh cua hinh (tao anh) da cho.

B3: Rut gon - Ta dugc phuong trinh anh can tim.

Cho A

1)
2)
3)
4)
5)
6)
7 Q
8)

rax+by +c=0; v=(v,;

T.(A) = > A
D, (A)=A" > A
B, (A)=A" > A
B, (A)=A" > A
B, (A)=A" > A
Qoo (A) =A' > A

|0i-90°) (A)=A" > A
Vi) (8) =A" > A

PAC BIET: CONG THUC NHANH
v, ). Khi d, ta co:

rax+hy +[ a(-v,)+b.(-v,)+c]=0

rax+by +(—2ax, —2by, —c
rax+by—c=0
rax—hby+c=0
r—ax+by+c=0
‘—bx+ay+c=0
‘bx—ay+c=0

rax+by+kc=0
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VAN PE 7. HINH HQOC KHONG GIAN (TONG HQP) LOP 11
l. QUAN HE SONG SONG
Dang 1: Chitng minh quan hé song song.

1. Chitng minh 2 PT song song: Stt dung két qua hinh hoc phang dé chirng minh
2. Chirng minh DT song song MP
Céch d () > Chitng minh: DT khong chira ¢
1 dijd" r=dll(a) trong MP va song song 1 BT
d'c(a) khac chira trong MP do.

. dc(a , L \ , /
Cach (o) }j d1 () = Churng minh: DT nay chira B

2 (@) 1(B) trong MP song song véi MP do.

3. Chirng minh 2 MP song song

a,bc(a)
anb=1 > Chitng minh: MP nay c6 /
Céch chita 2 DT cat nhau lan lwutj B b
/

alla’
1 I . = @A) song song 2 DT chira trong MP
bb kia.

a\b'c(p)

Dang 2: Tim giao tuyén7cﬁa 2 mit phing. 7 ) i 7
Céch 1: Tim 2 diém chung phan biét ciia 2 mat phang = Giao tuyén la duong thang di qua 2 diém chung

Ae(a)m(ﬁ) ()
B e o) (ﬁ)}:AB_() )

Céch 2: Tim 1 diém chung cua 2 mat phang va ching t6 trong 2 mat phang 1an lugt ¢6 chua 2 dudng
thang song song nhau = Giao tuyén 1a dudng thing di qua diém chung va song song 2 dudng thiang do.

Le(a)n(p)
ac(a),bc(B)r=(a)n(B)=1Ix(Ix]lallb)
allb

Cach 3: Tim 1 diém chung ctia 2 mat phang va ching t0 trong mat phang nay co chua 1 duong thang
song song v&i mat phang kia—> Giao tuyén la duong thang di qua diém chung va song song duong thang do.

I e(a)n(B)
ac(a) = (a)n(B)=Ix(Ix]la)
all(p)

Dang 3: Tim giao diém ciia dwong thing d va mit phang.
TH1: Néu trong (a) cb san chira duong thang a cat d tai | thi | 1a giao diém cua d va (a).

922 1 oo

and=1

do.

TH2: Néu trong (a) khong cé san chtra duong thang a cat d thi ta thuc hién nhu sau:
B1: Chon mit phang phu () chtra d sao cho giao tuyén cua (&) va (4) dé& tim.
B2: Tim giao tuyén A cua (@) va (B).
B3: Trong (,B), tim giao diém | ciia A vad > | 1a giao diém cua d va (a).
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(ﬂ):d
(a)n(B)=Ar=dN(a)=]
And =1

Dang 4: Tim thiét dién ctia hinh chép, ling tru dwoc cit boi mit phing
Céch 1: Tim tat ca cac doan giao tuyén cia (a) v6i cac mat cia hinh chop, ling tru > Thiét dién 1a da

giac tao boi cac doan giao tuyén do.

Céach 2: Tim tat ca cac giao diém cua (a) v6i cac canh (néu c6) ctia hinh chép, lang tru = Thiét dién 1a

da gidc tao bdi cac giao diem do.

1. QUAN HE VUONG GOC

Dang 1: Chirng minh quan h¢ vuéng géc.

4. Chirng minh 2 DT vuong goc:

Cach d L (a) - Ching minh: PT nay vubng i
=dla . , ;
1 ac(a) goc voi MP chira DT kia. //\ '
r . N A d
Cach d L AB 9 Chitng minh: .),DT ndy vuong c
5 d L AC =d L BC goc 2 canh tam gidc co6 canh con
lai nam trén DT kia.

