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A. Phwong phap chung dé giai quyét bai toan hinh hoc giai tich phang gém cac bwéc sau:
e V@ hinh, xac dinh cac yéu t6 da biét 1én hinh
e Kham pha cac tinh chit khac ctia hinh (néu cdn). Cha y tim cadc dwong vudng goc, song song, dong
quy; cac doan bang nhau, goc bang nhau; cac goc dic biét; quan hé thudc gitra diém va dudong
thang, dwong tron, ...
e Xac dinh cac diém, dwong thang (theo cac ki thuat da hoc) dé thwc hién yéu ciu bai toan.
B. Mot s6 hwdong Khai thac gia thiét
Duwdi day 1a mot s6 hwdng khai thac cac gia thiét cua dé bai. Di nhién, tuy vao tirng bai cu thé, ta con c6
nhitng hwéng str dung khac.
1. Phwong trinh dwong thdng d :
e Tham s6 hoa toa d6 cia cac diém thudc d
e Xét dwoc vi tri twong ddi, tim duoc giao diém cua d va dwong tron hoidc duong thang khac.
e Viét dwoc phwong trinh duwdng thang:
- Song song hodc vudng goéc voi d .
- Cach d mét khoang cho truéec.
- Tao v&i d mét goc cho truére.
e L4y déi xirng dwgc qua d . Tim dwoc hinh chiéu ctia 1 diém 1én d.
e Xét dworc vi tri twong ddi cia hai diém 4,B sovdi d .
2. Phwong trinh dwong tron (C)

e Tim dwoc tam va ban kinh
e Xét dworc vi tri twong déi, tim giao diém cua (C) va dudng thang hodc dwong tron khac.
3. biém G la trong tdm tam gidc ABC .
e Ap dung céng thirc tinh toa d6 trong tam
e AG=27M
3
e G cing véitrwc tAm H , tAm ngoai tiép / thing hang va GH = -2GI
4. Diém H la trwc tdm cua tam gidc ABC
e AH | BC.
e AH =2IM ,vé6i I 12 tim dwdng tron ngoai tiép con M 13 trung diém BC.
e Diém d6i xtrng cia H qua 4B, AC,BC thudc dwdng tron ngoai ti€p tam giac 4BC .

T& gidc BHCA' 1a hinh binh hanh, véi A4' 1a d6i xtirng cia 4 qua tAm dwdng tron ngoai tiép.
e H cungvéitrong tAm G , tAm ngoai tiép 7/ thing hang va GH = -2GlI .

5. Diém I la tdm dwdng tron ngoai tiép tam gidc ABC

o JA=IB=IC=R

e [ nam trén dwong trung truch cac canh.

e [ clngvéitrongtim G ,truc tim H thing hangva GH = -2GI .
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6. J la tam dwong tron néi tiép tam giac ABC
e J céich déu cic canh clia tam giac.
e Tim dwgc ban kinh noi ti€p tam giac: r = di; in)
e AJ,BJ,CJ lacac dudng phan giac trong cla cac goc trong tam giac.
7. d la dworng phdn gidc trong goc BAC .
e A,J,Ked.Trongdd6 J,K lan lwot la tAm dwong tron ndi ti€p tam gidc 4ABC va bang tiép canh

BC.
e LAy d6ixirng diém M € AB qua d tadwoc M'e AC.
o d(M,AB) =d(M,AC), VM ed

e d cat dudng tron ngoai tiép tam gidc 4BC tai diém chinh gitta cung BC
8. T gidc ndi tiép.
e Viét dwgc phwong trinh dwong tron ngoai tiép.
e St dung duwoc tinh chit: cac goc noi tiép chin cung 1 cung thi bing nhau.
e Chirng minh dwgc 1 diém cach déu cac diém khac.
Cdc cdch chitng minh tit gidc ABCD _ndi tiép:

(a) Bon dinh cung cach déu 1 diém.

(b) C6 hai goc d6i dién bu nhau (tong 2 goc déi = 1800)

(c) Hai dinh cuing nhin doan thang (tao bé&i hai dinh con lai) hai géc bang nhau.

(d) MAMB = MC.MD, trong d6: M = ABNCD; NA.ND = NC.NB,v&i N = AD N BC.
(e) I4.IC = ID.IB véi I 1a giao diém hai dwong chéo.

(f) Tr giac d6 1a hinh thang can, hinh chir nhat, hinh vudng,..

C. Vi du minh hoa
Vi du 1 (THPT-2015). Trong mit phang Oxy, cho tam gidc ABC vudng tai A. Goi H 1a hinh chiéu vudng
goc cla A trén canh BC; D 1a diém déi xirng cia B qua H; K 1a hinh chiéu vuéng géc cia C trén dwong
AD. Gia siH(-5;-5), K(9;-3) va trung diém ctia canh AC thu¢c duong thing x—y+10=0. Tim toa
do diém A.

Hwéng dan

Goi N 1a trung diém AC

Ta c6 diém N e(d):x-y+10=0= N(n;n+10)

Ta c6 diém N theo 1 bién s6, ma dé bai c6 cho 2 diém
H(-5;-5), K(9;-3) twong minh, vdy ta nghi dén liéu c6

N (d):x-y+10=0

moi lién hé nao gitra 3 diém N, H, K hay khong?
Xét tam giac vudng AHC vudng tai H va N 1a trung diém AC

B
nén = HN = %AC

Twong tw giac vuong AKC vuong tai K va N 1a trung diém

ACnén = KN =%AC
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Twr d6 ta c6 HN = KN

= \/(—5—11)2 +(n+10+5)" = \/(9—r1)2 +(n+10+3)" & n=0=N(0;10)

Vay minh da tim dwgc diém N, viy ciu hoi tiép theo la: “Minh di tim diém nao tiép theo ?”

Do minh cé toa d6 cac dinh N, H, K, nén minh dé dang viét dwoc phwong trinh dwong tron (T) ngoai
tiép t& giac AHKC (c6 tdm l1a N va ban hinh la NK).

Tiép tuc theo doi vao hinh thi cAc diém minh chwa biét 1a: A, B, C, D. Trong d6, B va D minh khong c6
dir kién gi, con A va C thi nam trén dwong tron (T). VAy wu tién di tim A hoic C roi.

