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l. KHAI NIEM VECTO.
% Cho doan théng AB.Néu chon diém A lam diém dau, diém B lam diém cudi thi doan
thfmg AB c6 hudng tr A dén B. Khi d6 tandi AB la mot doan théng c6 hudng.

1.1. Pinh nghia:

® Vecto la mot doan thang c6 hudng.
B

/‘
1.2. Ki hiéu:

® Vecto ¢6 diém dau A va diém cudi B duwoc ki hiéu la AB, docla "vecto AB ".
® Vecto con dwoc ki hiéu la 4,b,%,y,... khi khong can chi rd diém dau va diém cudi ctia no.

Cho tam giac ABC . Hay ké tén cac vecto c6 diém dau va cudi la cac dinh A,B,C?

Loi gidi
Céac vecto cé diém dau va cudi 1a cac dinh A, B,C 1a: AB,BA, AC,CA,CB, BC, AA, BB,CC
Il. VECTO CUNG PHUONG, CUNG HUONG.

2.1. Gia cua vecto:
“ ¥ Puong thang di qua diém dau va diém cudi cta 1 vecto duoc goi la gid ctia vecto do.
2.2.Vecto cung phuwong, vecto cung hwong;:
% Hai vecto duoc la cing phwong néu gia ctia chung song song hodc trung nhau.
% Hai vecto cung phuong thi chiing chi c6 thé cuing huwdng hoac nguoc hudng.
C Ry ‘

Hay liét ké cac vecto cung phuong, cung hudng, nguroc huwedng trong hinh vé sau:

A B D C
E F
N
ﬂ4/.

estors: >< Trang
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Loi gigi \

¢ Cac vecto cung phuong: AB,CD va EF
+ Cac vecto nguoc hudng: AB va CD; CD va EF

+ Céc vecto cling huéng: AB va EF

R~ Nhan xét

R~ Ba diém phan biét A,B,C thang hang khi va chi khi hai vecto AB va BC cung phuong.

lll. HAl VECTO BANG NHAU.
3.1. Do dai vecto:
% Do dai ctia vecto 1a khoang cach gitta diém dau va diém cudi cua vecto do.

® Ki hiéu la ‘ﬁ

, nhu vay ‘E‘ =AB.

X Vecto c6 d0 dai b.%mg 1 goi la vecto don vi.
3.2. Dinh nghia:
3 Hai vecto @ va b duoc goi 1a bang nhau néu chting cting hwéng va c6 cing d6 dai.

® Kihiéu 7=b.

Cho hinh binh hanh ABCD tam O. Hay liét ké cac vecto bang nhau trén hinh binh hanh
do.
A B
D C
Loi giai

+ Céc vecto bang nhau trén hinh binh hanh d6 la:

e _— _— _— _— —_— _— —_— _—

AB=DC;BA=CD;BC=AD;CB=DA; AO=0C;CO=0A;BO=0D;DO=0B.
Cho luc gidc déu ABCDEF c6 tam O. Tim c4c vecto bang vecto BA.
A B

)<Trang 5
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Loi gigi \
+ Cac vecto b?ang vecto BA la: (Y)&D_E'

Y% Cht y: Khi cho trede vecto @ va diém O, thi ta ludn tim dwgc mot diém A duy nhét sao
cho OA=3.
IV. VECTO KHONG.
% Vecto-khong 1a vecto dac biét c6 diém dau va diém cudi déu cung mot diém, ta ki hiéu
1ao.
K Ta quy wdc vecto-khong cuing phuong, cuing hiedng voi moi vecto.
* Nhu vay 0=AA=BB=..vA MN=0< M=N.
V. CAC DANG TOAN.

R~ Dang 01. XAC DINH MOT VECTO, SU CUNG PHUONG VA HUGNG CUA
HAI VECTO.

O Dé€ xac dinh vécto ta can biét diém dau va diém cudi cua vécto hodc biét do dai va hudng cua

chang.
o Ching han véi hai diém A, Bphan biét, ta c6 hai vécto khac vécto-khong 1a AB va BA.
O Vécto i 1a vécto-khong khi va chi khi [ =0hodc 4= AA voi A la diém bat ki.

k- Bai 01.

Cho 5 diém phan biét. C6 bao nhiéu vécto khac vécto-khong c6 diém dau va diém cudi la cac diém
da cho.

Loi giai
% Xét cac diém A, B,C, D, E phan biét.
* Céc vécto khéc vécto-khong c6 diém dau va diém cudi la cac diém trén la:

AB,AC,AD, AE,BA,BC,BD,BE,CA,CB,CD,CE,DA,DB,DC,DE,EA,EB,EC,ED.
= Vay 6 20 vécto khac vécto-khong cd diém dau va diém cudi la cac diém da cho.

B> Bai 02.
Hay tinh s6 cac vécto (khac) ma cac diém dau va diém cudi dugc 1ay tir cac diém phan biét da cho
trong cac treong hop sau day:

Hai diém. Ba diém. Bon diém.

Loi gidi

Hai diém.

)< Trang 6
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+ Xét hai diém A, B phan biét. Ta c6 AB,BA. \

= Vay co 2 vécto khac vécto-khong cé diém dau va diém cudi la cac di€m da cho
Ba diém.

¢ Xét cac diém A, B,C phan biét.

+ Cac vécto khac vécto-khong co diém dau va diém cudi la cac diém trén la

AB,AC,BA,BC,CA,CB.
= Vay c6 6 vécto khac vécto-khong c6 diém dau va diém cudi l1a cac diém da cho
Bon diém.
¢ Xét cac diém A, B,C,D phan biét.

¢ Céc vécto khac vécto-khong c6 diém dau va diém cudi la cac diém trén la

AB,AC,AD,BA,BC,BD,CA,CB,CD,DA,DB,DC.
= Vay c6 12 vécto khac vécto-khong c6 diém dau va diém cudi la cac diém da cho

k- Bai 03.

Cho hinh binh hanh. Hay chi ra cac vecto khac nhau va khac vecto — khong, c¢6 diém dau va diém
cudi mot trong bon diém ctia hinh hanh. Trong cac vecto trén hay chi ra

Céc cdp vecto cung phuong.

Céc cap vecto cung phwong nhung nguoc huedng.

Loi giai
A

0

D C
¢ Gia st hinh binh hanh 1a ABCD. C6 12 vecto khac nhau va khéc vecto — khong, c¢6 diém
dau va diém cudi mot trong bdn diém cta hinh hanh 1a

_— s — — — —  —  —  —

AB AC ,AD, BA, BC, BD, CA, CB, CD, DA, DB, DC
Céc cap vecto cing phuong.

+ AB,BA, CD, DC.
+ AD, DA, BC, CB.
* AC, CA.
+ BD, DB.
Céc cap vecto cung phwong nhung nguoc hudng.
0Evaﬁ;Evéa,ﬂvéﬁ,ﬁvéﬁ,ﬁv‘ac_ﬁ,ﬁvéfé TCV%\CT‘X
BD va DB.
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B> Bai 04. \
Xdc dinh vi tri twong d0i ctia ba diém phan biét A, B, C trong cac truong hop sau:
AB va AC cung hudng, EB" >‘A_C"

AB va AC nguoc hudng.
AB va AC cung hudng va ‘E‘<‘E‘

Loi giai
AB va AC cung hudng,

At [aci
o AB va AC cing huéng = diém A nam ngoai doan BC.
* Do ‘E‘ > ‘A_C:‘ nén diém C la diém gitta ctia hai diém A va B.
AB va AC nguoc hudng.
o AB va AC nguoc hudng nén di€ém A la di€ém gitta hai diém B va C.

AB va AC cung hudng va ‘E‘<‘A—C"

o AB va AC cung hudng va ‘A_B" < ‘E‘ nén diém B la diém gitta ctia hai diéfm A va C.
B> Bai 05.

Cho hai vecto khong cung phwong i va v. C6 hay khong c6 mdt vecto cung phuong véi hai vecto
do?

Loi giai

+ Co, chon vecto do la vecto 0, vecto 0 cung phwong véi moi vecto.

Cho ba vecto cung phuong ii,,@ . Chting to rang c6 it nhat hai vecto trong ba vecto d6 cling
hudng.

Loi giai
+ Chti y réng hai vecto cling phuwrong chi c6 thé cing huéng hodc nguoc hudng.
+Giast i va v khong cung hudng.
+ Khi d6 vi @ cung phuong véi i nén w cung hudng hoac ngwoc hudng voi i.
® Néu @ cung hudng véi i thibai toan duoc chiing minh.
© Néu @ nguoc hudng voi i thi 7,%w cung nguoc hudng véi i nén hai vecto 7, w cung
huwdng nhau.
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Céc khang dinh sau ding hay sai?

Hai vecto cung phuwong vdi mot vecto thit ba thi cing phiong.

Hai vecto cung phuong vdi mot vecto thit ba khac 0 thi cung phuong.
Hai vecto cing huéng véi mot vecto thit ba thi ciing hudng.

Hai vecto cung hudng véi mot vecto thit ba khac 0 thi cung huong.
Hai vecto nguwoc hudng véi mot vecto khac 0 thi cung huodng.

biéu kién can va du dé€ hai vecto bang nhau la chung c¢6 d6 dai bang nhau.

Loi giai
Hai vecto cuing phuwong vdi mot vecto thit ba thi cing phuong.
= Khang dinh sai trong trieong hop vecto thit ba la vecto 0.
Hai vecto cing phuwong vdi mot vecto thit ba khéac 0 thi cung phuong.
= Khang dinh dung.
Hai vecto cing hudng vdi mot vecto thit ba thi cing huong.
= Khang dinh sai trong truong hop vecto thit ba 1a vecto 0.
Hai vecto cung hudng véi mot vecto thit ba khac 0 thi cung huwdng.
= Khang dinh dtng.
Hai vecto nguroc hudng voi mot vecto khac 0 thi cung huwdng.
= Khang dinh ding.
Diéu kién can va du dé hai vecto bang nhau la chiing c6 d6 dai bang nhau.
= Khang dinh sai. Vi: diéu kién can va dt dé hai vecto bang nhau la chiing c6 do dai bang

nhau va cung hudng.

B> Dang 02. CHUNG MINH HAI VECTO BANG NHAU.

Phwong phdp giai

O Dé chiing minh hai vécto bang nhau ta c6 thé duing mot trong ba cach sau:

cach 01 i \a\:‘g‘ va @;b cling huéng =i =b.
1

I —_— — _— —
Cach 02 | Tt gidc ABCD la hinh binh hanh = AB=DC va BC=AD.
|

cach 03 |

| N&u d=b;b=¢ thi a=¢.
1

B> Bai 01.

)< Trang 9
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I] Cho tam giac ABC c¢6 D, E,F lan luot la trung di€ém cua BC,CA, AB. Chiing minh EF = C_Ij .

Loi giai
¢ Tacod: D, E,F Tan luot la trung diém cua BC,CA, AB. A

— EF la duong trung binh AABC va EF = % BC (1) . /\
F I
¢ Lai ¢6 D la trung diém BC=CD = %CB (2). /\ \

+ D& thiy EF cling huéng CD (3)

T (l);(2);(3):>a-:=C—lj.

B> Bai 02.

Cho hinh binh hanh ABCD. Hai diém M va N Ian luot la trung diém ctia BC va AD. Diém I la
giao didm ctia AM va BN, K 1a giao diém ctia DM va CN. Chting minh AM =NC, DK = NI

Loi gidi
0 Chting minh AM =NC. J5] ¢
¢+ Ta co:

+ M trung diém BC - MC =%BC.

+ N trung diém AD —>AN:%AD.

* Ma AD=BC=> AN = MC

= Tt gide AMCN 1a hinh binh hanh = AM = NC.
O Chttng minh DK = NI .

AN//MB

¢+ Ta c6: { AN = MB= ABMN la hinh binh hanh= 1T la trung diém NB= NI = %NB (l) .
MN//AB
DN//MC .

¢+ Ta c6: < DN = MC = CDNM 1a hinh binh hanh= K 1a trung diém MD = DK = > DM (2) .
MN//DC

< BN//MD
+ Dé thdy BNDM 1a hinh binh hanh do {B I 5 nén ND =BM (3).

Tir (1);(2);(3)= DK = NI.

B> Bai 03.

Cho tam giac ABC c6 H la truc tdm va O la tam duwong tron ngoai tiép. Goi B la diém d6i xtiing cua
B qua O. Chtmg minh AH=B'C.

Loi gidi

)<Trang 10
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¢+ Tac6 B’ la diém ddi xtmg ctia B qua O A \
Nén BB’ la mot duong kinh ctia duong tron ngoai ti€p
tam giac ABC.

, 1, ) VO B’
¢+ Ta co:OC = EBB néen tam giac CBB' vuong tai C.

B'C L BC
+ Ta co: — B'C//AH (1).
BC

¢+ Tuong tu: OA :%BB’ nén tam giac ABB’ vudng tai

A.
+ Ta cé: {B'A 145 = B'A//CH (2). C B

CH L AB
Tir (1) va (2) ta c6 ti gide AHCB'Ia hinh binh hanh. Suy ra AH =B'C (dpem).

B> Bai 04.

Cho hinh vuéng ABCDtam O . Liét ké tat ca cac vécto bf?mg nhau (khac 0) nhan dinh hoac tam cua
hinh vuong la diém dau va di€m cudi.

Loi giai
¢ Ta ¢ cac cap vécto sau: A B
AB=DC;BA=CD; AD=BC;
ﬂ:@;ﬁzﬁ; @)

_— s — _— s —

OA=CO;0B=DO;BO=0D.

B> Bai 05.

Cho t¢ gidc ABCD. Goi M,N,P,Q Tan luot la trung diém cua cac canh AB, BC,CD, DA . Ching
minh ﬁzm va @:W

Loi gidi
np=iep
¢+ Ta co: . 1_):>MP=MQ.
MQ==BD
PG=CA .
+ Ta c6: 21 — PQ=NM.
NM ==CA
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R> Bai 06.

N\

—— A — e —— e ——

Cho hinh binh hanh ABCD. Dung AM =BA, MN = DA,NP =DC,PQ = BC. Chttng minh AQ 0.

Loi giai

/

N M

DC=AB

¢+ Ta c6: ABCD la hinh binh hanh nén .
BC = —DA

+ Tacé: AQ=AM+MN +NP+PQ .
~BA+DA+DC+BC

B> Bai 07.

_'_'_'_'(AB)_'_'_' AB+AB+DA-DA

.
A

+DC+DA+BC=-AB+AB+DA-DA=0.

Cho tam giac ABC noi ti€p duong tron tam O. Goi H 1a truc tam ctia tam gidc ABC. Tia AO cat

duong tron tam O tai D. Chiing minh HB=CD.

Loi giai
* Vi H la tryc tam caa tam gidc ABC (gia thiét)
Nén HB 1 AC (1)
* Vitia AO cat dwong tron tam O tai D (gia thiét)
Nén AD la duong kinh ctia dwong tron tam O
= ACD=90" (g6c ndi ti€p chan nira duong tron)
& CDLAC 2)
Tir (1) va (2) = HB//CD
¢+ Chiing minh twong tw = BD//HC
¢+ Do d6 t&r giac BDCH la hinh binh hanh (dau hiéu
nhéan biét)
+ Khi d6 ta c6: HB cung chiéu véi CD va ‘@‘ = ‘5‘

Vay HB=CD (theo dinh nghia).

)<Trang 12
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B> Bai 08.

N\

I‘ Tt gidc ABCD 1a hinh gi néu c6 AB = DC va ‘E‘ - ‘B_c" .

Loi giai
*Vi AB=DC < AB=DC va AB cung phuong voi B ¢
o o {AB =DC
AB//DC
+ Nén t gidc ABCD lahinh binhhanh (1) 0
' Vi ‘EB‘:B_C" & AB=BC 2) A D

¢+ Nén ABCD 1la hinh thoi.

B> Bai 09.

I‘ Cho ‘E +b ‘ =0. So sanh d¢ dai, phuong va hudng ctia hai véc to @ va b.

¢ Ta co: ‘Ei+b‘=0 —=ad+b=0=4 va b 1a hai véc to d6i nhau.

¢+ Do d6, hai véc to i va b cung phuong, nguoc chiéu va cung do dai.

R> Bai 10.

a-+5| =il +[p 3-+5|=[a] -[p]

N Cho hai véc to @ va b 1a hai véc to khéac véc to khong. Khi ndo dang thitc sau xay ra?

‘E+E‘=‘E‘+‘I;‘
2 2 - - 2 =2 -
=(E+b) =Zz'2+b2+2.ﬁb=‘ﬁ‘ +‘b‘ +2.4b.

+ Ta ¢o: ‘Zi+b

2 IRY)
=[a +

—

va (ld+[p bl + 2l [p

2:0a+@

— — - 2 — — — — -
+ Do d6 ‘Zz’+b‘:‘a‘+‘b‘<:>‘a+b ) < ab :‘a‘.‘b‘,mé a.b :‘a‘.‘b‘.cos(a;b).

:cos(ﬁ;l;)=1:>(ﬁ;l;)=0°.
=4 va b lahai véc to cung chiéu.
3-+5|=[a]- o

Zi+l;‘=‘2i‘—‘l;‘<:>‘Zi+l;‘+‘5‘=‘2i‘<:>‘Ei+5‘+‘—l;‘=‘(ﬁ+5)+(—l;) .

¢

hay ‘(ﬁ+5)+(—5)‘=‘ﬁ+5‘+‘—5‘.
+ Ap dung phan (U ta suy ra 4 +b va -b 1a hai véc to cung chiéu.

Hay 4+b va b la hai véc to ngugc chiéu.