5. Chirng minh DT vuédng goc MP:

dladlb 2 Chitng minh: DT vudng goc
Céch amb=l —d 1 (a) voi 2 DT cat nhau cung chira
1 trong MP.
a,bc(a)
(@) L(A) 2 Néu 2 MP vuong goc nhau thi
Céch (@) (B)=d A L(a) bat ki DT nao nam trong MP nay
2 Ac(B) va vuong goc vdi giao tuyén 2
Ald MP sé vuong goc MP kia.
Bl
(@) (B)=d > 2 MP phan biét cung vuong @/ g
Céch (@) L () —d 1) goc MP thu’ :? thi’ gia~0 tu)A/én cd’a |
3 2 MP do (néu co) sé vuong goc | | f--- e
(8) L) MP thit 3 do. -

6. Chirng minh 2 MP vuéng goc:

Cach | ()1 (p) @{AC

Al (a)

> Chirng minh: MP nay co chira
1 BT vuong goc MP kia.
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(ﬂ) DA
Cach Ala, Alb - Chitng m’inh MP nay ghd’a 1
5 be | = (Ol) 1 (ﬂ) DT vuong goc voi 2 PT cat nhau
anb= chira trong MP kia.
a,bc(a)

Dang 2: Tim hinh chiéu cia Piém 1én MP

e Dinh nghia: H 12 hinh chiéu cia M 1én (a) < MH L(a)tai H.

THL: C6 BT A di s TH2: Chua c6 sin DT A nhu THI.
e Timmp(B)quaMva(B)L(a)
e Tim d =(a)N(B)

qua diém M va vuéng
A” eVE MH Ld taiH

gécmp(«) taiH > H
én (o) = MH L (a)taiH

la hinh chiéu cua M
= H 1a hinh chiéu cua M Ién (a).

_Dang 3: Tinh goc.

1. Géc giita 2 DT cat nhau

DN: La goc c6 s6 do nho nhit
(g6c nhon) trong 4 goc tao

thanh. - |

2. Géc giita 2 DT bat ki

DN: La goc gitra 2 duong thang alla’' _ . a

cat nhau lan lugt song song véi bilb’ :(a’b):(a 'b) ,
o

2 duong thang dé.
\ =

3. Goc giita DT va MP

DN: La goc giita duong thang | Ly A Bed
v6i hinh chieu cia né trén mat | Tim A, B' 1an luot 12 hinh chiéu cta A, B RQ 5
phing. lén (a) N
(d(e)) =(d.d") > d’ (4'B’) 1 hinh chiéu cia d Ién () / - hON,
(v6i d’ 1a hinh chiéu cua d Ién ¢ AB
) > (d,(a)) =(d,d") «
Diic bigt: Néu d cat () tai | thi: NG

Al A\(a)=1
Al (a))= AlH
AHL(a)taiH}j( («)) /H—' N
4. Goc giita 2 MP

DN: La goc gitra 2 duong thang | Cdch xdc dinh thuong dung: Goc gitta hai
lan lugt vuong géc voi 2 mat | MP bang goc gitta 2 DT lan luot chira trong 2

phing do. MP va ciing vudng goc v6i giao tuyén cua 2
MP d6.
aL(a)} (a)n(p)=d
= ((a),(p)) =(a,b)
L(B) ac(a)be(B)=((@).(B))=(ab)
ald; bLld
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_Dz.mg 4: Tinh khoang cach.

Cach xdc dinh khac:

1. Khodng cdch tir 1 Diém dén MP

DN: La khoang
cach tir diém do
dén hinh chiéu cua
n6 1én mat phang.

Tim H 14 hinh chiéu cua A I1én ().
Khi dé:

[d(A (a))=AH |

2. Khodng cach giiva DT va MP song song

DN: La khoang
cach tir 1 diém bét
ki thuoc duong
thang dén mat
phang.

Liy AcA.
Khi d6:

d(A, (@) =d(A (@)

3. Khodng cdach giita 2 MP song song

DN: la khoang
cach tir 1 diém bat
ki thudc mat phang
nay dén mat phing
Kia.

Liy Ae(a).
Khi do:
[d((2).(B) =d(A(B)]

4. Khodng cdach giira 2 DT chéo nhau

DN: La d6 dai
doan wvudng goc

Tim DT A cung vudng goc a tai M va vubng
goc voi b tai N. Khi do:

chung cua 2 DT
do.