Chon mot trong hai diém A hoic C dé di tim.

Gia str néu cac em chon A.

Khi d6 hay c6 ging lién két diém A v&i cac diém da biét (H, K, N).

No6i 4 dinh nay lai vs nhau ta dwoc 1 ti gidc, hay xem t& gidc nay cé gi dic biét hay khéng ? hay c6 1
mdi lién hé gi gitta 4 dinh nay hay khong?

Khi d6 cac em sé& nhan ra rang t gidc nay c6 2 dwong chéo vudng goc véi nhau, AK L HN.

Néu cac em khong thich chon A, thi chon C ciing dworc.

Twong tw, hdy xét tir giac CNHK c6 gi dac biét hay khong?

Khi d6 em sé nhan ra dwoc ti giac nay la hinh thang c6 HN || CK

Du chon tim diém A hay diém C thi cadc em cling cin phai chitrng minh tinh chit

- AK L HN hoidc HN| CK (2 cainayla1) dé co thélam tiép dwoc bai toan.

Chirng minh nay c6 nhiéu cach lam, cac em cé thé tham khao cach chirng minh sau:

Xét AABD céin tai A c¢6 H la chidn dwdng cao ha tir dinh A, va B doi xirng véi D qua H = AABD cén tai
A.

— HAK = BAH (dwdng cao ha tir dinh can ciing la dwdng phan giac)

—_

BAH = %sdﬁ (gbc tao béi tiép tuyén va diy cung = 1/2 s6 do cung)

= @z%sdE{:A/KT{:AAHK can

= H la diém chinh gitta ctia cung AK, = HN L AK

Vay dwa vao y nao ta ciing di tim dwgc diém A (theo AK L HN ) hodc diém C (theo HN || CK ) cua tam
giac ABC.

Tiép theo ta viét dwoc phwong trinh AB do AB di qua A va AB vudng goc véi AC,

Twong tw viét dwoc phwong trinh CH do biét toa d6 C va H hay chinh 1a phwong trinh BC.

Tw day, B = AB N BC ta tim dwoc toa d6 diém B.

Loi gidi chi tiét cac em tw lam nhé :)

Vi du 2(S& GD&DT Ha Noi - 2016).Trong mat phang véi hé toa dd Oxy, cho tam gidc ABC vudng tai
A. Goi H(5;5) 1a hinh chiéu vudng goc cia dinh A trén canh BC, dwong phin giac trong géc 4 cda
tam gidc ABC nam trén duwong thang x—7y+20=0. Duwong thang chira trung tuyén 4M cla tam
gidc ABC di qua diém K (-10;5). Tim toa d6 cac dinh cua tam giac ABCbiét dinh B c6 tung d6 dwong.
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Cdch tw suy khi lam bai

Véi cAu hoi dit ra nhu trén, ching ta nén di tim diém nao trwdc ? A? B? hay C?

Nhin vao bai toan nay ta thay:

+) A thudc 1 duwong thing da biét phwong trinh;

+) B ¢6 dit kién y, >0, nhung dit kién nay khong tham gia vao qua trinh tinh todn, ma chi tham gia
vao qua trinh loai nghiém ma thoi.

+) C hoan toan khong biét gi.

Vay chic chdn 1 diéu 14 ta nén di tim diém A truéec.

Vi diém A thudc phwong trinh AD: x—7y+20=0 (D la giao cia phan giac trong ctia géc A véi BC), nén
ta chi cin di tim 1 phwong trinh lién quan dén diém A nira 1a duoc.

Vi diém H va K da c6 toa d0 ro rang, nén di tim diém A ta sé thir két hop diém A véi 2 diém H va K xem
dwoc khong ? Biét dau tao ra 1 tam giac déu, cin, vudng,.. gi dé thi ra sé c6 thém 1 phwong trinh lién
quan dén A. Nhung trong bai nay tam gidc AHK khéng c6 gi didc biét ca.

Bat dau bi roi @@

Nhin lai hinh thém chut nira nhé.

Trong bai toan, cho diém K 1a “bat ky” thudc dudng thang trung tuyén ha tir A cia A4BC. Dit kién
diém K “bat ky” ma lai c6 toa dd rd rang chinh 1a 1 goi y cho chung ta di viét 1 phwong trinh dwong
thang nao do chira diém K.

Ma chiing ta dang cin tim 1 phwong trinh lién quan dén A, viy chic ching ta phai di viét phwong trinh
AK hay AM roi.

Vay viét phwong trinh AK nhw thé nao?

Dé viét phuwong trinh dwong thang AK ta cin biét 1 diém di qua (cai nay da c6 diém K roi) va 1 vector
phap tuyén hodc 1 vector chi phwong (cai nay chwa biét) hoac trwong hop don gian la chi can biét 2
diém di qua.

Tiép theo, nhin vao dir kién dé bai cho, 1 phwong trinh duwong thang (d) va 2 diém H va K, ta nén thir
ké cac phwong trinh duwong thing di qua H, K L hoic song song v&i (d).

Thi ta thay, chi c6 phwong trinh dwong thang di qua H va vudng goc véi (d) 1a cdt AM va AD la I va E.
Piém I hoan toan tim dwoc

Gio ta chi can tim dwoc E 1a xong roi. Nhwng van dé la ta tim E nhw thé nao ?

Ta thiy, c6 I - H - E thang hang ma I va H da biét vay E c6 thé c6 mdi lién hé nao véi I va H hay khong?
DPén day néu vé hinh chuin xac thi hoan toan cac em cé thé dodn dwoc I1a trung diém ctia HE.
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Néu I 1a trung diém HE thi AAHE cin tai A roi. Gio chiing ta chi cAn CM dwoc diéu nay 1a bai toan dwoc
gidi quyét.

Khi tim dwogc A ro6i ta viét dwoc phwong trinh BC do di qua H va vudng goc véi AH. Tir d6 tim dwoc
diém M. Viét dwoc phwong trinh dwong trong tAm (M) ban kinh MA cho giao véi BC tim dwoc diém B
va C, chu y diéu kién y, >0dé xdc dinh Bva C

Trén diy la 1 hwéng suy nghi vé cic tw duy dé lam bai toan. Tuy hoi dai dong nhwng 1¢i giai cua bai
toan nay cuc ky ngan gon nhu sau, cic em tham khao:

Loi giai chi tiét

~

AM la trung tuyén cla tam giac A4BC nén ta c6: MA=MB=MC, suy ra 4= C.
Mat khac: :4: =C (cung phu véi goc é).