W< )<Trong 13
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B> Bai 11. \
Cho tam giac ABC. V& D do6i xtiing véi A qua B, Ed6i xiing v6i B qua C va F ddi xting véi C
qua A.Goi G la giao diém ctia trung tuyén AM cta tam gidc ABC voi trung tuyén DN ctia tam
gidc DEF . Goi I va K Ian luot 1a trung diém GA va GD. Chting minh rang:

AB=NM. MK = NI

Loi giai
AB=NM. 4
¢+ Tacod A,N lan luot la trung diém cua FC, FE

—

— AN = %CE = %ﬁ (Vi Cla trung diém cua BE).

* Ma W:%Eﬁ suy ra AN = BM

—ti gidc ANMB la hinh binh hanh= NM = AB
(dpcm).

MK = NI
¢+ Ta ¢6 [,K lan luot 1a trung diém cua GA va GD

—

:1K=%E=E:W

Tt gidc INMKIa hinh binh hanh nén MK = NI
(dpcm).
R~ Bai 12.
Cho tam gidc ABC va M la mét diém khéng thudc cac canh ctia tam giac. Goi D, E,F lan luwgt la
trung diém cua AB,BC,CA.Vé diém P ddi xing véi M qua D, diém Q d6i xtéing v6i P qua E,

diém N d6ixtng véi Q qua F.Chtng minh rang MA=AN.

Loi giai
¢+ Tacod:
® D la trung diém AB va M d6i xing P qua
D= D la trung diém MP.
Nén AMBP 14 hinh binh hanh= MA = BP (1).
®© E la trung diém BC va P d6ixung Q qua E=E
la trung diém PQ.

Nén BPCQ 1a hinh binh hanh= BP = QC (2).
. . . » ) ( ) B E—N
© F latrung diem AC va Q doixing N qua F=F Q

la trung diém NQ.
Nén QCNA 13 hinh binh hanh= QC = AN (3).
Tir (1);(2) va (3)= AN =QC=BP = MA= MA=AN.

)<Trong 14
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I‘ Cho tam giac ABC va tam gidc AEF c6 cung trong tam G . Ching minh: BE=FC.

Loi giai
¢+ Tacéd G la trong tam AABC = GA+GB+GC =0 (1)
*Va G la trong tim AAEF = GA+GE+GF =0 (2).
+ Tk (1) va (2)

_ — — — — @ —  — @ — — — @ — — — —

— GA+GB+GC =GA+GE+GF <> GB+GC =GE+GF <> GC —~GF = GE-GB <> FC = BE

A

HET

)<Trong 15
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BAI Q TONG HIEU HAI VECTO

I TéNG CUA HAI VECTO
1.1. Dinh nghia:
% Cho hai vecto 7 va b.

® Lay mot diém A ty y, vé AB=i, BC=b .

Q

® Vecto AC duoc goi la tong cuia hai 4 b
® Kihiéu d+5 .
= Vay AC=d+b.

R Quy tdc ba diém

= Vdéiba diém A,B,C taludn cod AC=AB+BC.

‘ Cho bdn diém A, B,C, Dtinh tong cac vecto sau AD +DC +CB

—_— — —  —  —  —

1.2. Tinh chat:
¥ Vi 4,b,¢ tiy ¥, ta co:
Tinh chat giao hodn d+b=b+a.

Tinh chat ctia vecto khong +0=0+4 =4
1.3. Quy tac hinh binh hanh:
3 Tt gide A,B,C,D la hinh binh hanh, ta ¢4 AC = AB+ AD

A D

)<Trong 16
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Cho hinh binh hanh ABCD véi M, N la trung diém cua BC, AD. Tim tong cua hai vecto
AM va CD

@ NC va MC

N—C'Véﬁ

+Ta cod W+W=—(a+ﬁ)=—c_/{=fl—'€
¢+ Do tit gidc AMCN a hinh binh hanh nén

CN+CM=CA.

_— —  — — —

+Tacd AM+CD=NC+CD=ND

+ Do it gidc AMCN1a hinh binh hanh nén AM = NC .

PiémI la trung difm ctia doan thing AB khi va chi khi IA+IB=0
Diém G 13 trong tAm ctia AABC khi va chi khi GA+GB+GC =0

gl vidus |

. BM+CN +AP=0.

Cho tam giac AABC.Goi M,N,P la trung diém ctia BC,CA, AB. Chiing minh rang

—_— — — — @ — —

e _— — _— _—
—_— s — —  — =

—_— — — —  — —

¢+ Theo cau @ ta cé BM+CN+AP=6

o (30-+ OM ) +{CO» 0N+ (46 + 07 =3

—_— E— —»)

@W+OT]+&”=—(AO+BO+CO

_—  — — —

<:>OM+ON+OP OA+0OB+0OC.

)<Trang 17
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II. HIEU CUA HAI VECTO. \
2.1. Pinh nghia:
X Vecto doi ctaa vecto 4, ki hiéu la -, la vecto cung phuwong nhung nguoc hudng voi
vecto 4.

% Cho hai vecto 7 va b.Ta goi hiéu cta hai vecto 4 va b 1a vecto @ +(—l;), ki hiéu a b,

@ Vidus )
Cho AABC c6 D,E,F lan luwot la trung diém ctia BC, AC, AB. Hay tim cac vecto d6i nhau
trong hinh vé bén dwdi.

A
7&/\
B D C
. J
Loi gidi

+ Cac cdp vecto ddi nhau la:
AB va ﬁ; AC va C_A,ﬁ va @; AF va E{,E va ﬁ,ﬁ va Fé,ﬁ va a,ﬁ
va ﬁ,

2.2. Quy tac vé hiéu vecto:

“ 3 V6i3 diém O, A,B tuy ¥ ta ludn c6: AB=0OB-OA.

B Vs

Cho AABC. Cac diém M,N va P lan luot la trung diém cac canh AB, AC va BC

Tim c4c hiéu sau AM - AN; MN -NC va MN - PN .
Phan tich vecto AM theo hai vecto MN va MP.

Loi gidi
Tim AM-AN:MN-NC va MN—-PN. A

* AM—AN=NM; /\
MN—-NC = MN +CN = MN + NA = MA (Vi M N
CN =NA). /\/\
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Phan tich vecto AM theo vecto MN va MP. \
+Ta cé:M=ﬁ=ﬁ—W

Cho bén diém batky A,B,C va D.Hay ching minh déng thitxc AB+CD = AD+CB

Loi gigi

Ta co: AB+CD=AD+CB

_— —  — — —

< AB+CD+DA+BC=0

_— —  —

< AB+CA+BC=0

_— — —

<:>AB+BC+CA=6©E+Cj=6®ﬂ=6(Dﬁng).

B Vidue g

Cho hinh vudéng ABCD c6 canh bang a véi tim 1a O. Tinh
Do dai vecto OA-CB.

‘EH:TC‘.
Loi giai
Do dai vecto OA-CB. A B A
v Co ‘o_'A—@' y
:\@@:@@@:@\:%:# e
\E+E’:\.
¢+ Dung vecto BA'=DC. D C
v Co ‘EM)_C' =‘E§+QHM‘ —2AB=2a.
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Il. CAC DANG TOAN \
R~ Dang 01. CHUNG MINH DANG THUC VECTO.

Phuwong phap giai

O Str dung quy tic ba diém, quy tac hinh binh hanh, hé thttc trung diém, trong tam két hop véi

cac tinh chdt phép cong, phép trit, phép nhan dé bién ddi twong dwong cho biéu thikc can chiing
minh. Khi d6 ta ¢ hudng sau:
i Bién d6i mot v€ thanh mot vé con lai. Khi d6 néu xudt phat tir vé phtic
Huéng 01 i tap, ta can thyc hién viéc don gian biéu thitc. Con néu xuéat phat tir vé
| dcm gian, ta can thuc hién phép phan tich vecto.

| B1en ddi dang thitc can chiing minh vé mot dang thire da biét 1a luén
0 2 i | dGng (chang han: hé thic trung diém, trong tam,...). Hodc nguoc lai,
Huong : bién d6i mot dang thike vecto 1a ludn dtng thanh dang thiic vecto can

i chirng minh.

R Bai 01.

Cho 5 diém A,B,C,D,E. Chting minh réng:

AB+CD+EA=CB+ED. CD+EA=CA+ED.
Loi giai
AB+CD+EA=CB+ED. CD+EA=CA+ED.
(A8} B +(EA D) -6 - CB =D FA
ééééé < AD = AD (BPCM).

< AB+BC+CD+DA=0 < AA= O(DPCM)

R Bai 02.
Cho cho t& giac 161 ABCD. Goi E,F lan luot 1a trung diém cua AB,CD va G la trung diém EF.
Chting minh rang:

AC+BD = AD + BC = 2EF. GA+GB+GC+GD=0.
Loi gidi
A_'C+ﬁ)':ﬂ)'+ﬁfz2ﬁ. B B
* AC+BD =2EF (1). 4
+ E 1a trung diém AB—)Z(ES::O—_A#@VOH O tuy y. o
¢ F la trung diém CD — 20F =0C+0D vdi O tuy y.
+ (1) & OC ~OA+0D 0B = 20F ~20E 5
e N e Ia
<:>OC—OA+OD—OB:(OC+OD)—(OA+OB) ¢
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@(&@}[@@J_(@@Ha@}a:DPCM.

0 0 0 0

% AD+BC = 2EF (2).

* Do E la trung diém AB nén 20E = OA+O0B véi O la mot diém tuy §.
* Do F la trung diém CD nén 20F =OC +0D véi O la mot diém tiy y.
* (2) < OD-0A+0C-0B =20F - 20E

_— s — @ —

@OD—OA+OC—OB=(&+@)—(&+5§)

@{&_&H@_@H@@Ha@]=a:,DPCM.
0 0

GA+GB+GC+GD =0 (3).
¢+ Do E la trung di€ém AB nén 20E = OA +0B véi O 1a mét diém tuy y.
+ Do F la trung diém CD nén 20F =OC+0D véi O la mot diém tiy y.

—

. (3)@(2&—@)+@+G_C‘.+(Zaf—(;—c)=0
@2§+2§=6@2(§+§J=6:DPCM.

0
R Bai 03.
Cho hinh binh hanh ABCD. Hai diém M va N Ian lwgt la trung diém caa BC va AD. Tim tong cta
hai vecto NC va Z\TC:; AM va 5; AD va NC.

—_— s —  —

*Vi AM=NC,nén: AM+CD=NC+CD=ND.
¢+ Goi I 1a trung diém NC.

. I/
¢ Vi NC=AM,AD=2AN,
Nén AD+NC=AN+AN+AM = AN + AC = 2AI . A N D

R Bai 04.
Cho tt gidc ABCD. Goi hai diém M va N theo tht tu la trung diém cua cac doan AD, BC.
Chttng minh rang MN = %(E+E) = %(E+ﬁ)

—_— — — @ — =

@ Goi I 1a trung diém ctia MN. Chting minh rang: IA+IB+IC+ID=0.
Loi giai

)<Trang 21




\ Chuong 01. VECTO LE MINH TAM

<€
s 1o oy 1 B N
Chting minh ring MN=§(AB+DC) =§(AC+DB).
1 — — A
% Chtng minh MN:E(AB+DC).
¢+ Vi M la trung diém ctia AD nén MA+MD =0 1 N
* Vi N la trung diém ctia BC nén BN +CN =0 M
+ Ap dung quy tic ba diém, ta co:
VN = WA AR+ BN .
M—N’:WDFD—C#CT\I C

:>2MN:(MA+MD)+E3’+C—D)+(W+W) =6+ﬁ+5+6z@+€5.
- W:l(ﬁ+5c'):(DPCM).
2
* Chimg minh %(Tmfc):%(zc;ﬁ).

_ ., _., _,=AB+CD=AC+DB+CB+BC=AC+DB=(bPCM).

 JAB=AC+CB _ — — — — .
DC = DB+BC

= Vay: ATN:%(E#E):%(T&E%’):(DPCM).

_ — ——  — 5

(2) Goi I 1a trung diém cia MN. Chttng minh rang: IA+IB+IC+ID=0.
IA+ID =2IM

—_— —

Theo hé thitc trung diém, ta co:
IB+ID =2IN

_ — —  —

—TA+ID+IB+ID= 2(1M+1N) 20=0 (Vi I 1a trung diém MN).

R> Bai 05.

_— — — — — =

Cho luc giac déu ABCDEF tam O. Chiing minh: OA+OB+OC+0D+OE+OF =0.

Loi giai
+ Vi O la tam cta hinh luc gidc déu ABCDEF A B
+ Nén OA va O—lj; OB va (7é; oC va OF la cac cap
vecto d0i nhau nén ta co:

_— — — @ —— @ —

¢ OA+OB+0OC+0OD+0OE+OF =0 F C
<:>(OA+OD)+(OB+OE)+(OC+OF)=6

& 0=0 (dpem).
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B> Bai 06.

N\

Cho ngt giac déu ABCDE tam O.

Chting minh réng: hai vecto OA+OB va OC +OE déu ciing phuong véi OD .

Chiing minh hai vecto AB va EC cung phuong.

Chting minh: OA+OB+0OC+0OD+OE=0.

Loi giai

Chting minh rang: hai vecto OA+0B va OC+OE déu cung phuong véi oD.

+ Goi d 1a dwong thang chita OD

¢ Thi d 1a mot truc doi xting cta ngii giac déu.

¢+ Ta co:
OA+OB=0M , trong d6 M la dinh ctia hinh thoi
OAMB va Med.

¢+ Twong tu OC +OE = ﬁ, trong d6 N la dinh cua
hinh thoi OENC va N ed.

» Do d6 hai vecto OA+OB va OC +OE déu c6 giala
duong thang d

+ Nén hai vecto OA +OB va OC +OE cung phuong

—_—

voinhau va cung phuwong véi vécto OD.
Chting minh hai vecto AB va EC cung phuong.

EC
¢+ Ta c4: OAMB va OENC la cac hinh thoi nén ta co: {AB

+ Do d6 hai vecto AB va EC cung phuong.

—_— — — — —— &

Chting minh: OA+OB+OC+0OD+OE=0.
¢+ Theo cau @ ta co:

_— —— — @ —— @ —

1ld
1d

D

d

= AB// EC.

_— s — @ —

5:0A+OB+OC+OD+OE=(54'+@)+((Y+ﬁ)+OD=OM+ON+OD

+ Nén o c6 gid la duong thang d.

+ Mit khéc: :(@'+&)+(o—’mcﬂ)+ﬁ thi 7 c6 gid la duong thing OF.

* Vi ¥ ¢6 2 gid khac nhau nén v =0.

= Vay OA+OB+0OC+0OD+OE=0 (dpcm).
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Cho tam giac ABC, goi M la trung di€ém BC va I la trung diém caa AM.
@ Chting minh ring: 2IA+IB+IC =0.

@ Véi O la diém bat ki, chiing minh rang; 20A+0B+0C =40]I.

Loi giai
() Chting minh ring: 2IA+IB+IC=0. A
¢ Tacé: 2IA+IB+IC
= 2[A+2IM (IB+IC=2IM do M la trung diém BC) I

:2(ﬁ+ﬁ)

=0 (ﬁ+m =0do I 1a trung diém caa AM) (dpcm).

B M C

@ Véi O 1a diém bat ki, chttng minh ring: 20A + OB+OC =401 .
¢+ Ta co: 2ﬁ+ﬁ+f O

_— — —  —

& 210+ 20A+10+0B+10+0C =0
< 410+20A+0B+0C =0

< 20A+0B+0C =410
@207+@+&z45f(dpcm).

k- Bai 08.

Cho tt giac ABCD . Goi E, F,G,H lan lugtla trung diém AB, BC,CD, DA va M la diém tuy y. Chiing
minh rang:

—_— — — — &

AF+BG+CH+DE=0.
@ MA+ MB+ MC+ MD = ME+ MF + MG+ MH.
AB+AC+AD=4AI véi I la trung diém FH .

Loi giai
© AF-+ BG+CH+ DE =0 L
L A
¢ Ta c6: AF+BG+CH+DE
1 ==\ 1(z= == 1(m= ==\ 1= —
=—(AB+AC)+—(BC+BD)+—(CD+CA)+—(DA+DB) I o
2 2 2 2 5
~(AB+AC + BC+ BD +CD+CA+ DA + DB)
F 0

—_— —_— —_— —_— —_ —_— —_— —_— - B 7
( )=

=§ AB+BC+CD+DA+AC+CA+BD+DB]| =
(dpem).
MA + MB+ MC + MD = ME + MF + MG+ MH.
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¢+ Ta c6: MA+ MB+ MC + MD = ME+ MF + MG+ MH \
& ME + MF + MG + MH — MA -~ MB—MC—MD =0
& MF — MA+MG—-MB+MH-MC +ME-MD=0
®ﬁ+B—C}'+C—I{'+ﬁE’:6(dpcm).
AB+AC+AD =4AI vé6i I la trung diém FH.
¢ Ta c6: AB+AC+AD
—2AF+AD (AB+AC = 2AF do F la trung diém BC)
—2AF+2AH ( AD=2AH do H la trung diém AD)
=2(A_.F+E) = 4A] (ﬁ+ﬁz2ﬁ do I 1a trung diém FH ) (dpcm).
[ o,
Cho hinh binh hanh ABCD tam O, M1a mot diém bat ki. Chting minh rang:
@ 07+SB'+§+O—D' 0. @ DA-DB+DC =0.
DO+ AO = AB. MA + MC = MB+MD = 2MO.
Loi giai
@ OA+OB+0OC+0D=0. 4 5
¢+Taco: O la trung diém caa ACva BD
+ Nén OA+0C =0 va OB+0D =0. O
= Vay: OA+OB+0OC+0D =0, D C

@ DA-DB+DC =0,

¢ Tacé: DA-DB+DC =BA+DC =0 (vi ABCDla hinh binh hanh nén BA va DC dbi nhau)
= Vay DA- DB+ DC =0.
3 DO+AO= AB.