AlataiM

, }:d(a,b):MN
AlbtaiN

Céach khac:

A S
- d(A(2))
AB(@)=d(A(a))=d(B,(«)) AB O ):I:d(B,(a)):%
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CAC DANG HINH CHOP

1. Hinh chép c6 mot canh bén vudng goc day:

- Puong cao 1a canh bén vuong goc day.

Vi du 1: Hinh chép S.ABCD co6 ddy la hinh chir nhét va canh bén
SA vudng goc mat day. H, K lan luot 1a hinh chiéu cia A 1én
SB, SD

- Puong cao la SA; BC,AD L (SAB); AB,DC J_(SAD) ;

AH L (SBC); AK L(SCD)

* Néu déy 1a hinh vudng thi BD L (SAC)

Vi du 2: Hinh chop S.ABC c6 day la tam giac déu va canh bén SA
vudng goc mit ddy. M 1a trung diém BC ; H 1an luot 14 hinh chiéu
cia A Ién SM

- Duong cao la SA; BC L(SAM); AH L (SBC);

2. Hinh chép ¢6 2 mit qua dinh va cung vudng goc mat day:
- DPuong cao hinh chop la doan giao tuyén cua 2 mat do

Vi dy: Hinh chop S.ABC c6 2 mét (SAB), (SAC) cung vudng goc
mat day (ABC) - Duong cao hinh chop la doan giao tuyén SA cua
2 mat (SAB), (SAC).

3. Hinh chop c6 m§t mat bén vudng goc day:

- Duong cao hinh chop 1a duong cao cua mat bén do (ha tr dinh
hinh chop).

Vi du: Hinh chép S.ABCD c0 (SAB) vuong goc mat day (ABCD)
- Puong cao SH cua tam giac SAB 1a duong cao hinh chép S.ABCD

4. Hinh chép déu: 12 hinh chop c6 day 1a da giac déu va chan dudng cao tring tim day
Tinh chit (chung):
Céc canh bén bang nhau, canh day bang nhau
- Céc mit bén 1a nhitng tam giac can tai dinh hinh chép va bang nhau
- DPuong cao cua hinh chop 1a SH (V61 S 1a dinh va H 1a tam day)
- Goc gitta cac canh bén va mit day béng nhau,
GOc giira CAC mit bén va mit day bang nhau.

1) Hlnh chép tam gidc déu: S
a) Tinh chat (riéng):
Mit day 1a tam giac déu
Puong cao ctia hinh chép 1a SH (Vi S 1a dinh va H 13 giao diém
2 duong trung tuyén cua tam giac ddy)

Gac gilra canh e <
bén va mat day Goc gitra mat

bén va mat day

Goc giita canh bén va mit day 1a: SAH =SBH =SCH =«. AR ¢
Goc gitra mat bén va mat day 1a:  SIH = B (véi | 1a trung diém
canh day) B

b) Céng thirc lién hé: Cho hinh chép tam giac déu c6 canh day a, | Cdch vé hinh chdp tam gidc déu S.ABC
canh bén b, chidu cao h, goc giira canh bén va mat day o, goc gitra | (hodc tir di¢n déu):
mit bén va mit day . Khi do: Vé day ABC - Duyng trong tdm H (La giao
diém 2 duong trung tuyén) - Vé SH vudng
goc (ABC) - Vé cac canh bén
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a=b~/3.cosa h=—2_tang
h=b.sina 243 2 V:E(azﬁj.h
a b2 =h?+ 2 L ¢
h=—.tanx B
\/§ 3

1) Hinh tir dién déu 12 hinh chop tam giac déu c canh bén bang
canh ddy (hinh chop tam giac co tat ca cac canh bang nhau.
Cho khoi tir dién d€u canh a, chi€u cao h, khoang cach gitra 2 canh

. 12
doi dién d. Ta co:
3). Hinh chép tir gidc déu
a) Tinh chit (riéng):
Mat day 1a hinh vudéng Géc gitra mit

Pudng cao cua hinh chop 1a SH (V6i S 1a dinh va H 13 giao diém
2 duong chéo cua day hinh vudng)

Goc gitta canh bén
SAH =SBH =SCH =SDH =« .

Goc gilra mat bén va mat day la:
canh day)

b) Cong thirc lién hé:

va mat day la:

SIH = B (v¢i | 1a trung diém

2

a=b~/2.cosa b2 —h24+ & I
h=b.sina 2 \Y :gaz.h
a
h==.t
h=i.tana 2 anp
J2

bén va mat day
Goc gitra canh
bén va mat day

Cich vé hinh chép tir gidc déu S.ABCD:
V& day hinh binh hanh ABCD - Vé H la
giao diém cua hai duong chéo AC & BD >
V& SH vudng goc (ABCD) - V& cac canh
bén

5. Hinh chép c6 tat ca canh bén biang nhau:

- Pudng cao hinh chép 1a doan thang ha tir dinh hinh chop dén tim
duong tron ngoai tiép cua da giac day.