Suy ra :4\1 = 1/4; = @ = ;4\3 (do 4D la phan giac cua géc Zﬁ’), khi d6 4D la phan giac cua géc HAM .
Goi E ddi xirng véi H qua AD = E € AM , khi d6 HE 1 AD nén phwong trinh HE:7x+y-40=0.

26
: ~7y+20=0 |*7 75
Suy ra toa d6 giao diém 7 cua 4D va HE la: e & > :I(é;gj.
Tx+y—-40=0 18 5°5
y==
5
. e 27 11 _ 27 11) A
Do 7 la trung diém cua HE ,suyra E ?,? .AM diqua E ?,? va K(—10;5) nén c6 phwong

trinh: 2x+11y-35=0.

A N . . | 2x+11y=35=0 x=1
Vay toa do diém 4 la nghiém cta hé :

= A(L;3).Khi d6 BC di qua H(5;5)
x=7y+20=0 y=3

va vudng goc véi AH (AH=(4; 2)=2(2; 1)) nén c6 phwong trinh: 2x+ y—-15=0
A e s oa o [2X+y=15=0 x=22 13
Toa do diéem M 1a nghiém cua hé: & 2 =>M|—;2|.
2x+11y-35=0 _» 2

Goi B(t;15—-2¢)e BC, khi d6:
13Y’ 1Y
MBZ=MA2@(t—?j +(2t—13)2=(?J +1> & 5t —65t+180 = 0

t=9 [B(9;-
_[BO3)_yp0
t=4_ | B(4;7) ;

Do M latrung diém ctua BC = C(9;-3).Vay A(1;3),B(4;7),C(9;-3).

B(4;7)

Bai tap luyén tap thém

Bai 1 (THPT Anh Son Il Nghé An). Trong mat phang toa d0 Oxy, cho tam gidc ABC cin tai A voi
B(-2;1),C(2;-1), goi P 1a diém trén canh BC.DPuwong thang qua P song song véi AC cat AB tai D,
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duong thang qua P song song véi AB cat AC tai diém E.Goi Q la diém déi xtrng véi P qua DE.
Tim toa do diém A biét O(-2;-1).

Hwéng dan

Do AABC cantai 4 nén 4 thudc dwong trung truc d cua BC.

Khi d6 d di qua trung diém 0O(0;0) ctia BC va vudng goc voi
BC véi BC= (4,-2)=2(2;-1)nén d c6 phuwong trinh:
2x—y=0.

Ta sé di chitrng minh A thudc dwong tron ngoai tiép tam
gidc BCO hay chtng minh BAQ + BCO =180°.

That vay:

Ta cé6 PEAD la hinh binh hanh, suy ra

DP = AE va EP=AD (1)

Do DE la trung truc cua PQ,

suyra DP=DQ va EP=EQ (2)

Tw (1) va (2), suyra AE = DQ

va AD = EQ = AADQ =AQFEA (c-c-c)

:>1/)\1=E1, suy ra ADEQ ndi ti€p dwong tron hay [ﬂazaﬁ—l (*) (vi cung bu véi @).
Mat Kkhac, ta co: EPC = ECP (cuing bang goc E), suy ra EP:EC:>EQ:EC:>6’\1:Q\1

~

Lai c6 E,H thudc trung truc cia BC= f{ = Q = 6\1 =P, suy ra EHCP ndi ti€p dwong tron
Khi d6 HCP=180"-HEP=180° ~HEP =180’ ~QEH =180° ~DAQ  (theo (¥)), suy ra
HCP+DAQ =180° hay BAQ + BCO =180".
Vay ABCQ ndi tiép dwdng tron cé phuwong trinh (phwong trinh di qua 3 diém B,C,0)1a: x>+ =5
Khi d6 toa do diém A4 1a nghiém cta hé:
2x-y =0 x=-Ly=-2 A(-1;,-2

{xz +}}:2 =5 < [x :1;yy:2 = [AEl;Z) !
Kiém tra diéu kién 4,0 nam cung phia véi dwong thing BC cho ta dap s6 :
Bai 2.Cho hinh chi¥ nhat ABCD tim I. Goi K 1a trung diém cta canh DC, E 13 hinh chiéu cta C trén AK.

Xac dinh toa dd cac dinh ctia hinh chir nhat ABCD biét rang 4 B

IG ;oj, E(E ;-EJ, diém B c6 hoanh dd dwong va AB = 2BC.

2

Hwéng dan

Tir gid thiét ta cOIE =%AC=%BD nén I 1a tdm dwong tron

ngoai tiép ngii giac ABCED. D
Tam giac IBE can tai [ nén IEB = E/Bf); Tam giac ADK vudng can tai D nén

[EB = EBD = EAD =45°. Trd6 suy ra tam giac IBE vudng can tai .
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BD di qua diém I(%;OJ va c6 véc to phap tuyén
IE = (2;—%) hayn = (4,-3) nén BD c6 phuwong trinh 1a :

4(x—%)—3(y—0)=0 hay 4x-3y-2=0

BD di qua diém K(—l;—z) va c6 véc to chi phwong 1A1=(3;4) nén c6 phwong trinh tham sé la

x =-1+3t
BD:
y=-2+4t

. A a 1ea 1 .
Goi B(3t—1;4t—2) thudc BD, diéu kién t > 3 ta co

2

IBzIE@[St—

N | W

’ =0 (1
+(4t-2) =27+ 3 ooseoostm0e| )
2 1

Twd6 ta cod B(2,-2) .Villa trung diém ctia BD nén D(—l;—z)

Tacé BD=+9+16 =5, AB*+ AD? = BD? =25 = 5.AD* =25 = AD = /5, AB = 24/5
Goi A(x,y) tac

6
{AD:\/E - (x+1) +(y+2) =5 @{x=—2' XT3
AB=25  |(x-2) +(y-2)'=20 (y=0 y__% >

Kiém tra A va E khac phia so véi dwong thang BD, ta c6

= Al(—Z;O),A2 [é,—gj

5 3 5 3 n . p Looas 2
A, (—2;0),}3[5;—5] = (4(—2)—3.0—2)(4.5—3.(—EJ—ZJ <0 nén A ;E khac phia so v&i dwong thang

BD.