¢ Ta c6: O 1a trung diém ctia BD nén DO =OB.
+ Do d6: DO+ AO =0B+AO = AO+OB = AB.
= Vay: DO+AO= AB.

MA + MC = MB+ MD = 2MO.

¢+ Ta co: O la trung diém ctia AC va BD nén OA+0C =0 va OB+OD =0.
 |MA +MC = MO +0A + MO+0C = 2MO
¢+ Do do: .
MB+MD =MO+0OB+MO+0D =2MO

= Vay: MA+MC = MB+ MD =2MO.
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Cho hinh binh hanh ABCD tam O va Ela trung diém cta AD. Chting minh rang:
OA+OB+0OC+0D=0,
@) EA+EB+2EC =3AB.

EB+2EA+4ED = EC.

Loi giai
OA+OB+0OC+0D =0, B C
+ Ta cé£ lff)un:% dié’ri?ﬁiﬁc ‘ié BD O
¢+ Nén OA+0OC =0 va OB+0OD=0.

= Vay: OA+OB+OC +0D =0.
(2) EA+EB+2EC =3AB.

¢ Tacé: EA+EB+2EC=EA+EA+ AB+2(EA+ AB+BC

— 4EA+2BC+3AB=2DA+2BC +3AB
:2(ﬁ+ﬁ)+3£:3ﬁ (vi DA va BC d8inhau nén DA +BC =0 )
= Vay: EA+EB+2EC =3AB.
EB+2EA+4ED=EC.
+ Vi E la trung diém ctia AD nén EA+ED=0
+ Ta co: ﬁ+zﬁ+4ﬁ=ﬁ+@+z(ﬁ+ﬂi)+zﬁ

—_— — — —  —

= EC+CB+2ED=EC+CB+AD=EC (vi CB va ADd6inhaunén CB+AD = O)
= Vay: EB+2EA+4ED=EC.

T
Cho hinh binh hanh ABCD . Goi Ma trung diém ctia CD.Lay N trén doan BM sao cho BN =2MN
. Chttng minh rang;
3AB+4CD =CM+ND+MN.
@ AC=2.AB+BD.

ﬁ:%@#%ﬁi

Loi gidi
3AB+4CD=CM+ND+MN. A B
4 3.E+4.C_D'=3.E+3.C_D'+C—D'
:3.(ﬁ+5)+@:6 N

¢ CM+ND+MN =CM+MN +ND=CD.
= Vay 3.AB+4.CD=CM+ND+MN.
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AC=2.AB+BD. \

¢ Ta c6 2.@+E)':(E+E)’)+AB:AD+AB:AC.
AN =—- AB+Z=BD.
3 3
¢ Tacd AN = AB+ BN
_AB+2BM
3
- A8+2 1D+ 5C)
32
:xgéﬁlg—czﬁémlﬁ:mlﬁﬁ(m@):ﬂméﬁa.
3 3 3 3 3 3 3 3

R Bai 12.

Cho hinh binh hanh ABCD c¢6 M1a trung diém BC va Gla trong tam tam giac ACD . Chting minh
rang:
_— — 11— — 22— 1—
AM=AB+EAD. MG=—§AB+€AD.
Loi giai
AM = AB+X AD. A D
2 G
+ Ta co
v T v I e e T T v I
AM=E(AB+AC)=E(AB+AB+AD)=AB+EAD.
ATG=_§E+%E>. B M C

¢+ Taco %:Eﬁﬂj
= —M%E (véi I 1a trung diém DC)
:_1(@+TC)+Z.E(E+A—¢)

2 32

_— — — _— s —

=——(AB+AB+AD)+3.1(AD+AB+AD)=—EE§+EE.
2 372 37776

R Bai 13.

Cho tam gidc ABC ¢6 D, M Tan luot la trung diém ctia BC va AB, diém N thudc canh AC sao cho
NC=2NA. Goi K la trung diém ctia MN. Chting ming rang:

R:%E%A_@ @=%E+%TC.

Loi gidi
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E(=%E§+%Zd

¢ Theo gia thiét ta co: AM = %E, AN = %/Té N
*+ Vi K la trung diém cua MN M,
Nén ﬁ:lm+lmziﬁ+lﬁ (dpcm).
2 2 4 6 R
B D C

@ kD=1aB+1aC.
47773
* Vi D la trung diém cta BC nénTD:%E+%R.
o= o= —— (1= 1-—=) (1= 1-—=) 1-— 1-—
* Ta cb: KD=AD—AK=[EAB+EACJ—(ZAB+EAC]=ZAB+§AC (dpem).

R Bai 14.
Cho tam giac ABC, trén hai canh AB, AC lan luot 1ay cac diém D, E sao cho AD = 2@;& —3EA.

Goi M la trung diém ctia DE va I la trung diém cta BC. Chiing ming rang:

mZEEﬁEE @J\Tizlﬂﬁgfl—é.
3 8 6 8
Loi gidi
A

D AM =2 AB+Z AC.
R 25 o 1o L
¢+ Theo gia thiét ta co: AD = EAB; AE= ZAC.

* Vi M la trung diém ctia DE

o 1 1 1 D
¢+ Nén AM=%AD+%AE:%AB+%AC (dpcm).

3,
~e¢
Ql

Mi=LaB4+3ac
6 8
N 1_,

¢+ Vi I la trung di€ém cta BC nén Al :%AB +EAC

+Ta co m:ﬁ_m:@@%rcj_@mgrc}%@grc (dpem)

R Bai 15.
Cho tam gidc ABC véi I, |, K lan luot 1a trung diém ctia cac canh AB, BC, CA.Goi D thudc doan

BC sao cho DB= % BC va M la trung diém cta AD.

@ Chting minh AK +CJ + BI =0. @ Chtmg minh 6BM =2AC—-5AB.

Loi giai
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Chitng minh AK +CJ +BI =0.
¢+ Ta co VTz/TK+C7+§i

=%E+%@+%ﬁ=%(fé+@+ﬁ)=6=vp

Chttng minh 6BM =2AC—5AB.
¢* Do M la trung di€ém ctia AD nén ta c6

W:l(ﬁuﬁ)):l BA+2BC
2 27773

B J D C

=—%E+%Eé=—%TB+%(TC—E)=%TC—%E—>6W=ZA—C—SA_é.

k- Bai 16.

Cho tam gidc ABC ¢6 G la trong tam, I la trung diém ctia BC va H la diém d6i xtiing cta C qua
G . Chtrng minh.

ﬁ%@'_%,?c. ﬁzé(ﬁﬂa?c). ITJ%E_EA—'C.

Loi giai
E:%ﬁa—%ﬂf.

¢* Do G la trung diém cua HC nén ta c6 H

AG:%(E+E)

& AH=2AG-AC .

@@:zgﬁ_ﬁ B I C
—— 213 A e oo 25 1=
<:>AH=2.—.—(AB+AC)—AC@AHz—AB——AC.
32 3 3
ﬁz%(@+ﬂf).

+Tacé VT =HB=AB—-AH = AB— %AB—gAC]:%(Em_C'):VP.
@ IH==AB-=AC.
6 6
RN 5—>

¢ Ta c6 :VT=17{=ﬁé+ﬁ=—%3_c'—ﬁé=—%(A_'C—E)—%(E+A_c’)=%AB—EAC=VP.

R Bai 17.

Cho t& giac OABC. Goi M, N Ian luot la trung diém ctia OB,OC . Chttng minh
AM = 0B-04 BN = ~0C-OB MN =20C-~08.
Loi giai
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m%aé_o—/q

*Tacs AM=OM-0OA, ma M la trung diém cua OB

+ Nén m%&é do dé ﬁ=%@—a (dpem). " M
ﬁl=%o_c’—(§3'
e 1
*Taco BN=ON-OB= 20C OB (dpcm). C B

ATN%&%@.

* Ta c6 MN:ON—OM:%(Y—%O_B' (dpcm).

R~ Bai 18.

Cho tam giac ABC, goi G,H,O lan luot la trong tam, tryc tam, tam duong tron ngoai ti€p tam giac

ABC. Goi D la diém d6i xttng cia A qua O va M la trung diém cua BC . Chitng minh:

@ HB+HC = HD @ HA+HB+HC =2HO
@ HA—HB-HC=20A. @ OA+0B+0C =OH
OH =30G AH = 20M.

Loi gidi

HB+ HC = HD A
¢+ Xét t gidc BHCD c¢6 BH//CD (vi cung vudng goc
voi AC)

¢+ CH//BD (vi cing vudng gbc vdi AB)

¢+ Nén BHCD Ila hinh binh hanh.

+ Ap dung quy tic hinh binh ta c6 HB+HC = HD
(dpcm).

ﬁ+ﬁé+ﬁé=2%

¢ Tacé VI =HA+HB+ HC

A+ (B + 7C)

~HA+HD

=(H_'O+c74)+(ITO+O—D)

=2%+(&+@)=2%=VF (do O la trung diém ctia AD:C?A+CTI§=6) (dpcm).
HA—HB-HC =20A.

—_— s —  — —_— s —

* Ta c6 VT:HA—HB—HC=HA—(E§+H_'C)=HA—HD=DA:ZO_A':VP (dpcm).
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@ OA+OB+0C =0OH \
¢+ Tacd VT =0OA+0B+0C
- (OF + HA)+ (0 + 8 )+ (GF + 1C)

—_— —_— —»)

—3OH+(HA+HB+HC

=3OH+2HO=OH+2(OH+HO)=OH+6=@=VP (dpcm).
OH =30G
¢+ Theo (4 ta co 54#@#&:(?1’, ma G la trong tam ctia AABC
+ Nén OA+OB+OC =30G nén ta suy ra OH =30G (dpem).
AH =20M.
¢+ Ta c6 BHCD la hinh binh hanh (cmt) va M la trung diém cua BC

¢+ Nén suy ra M cing la trung diém cua HD.
¢+ Xét ADHA c6 MD=MH va OM=0A

= OM la duong trung binh = OM = %HA

¢+ Hay HA=20M va HA,OM cung huéng = AH =20M (dpcm).

Cho tam giac ABC. Goi M, N, Plan lugt la trung diém cua AB, BC, CA. Goi G la trong tam cta
tam gidc ABC.Chting minh rang:

_— — —

E:z(ﬁ+§v). @ AM+BN+CP=0. @ AM+BN+AP+BM =MC.

Loi giai

/TCzZ(ﬁ+BT\f). A

oXe’tVP:2(M+ﬁ):2(m+ﬁ)=2mzfcz

VT (dpcm). M P
2 AM+ BN +CP =0.

o —— = — AC —
¢ Xét VT AM + BN +CP = —+CP (cau (D) é . "
2 B N

= PC+CP =0 =VP (dpcm).

(3) AM+ BN +AP+BM = MC.
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:(AM+BM)+BN+AP+CM

—

=0+BN+ AP+

=BN+AP+PA+NB= O:>AM+BN+AP+BM MC.

R Bai 20.

Cho tam giac ABC. Dtmg bén ngoai tam giac cac hinh binh hanh ABIF, BCPQ, CARS. Chtrng minh
rang R—)F + @ + P_é O

Loi giai

’Tacé:ﬁ=ﬂ+ﬁ D
o F
¢ IQ=IB+BQ
¢ PS=PC+CS
— RE+IQ+PS=RA+ AF + IB+ BQ+ PC+CS
- (RA+CS)+ (F+78) + (3G + 7C) s
I, B
~0+0+0 / /C

' Q E

Cho t& gidc ABCD . Dyng bén ngoai tit gidc cac hinh binh hanh ABEF, BCGH,CDIJ, DAKL . Chting
minh rz‘?lng

_ s > _— — _— —

@ KF+EH +GJ +IL=0. @ EL-HI =FK-GJ .

Loi giai

@ KF+EH +GJ +IL=0.

_— —  —  —

¢ Tacd VI =KF+EH +GJ+IL

—_— — —  —  ——  —  —— —

=KA+AF+EB+BH+GC+CJ]+ID+ DL
¢+ Theo tinh chat hinh binh hanh:

VT:(ﬂ+ﬁ)+(ﬁ+ﬁ)+(ﬁ+§)+(a+ﬁ):6

EL-HI =FK-GJ .

e _ e —_ E— _— —_ —))

¢ VT =EL-HI =EF+FK+KL—(HG+G]+]I

—_— —— —  —  — —

_— — — — @ — @ — @ — @ — @ — — @ — @ — @ — —  —  — @ —

=FK-GJ+BA+AD-BC-CD=FK-GJ+BA+AD+DC+CB=FK-GJ+BB=FK-GJ (dpcm).
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Cho hinh binh hanh ABCD . Trén duong chéo 1ay cac diém BD 1dy G va H sao cho DG=GH = HB
.Goi M, Nla giao diém ctia AH,BC va AG, DC. Chttng minh:

@ AB+AD =AG+AH. @ 2AM+2AN =3AC.

Loi giai
AB+AD = AG+AH.

¢ Theo gia thiét ta co HB = —5

=AH+HB+ AG+GD
:E+E+(H—B'+G—D)):E+A—G' (dpcm).

2AM+2AN =3AC.

HM BH 1 3

+ Do BM//AD nén _BH L am=3an—am=22aH.
H HD 2 2 2

¢+ Chttng minh twong tw ta co AN = gTG .

Tt d6 2AM +2AN = 3(A_G’+Ei) - 3(A_B'+E)') ~3AC (dpem).

R Bai 23.

—

Chiting minh rang cac tam giac ABC, A'B'C’ c6 cung trong tdm khi va chi khi AA'+BB +CC' =0.

Loi giai
(:) Gia st cac tam giac ABC, A'B'C’ c¢6 cung trong tam G. Ta chitng minh AA"+BB +CC' =0.
¢ That vay, ta co: AA'+ BB +CC’
— (AG+GA)+(BG-+GF) + (G +GC) = (AG+ BG + CC )+ (G4 + G + GC) .
(Do G la trong tam cua hai tam giac ABC, A'B'C").
(<) Gia st AA'+BB'+CC’'=0. Ta chi ra céc tam gidc ABC, AB'C’ c6 cling trong tam.
+ That vay, goi G,G’ lan luot 1a trong tam ctia cac tam giac ABC,A'B'C'.
¢ Tacé: AA'+BB +CC' =0
o (AG+GG +G )+ (BG+GG + T )+ TG + GG+ G| =0

_ —  —

—

o (AG +BG+ CG) + (G'A' +GB+ G'C') +3GG' =0

©36G=0=GG=0G=G'.
= Vay hai tam gidc ABC, A'B'C’ c6 cung trong tam.
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Cho tam giac ABC.Goi A’ la diém d6i xiing cia A qua B, B’ la diém d6i xiing ctia B qua C, C’
la diém ddi xting ciia C qua A . Chiing minh rang hai tam giac ABC, A'B'C’ c6 cung trong tam.

Loi giai

¢ Theo bai 23, d€ chtiing minh hai tam giac ABC, A'B'C’ c’
cd cung trong tam ta chi ra

AR B 400 >
¢+ That vay ta co
AA'+ BB +CC’
=2AB+2BC +2CA B c B
= 2(E+ﬁ+a): 2(E+a): 2AA=20=0.

= Vay hai tam giac ABC, A'B'C’ c6 cung trong tam. A

R Bai 25.

Cho tam gidc ABC va I, ], K xac dinh boi: ZI—é +3E = 6, 2]?: + 3]7{ —0 va 2KA +3KB =0, Chttng minh
hai tam gidc ABC va IJK c6 cung trong tam.

Loi giai
¢ Goi G la trong tam ctia tam giac ABC, ta co: GA+GB+GC =0.
* Theo dé:
21B+3IC =0 < 2IG +2GB+3IG +3GC =0 < 5IG +2GB+3GC =0 (1)
¢ Tuong tu:
2JC+3JA=05]G+2GC+3GA =0 (2)
2KA +3KB =0 5KG+2GA+3GB =0 (3)

_— — s — @ — —

= Do do, G cling la trong tam cta tam giac IJK. Ta duoc dpcm.

k- Bai 26.

Cho tt gidc ABCD. Cac diém M, N, P,Q lan luot la trung diém cua AB, BC,CD, DA. Chting minh
hai tam giac ANP va CMQ c6 cung trong tam.

Loi giai
* Goi G la trong tam ctia tam giac ANP, ta co:
GA+GN +GP =0

<:>GM+MA+GC+CN+GQ+QP 0 &©GM+GC+GQ+(MA+CN+QP
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+ Ta thdy: W+C_Ai+@=%(BA+CB+AC)=%(C_'A+A_C')=0.

—_— s —

+ Do d6: GM +GC +GQ =0.

¢ Nén G cling la trong tam ctia tam giac CMQ . Ta dugc dpem.

e iz
Cho tam giac ABC. Goi M,N,P la nhing dim duoc xac dinh boi: MB=3MC, NC=3NA,
PA=3PB. Chting minh rang;

20M =30C OB, VO bat ky. @ AABC va AMNP c6 ciing trong tam.

Loi giai
20M =30C - OB, VO bat ky.
+ Theo gia thiét: MB =3MC
@cﬁ—ﬁ/f'zs(cﬁ—OM)csoM—OMzchf—@@ 20M =30C - OB, VO bt ky.

AABC va AMNP c6 cung trong tam.
* Goi G 1a trong tim AABC, khi d6 ta c6 OA+OB+0C =30G, YO bat ky.
¢ Tuong tu cau a) ta c6: MB=3MC < 20M =3(f—@;
NC =3NA < 20N =30A-0C;
PA=3PB < 20P =30B-OA.

OO+ 204352

+ Cong theo vé ta cb: Z(OM +ON+OP)=2(0A +0B +oc) =60G, VO batky.

+ Do d6 OM +ON +OP =30G, VO bat ky.
= Vay tam gidc MNP ciing nhan diém Glam trong tam. (dpcm).

R~ Bai 28.