Vi du: Hinh chop S.ABC céc canh bén SA, SB, SC bang nhau va day
ABC la tam gidc vudng tai B >Dudng cao hinh chop 1a SI, véi | la
tam duong tron ngoai tiép tam giac ABC (I 14 trung diém AC)

6. T dién vuong: (Tu dién c6 3 mat 1a 3 tam gidc vuong tai cung
mot dinh hay ¢6 3 canh d6i mdt vudng goc)

- Chén duong cao tng véi dinh vudng 1a trye tim mat ddi dién véi
dinh vudng.

Vi du: Hinh chép S.ABC c6 mat bén SAB, SBC, SCA la tam giac
vuong tai S >Puong cao SH, (vdi H 1a tryc tam tam giac ABC)

CAC DANG HINH LANG TRU

Tinh chat: Hinh Ling tru cé:

+ Céc canh bén song song va bang nhau;
+ Cac mat bén 1a hinh binh hanh,;

+ Hai mat day song song va bang nhau;

+ Puong cao la doan thang ndi tor mot diém thudc day nay dén hinh chiéu cta no Ién

day kia;
+ Goc gilra cac canh bén va mat ddy déu bang nhau;
+ Goc gitra cac mat bén va mat day déu bang nhau;
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Lang tru dirng: 1a 1ang tru c6 cac
canh bén vudng goc voi day

Puong cao la cac canh bén 44,
BB, C'C

Ling tru déu: 13 lang try dimg c6
day la da giac déu

Puong cao 1a cac canh bén 4’4,
BB, C'C

Hinh hgp: 1a lang tru c6 day la
hinh binh hanh

buong cao: A’H (v6i H la hinh
chiéu cua 4’ 1én (ABC)

Hinh hgp dirng: 1a hinh hop co6 céac
canh bén vudng goc day (day la
hinh binh hanh)

B c'

Puong cao: A'A, B'B,C'C,D'D

Hinh hgp chit nhdt: 1a hinh hop
dung c6 day la hinh chir nhét (co 6
mdt deu 1a hinh chit nhat)

A’ B’

D
Duong chéo:
AC' =+ AB? + AD? + AA”

Hinh lgp phwong: 1a hinh hop c6 6
mat déu Ia hinh vudng
A B'

Pudng chéo: AC'= ABA/3
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‘/Ay H@é théng kién thivc va phwong phdp gidi Todn 11 Bi Kip Vo Cong Truong
PHU LUC

HINH HOC PHANG (TONG HOQP)
1. HE THUC LUONG TRONG TAM GIAC:

1) Tam giac vudng: Cho AABC vudng tai A c6 dudng cao AH va trung tuyén AM. Ta c6:

e BC? = AB? + AC?(Pi-ta-go) o AH.BC = AB.AC A
e AC*=CH.BC * AB” =BH.BC m
1 1 1 ,  AB%AC?
= o AH - - - B H v C

° + =
AH? AB* AC’ AB? + AC®

. BH AB*  AB’ . CH AC?  AC?
BC BC* AB°+AC® BC BC? AB*+AC?

e AM = % e Di¢n tich: S = %.AB.AC (bang nira tich d6 dai 2 canh goc vudng)

2) Tam giac vudng can: Cho AABC vudng can tai A c6 duong cao AH. Ta co:

C
e AB=AC=a e BC=a\2 oAH=a% aﬁ
al 5
e

N

AB> AC? BC?
= = A

e Dién tich: S = a
2 4

3) Tam giac déu: Cho AABC déu canh a, c¢6 tdm I va duong cao AH. | 4) Nira tam gidc déu:

Ta co: A
e AH =23 o a1=2V3 =\
2 3 a3 .
a+/3 e @°N3
e IH :T e Dién tich: S = 2 B o C _ &
a

5) Tam giac thwong: Cho AABC d6 dai canh BC =a, AC =b, AB =c, duong cao AH =h, | trung tuyén