Al(—Z;O),A2 é;—E =| 4 6 -3. 12 -2 42—3. 3 -2|>0 nén A,;E Kkhac phia so véi
5 5 5 5 2 2

duong thing BD.

Vay diém A can tim1a A (-2;0). ViI1a trung diém ctia AC nén C(3;0).

Vay A(-2;0), B(2;2), D(-1;,-2),C(3;0).

Bai 3. Trong mit phang toa dd Oxy, cho tam gidc ABC nhon c6 dinh A(-1;4), truc tdm H. Duwong

thing AH cat canh BC tai M, dwong thang CH cat canh 4B tai N. TAm dwong tron ngoai tiép tam
gidc HMN la [(2;0), dwong thang BC di qua diém P(1;-2). Tim toa d6 cac dinh B,C ciia tam giac
biét dinh B thudc duwomg thang d :x+2y—-2=0

Hwéng dan y

Ta thay t& giAc BMHN noi tiép.
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Suyra / latrung diém cla BH;Bed = B(2-211)

Suy ra: H(2+2t;—t) = AH =(3+2t;~t —4),BP = (2t 1~ - 2)

Do H latryc tam ctia tam gidc ABC

= AH.BP =0
< (20+3)(2t-1)+ (¢ +4)(1+2)=0
S5 +10t+5=0=1t=—1

Suyra H(0;1),B(4;-1),4H =(1;-3), dwong thing BC:x -3y —7=0

Duong thang AC:2x - y+6=0. Tim dwoc toa dd C(-5;-4)

Bai 4.(Chuyén Sw Pham ldn 2).Trong mit phang véi hé toa do Oxy, cho tam gidc ABC cantai 4 va ndi

tiép duong tron (K). Goi M la trung diém cta AC;G, E 1an luot 13 trong tdm ctia tam gidc ABC va
. A 4 a2 , . - 4 23 53

ABM . Tim toa d0 cac dinh cua tam giac ABC, biét E 3;11 ,G 2;? ,K 2;? .
Hwéng dan

Ta c6 tam gidc ABC can tai A, AG la trung
tuyén ha tir dinh A 4G L BC. E 1a trong tim 4
AABM nén EM ||BC tr day ta viét dwoc
phwong trinh EM

4 62 23) 53
E(=;11 e K(2;,—
(5110 ; @)

E 13 trong tim AABM

K 12 tam ngoai tiép AABC
G la trong tam AABC

bi qua E va nhidn GK lam vector phap tuyén.
Suy ra phuong trinh ciia EM :y=11 (1)

Goi I 1a giao diém AG v&i ME khi d6 I ¢6 toa do
1a 7(2,11)

Goi L 1a trung diém AB. Xét ML c6:

+) E la trong tam A4ABM = ME = %ML

+) I1a trung diém ML nén MI = %ML

Suy ra ME =4IE (do I nam gitra E va M). Hay
ME =4IE < M (4,11)

Villa trung diém ML nén L(0,11)

Ma G 12 trong tAm trong AABC nén BG =2GM < B(-2:1).
Lla trung diém AB nén 4(2;21).

M Ia trung diém AC nén C(6;1).
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Cau 5.Trong mat phang véi hé toa do Oxy, cho tam gidc ABC vudng tai 4. Goi H(S;S) 1a hinh chiéu

vudng goc ciia dinh 4 trén canh BC, dwdng phan gidc trong géc 4 cua tam gidc ABC nam trén
duong thang x—7y+20=0. Puong thang chita trung tuyén 4M cla tam gidc ABC di qua diém
K (—10;5). Tim toa d6 cac dinh ctia tam gidc 4BC biét diém B c6 tung do dwong.

Hwéng dan:

A
Tacé ACB = BAH (do cung phu véi A/BTC)
Hon nita, MA=MB=MC nén m =A754 nén
BAH = MAC
b
Suy ra dwong phan giac trong 4D cuia goc 4 cling la B C

phan giac ctia goc HAM
Goi K ' 1a diém doi xtng véi K qua 4D thi XK' thudc 4H

Viét dwoc phwong trinh KK': 7x+y+65=0

KK'mAD=1= 1(—%;%} = K'(—9;—2)

AH :x-2y+5=0,AH " AD = 4= A(1;3)= BC:2x+y—-15=0
Puong thang AM diqua 4 va K nén AM :2x +11y—-35=0. Vay M(%;Zj

Vid B thudc dwong thing BC nén B(b;15-2b)

Do MA:MB:>5b2—65b+18O:O<:{

Vay B(4;7),C(9;-3)

Cau 6. Trong mit phiang toa dd Oxy, cho hinh vuéng ABCD. Goi E 1a trung diém cta canh AD va
H(%;—%) 1a hinh chiéu vuéng gbc ctia B trén canh CE; M(%,—gj la trung diém cda canh BH. Tim
toa d6 cac dinh cta hinh vuéng ABCD biét dinh 4 c6 hoanh do am.

Hwéng dan:
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Cong tac vién: CV HA
Vi M latrung diém BH nén M (-1;-2)

Goi F d0i xirng véi E qua A. Khi d6: BF || EC = BFEH la hinh
la dwong trung binh nén AM | BH A

thang, c6 AM
B

Tacé: BH:x—-2y-3=0

CE:2x+y—-4=0,AM :2x+y =0

E
COSB/AJ\\/I=COSE/'C7)=C—l)=i
CE 5
Goi A(a;—2a),a<0= AB=(a+1;—2a+2) D C
i ABu,,
TaC(')cosBAM:—<:>%=i
J5 ‘AM‘.MAM J5
a=-1
&5a°-6a-11=0| 11, = A(-12)
a:g()

AD:y—-2=0,vi E=CENAD = E(1;2)
Vi E 1atrung diém 4D nén D(3;2)
Vi BC = AD = C(3;-2). Kétluan

Cau 7. Trong mit phang toa d Oxy, cho tam gidc 4BC nhon c6 dinh 4(-1;4), trwc tim H. Puong
thang 4H cat canh BC tai M, dudng thang CH cat canh 4B tai N. TAm dwdng tron ngoai ti€p tam
giac HMN 1a 1(2;0), dwong thing BC di qua di€ém P(1;-2). Tim toa do cac dinhAB,C clia tam giac
biét dinh B thudc dwong thang d:x+2y-2=0
Hwéng dan:

Ta thiy t& giAc BMHN noi tiép.