Cho tam gidc ABCcan tai A va diém M bat ki nam trong tam gidc. Duong thang qua M song song
véi BC cat AB, AC Tan luot tai D,E. Dung MK vudng géc véi BC tai K va goi I 1a trung diém

BC . Chitng minh 2MK +MD+ ME = 2MI .

Loi giai
* Qua M ké duong thang song song véi AB cat AC 4
va BC lan luwot tai P,Q; P
+ Ké duong thang song song véi AC cat BA,BC Tan
lwot tai R,S. R
¢+ AABC cantai A nén AMQS can tai M » M -
= K la trung diém QS = MQ+MS=2MK (1) 5 / | i \C
0 K S 1T
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+ Theo cach dung duwong thang song song thi cc ti gidc
MQBD va MSCE la hinh binh hanh nén ta c6

MQ+MD = MB; MS+ME=MC (2)

¢ Tr (1) va (2) ta 6 2M1<+MD+ME=MQ+M§+MD+ME:(MQ+MD)+(%+%)

& 2MK+MD+ME=MB+MC=2MI (DPCM)

R Bai 29.

Cho tam giac ABC déu tam O va diém M bat ki nam bén trong tam giac. Goi D,E,F lan luot 1a

hinh chiéu cia M 1én cac canh BC, AC, AB. Chiing minh MD + ME + MF = gMO .

Loi giai
* Qua M ké duong thang song song véi AB cat AC va 4
BC lwottai I, ];
Ké duong thang song song véi AC cat BA,BC lan luot !
tai K,L; K £
Keé duwong thang song song véi BC cat AB, AC lan luot F
tai P,Q. P 0
¢ Theo cach dung, cac ti gidc MPB], MLCQ, MIAK la
hinh binh hanh B s C
Nén:ﬁ+W:m;m+FQ:m;ﬁ+W:m. J D L )

¢+ AABC déu nén AMJL; AMQI; AMKP cling déu.
¢+ Do d6 E; F; D lan luot la trung diém cua 1Q; PK;JL.

v Ta co: MD+ME+MF=%(A7]+AE)+%(M+MQ)+%(MK+MP)

<:>MD+ME+MF:%[(ﬁj+ﬁ)+(m+MQ)+(MK+MP)}

<:>MD+ME+MP:%[MB+MC+MA}—>MD+ME+MF:gMO

= Vay MD+ME+MF:gMO.

B> Bai 30.

Cho doan thang AB. Trén doan AB 1dy diém C sao cho E—A =" va S 1a diém bat ky. Chting minh
n

n o<y N 23
SA+ SB.
m+n m+n

rang: SC=

Loi giai
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B> Bai 31.

+ T gia thiet, SA =", AC __ m S
CB n ~(AC+CB) m+n
< AC= (AC+CB)
m+n
= AC=""" (E+E§)c>/TC€ E(*)
m+n m+n
* Tir(+) > SC-SA=—"(SB-54)
m+n
=5C= sa+— " sB. A C
m+n m+n

N\

N —2 —2 —2 —2
Cho hinh ch* nhat ABCD tam O va S la diém bat ky. Chiing minh rang: SA +SC =SB +SD .

Loi giai
2 2 2 2 S
*Tacd SA +SC =SB +SD (1)
_— — i\ 2 RN — 2 _ — 2 - — 2
@(SO+OA) +(SO+OC) =(SO+OB) +(SO+OD)

A B

_— — 2 —_— —_— 2

A= SO +2.50.0A+0A +SO +2.50.0C+0C

¢+ Lai co L R

B= SO +2.50.0B+ OB +SO +2.50.0D+0OD

—_— s —2 _— s —2 A D
< 250.0A+0A +250.0C+0C
—_— s ——2 _— s ——2
=250.0B+0OB +2.50.0D+0OD O
¢+ Mat khac t gidc ABCD hinh chit nhat tam O ¢6
B C

—2 —2 —2 —2
OA=0B=0C=0D=0A =0B =0C =0D .

* (1) & SO.0A+50.0C = S0.0B+S0.0D « S0(OA +O0C ) =SO( 0B +0D

OA+0C =0
¢ Lai ¢6 O la trung diém cua AC, BD:{% — . ~.Khido

OB+0OD=0

() 53(6) - %’(6) (luén dung v6i diém S 13 diém bat ky) (dieu phai ching minh)
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R~ Dang 02. TIM MODUN (DO DAI) VECTO.

Phuwong phap giai

Dé tinh ‘Zi tbh+c+d ‘ ta thuiee hién theo hai buwdc sau:

O Bubc 1:  Bién ddi va rit gon biéu thitc vécto d+b+¢+d =5 dwa vao qui tic Chasles, tinh chat
trung di€ém, hinh binh hanh, trong tam, ... sao cho ¥ don gian nhat.
O Budc 2: Tinh modun (40 dai) cia o dwa vao tinh chat hinh hoc da cho.

R Bai 01.

Chting minh c4c khang dinh sau:
Néu @ va b ciing hudng thi [d-+b| =i + .

@ Néu 4 va b nguoc hudng va ‘b‘z\ii\ thi ‘Zi+b‘:‘b‘—‘ﬁ‘.

‘Zi + l;‘ =|d| +‘I;‘ . Khi nao xay ra dau dang thtic.

Loi giai
Gia stt: 7= AB va b =BC thi 4+b=AB+BC=AC.
N&u @ va b ciing hudng thi [d-+b| =+ .
*Né&u 7 va b ciing huéng thi 3 diém A, B,C ciing thudc mét dudong thing va Bnim giita

A,C.

o0
A B C
+ Do d6 ‘Zi+l§‘ {Eﬁﬁ =‘A—C"=AB+BC:‘E‘+‘I;‘.
= Vay ‘E+E‘=‘Zi‘+‘l§‘.
Néu 7 va b nguoc huéng va ‘l;‘ Z‘Zi‘ thi ‘Ez’+g‘:‘l;‘—‘ﬁ‘.
+N&u @ va b ngwoc hudéng va ‘E ‘ > ‘Ei‘ thiba diém A, B,C cting thudc mot duong thang va

Andam giita B,C.

oot o w=a
B

C A
+ Do dé ‘E+E‘=‘E+ﬁ‘=AC=BC—AB:‘E‘—\&\.

Qectors: o Trarg
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= Vay ‘E+E‘=‘E‘—\E\. \

‘E+I;‘ = ‘Zi‘+‘l§‘. Khi nao xay ra dau dang thuc.

Ttt chiing minh & cau (D va @

= Néu i va b ciing phuong thi [d-+b| =[]+ o] hoac |7 +5|<[d|+[p].
—Néu 7 va b khong cung phuong thi A, B,C khong thing hang.
* Xét AABC c6hg thitc AC < AB+BC.Do do [d-+b|<i+p).

¢+ Nhu vay, trong moi truong hop ta co: ‘Zi + Z;‘ < ‘Ei‘ + ‘l_;

, déng thitc xay rakhi 4 va b cing

hudng.

R Bai 02.

Cho tam gidc ABC vuongtai A, cO AB= 3(cm), AC = 4(cm). Goi I latrung diém BC . Xac dinh va
tinh &6 dai cac vécto:

@ ii=BA+BC. @ $=2IA-CA.
Loi giai
@) ii=BA+BC. c

* Goi K la trung diém AC khi d6 2BK = BA + BC véi B la diém bét ky.
» Nén i| = ‘B_A#ﬁ - ‘2&‘ = 2‘@‘ .

K I
+ Xét AABK vudng tai A:BK=vAK® + AB? = J(2) +(3)" =+13.
> Vay \ﬁ\:z‘ﬁ‘:z@.
- A B
3=2IA-CA.

» Theo gia thiét: I 1a trung diém BC khi d6 2AI = AB+ AC véi A la didm bét ky.
5=2ﬁ-c_A'=-(Hé+A_c')-c_A'=-Eé—Tc-c_A'=-ﬁ.
_—{_J

+ Khi do: [¢]=|-AB| = | 4| =3.

R Bai 03.

Cho tam giac ABC déu canh a, goi G la trong tam tam giac ABC va H la trung diém cua BC. Tinh
theo a
GA-cc| |AH +BC
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Loi giai
‘E+A—C" A
AC =‘E‘ — AE v6i ABEC la hinh binh hanh.
B H Nco
aJ_

+* Do AABC déunén AH=——

AE=2AH=2.”‘2/§=aJ§ AC|=a3. )
‘TB—TC":‘@‘:CB:a A
‘@+&‘

¢+ Ta c6 G la trong tam AABC —>GA+GB+GC =0 G

> |GB+GC|=|-GA| - a-2an_22B ol Bée—0ry ¢
3 372 3
GA-GC
GC =‘C—A‘=CA=a.
AH 4 BC r
=‘ﬁ+@ =‘ﬁ‘ — BF vé6i CF = AH ( ACFH 1a hinh binh hanh)

+ C6 BF =+BC?*+CF? = a2+£§] a\/_ (Vi ABCF vuong tai C).

R Bai 04.

Cho tam gidc ABC vudng can tai A, AB=a,. Tinh theo a:

‘E—A—C" ‘E+A—C" ‘E+2A_C"
Loi giai

¢+ Tacoé BC=ABJ2 =a/2 B E
\A_’B_A_c‘\

v [AB-AC =‘@‘=c3=a\/§.

‘E+A_C'
v [AB+aC =‘E‘=AE=BC=NE, v6i ABEC 14 hinh vuéng, A C
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AB+2AC B E F\

‘AB+2AC‘

_ —  —

AC|=|aB+AC+AC :‘EHTC :‘ﬁ‘:AP,

vdi AEFC 1a hinh binh hanh.
* Do AABF vuongtai B va BF=BE+EF=BE+AC=2a
Nén ta co

AF =+ AB? + BF? = ,/az Jr(zp,)2 -
v Vay ‘E+2A_c"=a\/§.

k- Bai 05.

Cho hinh ch@ nhat ABCD ¢6 AB=3, BC=4 .Goi M, N lan luot la trung diém cta BC va CD .
Tinh ‘E+A_C'+AD‘ va ‘AM+AN‘ .

Loi gidi
% Tinh ‘Eg#?c#ﬂj B M C

_— — —  — @ —

¢ Ta cd: AB+AD= AC <> AB+AC+AD = AC+ AC
:>‘AB+AC+AD =‘AC+AC‘:‘AC‘+‘AC‘:2AC. N

+ Xét AABC vudng tai A:

AC? = AB? + BC? < AC? =25= AC=5 P 5
= Vay |AB+ AC + AD|=2AC =10

% Tinh \m+m

+ Ta co: M+ﬁ=TB+BM+AD+DN:(E’+AD)+(BM+DN):E:’+(OTV+@')=E+cf

= Vay ‘M +AN| = ‘AC+OC % _b (E OC 14 hai vec to cung huong)

Cho hinh chit nhat ABCD tam O va c6 AB=4, AD=3. Goi Mla diém ty y. Hay tinh: ‘TC +BD| va

‘MA+MB—2MC‘ .

% Tinh ‘E+@ A N B

¢+ Tacd: AC+BD=AB+BC+BC+CD=BC+BC
(Do AB va CD 1la hai véc to doi) @)
:‘A_'chﬁ) —2BC=6
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* Tinh ‘MA+MB—2MC‘

¢+ Goi N la trung diém cta AB, ta ¢6: MA+MB-2MC
=(MA—MC)+(MB—MC)

—_— — — — — — —  —

R Bai 07.

Cho hinh vuéng ABCD canh a, tam O, 1dy diém M tuy y. Chting minh rang cac vecto sau khong
d6i va tinh d6 dai ctia chiing.
@ #=0A—CB. @ 5=CD-DA.
X =2MA+MB-MC-2MD. i =3MA-MB-2MC.
Z=3MA—MB—-MC-MD. @ = 4MA —3MB+ MC —2MD
Loi gidi
ii=0A—CB. A B
¢ ii=OA—CB=CO-CB=BO. (Khéng d8i do B,0 c8 dinh)
L = @)
' \u\:‘BO‘:BO:iBDiW:—”‘E
2 2 2
3=CD-DA.
o5:@-@:5—@:ﬁ—>5\:‘@‘:313:@1&. D C

% =2MA+MB—MC—-2MD.

¢ = 2MA + MB—MC—2MD
&%= 2MA—2MD+MB—-MC
<:>5c':2(MA—MD)+(MB—MC)

©¥=2DA+CB ¥ =2DA+ DA < ¥ =3DA—|¥| = 3DA| ~3DA =3

i/ =3MA—MB-2MC. e I

¢ y=3MA-MB-2MC

o= (MA—MB)+(2MA—2MC)

A B
®y=ﬁ+2C—A 0
<:>}7=ﬁ+2(53+§4)
< =3BA+2CB D C
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+ Goi I, H 1a cac diém sao cho Ej = 2C_B),IE:3E‘1. tir d6 ta co
y:3§4+2c_3’:ﬁ+5:c?—>\9\:‘C_H"=CH=\/C12+1H2 = J4a? +9a% =a\13

Z =3MA—-MB—-MC-MD.

¢ 2=3MA-MBE—MC—-MD
<:>2=(MA—MB)+(MA—MC)+(MA—MD)

<:>Z=E¢1'+C_A+ﬁ
@2:—(@+E)+a
<:>Z=—A_C'+C_'A

& z=2CA—F =‘2C7‘=2CA= 202

W = 4MA —3MB+ MC —2MD H I
. <:>zTJ=3(MA—MB)+(MC—MD)+(MA—MD)
<:>z77:3§4'+§f+D—A F A B
<:>Z_('J:3E4+D_B' \ O
<:>i)=2ﬁ+ﬁé+ﬁ
<:>z71=2§4+DT4
D C

+ Goi F la diém sao cho AF = 2BA tir d ta co;

BD . Tinh theo a: |AB+ AD|, |BA-BC|, |OB-DC|.

7 7

Loi giai
% Tinh ‘Es#ﬁj‘: D

v AB+AD = AC :‘E+E =‘E"=AC=2AO.

A y " a3 A ¢
¢+ Do BAD=60° nén tam gidc ABD déu :>OA=T
:>AC=a\/§.
= Vay ‘E+E=m/§. B

% Tinh ‘E&i—ﬁf‘:
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¢ Ta cé ‘ﬁ—ﬁ:‘a‘zmzaﬁ.

% Tinh ‘@—D_C"

¢ Ta c6 OB-DC =DO-DC=CO :‘@—D_c":‘@" _oc-mB3
R Bai 09.

Cho hai lyc E va F, 6 diém dit O va tao v6i nhau mot goe 60°. Tim cudng dd tdng hop luc cta

hai Iy Ay biét rang cuong do ctia hai luc E va g déu la 100N .

Loi giai
+Dat E=O0B , F,=0D. D
+ Dung hinh binh hanh OBCD. Khi d6 F.+F,
=OB+0D=0C.
S — O C

+ |E+E|=loc|-oc =201
¢+ Do BOD =60° va OB=0D nén tam giac OBD déu.

K|\ B
= OI:OBZ*E:‘ 12 ~5043N .

R Bai 10.

Cho tam giac ABC vudng tai A, c6 géc ABC =60°, canh AB=a.Goi [ la trung diém cua BC. Tinh
do dai ctia cac vecto sau:

ﬁz@—fTé 5=E+E

¢=AB+IC—AC @ d=BA-BI-IC
Loi giai
i=AB-AC H
¢+ Taco ; :‘E—TC :‘ﬁ‘:CB.
¢+ Xét AABC vudng tai A: A
cosABC=2B pco_ 4B __ 1 __,,
BC cos ABC cos 60°
60°
= Vay |a|=2a.

b=AB+AC

» Trén tia d6i ctia tia AC 1dy diém H sao cho HA=AC.Khi dé HA = AC.
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*+Taco b

:‘EﬁA—C' :‘ﬁ+ﬁ :‘m+£ :‘ﬁ‘ =HB.
¢+ Xét tam giac HBC c6:

BA la duong cao

BA la duong trung tuyén (do AH=AC)

= AHBC can tai B—=BH=BC=2a.

= Vay b|=2a.

¢=AB+IC—AC

+ Taco Zz‘fTB+E—fT@ :‘ﬁ+f+a :‘TB+Q :‘ﬁ+ﬁ :‘ﬁ‘:IB.
¢+ Do I la trung diém ctia BC nén IB:%:%:W
= Vay d=a.

d=BA-BI-IC
*Taco |d :‘ﬁ—ﬁ—f :‘E{—E =‘C71‘=CA.

¢+ Xét tam giac ABC vudng tai A: tan ABC = % < AC = AB.tan ABC =a.tan60° =a+/3 .

o,

—

d

= Vay

~N

HET
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BAI @ TiCH CUA MOT VECTO VOI MOT SO

I. DINH NGHIA.

% Cho s0 k=0vamot vécto 4=0. Tich ctia véc to 4 voi kla mot véc to, ki hiéu ki, cung

hwéng véi dnéu k>0, nguoc hudng voi anéu k<0va co d dai bang |k].[4].

¥ Quy wéc: 0.4=0;0k=0.

B viiii )
Cho 4 = ABva diém O. Xac dinh hai diém M, N sao cho OM =34;0N = —47 .
Ao—aboB
o
O
Loi gidi

o @ 0

M

o ©
N
Ta c6: OM =34;0N =43 nén OM, i cung huéng va OM =3AB; ON, i nguoc hudng va

ON =4AB.

Va2

Cho doan thang ABva diém Mnam trén doan thang ABsao cho AM = ;AB. Tim ktrong

cac dang thttc sau:

(@) AM = kAB. @ MA =kMB. (@) MA=kAB.
Loi gidi
(o O O O O 0]
A M B
(1) AM =kAB.

Vi AM va AB cung hudng va AM:%AB nén ﬁz%ﬁ:k:%.

@ MA=kMB.
Vi MA va MB nguoc hudng va MAziMB nén m:—%m:k:—%.