AM =m,_, béan kinh dudng tron ngoai tiép 1 R, ban kinh dudng tron ndi tiép 1a r. Ta co: A
e Dinh li cosin: a? =b? +¢? —2bc.cos A e Dinh lisin: & =2 - C _oR
sinA sinB sinC
2 2 2 2 2 2
ocosA:M—a .ma2:b+c N B H M C
2bc 2 4

e Dién tich:

S :l.a.ha S :Ebc.sinA S
2 2

_abc a+b+c

4R

s=pr  S=\p(p-a)(p-b)(p-c) (véip= )

Il. HE THUC LUQONG TRONG TU GIAC:
1) Hinh thang: Dién tich hinh thang ABCD c6 day AB, CD: S = %(AB +CD).h (v6ihla chiéu cao va h

bang khodng cach giita AB va CD)
2) Hinh thang vuong: Dién tich hinh thang ABCD vuéng tai A, D: S = %(AB +CD).AD

3) Hinh binh hanh: Dién tich hinh binh hanh ABCD: S =%(AB +CD).h (vé6i h 1a chiéu cao va h bang
khoang cach gitra AB va CD)

4) Hinh thoi: Dién tich hinh thoi ABCD: S = % AC.BD (bang ntra tich d dai 2 dudng chéo)

5) Hinh chir nhat: Dién tich hinh chit nhat ABCD: S = AB.BC (bang tich chiéu dai va chiéu rong)
6) Hinh vudng: Cho hinh vuéng ABCD canh a, tdm O
J2

e AC=BD=a2 * OA=0B=0C=0D=a"" e Dién tich{| S = a’]
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VA»’ Heé thé’ng kién thirc va phwong phap gidai Todan 11 Bi Kip Vo Cong Truong
I1l.  HE THUC LUONG TRONG PUONG TRON:
| e Dién tich hinh tron ban kinh R: S = z.R® e Chu vi duong tron ban kinh R: C=27.R

IV.  TAM CUA TAM GIAC

Trong tAm tam giac 13 giao diém 3 dudng trung tuyén

Truc tim tam giac 13 giao diém 3 dudng cao

Tam dudng tron ngoai tiép tam giac 1a giao diém 3 dudng trung truc
Tam duong tron nodi tiép tam giac 13 giao diiém 3 dudng phan giac

HINH HOC TOA PO TRONG MAT PHANG

1. TOA PO
Cho u=(x;y),v=(x:y)

ﬁz\?@{);z);ll utv=(xxx;yxy') ku = (kx; ky) UV = XX '+ yy'
Lo B, Sy uy
Ulve xx'+yy'=0 ‘u‘: X2 +y? COS(U’V)ZW

Cho A(X4;Ya), B(Xg;Vs)

AB:(XB_XA;yB_yA) AB:\/(XB_XA)2+(VB_VA)2
M la trung diém ctia AB: G Ia trong tam tam giac ABC:
X :XA+XB. :yA+yB X :XA+XB+XC. :yA+yB+yC
M 2 ' IM 2 . G 3 ’ G 3
G la trong tAm tir giac ABCD : M chia AB theo ti s6 k:
XA+XB+XC+XD.yA+yB+yC+yD _XA_kXB. _yA_kyB
G ; X, =—A By —IA I8
4 4 1-k 1-k

Il.  PHUONG TRINH DPUONG THANG

1. Phuwong trinh: Puong thang A di qua diém M (Xo;Yo) Vaco 1VTPT n= (A;B) haycé 1 VTCP a= (a;b)
,C0:
Phwong trinh tong qudt: A(X—XO)+ B(y—yo) =0« Ax+By+C =0|(vsi C=-Ax,—BY,)

X=X, +at

Phwong trinh tham sé: : (t € ]R) :

y=y,+bt

; X=X —
Phuwong trinh chinh tac: " = % .(ab=0)

Chay:  Phuong trinh duong thing qua M (XO; yo) co he s6 goc ki |y—y, = k(X—XO) :
X—Xg — Y— Vs
Xa=Xg  Ya— Ve
2. Khoéng cach tir mot diem M(X,,;y,, ) dén mot dudng thing A: Ax+By+C =0 Ia:

Phuong trinh dudng thang qua 2 diém A, B:

_ |AX,, +By,, +C|

JA? + B?

d(M,A)

IIl.  PHUONG TRINH DPUONG TRON
1. Phwong trinh: Duong tron co tam | (a;b) va ban kinh R, c6 phuong trinh:

Dang 1: (x—a)2+(y—b)2 =R?|

Dang 2: |X* +y® —2ax—2by + ¢ =0}, v6i diéu kién a?+b?>—c>0 va R=+va’+b’—c.
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