Suyra / latrung diém cia BH;B ed = B(2-2#;¢)

Suyra H(2+2t;~t)= AH = (3+2t;~t —4),BP = (2t = 1;—t - 2)
Do H latryc tam cua tam giac ABC

= AHBP =0 (2t +3)(2t=1)+(t+4)(t+2) =0 52 +10t +5=0 <> 1 =1
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Cong tac vién: CV HA
Suy ra H(O;l),B(4;—1),E =(1;-3), dwong thang BC:x-3y-7=0

Puong thing AC:2x—y+6=0. Tim dwoc toa ddo C(—5;—4)

Cau 8. Trong mat phang véi hé toa dd Oxy, cho tam gidc ABC véi dwong cao AH c6 phuong trinh
3x+4y+10=0 va dwong phan gidc trong BE c6 phwong trinh x—y+1=0. Diém M(0;2) thudc
duwong thdng 4B va cch dinh C mot khoang bing /2 . Tinh dién tich tam giac ABC.

Hwéng dan:

Goi N la diém doi xirng cia M qua phan gidc BE thi N thudc BC A

Tinh dwoc N(L;1). Puwong thing BC qua N va vudng goc véi AH nén cb
phwong trinh 4x -3y —-1=0

B 1a giao diém cua BC va BE. suy ra toa do B la nghiém cta hé
4x-3y-1=0
x—=y+1=0

< B(4;5)

phwong trinh: {

Puwong thang AB qua B va M nén c6 phwong trinh: 2x—4y+8=0
Ala giao diém cua AB va AH, suy ra toa do A 1a nghiém hé phwong trinh:
3x-4y-8=0
4 odf 3L
3x+4y+10=0 4

DPiém C thuéc BC va MC =2 suy ra toa d6 C 1a nghiém hé phwong trinh:

{4){ 3y—-1=0 —ly—l C(l;l)
33= 31 33
NEs 2 =— |Cl ==
(- -V 25 (25 25j
Thé toa dd A va C(1;1) vao phwong trinh BE thi hai gia tri trai ddu, suy ra A, C khac phia déi véi BE,
do dé BE la phan giac trong tam giac ABC.

Twong tw A va C(;—; %) thi A, C cung phia véi BE nén BE la phan giadc ngoai ciia tam giac ABC.

BC=5,AH=d(A,Bc)=‘2‘—3 dods §,,. =2 > (dvat).

Cau 9. Trong mat phiang toa do Oxy, cho hinh chir nhat ABCD c6 dién tich bang 18. Goi £ 1a trung
diém canh BC. Pudng tron ngoai tiép tam gidc CDE cat dudng chéo AC tai G, (G khong trung voi
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Cong tac vién: CV HA

C). Biét E(l;—l),G(%;%J va diéfm D thudc dwong thing d:x+y—-6=0. Tim toa do cic diém
A,B,C,D.

Hwéng dan:

Do tit gidc CDGE nbitiép = DG L GE,
Do Ded = D(t;6—1)

Ta c6 FG(—%;%);FG(z—%;?—tJ do EG.DG =0 t=4= D(42)

Suy ra DE=3\/§,DE:x—y—2=O

Goi C(a;b), do

S sep =18=> Seps :%Q%d(C;DE).DE =%@ la-b-2|=3. (1)
Ma DC(a—-4;b-2),EC(a-1;b+1); do
CD LCE = DC.EC=0< (a—4)(a-1)+(b-2)(b+1)=0 (2)

\ \ , {|a—b—2|:3 {a:4;b:—l {0(4;—1)
Twr (1) va (2) ta co: =

a’-5a+b’-b+2=0 |[a=Lb=2 - C(1;2)

Do C va G ndm khac phfa v&i bor 13 dwong thing DE = C(1;2) khong théa mén
Suyra C(4;-1) théa man.

Vi M 1atrung diém BC nén B(-2;-1).Do AD = BC = A(-2;2)

Cau 10. Trong mit phdng véi hé toa d6 Oxy, cho hinh vuéng ABCD c6 tdm 7(3;-1), diém M trén

canh CD sao cho MC =2MD. Tim toa dd cac dinh cia hinh vuéng ABCD biét dwong thang AM c6
phwong trinh 2x —y—4=0 va dinh 4 c6 tung do duwong.

A B
Hwéng dan:
Goi H lahinh chiéu ctia / trén AM = [H =d (I;AM )= %
. H I
Gid st AM N"BD =N va P la trung diém cua N
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MC = IP|| AM = NM || IP.

T M latrung diém ctia DP suyra N latrung diém cta DI

2,IN:11N:a\/_

a 2
2 2 4

Goi canh cia hinh vuongla a thi A7 =

Tw 12: 12+ 12:>§=%+%:>a=3«/§
IH 4= IN 9 a a

A thude AM nén A(1;2(-4)= [A=(t=3) +(20=3)’ =35 ~18(+9=0

b

1=3= 4(3;2)
3
5 575

& 3 14) .do 4 c6 tung d6 dwong nén A(3;2)
- :A(—'——j

Suy ra C(3;—4). Duong thing BD di qua diém 7 va c6 vtpt A7 =(0;-3) c6 phuong trinh y+1=0.