Westors: > rrang %
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MA =kAB. \

Vi MA va AB nguoc hudng va MA:%AB nén m:—%A—B:k:—%.

Il. TINH CHAT.

¥ Vi hai véc to 4,b bat ki va hai s6 thuc s6 ki ta c6
k(d+b)=ki-+kb (h+k)i = hi + ki

h(kd)=(hk)d 1d=d;(-1)d=-d

Chitng minh véc to d6i ctia 54 1a (-5)a .

Tim véc to d&i ctia 27 +3b va 7-2b .

Loi giai
Chting minh véc to ddi ctia 54 la (-5)a .
Véc to ddi cua 54 la (-1).50 =(-5)a .
Tim véc to d8i ctia 23 +3b va 4-2b .
Véc to d8i ctia 27 +3b 1a (—1)(2ii+31;) =—23-3b.
Véc to d6i ctia 4—-2b 1a (—1)(&—25) ——G+2b.

IIl. TRUNG DIEM CUA DOAN THANG VA TRONG TAM CUA TAM GIAC.

’ I la trung diém cta AB IA+IB=0 va VM, MA+MB=2MI
Néu the ,
G la trong tam ctia AABC GA+GB+GC=0 | ®% | MA+MB+MC=3MG

Cho tam giac ABC cOM la trung diém ctia BC, D la trung diém caa AM . Chitng minh

—_— — —

rang 2DA + DB+DC =0

Loi gidi
¢+ Ta c6: M la trung diém cua BC A
¢ Nén DB+ DC = 2DM . A
¢+ Do do:
B M C

2@+EB’+D_C'=2E4+2W=2(ﬁ+ﬁ)=2.6=6.
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IV. DIEU KIEN PE HAI VECTO CUNG PHUGONG. \

¥ Piéu kién can va du dé hai véc to a,b (b#0)1a c6 mot s6 thuc k dé [d=kb|.

R Nhin xét: Ba diém phan biét A, B,C thang hang khi va chi khi c6 mét s6 thuc k=0dé
AB=FKAC.

Cho tam giac ABCc6 hai difmMvaN xac dinh boi BC+MA=0, AB-NA-3AC =0.
Chting minh rang MN//AC .

Loi giai
¢ Ta_c'é: £+W:6 -
< BC=AM < AM = AC- AB(1)
+ AB-NA-3AC =0 AB+AN-3AC =0 AN =3AC-AB(2).
Tt (1),(2)= AN - AM =3AC - AB— AC + AB
< MN=2AC.Ma M, A,C khong thang hang nén MN//AC .
V. PHAN TiCH MOT VEC TO THEO HAI VECTO KHONG CUNG PHUONG.

% Cho hai véc to 4,b khong cling phuong.

Khi d6 moi vec to ¥ déu phan tich duoc mot cach

duy nhat theo hai véc to 4,b, nghia 1a ¢ duy nhat

cap s6 I,k thuc duy nhat sao cho [x=ha + kb|.

Cho tam gidc ABC c6 diém M nam trén canh BC sao cho MB=2MC . Hay phan tich AM
theo hai vec to ﬁ=ﬁ,5=ﬂf.

Lb’igidi
— - = A
¢+ Taco: AM=AB+BM
@m:zg’%ﬁ

@m:mg(zc‘_@)

T3 ¢
=
=
¢

@M=%E+§Tc—>M=

QU

U+

Wl
wIlN
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Cho tam giac ABC c6 trung tuyén AM . Goil la trung diém AM va K thudc canh AC sao

cho AK = %AC . Chttng minh B,I,K thang hang.

Loi giagi
+ Ta co: §=E—E A
— 1—» -
< Bl ==AM- AB
2 K

—

o BI=1(E+E)—@:—§E+ETC(1).
4 4777

¢+ Ta co: ﬁ:ﬁ—ﬁz—ﬁ+%fl—é(2).

—

Tur (1),(2)= Bl = %ﬁ hay B,I,Kthing hang.

VI. CAC DANG TOAN
R~ Dang 01. BIEU DIEN VECTO.

Phuong phdp giai

babiém A,B,C thang hang & AB=kAC, véi s k xac dinh.
ABCD 1a hinh binh hanh AC=AB+AD.
Néu - iEm ot thi - — . — . .
I la trung diem cua AB IA+IB=0 VA VM, MA+MB =2MI
G 1a trong tim ctia AABC GA+GB+GC=0 | ' | MA+MB+MC=3MG

Cho tam gidc ABC c6 trung tuyén AM, M la trung diém ctia BC. Hay biéu dién vecto AM theo 2

vecto E va /Té

Loi giai
® Cach 1: Vi M la trung diém ctia BC nén TB+E:ZM:M:%E+%E

® Cach 2: Do M la trung diém ctia BC nén BM+CM =0,
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e Apd % & *. AM — AB+ BM A O
p dung quy tac 3 diém, ta co: AM = AB+BM (1)
¢ Lai co: M:E+ﬁ (2)
M
¢+ Cong vé& véi v€ ctia (1),(2) ta duoc: .
B D

ZM=(E+TC)+(W+CW)

_— s —

@2AM=AB+AC+6@M:%E'+%E.
® Cach 3: Xét hinh binh hanh ABDC c¢6 M la trung diém cua BC nén M ciing la trung diém cta
AD=> AD =2AM (1)

+ Ap dung quy tic hinh binh hanh: AB+AC = AD (2)

— 1—»

¢ Tir (1)(2):TB+A_C'=2M:M:%AB+§AC.

R Bai 02.

Goi G la trong tam cua tam giac ABC . Hay biéu dién cac vecto AB,BC,GC,CA theo
i=GA ;I; —GB.

Loi giai
*Tacé: AB=GB—GA=b—-37. 4
+ Vi G la trong tam cta tam gidc ABC

Nén GA+GB+GC=0=GC=-GA—GB=—i—b.
OTacé:ﬁ=ﬁ+§:—g+(—ﬁ—g):—ﬁ—2g. G

+ Ta c6: c?:&-&:ﬁ-(-ﬁ-ﬁ):zmﬁ

Cho tam gidc ABCcéd M trén canh BC thoa man MB=2MC. Hay phan tich véc to AM theo hai

vécto ii = ABva 0= AC

Loi giai
¢+ Ta cod M=E+W 4
e 2 D ——y ] 2—
<:>AM:AB+—BC:AB+—(AC—AB):—AB+—AC
3 3 37773
1. 2.
I::>Vay AM:§U+§U B Vi C
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R Bai 04.
Diém M goi la chia doan thang AB theo ti s8 k=1 néu MA =kMB.

Chting minh rang véi moi diém O ta c6 OM = OAl—I;(OB

Loi giai

¢ Tir gia thiét MA =kMB, véi k=1

Ta c6: OA~OM = k[OB-OM ) < (1-K)OM = OA - @'@@'—%1—]]‘(%.

R Bai 05.

Cho tam giac ABC. Goi M 1a trung diém ctia AB va N la mot diém trén canh AC sao cho
NA=2NC. Goi K la trung diém MN. Phan tich vecto AK theo AB va AC.

Loi giai
¢+ Ta c6: M, K Tan lwot la trung diém cta AB, MIN . A
Nén m:%@’ va 2AK = AM + AN.
¢+ Mat khac: Ne AC va NA=2NC = AN = §AC
S K N
o AK:E(AM+AN)
B C

1— 2

e AK=[1aB+2ac|=taB+1ac.
202 3 47773

Cho tam giac ABC c6 trong tam G. Cho cac diém D, E, F lan luwgt la trung diém ctia BC,CA AB

va I la giao diém ctia AD va EF . Dat u = AE, %= AF. Hay phan tich cac vecto Al, AG,DE,DC
theo hai vecto u, 7.

Loi giai
¢ Tacd:E, F lan luot la trung diém cua CA, AB A
= EF la duong trung binh cia AABC
S EF//BC = IE _ Al _ IF
CD AD BD

:>1F=1£:>2§=E+E:E=%(ﬁ+5).

¢+ G la trong tam AABC
¢ D,E,F lan luot la trung diém cua BC,CA AB.
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= AG=2 AD=7(AB+ AC) = (24F +24E =2 (i1 +7)
373 3 3

* DE 1a dudng trung binh AABC :>DE=%AB=AF — DE=-AF=-7.

e

+ EF1a duong trung binh AABC = EF=CD = DC = FE= AE— AF =ii—3.

R Bai 07.

Cho tam gidc vuong can OAB voi OA = OB =a.
1— 3—

Dung va tinh d6 dai cac vécto 30A+40B; — OA —— OB

Loi giai
¢+ Vé diém C,D sao cho OC =304 va @:4@, G £
H
¢+ Vé hinh binh hanh CODE thi :
30A +40B=0C+0D = &':‘3OA+4CTB" =‘5§‘
= OE =\JOD? + ED? = |(3a)’ +(4a)’ =5a. N
oH =104
+ Vé diém H, K sao cho: . 34__

7 28

2 2
E>1Z10A—$OB OH-OK=KH. :>1—10A——OB ‘KH‘ JOH? + OKZ—\/(%QJ +(§aj _ V6073

R Bai 08.
Cho tam giac ABC c6 G la trong tam.
Hay phan tich vécto AG theo hai vécto AB, AC.

Goi E,F 1a hai diém x4c dinh béi céc dieu kién: EA =2EB,3FA+2FC =0 . Hay phan tich

EE theo hai vécto E,A—é

Loi giai
— —_— — A
Hay phan tich vécto AG theo hai vécto AB, AC.
v AGABC=M=M 1a trung diém BC {
— = —— G
= AB+AC=2AM.
B M &)

* Ma G la trong tam AABC
— 3—

:>A_G'_§AM@AM SAG.
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3 -— 1= 1-— \

— AB+AC =2AM = 22AT; 3A_G’:>AG_§AB+3AC

Hay phan tich EF theo hai vécto AB,AC.

+ Tacé: EF=EA+AF.
+ Theo gt: EA=2EB= EA=2AB.

o Tir 3ﬁx+2p_c':6:>ﬁ:§fc :ﬁ:ﬁ+ﬁ:2@+§fé.

Cho luc gidc déu ABCDEF tam O canh a:
Phan tich vécto E theo hai vécto E va E

1— 1—
Tinh d6 dai cta vécto 5 AB +E BC theo 4.

Loi giai
Phan tich vécto AD theo hai vécto AB va AF. B C
¢+ Ta cd: O la trung diém AD nén AD =2A0.
AB//FO

+ Lai co: = ABOF la hinh binh hanh A D
AF//BO

:A_'D=2I)=2(E+E)=2E+2E.

Tinh d6 dai caa vécto %@%B_c' theo 4. )3 E

1

+ Ta cb: %A_'B+2 ‘AC‘ Lac.

E’:_%(E’#ﬁ)_—Ac:‘ AB+ BC ‘1ﬁ

¢ Theo dé bai: ABCDEF la luc giac déu nén AABO; ACBO la tam giac déu canh a.

¢+ Goi M la trung diém BO
= AM; MC Tan luot la duong cao AABO; ACBO va AC=AM+MC

= AC=AM+ MC—i i= \/_:>‘ AB+= BC EAC—“*/_
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R~ Dang 02. CHUNG MINH BA DIEM THANG HANG, HAI DIEM TRUNG N
NHAU, HAI DUONG THANG SONG SONG, BA DPUONG THANG DONG QUY.

Phuwong phap giai

Ba diém phan biét A,B,C thing hang < AB va AC cling phwong < AB=k.AC.

Dé chitng minh hai difm M,N tring nhau ta chitng minh chting théa man dang thtkc
OM =ON véi O 1a mét diém nao dé hosic MN =0.
Né&u AB=CD va hai duong thing AB va CD phan biét thi AB//CD.

B> Bai 01.
Cho tam gidc ABC c6 trung tuyén AM. Goi I la trung di€ém ctia AM va K la diém trén canh AC

sao cho AK = % AC. Chting minh rang ba diém B, I, K thang hang.

Loi giai
TR Yy e N A

*Taco BI =§(BA+BM) (Do BI la duong trung tuyén
AABM) K
=%(E‘\'+%B—CJ (Do M la trung diém ctia canh BC) f
—2BA+2BC _

z B M C
=1(ﬁ+ﬁ)+1(ﬁ+1<_'c)=§ﬁ+1ﬂ+11<_'c

2 4 4 277

« Ma AK:%AC nén KC=2KA= K_'C:—zK_'A@K—c'uﬁ:G@%FC%FA:ﬁ.

3—;—.

+Do d6 Bl = L BK+0= %E& . Vay ba diém B, I, K théng hang.

R~ Bai 02.

—_— — 3 — — _ =

Cho tam giac ABC. Hai diéfm M, N duoc xac dinh boi hé thiec BC+ MA =0, AB—NA-3AC=0.
Chttng minh r:?mg MN /] AC.

Loi gidi
+Ta c6 BC+MA=0<> MA=-BC nén MA // BC.
+Do d6 Mg AC (1).

+Tacéd E—m—3ﬁ=6

Qectors: gt >
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o AB—(NA.+ MA)-34C -0

& AB-NM-MA-3AC=0

= NM = AB~MA-3AC < NM = AB+BC—-3AC = AC—-3AC =—2AC (2).
o Tw (1),(2) taco MN // AC.
R- Bai 03.

Cho 4 diém O, A, B,C sao cho OA+20B—30C =0. Chting t6 ring A,B,C thing hang.

Loi giai
+ Ta co: a+2@—3&=6
@54#2(54#@)—3(0_/1#%):6

@07+2&+2ﬁ—3&—3ﬁ=6@2@:3@:@:%@@ Vay: A,B,C thing hang.

k- Bai 04.
Cho hinh binh hanh ABCD trén BC ldy diém H, trén BD 1ay diém K sao cho

P 1—»—) —_—

BH = 5 BC,BK = 5 BD . Chting minh A,K,H thang hang.

Loi giai
— 1— -_— — 1 -— — 11—
BH ==BC AH-AB==BC AH =AB+=BC
+ Ta cé: . 15_’:> o f_*: - f_)
BK=EBD AK—AB=EBD AK=AB+€BD

+ Ma: E(zE+Eﬁ:E+l(ﬁ+@)=E+EB_C.—EE=§E+EB_C.=E E+lﬁ
6 6 6 6 6 6 6 5

+Khi d6: AK = gﬁ = Vay A,K,H thing hang.

R Bai 05.

1—;—»

Cho AABC véi I,],K Tan luot duoc xc dinh boi IB = 2IC; JC = ~JAKA= _KB.

Tinh IJ;IK theo AB;AC.
Chitng minh ba diém I,],K thang hang.

Loi giai
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Tinh IJ;IK theo AB;AC.
¢+ Ta co: ﬁzf+€]

@T]=—BC—§AC:—(ﬁ+ﬂf)—%AC=AB—§AC.

+ IK=IB+BK

— 1—»

@17<=—2BC—§AB=—2(E4+TC’)—%E=§E—2A_C'. B C

Chting minh ba diém I, ],K thing hang.

I S - — 44—
= AB-2ac IJ=AB~ AC 4l 7
+ Theo cau (L: 3 3 SV 3 2 :IK:EI]'=>Véy I,],K thang hang.

R Bai 06.
Cho AABC. Trén cac duong th:fmg BC, AC, AB lan luot lay cac diém M, N, P sao cho

_— s —

MB=3MC;NA=3CN;PA+PB=6.

Tinh PM ;PN theo AB;AC.

Chtng minh ba diém M, N, P théng hang.

Loi giai
Tinh m,ﬁ\i theo E,/Té A
*Tacé: PA+PB=0—P la trung diém AB.
PM=PB+ BM P
¢ =
PM=PB+BM N
@W:lﬁﬁﬁ:lﬁﬁ(faﬁ):—@ﬁ,ﬁ. M
2777 T 2 /
= - 1 3—— 1-—— 3—— B ¢

¢ PN=PA+AN=—BA+-AC=--AB+-AC.
2 4 2 4

Chting minh ba diém M, N, P thang hang.

V- ABL3AC ﬁz—ﬁ+§fl—é )
> .

+ Theo cau a: j:PN=EPM .

—= 1-— 33— 1 —

PN=-ZAB+>AC |PN=Z|-AB+>AC
2777, 2 2

= Vay N,M,P théng hang.

R Bai 07.

)<Trong 56




\ Chuong 01. VECTO LE MINH TAM g

) N

Cho hinh binh hanh ABCD. Trén cac tia AD, AB Tan luot 1ay cac diém F,E sao cho AD = % AF,

AB= %AE . Chttng minh:

Ba diém F,C,E théng hang.
Cac t& giac BDCE, BDFC la hinh binh hanh.

Loi giai
Ba di€ém F,C,E thang hang. A D F

¢ Tacod D la trung diém caa AF,

B 1a trung diém ctia AE, 18

_—  — —— — @ — @ — — @ —

¢*Tacdo CE=CB+BE=DA+AB=FD+DC=FC
¢+ Nén ba diém F,C,E théng hang. B

Cac ttt giac BDCE, BDFC 1a hinh binh hanh.

, |BE//DC s . .
+ Ta co B c = BDCE la hinh binh hanh.

DF//BC s . N
= BDFC la hinh binh hanh.

DF =BC
= Vay cdc tt gidc BDCE, BDFC la hinh binh hanh

R~ Bai 08.
Cho tam giac ABC. Hai diém I,] duoc xac dinh boi [A+3IC = 6, ]2 + 21_3 + 3]—(5 0. Chting minh ba
diém I,],B théng hang.

Loi giai
|1A+31C=0
¢+Taco<_, _, _, .
JA+2JB+3]C=0
ﬁ+3f=6 ﬁ+3ﬁ:6 —_ - A — —
(]I+IA)+2(]I+IB)+3(]I+IC):0 6]I+21B+(IA+3IC)=0

= Vay I,],B théng hang.

Cho AABC.Hai diém M, N Ian luot x4c dinh béi 3MA+4MB =0, NB—3NC =0 Chting minh 3
diém M,N,G théng hang, véi G la trong tam AABC.

Loi gidi
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¢ Ta cb: 3MA+4MB:0<:>3(MA+MB)+MB:O

<:>3.(3MG—MC)+MB:6

< 9MG—-3MC+MB=0
@9%—3(m+ﬁ)+(m+@)=a
@%TG_ZM—‘M@_M)=a@9ATc_zm+a=a@m%m
= Vay M,N,G thing hang.

R Bai 10.

Cho AABC. Vé phia ngoai AABC vé cac hinh binh hanh ABIJ, BCPQ, CARS. Chtrng minh cac
tam gidc RIP, JQS c6 cung trong tam.

Loi giai
®© Cich 1. Goi G, G'lan luot la trong tam ARIP, AJQS.
¢+ Tacod E+ﬁ+?@

—_— — — —  —  — —  —

=RG+GG'+G'S+IG+GG'+G' ]+PG+GG'+G Q

~3GG' (vi RG+IG+PG=0, G'S+G'J+G'Q=0)
RS+1J+PQ=3GG' (*)

e —_— —_— R —

+ Ma RS = AC;1I] = BA; PO =CB
(*) — AC+BA+CB=3GG'

< BC+CB=3GG' <3GG' =0 Vay cac tam gidc RIP, JQS c6 cung trong tam.
® Cidch 2. Goi G, G' lan luot la trong tam ARIP, AJQS.

—_— — —  —

¢+ Ta cd: 3GG'=GJ+GQ+GS (vi G' la trong tam AJQS).
=(§+ﬁ)+(@++?@)+(ﬁ+l@)

(—» —_— R —

= GI+GP+GR)+(I7+@+ITS)= 0 +(Eﬁ)+CTB)+A~C)=6—>GEG'

= Vay cac tam giac RIP, JQS cé cung trong tam.
R Bai 11.

AA" BB _CC'
AB  BC AC

Trén cac canh AB,BC,CA ctia AABC lay cac diém A’,B,C’ sao cho . Chttng minh

AABC va AA'B'C’ c6 chung trong tam.

Loi giai
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¢+ Goi G,G' lan luot la trong tam ctia AABC va AA'B'C'. A
+Khi d6 GA+GB+GC=0 va GA'+GB +GC =0.
AA' =kAB
+Tadat A4 B8 _CC 4 0= BB -kBC .
AB BC AC -
CC'=kCA

- B B C
+ Do G la trong tam ctia cdc AABC nén GA+GB+GC = 0
<:>(GG’+G’A’+A’A)+(GG’+G’B’+B B)+(GG'+G C'+C C)=6

—

@3GG'+(G’A'+G'B'+G'C')—(AA'+@+C_C;) ~0

<:>3(f;+ 6 —k(ﬁ+ﬁ+a) 0

©3GG -k0=0<3GG =0——>G=G'
= Vay cac tam gidc AABC va AA'B'C’ c6 chung trong tam.

R Bai 12.

N\

Cho tam giac ABC va mét diém M tuy y. Goi A’,B,C'lan luwgt 1a cac diém d6i xtéing cia M qua
cac trung diém K,I,] cua cac canh BC,CA, AB.

Chting minh ba duong thang AA’,BB,CC’' dong quy tai mot diém N .

Chttng minh rang khi M di dong duong thang MN ludn di qua trong tim G ctia AABC.

Loi giai
Chting minh ba duong thang AA’, BB,CC’" dong quy tai N.
¢+ Goi O, P,Q lan lwgt 1a trung diém caa AA', BB',CC’

¢+ Ta co:

MO = %(MA+MA’) - %(MA+MB+MC)

MP:%(MB+MB'):%(MA+MB+MC)

MQ = (MA MC') ;(MA+MB+MC)

(Do cac ti gidc MBA'C, MAB'C, MAC'B la cac hinh binh hanh ).
=>MO=MP=MQ=0=P=Q.
* Do d6 ba dudng thang AA’,BB,CC’' dong quy tai trung diém N(=O=P=Q) ctia mdi duong..

Chting minh rang khi M di dong duong thang MN ludn di qua trong tam G cta AABC.
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¢+ Vi G la trong tam cua AABC

Nén ta c6 MG = 3(MA+MB+MC)

+ Mt khdc MN = %(MA +MB+ Mc) (cmt).

%m_gm

Do d6 3 diém M,N,G théng hang.
= Vay khi M di dong duwong thang MN ludn di qua
trong tam G cua AABC.

R Bai 13.

Cho tam giac ABC c6 trong tam G. Cac diém M, N thoa man 3MA +4MB = 6; CN = %B_C' Chting

Al’

ming duong thang MN di qua trong tdm G ctia tam giac ABC.

Loi gidi
¢ Theo gia thiét ta co:
3m+4ﬁ:6@3(E+@)+4(E+@):6@7E+3(c;_14'+§3’)+c§:6(1).

—

*+ Vi G la trong tam ctia tam gidc ABC nén GA+GB+GC = 0<:>GA+GB——GC (2)
¢+ Thay (2) vao (1) ta duoc: 7MG—3GC+GB =0 < 7TMG = 3GC - GB.
+Lai €6 CN =7 BC & GN-GC =2 GC ~GB) < 2GN =3GC - GF « 2GN = 7M.

= Vay ba diém M, N, G thang hang (dpcm).

B> Bai 14.
Cho tam giac ABC. Goi I la trung diém cua BC. Hai diém D, E thoa man BD=DE=EC. Chting
minh rang:

@ AB+AC=AD+AE.

—_— — — —  —

@ Tinh AS=AB+AD+AC + AE theo Al Suy raba diém A, ,S thing hang.

Loi giai
AB+AC = AD+ AE. 4
¢ Theo gia thiét ta c6 I la trung diém ctia BC va
+ Hai diém D, E théa man BD = DE = EC

Nén I clng la trung diém caa DE.

+ Do vady AB+AC = AD+ AE =2AI (dpcm) B D I E ¢
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¢+ Ta co: TS=E+E+E+E=(E+TC)+(E+E)=ZZI.+2Z1.=4Zf. \

+ Vi AS=4AI nénbadiém A,I,S thing hang.
R~ Bai 15.

Cho tam giac ABC. Cacdiém M, N dugc xac dinh béi W — BC-2AB , ai = xA_C' ﬁ
Xac dinh x d€ A, M, N thang hang.

(2) Xac dinh x d& duwong thang MN di qua trung diém I ctia BC. Tinh ~— M

Loi giai
X4c dinh x d&€ A, M, N thang hang.

—

T o BM = BC - 2AB <> AB+BM = BC + BA <> AM = 2BC — AC
a Co: —
CN =xAC - BC < AN - AC = xAC - BC < AN = -BC +(x +1) AC

+Khidé A, M, N thing hang khi va chi khi ton tai ke R sao cho AN =kAM

1
— e A L)
¢ -BC+(x+1)AC =2kBC-kAC < < :
x+1=—k x——l

2

= Vay x=—% thi A, M, N thang hang.

(2) X4c dinh x d& duong thang MN di qua trung diém I ctaa BC. Tmh IM

MN = AN - AM = (x+2) AC-3BC

. P — — —_— R — — —_—

MI =Al - AM = AC+CI+ AC—2BC = 2AC—EBC 2BC=2AC -2 BC

+ Khi d6 duong thang MN di qua trung diém I cta BC thi M, N, I thing hang

20=x+2 =
= ton tai /€ R sao cho MN =IMI <:>(x+2)AC—3BC:21AC—5—lBC S5,
2 x=

= Vay x :é thi duong thang MN di qua trung diém I cta BC.

R~ Bai 16.

Cho ba diém co dinh A, B, C vabaso thuc a, b, ¢ sao cho a+b+c#0

(@) Chiing minh ring c6 mot va chi mot diém diém G thoa man aGA +bGB+cGC =0
Chting minh ba diém G, M, P thang hang.
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Loi giai
Chiing minh rang cé mot va chi mot diém diém G théa man aGA+bGB+cGC =0.
¢ Ta ldy mot di€ém O nao d6 thi:
aGA +bGB+cGC =0
= a(O_z.ﬁl—O—G)+b(C73’—O_G.)+c(O—C>—O—G) =0

<:>(a+b+c)O_G'=a.O_A'+b.a3'+c.O—C)<:>&': (a.&+b.&é+c.(7@)

a+b+c
= Vay G hoan toan xac dinh va duy nhat.

Chting minh ba diém G, M, P thang hang.

+ Véi diém M ta cdé MG =

(aMA+bMB+cMC).
a+b+c

+ Miit khéc MP = aMA + bMB +cMC—sMG=—* MP.
a+b+c

= Vay ba diém G, M, P thang hang.

R Bai 17.

Cho tam giac ABC. Cac diém M,N thoéa man MN =2MA+3MB-MC.
Tim I théa man 2IA+3[B—IC=0.
Chting minh duong thang MN luon di qua mot diém 6 dinh.

Loi giai
@ Tim I théa man 2IA+3[B—IC=0. 4
* Tac6 2IA+3IB-IC=0
= 2(E+E)+(ﬁ—f)=6 & H=BK
*Vé6i H,P,K Tan luot la trung diém cua AB,BC,BP.
= Vay I 1a dinh hinh binh hanh BKHI . B K P ¢
Chting minh duong thang MN luon di qua mot diém 6 dinh.

¢ Ta c6 W:z(ﬁ+ﬁ)+3(ﬁ+ﬁa’)—(ﬁ+ﬁ) — AMI +2IA+3IB—IC =4MI .

= Vay MNludn qua I ¢ dinh.

R~ Bai 18.

Cho tam giac ABC. Céac diém M,N thoa man MN =2MA-MB+ MC.
Tren, i dnderiEin DA 8T =0,
Chting minh duong thang MN luon di qua mot diém ¢ dinh.

Goi P 1a trung diém cta BN. Chting minh duong thang MP ludn di qua mot diém cd dinh.
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@ Tim I théa man 2IA-IB+IC=0. ! 4

_ —  —

+Tacé 2IA—IB+IC=0<>2IA=CB<«<IA=CH.
* Vé6i H la trung diém caa BC.
= Vay I 1a dinh hinh binh hanh CHAI.

LE MINH TAM
\ N

Chting minh duong thang MN luon di qua mot diém ¢ dinh.

¢+ Tacd MN =2MA-MB+MC
=2(ﬁ+ﬁ)—(ﬁ+ﬁ)+(ﬁ+f)=2]\7f+2ﬁ—173#1?=2]\7i

= Vay MN luén qua I ¢ dinh.
Chting minh duong thang MP luon di qua mot diém 6 dinh.
+ Do P la trung diém ctia BNnén 2MP = MB+MN = 2MA + MC =3MK +2KA + KC = 3MK .

Véi K thudc canh AC va CK=2KA.
= Vay MP ludn qua K c6 dinh.

R~ Dang 03. TAP HQP PIEM THOA MAN DANG THUC VECTO.

O D€ tim tap hop diém M thdéa man mot dé’mg thirc vécto, ta bién doi d:fmg thitc véc to
d6 vé cac tap hop diém co ban da biét. Chang han:

o Tap hop cac diém cach déu hai dau mut ctia mot doan thang 1a duong trung truc ctia

doan thang do.
o Tap hop cac diém cac déu mot diém c6 dinh mot khoang khong doi la duwong tron cd

tam la diém cd dinh va ban kinh la khoang khong doi.

Cho tam gidc ABC. Tim tap hop diém M trong mdi treong hop sau:
MA+MB+MC=0.

MA = MB.
Loi giai
MA = MB.

* Ta o MA=MB & MA-MB=0< BA=0.
= Vi A va B la hai di€ém phan biét nén khong ton tai diém M.

MA+MB+MC=0.
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* Goi G la diém thoan méan GA+GB+GC=0 (hay G la trong tam tam giac ABC).

—_— — —  —

* Khi dé MA+MB+MC=0<3MG+GA+GB+GC =0<3MG=0<MG=0=M=G.

= Vay tap hop diém M la trong tam tam giac ABC.

R Bai 02.
Cho tam giac ABC. Tim tap hop diém M trong moi treong hop sau:

MA+MB‘:‘MA—MB‘.

MA+MB+MC‘:‘MA+2MB‘.

2MA+MB‘:‘MA+2MB‘.

Loi giai

‘MA+MB‘=‘MA—MB‘.
MA+MB‘=‘MA—MB‘@‘MA+MB‘=‘@@‘W+M§ — AB (1),

*

AB

M+ﬁ+ﬁ:AB<:>‘2M‘:AB<:>MI:7.

* Goi I I trung diém AB, khi do (1) @‘2
AB

= Vay tap hop diém M la duong tron tam I, ban kinh R = -

‘MA+MB+MC‘ :‘MA+2MB‘ (%).
* Goi G la trong tam AABC, va I la diém thoa man A +2IB = 0 )

* Biéu thuc (*) < |3MG| = |3Mi| < 3MG =3MI <> MG = MI

= Vay tap hop diém M la duong trung truc cua doan GI .

_— —

¢ Goi I va | Tan luot 1a cac diém thoéa man: 2IA+1B=0, ]7{ + 2]—3 =0.

31\71" =‘31\7]" = 3MJ =3MJ < MI = MJ.

2MA -+ M| = [MA + 2ME| ()

* Biéu thic (*) <
= Vay tap hop diéem M la duong trung truc cua doan IJ .

R Bai 03.
Cho tam giac ABC. Tim tap hop diém M sao cho:

MA+MB+MC‘=§‘MB+MC‘

2MA+MB‘ - ‘4MB—MC‘

4MA+MB+MC‘:‘2MA—MB—MC‘
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Loi giai \

‘MA+MB+MC‘=§‘MB+MC‘

* Goi G la trong tam AABC, I la trung diém ctaa BC.

+ Ta c6: ‘MA+MB+MC‘=§ MB+MC‘@‘3MG‘=2‘2A71" a‘z\ﬁ‘=‘ﬁ‘@Mc=Ml.

= Vay, tap hop diéfm M la duong trung truec ctia doan GI .
2MA -+ MB|=[4MB - MC|

+ Goi P,Q lahai diém thoa man: 2ﬁ+ﬁ=6, 4@—@:6.

o Ta b ‘ZMA ; MB‘ - ‘4MB - MC‘ o ‘3MP‘ - ‘SMQ‘ o ‘MP‘ - ‘MQ‘ & MP = MQ

= Vay, tap hop diém M la duong trung triec ctia doan PQ.

‘4MA+MB+MC‘=‘2MA—MB—MC‘

* Goi G la trong tam AABC, K la trung diém cta AG.
¢ Ta cé:‘4MA+MB+MC‘ - ‘ZMA—MB—MC‘

<:>‘3(Z\TA+ATG)‘ =‘3(MA—MG)‘ o ‘GMK‘ =‘3G_A" o MK=GTA.

= Vay, tap hop diém M la duong tron tam K ban kinh R = %

B> Bai 04.

Cho tam giac ABC.
Xac dinh diém I sao cho: 3IA—2IB+IC=0.

Chting minh rang duwong thang ndi hai diém M, N xac dinh boi: MN =3MA - 2MB+ MC
ludn di qua mot diém 6 dinh.
Tim tap hop diém H sao cho: ‘3@ —2HB+HC|= ‘ﬁ —_HB.

_— s —

Tim tap hgp diém K sao cho: 2‘KA+KB+KC = 3‘@+FC :

Loi gidi
Xac dinh diém T sao cho: 3IA—2IB+IC =0.
* Goi E la trung diém cua AC.
¢ Ta co: 35{-2ﬁé+fz6@2(ﬁ-ﬁs’)+(ﬁ+ﬁf):6@2ﬁ+2175':6@ﬁé:§3'

= Vay I la dinh ctia hinh binh hanh ABEI.
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R Bai 05.

Chting minh rang duong thang ndi hai diém M, N xac dinh boi: MN =3MA —2MB+ MC luén di

qua mot diém c6 dinh.

+ Ta c6: MN =3MA-2MB+MC < MN =2MI = M, N, I théng hang.
+ Do d6 duong thang ndi hai diém M, N luon di qua diém I cd dinh.

Tim tap hop diém H sao cho: ‘3?14 _2HB+HC|= ‘ﬁ _HB.

o Ta c6: |3HA—2HB+ HC :‘E{—ﬁ @‘2@:‘5{‘@141:%_

= Vay tap hop diém H la duwong tron tam I ban kinh R = %

_— — —

Tim tap hgp diém K sao cho: 2‘KA+KB+KC = 3‘@+E .

* Goi G la trong tam AABC, F la trung diém cua BC.
@e‘K_G":e‘IE“ = KG=KF.

_— —  —

* Ta c6: 2‘KA+KB+KC _3lkB+KC

= Vay, tap hop diém K la duong trung truc ctia doan GF.

N\

Cho tam gidc ABC.
Xac dinh diém I sao cho IA +3IB —2IC =0 .

—

Xéc dinh diém D sao cho 3DB —2DC =0 .
Chiing minh rang ba diém A, I, Dthang hang.

Tim tap hop céc diém Msao cho |MA +3MB —2MC ‘ - ‘ZMA ~MB -MC]

Loi giai
Xac dinh diém I sao cho IA +3IB —2IC =0 .

. ﬁ+3§-2f:6aﬁ+£+2§-2f:6.

& 2IE + Z(E—E) =0,v4i E trung di€m cua AB.

©2E+2§:6®E:—§®E:E.

= Vay diém I thoa man IECB 1a hinh binh hanh. P
Xéc dinh dim D sao cho 3DB —2DC =0 .

¢ 3DB —2DC =0 <> DB +2DB —2DC =0 .