N=AM nBD = N(%;—lj. N latrung diém ctia DI = D(0;-1)= B(6;—1)

Cau 11. Trong mit phing véi hé toa do Oxy, cho hinh chit nhat ABCD c6 dién tich bing 3v/3, dinh D
thudc dwong thang d:\/gx—y:O,A/C\B:30°. Giao diém cia dwong phan gidc trong goc ABD va
dwong cao cua tam gidc BCD ké tir C 1a diém H(ﬁ;3). Tim toa d6 cac dinh B, D biét hoanh do cua
B va D déunhd hon 3

Hwéng dan:

Goi I = ACNBD. Pit AB=x= BC=x\/3 c6 S=AB.BC =33 nén x=4/3 H

Ta c6 DBC=ACB=30"= ABD =60° = HBD =30° = BD la phan

giac trong cuia goc HBC va cling la dwong cao nén BD la trung truc

cua HC
- I
— HD = CD =+/3; BHD = BCD =90° va BH =BC =3
B C

r:ﬁ (T/M) i 3

Ded= D(t:\3t):HD =3 & 2 :D(—;—]
3\/5 ‘ 22
t =—— (loai)

2
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Cong tac vién: CV HA

33

Puong thing HB di qua H(\/§;3), c6 vecto phap tuyén D—H:(T’Ej nén c6 phwong trinh:

£()c—\/§)+§(y—3)20<:>x+x/§y—4x/§=O

2

BeHD:B(bA—ij (6<+3)

NG
2 b:ﬂ (Loai)
3o (b-B)+1-2] coe 2 = ﬂg
HB =3 < (b—+3) (1 \/§j 9 5 - B(z ,2]
2

2722

Vay toa do cac diém B,D la: B(#;BJ,D(\B 3)

Bai 12.(THPT - Quynh Lwu 3 - Nghé An) Trong mit phang v&i hé toa dd Oxy, cho tam gidc ABC c6

dwong tron ndi tiép ti€p xuc véi cac canh BC,CA, AB lan lwot tai cac diém D, E,F . Tim toa do cac
dinh ctia tam gidc ABC biét D(3;1), trung diém cta BC 1a M (4;2), phwong trinh EF :3x-y-2=0

va B c6 hoanh do bé hon 4.

A

Hwéng dan
Phwong trinh dwong thing BC:x—y-2=0

Goi H la giao diém ctia EF va BC ta c6 toa dd6 H la nghiém cia

{3x—y—2=0<:>{x20 ,H(O;—2).
x—y—-2=0 y=-2

T cac gia thiét, ta thdy H nam trén tia
d6i cua tia BC.

Ta chirng minh

|MD.MH = MB.|

That vy, qua B ké duwong thang song song v&i CA cat HE tai G.Khi d6 ta c6 BG = BF = BD dong

thoi HB =@ =%3 HB.DC=DB.HC. Vi M 1a trung diém doan BC nén ta duwoc
HC CE DC

(MH — MB)(MB +MD) = (MB — MD)(MH + MB) < MH.MD = MB’

Goi B(1;6—-2),t<4 tach 2(t—4)2 =8 t-4=-2c1=2,B(2;0)=C(6:4)
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Phuwong trinh dwong tron tdm B ban kinh BD la (T):(x - 2)2 +y* =2

Puong thing EF cit (T) tai G va F c6 toa d6 1a nghiém ctia hé

3
2 2 X=—
— = :1
(x=2) +» 2©{x vl 2 . Vi G nimgiita H va F nén F(1;1),G(3;—1j. Khi d6 phuwong
3x—y-2=0 y=1 1 55

y=—§

trinh AB:x+y—-2=0,AC di qua C vasong song v&¢i BG nén c6 phwong trinh: x—7y+22=0. Toa do
x+y-2=0 {x:—l
=

A(—l;3)
x—=Ty+22=0

diém A4 la nghiém ctia hé { ,
y=3

Vay A(-1;3),B(2;0),C(6;4)
Cau 13. Trong mit phing toa do Oxy, cho tam gidc ABC c6 tAm dwong tron ngoai tiép 1a diém
K(—%;—%}, dwong cao va duwong trung tuyén ké tir dinh A lan lwot c6 phwong trinh 1a 3x -4y +5=0
va 2x — y =0. Tim toa dd cac dinh ctia tam giac ABC.
Hwéng dan:

T gia thiét, toa do cta A la nghiém cia hé

{3x—4y+5=0 {le
=

:>A(1;2)
2x—y=0 y=2

Goi M 1a trung diém ctia BC

KM || d..

x=——+4
trinh | (teR)
=——+3t
7 2
x=—§+4t
2
1 x=l 1
Toa do cua M la nghiém cua hé {y :_5+3t:> 2 :M(E;lj
2x—y=0 B
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. . 1

Puong thang BC di qua diém M[E;lj vuong goc voi d,:3x—4y+5=0 c6 phuwong trinh
1

:B(—+3m;l—4mj

2

ER) 2 2 2

=1-4 (1 3 P 2 (3 _am)| =252 2
y m = KB* = 2+3M+2 +|1 4m+2 =(2+3m) + 5 dm | =25m +4

Tir gia thiét, ta c6 ban kinh dwong tron ngoai tié€p tam giac ABC la

2 2
Ak =[1+2] 4[24 1] =20
2 2 4

Ma BK’ = AK* = CK* @25m2+§:@®m2:l@m:il
4 4 4 2
x=2 )
Véim=1= ta c6 diém (2;-1)
2 y=-1

. 1 jx=-1__
Véim=——= ta co diém (—1;3)
2 y=3

Vay toa d6 2 dinh con lai Bva C c6 toa d 1a (2;-1),(-13)

Cau 14. Trong mat phang véi hé toa dd Oxy, cho hinh thang ABCD vudng tai Ava D, AB = AD = %CD

Giao diém cua ACva BD la E(3;—3) , diém F(S;—9) thudc canh AB sao cho AF =5FB. Tim toa d6 dinh

D, biét rang dinh A c6 tung d6 am.
Hwéng dan:
Goi I = EF nCD. Ta sé chirng minh tam giac EAI vuong can tai E.

Dit AB=a,AD=5b. Khi dé ‘5‘:‘5‘ va ab=0. Ta cb

AC = AD+DC =b +3a.

FE=AE - AF =~ AC -2 4B =~ (b+3d)-2a=—(35-a)
4 6 4 6 12

— 1 ~p2 —2
Suy ra AC.EF :E(S‘b‘ ~3[q| ):o. Do d6 AC L EF. (1)

—~

Tir (1) suy ra tt giac ADIE noi tiép. suy ra I, = D, = 45". (2)

Twr (1) va (2) suy ra tam giac EAI vuong can tai E.
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Tacé n,. = EF(2;-6) nén AC:x-3y-12=0= A4(3a+12;q)

Bl _EC_CD 3 Fi=3FE = I(-315)
EF EA 4B

Theo dinh ly Talet ta c6

a=3

a=-9

Khi d6 EA = El < (3a+9)" +(a+3)’ :360<:>[

ViA c6 tung d0 &m nén 4(-15;-9)
Tacé n,, = AF(20;0) nén AD:x=-15= CD:y=15. Do dé D(-15]15)

Cau 15. Trong mit phang véi hé truc toa dd Oxy, cho tam gidc nhon ABC. Pudng thing chira dudng
trung tuyén ké tir dinh A va dudng thiang BC 1an lwot ¢6 phwong trinh 13 3x+5y-8=0,x—y—-4=0.
Puong thang qua A vudng goc véi duong thang BC vat duwdng tron ngoai tiép tam giac ABC tai diém
tht hai 1a D(4;-2). Viét phwong trinh cac dudomng thdng AB, AC, biét ring hoanh do cua diém B khong

16n hon 3.

Hwéng dan:

Goi M 14 trung diém cua BC, H 1a trwc tAm tam gidc ABC, K 1a giao diém cuia A BC va AD,
E 14 giao diém cta BH va AC. Ta ki hiéu a,a lan lwot 14 vtpt, vtcp cha
duong thang d. Do M 1a giao diém cta AM va BC nén toa do ctia M 1a
nghiém ctia hé phwong trinh:
H
7 )
Xx—y—4=0 Sy
4 = 2 =M Z;—l
3x+5y-8=0 1 2" 2 B xl 37 c
y=-=
2
D

AD vuéng géc véi BC nén n,, =u,,. =(1;1), ma AD di qua diém D suy ra phuwong

trinh ctia AD:1(x-4)+1(y+2)=0< x+y—-2=0. Do A 1a giao diém ctia AD va AM nén toa d¢ diém A

3x+5y-8=0 {le
&

:>A(1;1)
x+y-2=0 y=1

la nghiém cuia hé phwong trinh: {

x—y—4=0<:>{x=3

:>K(3;—1)
x+y-2=0 y=-1

Toa d6 diém K 1a nghiém ctia hé phwong trinh: {

T& giac HKCE noi tiép nén ﬁ{:@, ma KCE =BDA (nodi ti€p chin cung 4B ) Suy ra
BHK = BDK, vay K 12 trung diém ctia HD nén H(2;4)
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Do B thudc BC = B(#;¢—4), két hop véi M 1a trung diém BC suy ra C(7-#,3—¢)

ﬁ(r—2;t—8);ﬁ’(6—t;2—t). Do H 1a trwc tdm <cla tam gidc ABC nén
EE.ZE‘:O<:>(t—2)(6—t)+(t—8)(2—t):0<:>(t—2)(14—2t):0<:{;i§

Do t<3=t=2= B(2-2),C(51). Tacé 4B =(1;-3),AC =(4;0)=>n,, =(3;1),n,. =(0;1)
Suyra AB:3x+y—-4=0;4AC:y—-1=0

Ciu 16. Trong mit phing véi hé toa dd Oxy, cho tam gidc ABC c6 4(1;4), tiép tuyén tai A chia dudng

tron ngoai ti€p tam gidc ABC cit BC tai D, dwdng phan giac trong cua ADB ¢6 phuwong trinh
x—y+2=0, diém M(—4;1) thudc canh AC. Viét phwong trinh dwong thang AB.

Hwéng dan:

Goi Al la phan giac trong ctua BAC

Ta cé: AID = ABC + BAI A
IAD = CAD + CAI E
K

— o~ - — V[

Ma BAI = CAI, ABC = CAD nén AID = IAD

B

¢

= ADAI cantaiD = DE 1 Al

PT dwong thang Al la: x+y-5=0

Goi M'1a diém ddi xtrng cia M qua Al = PT dwong thang MM ':x—y+5=0
Goi K = AT "MM'= K (0;5) = M'(4,9)

VTCP clia dwong thing AB1a AM'=(3;5)

= VTPT clia dwong thing AB1a n = (5;-3)

Vay PT duong thing AB la: 5(x—1)-3(y-4)=0=5x-3y+7=0

Cau 17. Trong mat phing v&i hé toa do Oxy. Cho hinh vudng ABCD, M 1a trung diém ctia doan AD, N
thudc doan DC sao cho NC =3ND. Duong tron tdm N qua M cit AC tai J(3;1),J #1=ACNBD,
duwong thing di qua M, N c6 phwong trinh x + y +1=0. Tim toa d6 diém B.

Hwéng dan:
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Cong tac vién: CV HA

MN cit dwong tron tdm N tai K. Ta chitng minh dwgc tr gidc MIJK ndi tiép
NKJ = AIM = 45" = JNK = 90°

NJ L MN nén c6 phwong trinh: x—y-2=0

Suy ra dwoc N(l;—ij
22
M (3;—4)

AJMN vudng can tai N nén MJ = 2PN <
M(-2;1)

Véi M (-2;1) goi P=MN NJA tacé NP=3NM = P(-7;6)

PA =

J tim dwoc A(—3;4), vi A la trung diém cua IP nén 1(1;2)

(NN}

Tacé AB=2MI = B(3;6)
Twong tw véi M (3;—4) ta tim dwgc A4(6;-5),1(4;-1) va B(8;1)
Vay toa do diém B(3;6) hoic B(8;1)

Cau 18. Trén mat phing toa dd Oxy cho tam gidc ABC vudng can tai A. Goi M 13 trung diém BG, G la
trong tim tam giac ABM, diém D(7;—2) 1a diém nam trén doan MC sao cho G4 = GD. Tim toa d6 diém
A, 14p phwong trinh AB, biét hoanh d6 cia diém A nho hon 4 va AG ¢6 ohwong trinh 3x —y—13=0.

Hwéng dan:

Tinh khoang cach tir diém A dén dudng thang AG

d(D,AG):M:\/E

V9+1

Xac dinh hinh chiéu ctia D trén AG.