< DB +2(DB—DC)=5@ﬁ'+2C_B'=5

@ﬁ':—Z@@ﬁ:ZE.
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= Vay diém D thang hang véi B,C va D thudc tia d8i ctia tia BC thod man DB = 2BC (nhuw \
hinh vé) .

A

D B C
Chtng minh r::fmg ba diém A,I, Dthéng hang.

¢ C6 IE = BC va DB =2BC (Theo cau (@), @)
nén £:2E©E+E+E:2(ﬁ+ﬁ)
@ﬁ+ﬁ+£=2ﬁ+2£@ﬁ+£=2ﬁ—ﬁ+£.

=Dl =IA . Vay ba diém A, I, Dth:fmg hang.

Tim tap hop céc diém M sao cho ‘MA +3MB —2MC ‘ - ‘ZMA ~MB - MC]

*

MA +3MB —2MC‘=‘2MA _MB —MC‘

<:>‘MI +3MI —2MI +IZ’+3E’—2E‘=‘2MA —(MB +MC )‘

o ‘M’wﬁ'—zﬁﬁ‘ =‘2MA —2M]‘<:>‘2MI ‘ =‘2]7‘ & IM=AJ, véi ] 1a trung diém caa BC.

= Vay tap hop diém M la duwong tron tam [ (xac dinh & phan a), ban kinh R=AJ, véi ] la trung
diém caa BC.

k- Bai 06.

Cho diém O c6 dinh va hai vecto #;70 ¢d dinh. V4i moi s6 m ta xac dinh dwoc diém M sao cho

OM =mii+(1-m)? . Tim tap hop diém M khi m thay d6i.

Loi giai
¢ Tt O dung a=;; OB =v thi A, B cd dinh.
OM =mCTA+(1—m)£

< OM =m(OA —OB)+OB < OM -OB =m(0A -@')@Wémﬁ.

* Tt d6 suy ra A, B,M thang hang. Vay tap hop diém M chinh 1a duong thang AB.

R Bai 07.

>< Trang 67




\ Chuong 01. VECTO LE MINH TAM S

) .

Cho AABC vaba vecto c6 dinh ;7;w . Vi mdi sd thuc ¢, taldy cdc diém A’, B/, C' sao cho AA' =tii

, ﬁ; =tv, C—C; =tw. Tim quy tich trong tdm G’ cua AA'B'C’ khi ¢ thay doi.

Loi giai
+ Goi G la trong tim AABC = GA+GB+GC =0, khi d¢:
3GG' =GA'+GB' +GC'

_ — —  ——  —— —

=GA+ AA'"+GB+BB' +GC+CC’

0

[GTA+§§+CTCJ+AA +BB +CC' = AA' + BB +CC' = tii +t 0+t = t(ii w)

 —
— — — — A g —

* Dat a=u+0+w thivecto @ cd dinh va GG’ :gt.a.

®© Truong hop 1: Néu a = 0 thi céc diém G’ trung voi diém G.
® Truong hop 2: Néu a #0 thi quy tich cdc diém G’ 1a duwong thang di qua G va song song véi gia
cua vecto «.

R Bai 08.

H Cho ttt giac ABCD. Véimdisd k tiy ¥, 1dy cac diém M, N sao cho AM =kAB , DN =kDC . Tim tap

hop céc trung diém I ctia doan thang MN khi k thay doi.

Loi giai
* Goi O, O' lan luot la trung diém cua AD va BC.
+ Khi d6:
cﬁ:%(@+&):%(&+E+@+Eﬁ):%(@+ﬁ)
* Vi O va I lan lwgt 1a trung diém AD va MN
Nén azg(m+ﬁ):§(@+ﬁ):kw

* Do d6: khi k thay ddi, tap hop cac diém I la duong thang OO’ .

f o

Cho nadm diém trong d6 khong cé ba diém nao thang hang . Goi A 1a tam giac c6 ba dinh 14y trong
nam diém do, hai diém con lai xac dinh mo6t doan théng t . Chiing minh rz‘?mg vdi cdch chon A khéc
nhau, duong thang di qua trong tam tam gidc A va trung diém doan thang ¢ ludn di qua mot diém
cd dinh .

Loi giai
+ Gia stt nam diém trong d6 khong cé ba diém nao thang hangla A,B,C,D,E.
* Goi Gla diém thoa man: GA+GB+GC+GD+GE=0. (1) =G la diém c§ dinh.

¢ Goi G’ la trong tam cua A qua ba dinh A,B,C :a+@+&:3@. (2)
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M la trung di€ém cua hai dinhconlai D,E= GD+GE = 2GM ) (3)

o Tk (1),(2)Vé1 (3) —3GG' +2GM =0 =G,G',M thang hang .

Suy ra diéu phai chitng minh .

R Bai 10%.

Cho tam gidc ABC, I la trung diém ctia doan thang AB. Mot duong thang d thay ddi ludn di qua
I, Tan luot cat hai duong thang CA,CB tai A',B'. Chitng minh rang giao diém M cta AB' va A'B

nam trén mot dueong thang ¢ dinh.

Loi giai
ODét(ﬁzm@,W:nm A
¢ Xét tam giac ABB' v6iba duong dong quy la AC, MB
va Bl( d‘()ig quy tai A"). 7 [
¢ Vi A =~IB nén theo dinh li Xé- va, ta c6 —mn =-1 hay
mn=1. A
+ T MB'=nMA ta suy ra mMB' = mnMA = MA.. B /C B

= Vay ta co CB=mCB' va MA = ml\ﬁz, diéu nay ching té rang CM // AB.

= Vay diém M ludn nam trén duong thang c8 dinh di qua C va song song véi AB.

4

HET
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l. TRUC TQA DO.
1.1. Pinh nghia
¥ Truc toa dd (Truc hay truc s8) 1a mot dueong thang trén d6 da xac dinh mot diém géc O

va mét vecto don vi i (tte 13 H =1).

™~

; o =0
x O L
% Diém O duoc goi la goc toa do, vecto i duoc goi la vecto don vi cta truc toa do.
3% Ki hiéu (o;?) hogc don gian la Ox.
1.2. Toa d6 ctia vecto va ctia diém trén truc
¥ Cho vecto # nam trén truc (O; f) khi d6 s6 a dugc goi la toa dd cta vecto i trén truc
(037) khi va chi khi i = ai
¥ Cho difm M nam trén truc (O;f) khi d6 s6 m dwogc goi la toa d§ ctia diém M trén truc
(0;7) Xhi va chi khi OM =mi .
Nhu vay toa diém M la toa do vecto OM .
1.3. P06 dai dai s6 cta vecto trén truc:
3 Cho hai diém A, B nim trén truc Ox thi toa dd ctia vecto AB ki hiéu 1a AB va goi la do

dai dai sO cta vecto AB trén truc Ox.
= Vay: AB=AB.i .
% Tinh chat:

(D AB--BA. AB=CD < AB=CD ® VA,B,ce(o,-?);AB+BC=Ac.

Trén truc (O;?) cho cac diém A, B,C Ian luot cd toa d0 1;-2;3. Tinh dd dai dai s6 ctia cac

vecto AB; BC suy ra hai vecto AB; BC nguoc hudéng.

Loi gidi
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AB= —gﬁ’ suy ra hai vecto AB; BC nguoc hudng.

Il. HE TRUC TOA DO.
2.1. Pinh nghia

AB=-3; BC=5.

% He truc toa d¢ gdm hai truc vudng géc Ox va Oy vdi hai Y
vecto don vi lan luot1a 7;7 . Diém O 1a goc toa do, Ox goi la
truc hoanh va Oy goi la truc tung. 1

* Kihiéu: Oxy hay (O;f;f).

2.2. Toa d6 diém, toa do vecto
¥ Trong hé truc toa do (O;?;f), cap s (x;y) goila toa do cua vecto i =(x;y)
Si=xi+y,].
* Ki hiéu: ii=(x;y) hay ﬁ(x;y).
% Trong hé truc toa do (O; i ,;) , toa d0 cuia vecto OM goi la toa d cua diém M.

* Kihiéw: M=(xy) hay M(xy).

2.3. Toa do trung diém cua doan théng. Toa d0 trong tam tam giac

L
=
¥ M la trung diém cuia doan AB < 2
y _YatYs
M 2
v - X, +3;B + X,
% G la trong tam tam gidc ABC & .
YatYstlc
Yo = 3

V2]

Trong mat phang toa d6 Oxy, cho A(2;1),B(-1;-2),C(-3;2).
Tim toa do trung diém ctia doan théng AC.
Tim toa do trong tam tam gidc ABC.

Loi gidi
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I 1a trung diém ctia doan thang AC < I (% ,%) =3 (—

7

1
2
G la trong tam tam gidc ABC @G[Z—;—S_l—?:zj@G(_é

2.4. Bi€u thirc toa dd ctia cac phép toan vecto.

@ ﬁ':ﬁ’@{x:x,

x'=kx

Vécto ii' cung phuong véi vecto u (ii # 6) khi va chi khi ton tai s6 k sao cho { ok
Yy =Ky

Cho hai diém A(x,,y,), B(x,y,) thiAB=(x, Xy, ~v,).-

g Vi3

Trong méat phang toa 6 Oxy, cho @=2i,b=-3],6 =3i —4]

Tim toa dd cac vecto 4,b,¢,m=3i-2b.

Phan tich vecto ¢ theo hai vecto 7 ; b.

Loi giai

3
. . - [2m=3 mES L 3. 4
c=ma+nb < ——>Cc=—a+-b
-3n=-4 n—ﬂ 2 3
3
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Trong méat phing toa do Oxy, cho 3 di€m A(-1;-2), B(3;2),C(4;-1).
Chting minh 3 diém A, B,C tao thanh tam gi4c.
Tim toa d0 diém D sao cho ABCD la hinh binh hanh.

Loi gigi
Chitng minh 3 diém A, B,C tao thanh tam giac.
Ta c6 AB=(4;4), AC=(5;1).
g;t % — AB va AC khong cung phwong hay ba di€ém A, B,C tao thanh 1 tam giac.
Tim toa d6 diém D sao cho ABCD la hinh binh hanh.
— x,+1=4-3 <:>{xD=O

ABCD 13 hinh binh hanh khi va chi khi AD = BC <
y,+2=-1-2" |y, =-5

= D(0; -5).

Cho tam giac ABC, c6 hai diém A(2; —2),B(10; —6), diém C o trén truc Oyva trong tam G

trén truc Ox. Tim toa d0 C va G.

Loi giai
Dat C(O;y),G(x;O).
Ta cé: xGZXAH;BHC o 1P L (40, 6(0:8
- :>0=—83+y y=8= (4,0),G(0;8).

Tim toa d¢ diém D cua hinh thang ABCD, ¢6 2 day la BC, AD va BC=2AD vdi A(—l;z),
B(3;-4), C(5;0).

Loi gidi
Ny e e x=0
Dit D(x;y), khi do: BC=2AD =(2;4)=2(x+Ly-2) <:>{y=8:>D(O,-8).
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A

TRUC TOA DO

©® La mot duong théng trén d6 da xac dinh mot diém gdc O va mot vecto don vi i
Ki higu (0;7) .

O]

Toa d6 cua vecto u trén truc (O;i) lans u=ai .

O]

Toa do ctia diém trén truc: SO k goi la toa d§ ctia diém M d6i vai truc (O; ;)
= OM=ki .

Do dai dai s6 ctia vecto trén truc: AB=a <> AB=a.] .
Chuy

Né&u AB cing huéng véi i thi AB=AB .

Néu AB nguoc hudng véi i thi AB=—AB .

Néu hai diém A, B trén truc (O; ;) cé toa do Ian luwot 1a 4,b thi AB=b-a .

©@Oe 7o

Hé thic Charles: V&i A, B,C tuy y trén truc, ta cé AB+BC=AC .
Hai vecto AB va CD bang nhau & AB=CD .

@ ®

N\

A

A

HE TRUC TOA DO

Hé g6m hai truc toa do (0;17) , (O;;) vudng goc véi nhau.bDiém O 1a gdc toa do.
Truc (O; ;) goi la truc hoanh, ki hiéu Ox .

Truc (O;;) goi la truc tung, ki hiéu Oy .

& truc toa dd (o,}',}) con duwoc ki hidu 1a Oxy .

Mit phang toa do Oxy goi tat la mit phang Oxy .

Toa do ctia vecto d6i v6i hé truc toa d6: ii=(xy) e i=xi+y.j .

© © 0 © © 0 ©

Toa do ctia diém doi véi hé truc toa do: M(x;y)@W:x.f+y.f .(x:hoanh d¢, y:

tung do).

> Tinh chat: Cho ﬁ:(x;y),l;:(x';y'),ke]R,A(xA;yA),B(xB;yB),C(xC;yC) .

R x=x'

a=b <:>{ .
y=Yy

Eigz(xix';yiy') :

l

® ©

A R ) . +x, + +y, +
Toa do trong tam G cua tam gidc ABC:xG:xA J;B xc;yG:yA y; e

©

M chia doan AB theo ti s8 k «> MA=kMB .

®

Ba diém A,B,C thrfmg hang < s 7 X YT Ya
Xe=X4 Ye~Ya

@
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IV. CAC DANG TOAN N\
R~ Dang 01. TIM TQA DO CUA MOT DIEM; VECTO ; DO DAI CUA VECTO VA
CHUNG MINH HE THUC.

O St dung cac kién thic co ban sau :

® Diém M cbtoa ddla ae>OM=ai
® Vecto AB c6 d6 dai dais61a m=AB«< AB=mi
® Né&u a,b Tan lwot 1a toa dd cia A, B thi AB=b—-a
% Tinh chat:
@ AB=-BA. @ AB=CD < AB=CD VA,B,ce(o;?):E+E=E.

R Bai 01.

Trén truc toa do (O;;) cho 3 diém A, B,C co toa do lan lwotla —2;1 4.

Tinh toa d6 cac vecto AB; BC; CA
Chtmg minh B la trung diém cua AC.

Loi giai
Tinh toa d0 cac vecto E,- BC; CA
¢ Toa d0 vecto E 1a AB :1—(—2) =3
¢ Toa do vecto BC 1a BC=4-1=3
+ Toa d vecto CA 1a CA=—2-4=-6
Chting minh B la trung diém cta AC.

¢ Tacé AB=BC=3< AB=BC
= 3 diém A, B, C thang hang va AB=BC = B la trung diém cta AC.

Trén truc toa do (O ,;) cho bdn diém A, B,C, D bat ky. Chting minh

—_ —— _ — _—

AB.CD+ AC.DB+AD.BC=0

Loi giai
¢ Goitoa dd caa A,B,C,D lan lwot1a a,b,c,d .

¢ Khi do:
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A_B':b—a; A—C':c—a;ﬁ)):d—a

CD=d—c; DB=b—d; BC=c—b.

E.@+R.ﬁé+ﬁ.?¢z(b—a)(d—c)+(c—a)(b—d)+(d—a)(c—b)

k- Bai 03.

=bd—-bc—ad+ac+cb—cd—ab+ad+dc—db—ac+ab
=0.

N\

Trén truc toa do (0 ;1 ) cho hai diém A, B c6 toa d6 lan lwot la a,b.

Tim toa 46 diém M sao cho MA =kMB, (k #1).

Tim toa do trung diém I ctia AB.
@Tim toa d6 diém N sao cho 2NA =-5NB.

Loi giai

Tim toa &0 diém M sao cho MA = szs', (k # 1).

¢ Goi toa do diém M 1a x.

m=a—x

* Khi do: {_,

MB=b-x 1-k

= Vay toa do diém M la

a—kb

—>m=km©a—x=k(b—x)<:>x=

—kb
4 . (k;tl).

Tim toa do trung di€ém I cia AB.

+ Goi toa d6 diém I 1a . I 1a trung diém ctia AB khi va chi khi IA=—IB.

, Iz:a—y
*Taco:<_,
IB=b-y

—)Ijﬁl’:—ﬁé@a—y:—(b—y)@y:%

a+b

= Vay toa d6 diém I la o

(3)Tim toa d6 diéfm N sao cho 2NA = -5NB .

+ Goi toa do diém N 1la x.

NA=a— .
e Khido: | ¥ 2NA=-5NB & 2(a-x)=-5(b-x) > x = 22420
NB=b-x 7

= Vay toa do diém N la

2a+5b

, (k=1).
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I‘ Trén truc (O ) cho3 diém A, B, C c¢dtoa do lan lwotla a, b, ¢. Tim diém I sao cho IA+IB+IC=0

Loi giai
¢ Goidiém I cOotoadodla x.
E:a_x IA=(£l—x)i
*Tacod: {IB=b-x = ﬁ=(b—x)f
IC=c—x E:(C—x)?

o Khi d6: IA + [B+IC = 0<:>(a+b+c 3x):=6_ )a+b+c—3x:0<:>x:a+b+c.

R Bai 05.

Trén truc (O;;), cho 4 diém A, B,C, D c6 toa dd lan lwot 1a a4, b, c,d va thoa man hé thirc

DA CA
2(ab+cd) = b d). Chu inh — =
(a +c) (a+ )(c+ ) g minh rang: 5" CE

Loi giai

+ Ta co: ﬁzu—d;ﬁzb—d;C_Aza—c ; CB=b-c.
¢ Theo dé bai:  2(ab+cd)=(a+b)(c+d)

< 2ab+2cd =ac+ad+bc+bd
< ab—ac+cd—bd =bc—cd+ad—ab

= a(v-c)+d(c-b)=c(b-d)+a(d-b) & (b-c)(a—d) =~(b-d)(a—c) = T2 =~ 1=

R~ Dang 02. TIM TQOA DO CUA MOT PIEM; VECTO TREN MAT PHANG Oxuy.