Ta c6 tam gidc ABC vuong can dinh A nén tam gidc ABM vuong can dinh
M.

A

Suy ra GB = GA. Theo gia thiét GA = GD nén tam giac ABD ndi tiép duwdong tdm G ban kinh GA.
Ta c6: AGD = 2A4BD = 90° suyra DG 1L AG suyra GD =10
Suy ra tam gidc AGD vudng can dinh G suyra AD = 2410

Tim diém A nim trén dwong thing AG sao cho 4D =210
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Gid st A(1;3(-13)

AD =210 & (t-7)" +(3t—11)" =20
St —14t+49+91* —661+121-20=0

c>10t2—80t+150:0c>t2—8t+15:0<:{

Véit=3 suyra 4(3;—4)
Tim s6 do goc tao béi AB va AG.

s NG NA_NM _3NG ___ 3NG 3NG 3

AG 4G  AG  Jan*+NG* ONG'+NG* 10

Gia st dwong thing AB c6 vecto phap tuyén 7 = (a;b) ta co:

3a—b
3a—9] =3 . 0a2 4 b —Gab =92+ 9b" <> 8b® + 6ab =0
Ja 1023 +12 V10
b=0
=
4b=-3a

TH1: 5=0 chon a=1 suyra ;1=(l;0) suyra AB:x-3=0

7-3

Ji

TH2: 4b=-3a chon n=(4;-3) suyra 4B:4(x-3)-3(y+4)=0

d(D,AB)="—"=4>10=d(D, 4G)

©4x-3y-24=0

d(D,AB):M:%:2<\/ﬁ

\J16+9

Trong hai trwdng hop trén xét thdy d (D, AB)>d(A4,AG) nén AB:x-3=0
Vay: A(3;—4),4B:x-3=0 A

Cau 19. Trong mit phing v&i hé toa dd Oxy, cho tam gidc ABC

vuéng tai A ndi ti€ép dwong tron (T) c6 phwong trinh

x*+y°—6x-2y+5=0. Goi H 1a hinh chiéu cha A trén BC.

Puong tron dwong kinh AH cat AB, AC Ian lwot tai M, N. Tim
toa do diém A va viét phwong trinh canh BC, biét dwdng thang MN

co
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phwong trinh 20x —10y -9 =0 va diém H c6 hoanh dd nhé hon tung dé.

Hwéng dan:

(T) ¢6 tam 1(3;1), ban kinh R=+/5

Do 4 =IC = IAC = ICA (1)

Puong tron dwong kinh AH cit BC tai M = MH L AB=> MH | AC (cung vudng goc AB)
= MHB = ICA (2)

Ta c6: ANM = AHM (chin cung AM) (3)

T (1),(2),(3) ta cb:

e~~~

IAC + ANM = ICA+ AHM = MHB + AHM =90’
Suy ra: Al vudng goc MN
= phuong trinh dwong thang IA1a: x+2y-5=0

Gia st A(5-2a;a)elA

a=

Ma Ae(T)<:>(5—2a)2+a2—6(5—2a)—2a+5=0<:>5a2—10a=0<:{

Véi a=2= A(1;2) (théa man vi A, I khac phia MN)

Véia=0= A(S;O) (loai vi A, I cung phia MN)

Goi E la tam dwong tron duwong kinh 4H = E € MN = E(t; 2t —%J
s o 38
Do Elatrung diém AH = H| 2t -1;4¢ T

= AH = 2t—2;4t—5—8 JIH = 2t—4;4z—§
10 10

8
I, 5
Vi AHJ_H]:AH.]H=0<:>20t2—25£t+@=0 o )

25
t:—8 :H(ﬂﬂj (loai)
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Cong tac vién: CV HA

Véi t=§:>H(E;EJ (théa man)
5 55

Ta c6: AH =(g,%} = BC nhan 12:(2;1) la VTPT. = phuwong trinh BCla 2x+y-7=0

Cau 20. Trong mit phing véi hé toa do Oxy, cho tit giAc ABCD ndi tiép dudng tron dwdng kinh BD.
Pinh B thudc duwong thang A c6 phwong trinh x+y—5=0. Cac diém E va F Ian lwot 12 hinh chiéu

vudng géc ctia D va B 1én AC. Tim toa dd cac dinh B, D biét CE =+/5 va A(4:3),C(0;-5).
Hwéng dan:

Goi H 1a truc tam tam giac ACD, suyra CH L AD nén CH || AB. (1)
Mat khac AH || BC (cung vudng géc vai CD) (2)

Twr (1) va (2) suy ra tir giac ABCH la hinh binh hanh nén CH = 4B (3)

Ta c6: HCE = BAF (sole trong) (4)

D
Tt (3) va (4) suy ra: AHCE = ABAF (canh huyén va géc nhon). viy CE = AF
Vi DAB = DCB =90° nénE, F nim trong doan AC.

Phwong trinh dwong thing AC:2x-y-5=0

a=>5

Vi F e AC nén F(a;2a—5). Vi AF=CE=\/§:{

Véia=5= F(S;S) (khéng théa man vi F ndm ngoai doan AC)
Véi a=3= F(3;1) (théa man). Vi AF = EC = E(1;-3)
BF qua F va nhan ﬁ(2;4) lam moét vecto phap tuyén, do dé BF c6 phwong trinh x+2y-5=0. Bla
giao diém ctia A va BF nén toa do B 1a nghiém ctia hé phwong trinh:

{x+2y—5 =0©{x=5 :>B(5;0)

x+y-5=0 y=0

Puwong thang DE qua E va nhan EI*:(Z;4) lam mot vecto phap tuyén, DE c6 phwong trinh
x+2y+5=0
Puong thang DA qua A va nhan ZE(I;—3) lam mot vecto phap tuyén, DA c6 phwong trinh
x=3y+5=0

D la giao di€ém ctia DA va DE nén toa d6 D 1a nghiém cua hé phwong trinh:

{x+2y+5:0 {x=—5
<~

D(-5;0). Kétluan: B(5;0),D(-5;0
_3y4520 =0 = D(-5;0). Kétluan: B(5;0),D(-5;0)