Phwong phdp giai

O Ta can nhé cac két qua sau:

E:(xB XY _yA)
ABz‘E‘z\/(xB —xA)2+(yB —yA)

® Vi hai diém A(xA,yA),B(xB;yB), ta co:

P

d=x.i+y,]
a=(x; - -
@ Vi hai vecto < . ( ' yl) ,tacd:la=b < &
b:(xz;yz) ylzyZ
m.i+nb = (max, +nx,; my, +ny,)
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Viét toa d6 ctia cac vecto sau:

R Bai 07.

- > 1=
Cho =(2;0),b :(_1;5)’6 =(4;,-6)

Tim toa d6 cua vecto d =27 -3b +5¢C.

@ Tim hai s6 m,n sao cho: ma+b—-nc =0.

Loi giai
Tim toa d6 cua vecto d=23-3b+5¢.

x=22-3.(-1)+54  [x=27

+ Goi 3=(x;y),ta co: o 63—>3=

1
y=2.0—3.§+5.(—6) y=-=

(2 Tim hai s6 m,n sao cho: ma+b—-nc =0.

. . 2m—-1-4n=0 m:E
eTacd: mi+b-nc=0<11 & 3
—+6n=0 1
2 n=-—
12
1 1
= Vay m=—;n=——
3 12

|

27;—§

2.

Cho a = (1,' 2),5 = (—1; 4),5 = (0;4) . Tim toa d6 va 0 dai ctia cac vecto u,v biét:

ii=23-4b+C+5; . @ D=d+b-3C+2i .
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ii=2d—4b+C+5] .
*Tacé j=(0:1).

* Goi ii=(x;y), ta co: {x=2.1—4.(—1)+0+5.0<:>{x=6 :>ﬁ=(6;13)
y=22-44+4+51 y=13
* Do dai ctia vecto i 1a: [#] = v/6? +13? = /205 .
D=G+b-3C+2i.
+Tacod f:(l;O).
+ Goi 5=(x;y),ta co: {x:1—1—3.0+2.1 @{x:Z :>5=(2;—6)
y=2+4-34+420  |y=-6

+ D0 dai ctia vecto o la: ‘5‘ = .,22 +(—6)2 = 2\/5.
T

Biéu dién vécto ¢ theo céc vécto 71',1; biét
i=(2-1),b=(-3;4) va & =(-4;7). i=(11),b=(2-3) va ¢=(-13).
i=(-4;3),b=(-2-1) va ¢=(0;5). i=(42),b=(53) va &=(20).
i=(2-2),b=(14) va ¢=(50). i=(13),b=(11) va ¢=(4;3).

-----

i=(2-1),b=(-34) va ¢ =(47).

. L7 |A=x2+y.(-3 2x -3y =— =1 Lo o
* Gia st c:xa+yb:>{7 3; 1)]/(4)@{ Y <:>{x ——c=a+2b.
=x.(-D)+y.

@ d=(11),b=(2-3) va ¢ =(-13).

e w2 [l=xliy2 x+2y=-1 |*7
*Gidst c=xa+yb= 3— 214 (3)<:> =
=x.1+y.(-

=(—4 3) E:(—Z;—l) va E=(O;5).

- O=x.(-4)+y.(-2 —4x-2y=0 =1 -
0Giés&8=xﬁ+yb:>{5 x; )+(y1§ )c){ ey <:>{x ——>C=a-2b.
=x.3+y.(—
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e e s L 2=x4+y.5 4x+5y =2 x=3 Y e A
*Gidstt c=xa+yb= = = ——c=31-2b.
0=x2+y.3 2x+3y=0 y=-2

©® d

(2;—2),52(1;4) va E=(5;0).

s o |5=x2+4yl 2x+y=5 x=2 L -
+Gidstt c=xa+yb= = = .
O=x.(-2)+y.4 -2x+4y=0

i=(1,3),b=(11) va ¢=(43).

i 0 oo 4A=xlryl x+y=4 2
sGiastt c=xa+yb= = =
3=x3+y1 |3x+y=3 9 2

R Bai 10.

Cho # =(2;-5), 0 =(3;4), © =(-5; 7).

Tim toa d6 ctia vécto 4 =1 +30—5w.

@ Tim toa do ctia vécto x sao cho 1 +20-3w+x=0.

Tim m biét rdng ¢ =(6;m) cung phuwong voi @ .

Loi giai
Tim toa d6 ctia vécto 4 =1 +30—5w.
x= 2+3.3—5.(—5) =36

—— i =(36;-28).
y=-5+34-57=-28

* Gia str Zi=(x,'y):>{
2 Tim toa d6 ctia vécto ¥ sao cho i+ 203w +x =0.
2+23-3.(-5)+x=0 {x:—23
=

——i=(-2318).
-5+24-3.7+y=0 y=18

+ Gia st Ziz(x;y):{
Tim m biét rdng ¢ =(6;m) clng phwong voi @ .

¢ 5=(6;m) cung phuong voi z_(3<:>£5=—:>m=——.

R Bai 11.
Cho @ =(2;1),b = (3,4),¢ =(-T;2).

Tim toa d0 cta vécto 1 =3a+2b—4c .

@ Tim toa d0 ctia vécto X saocho X+a=b-cC.

TimcécsSk,ldé?EsziHE.

Loi gidi

Tim toa d6 cua vécto 1 =31 +2b —4c .
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* Gia s u:(x;y):> ——>u=(40;3).
y=31+24-42=3

—

(2) Tim toa d06 ctia vécto X saocho X+a=b-c.

x+2=3-(-7 x=8
=

y+1=4-2 y=1

* Gia st 5c'=(x;y):>{ —>9?=(8;1).

3) Tim cacs6 k, 1 d& ¢ =ka +1b .

7

* Ta co

~T=k2+13 [2k+31=-7 ~ g
f— =
2=k.1+1.4 k+4l=2 11

Trong mat phang toa dd Oxy, cho diém M(x;y). Tim toa dd ctia cac diém
M, d6i xting véi M qua truc hoanh.
M, ddixting véi M qua truc tung.
M, d6i xting véi M qua gdc toa do.

Loi giai
M, d6i xting véi M qua truc hoénh—)Ml(x ;—y).
M, d8ixting véi M qua truc tung—> M, (—x;y).

M, d6i xtng voi M qua gdc toa d6——> M, (—x;—y).

Trong hé truc toa do (O;;,}), cho hinh vuéng ABCD tam I va c6 A(1;3). Biét diém B thuoc truc

(O;?) va BC cung hudng voi i Tim toa d6 cac vecto Eé, B_C', AC.

Loi giai
. B_C' cung hudng voi i my ABL BC = B la hinh chiéu ctia A trén truc (O;?) = B (1;0).
+ BC cung huéng véi i =C thudc truc (O,;) Goi C(c,O);c > 0.

* Ta c6 BC =(c~1,0), AB=(0;-3)

¢ =4(tm)

BC=AB= \/(c—l)2 +0% = \/02 +(-3) > fe-1=3= L =-2(I)

= Vay AB=(0;-3),BC =(3;0), AC =(3,-3).
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Trong mit phang toa d6 Oxy, cho hinh thoi ABCD canh a va géc BAD bang 60°. Biét A trung véi
goc toa do O,C thudc truc Ox va x, 20,y, >0. Tim toa do cac dinh ctia hinh thoi ABCD.

Loi giai
¢ Tacod A trung vdi goctoa do O = A(O;O).
¢ Goi B(x,y) (x,y=0)= D(x,-y) (vi B va D d6i xtng v6i nhau qua AC hay qua truc
hoanh).
¢ Vi C thudc truc Ox nén goi C(z,0) (z>0).
+ Hinh thoi ABCD c6 géc BAD bang 60° = AABD déu= AB=BD=a= AC = 3.

(B
AB=a VXY =a X’ +y’=a 2

¢ Tacdé{BD=a = 02+(—2y)2:a:> Zy:a =iy =

AC=a3 |Z2+0" =3 z=a\3 S

(vi x,y20,z>0)

NS

= Vay A(O;O),B{a > “J,C(a\/ﬁ,o),D[ﬁ,_—”].

22 2 "2

Trong hé truc toa d6 (O,?,;), cho tam gidc ABC déu canh a, biét O la trung diém BC, 0C cung
huwéng voi ;", OA cung hudng voi ;

@ Tinh toa d6 cac dinh cua tam giac ABC.

@ Tim toa d6 trung diém E ctia AC.

@ Tim toa do tam duong tron ngoai tiép tam gidc ABC.

Loi giai
Tinh toa d¢ cac dinh ctia tam giac ABC.
+ Ta 6 O la trung diém BC nén OB=0C =%.
+ Ma CTé cung hudng voi ; nén C(%;Oj, B[—%;OJ.

¢+ Tam giac déu ABC canh a, O 1a trung diém BC
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Ma OA cung hudéng voi ; nén A[O; %j

Tim toa do trung di€ém E cua AC.
¢ E la trung diém cua AC nén toa do cua diém E[% ;#J_

Tim toa d6 tam duong tron ngoai tiép AABC.
* Goi I(x,;y,) 1a tdm duong tron ngoai tiép AABC.
¢ Do tam gidc ABC déunén I chinh la trong tam ctia AABC.

— 11— xl=%.0 x, =0
=0I=-0A < =
3 _l_u\/g yzzﬁ.
Y 3 2 6

= Vay toa d tam duwong tron ngoai ti€p tam giac ABC la I [0;%} ,

R Bai 16.

Trong hé tryc toa dd (o,?,}), cho hinh thoi ABCD tam O 6 AC=8, BD=6.Biét OC va i ciing

huwéng, OB va j cung hudng.
Tinh toa dd cac dinh ctia hinh thoi.
@ Tim toa d6 trung di€ém I ctia BC va trong tam AABC.

Loi giai
Tinh toa d6 cac dinh ctia hinh thoi. B

¢+ Hinh thoi ABCD tam O, AC=8, BD=6
=0A=0C=4,0B=0D =3.

v OC va i cung huéng = C(4;O),A(—4;O). |

Sl D

cé.l"

¢+ OB va ;cfmg huéng = B(0;3), D(0;-3). 9)
Tim toa do trung diém I cua BC va trong tam AABC

¢ I la trung diém cua BC = toa dd I(Z;gj .

* Goi G(x;y,) 1a trong tam tam gidc ABC

_ XXX

xG = 0
= 3 = {xc = Vay trong tam tam giac ABC la G(O; l).

Yo =

Ya+tYstye  (Yo=1
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Cho hinh binh hanh ABCD ¢6 AD =4 va chiéu cao twong ting véi canh AD bang 3, BAD = 60°.

Chon hé truc toa do (A,;,;) sao cho i va E cung huong, y, > 0. Tim toa d§ cc vecto E, BC ,

C_D'VélA_C'.

Loi giai
¢+ A la gOc toa do nén A(O,' 0). B C

v AD=4, i va AD ciing huéng nén D(4;0)

+ Goi BH la duong cao tuwong ting vdi canh

AD,H e AD jn

= AABH vudng tai H va c6 BAH =60, BH=3 50°

sap=—PH _ 3 __,f, Al 7 H D
sinBAH sin60

AH - BH _ 3 =\/§

tan BAH tan60°
¢+ Do y, >0 nén B(\/§,3).

+ ABCD hinh binh hanh nén BC = AD < { ~f3=4 {x _4+‘/_ (4+\/_3)
yc -3=0 .VC_‘?’

= Vay fTé:(x/§;3),ﬁf:(4;0),6:(—\/3?;—3),@:(4+\/3_’;3).

k- Bai 18.

Cho luc giac déu ABCDEF . Chon hé truc toa do (O; i ; ;) trong d6 O la tam luc giac déu, i cung

huong oD , ; cung huwdng EC.Tim toa do cac dinh luc gidc déu biét canh ctia luc giacla 6

Loi giai
+ Tacd O(0;0;0). F E
o cung huong OD = O—Ij = 6?:> D(6;O).

= OA=-O0D =-6i = A(-6;0) O

¢ AEOC:EC? = OE? + OC? — 20E.OC.cosEOC
— 6% +6% —2.6.6.c0s120° =108 = EC = 6+/3

¢+ Goi I la trung diém cua BC

:>OI=%EC=3\/§:>&=3\/37:>I(O;3\/§) B I C
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x—0==.
:>c(3;3J§)

6 {x:3
—
1 ~33
—3J3==-0 W
y-33=7

N |-

. — 1=
¢+ Goi C(x;y) :>IC=§OD:>

*Do I la trung diém ctia BC = B(-3;3V3)

*Do O la trung diém ctia BE = E(3;-3V3)

¢+ Do O la trung diém cua CF = F (—3; —3\/§ )

= Vay A(-6;0), B(—3;3J§), c(s;s@) ,D(6;O),E(3;—3\/§), F(—3;—3J§)
T

Trong mat phang Oxy cho hai diém A(—l;l), B (1; 3) .

Tim toa dO diém M sao cho ﬁ/i = (3;0)

@ Tim toa d6 diém N sao cho NA = (1 ;1)

.....

Tim toa do diém M sao cho BM = (3;0)
* Goi M(x;y).

——M(4;3).

_ x-1=3 x=4
. BM=(x—1}y—3):(3;0):>{y_3:0©{y:B

Tim toa d6 diém N sao cho NA = (1;1)
. GQi N(x’;y') '
‘m:(_1—?6';1—?/):(1;1):{_1_3(’:1 {xlz—z

, =N —)N(—Z;O).
1-y'=1

y'=0

Trong mat phéng Oxy cho hai diém A(—4;0), B(O;3),C(2;1).
@ Tim toa d6 diém i =2AB— AC
@ Tim toa d6 diém M sao cho MA +2MB+3MC =0

Loi giai
Tim toa d¢ diém & =2AB - AC
AB=(4:3 I
*Tacod {__, ( )—>ii:2AB—AC:(2;5):>H:(2;5).
AC=(6;1)
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Tim toa d6 diém M sao cho MA +2MB+3MC =0 N
m:(4—x;—y)
+ Goi M(x;y)——> Aﬁ:(—x;B—y)
I\E:(Z—x;l—y)

¢ MA+2MB+3MC =(4-x-2x+6-3x;-y+6-2y+3-3y)=(-6x+10;-6y+9)
- [-6x+10=0 |*¥~ 5 3
¢ MA+2MB+3MC=0=> = — M| —;—
—6y+9=0 3'2
y:
R Bai 24.
Trong mat phéng Oxy, cho ba diém A(3;4), B(2;1), C(—l;—Z) .

Tim tga do trung di€ém ctia canh BC va toa do trong tam caa AABC.
@ Tim toa d6 diém Dsao cho ABCD1a hinh binh hanh.

N|lw wlo

Loi giai
Tim toa d¢ trung di€ém ctia canh BC va toa do trong tam caa AABC.

* Goi M la trung diém cua canh BC.

Xp+ X 2-1 1
N R R T 11
* Toa d6 diém M: IS & — M| =;—|.
Y+ Ve 1-2 -1 2 2
yM=—2 yM:T yM=?
¢ Goi G la trong tam cua AABC.
xG=xA+xB+xC xG=3+2—1 ) :ﬂ .
+ Toa d6 diém G: 3 o 3 ol 3—>G(—;1].
Yty +Yc _4+1-2 _ 3
yG:T Yo = 3 Yo =

Tim toa d0 diém Dsao cho ABCD1a hinh binh hanh.
+ Ta co E = (—1;—3) .

\ \ \ \ _1_xD =_1 xD =0
ABCD 14 hinh binh hanh < DC = AB < , 3 1—>D(O;1) .
=Y, =—
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R Bai 25.

N\

Trong mit phang Oxy, cho hai diém A(3; — ), B(l;O) .
Tim toa do trung di€ém ctia canh BC va toa d6 trong tam caa AABC.
Tim toa d0 diém Dsao cho ABCDIla hinh binh hanh.

Loi giai
Tim toa d0 diém C sao cho OC = —3AB.
+ Tacd AB(-2;5).
* Vi OC =-3AB va toa d6 OC ciing la toa d6 diém C nén

=-3.(-2 =6
*c (=2) ol ¥ —)C(G; —15) )
y.=-3.5 y.=-15

Tim toa d¢ diém D d6i xiing A qua C.
¢ D d6i xting Aqua C < C la trung diém AD.
<:>{2;~cc =x,+x, @{xD =2x.—Xx, @{ x,=26-3 @{ x, =9 D(9;—25).
2Ye =Y.+ Yp Yo =2Yc Y, yp =2.(-15)+5 y
B> Bai 26.

Trong mat phéng Oxy, cho hinh binh hanh ABCD c6 A(-1;-2), B(3;2), C(—4;1). Tim toa d6 dinh
D.

Loi giai
¢ Tacod E=(4;4).

\ \ \ \ - B _4_xD:4 xD
¢ ABCD]la hinh binh hanh < DC = AB < 1 A =
~Yp=

R Bai 27.

Trong mat phang Oxy, cho hai diém A(L,-1), B(43).
Tim toa do trung di€ém ctia AB.
Tim diém M chia doan théng theo ti s0 k=2.
Tim diém C sao cho AB=0C.

Loi giai
Tim toa d¢ trung diém ctia AB.

5
NET T (5
¢ [ la trung diém ctia AB < =1 =;1].
1
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Tim diém M chia doan thang theo ti s6 k=2.

* Goi M(x;y). ]\ﬂ=(1—x;—1—y),m:(4—x;3—y).

= M(7;7).

7 , — —  [1-x=2(4-x) x=7
¢ M chia doan thang theo ti s6 k=2 < MA =2MB < =

Tim diém C sao cho AB=0C .

* Goi C(xc;yc). E=(3;4)z(f=(xc?]/c)

< :>C(3;4).

* Ta co: Ez&@{
4=y,

B> Bai 28.

Trong mat phéng Oxy, cho hai diém A(l; —2), B(O; 4),C (3; 2)

Tim toa d0 cac vecto E, A—'C,B_C. .
@ Tim toa do diém M sao cho CM =2AB-3AC .
Tim toa do diém N sao cho AN +2BN—4CN =0.

Loi gidi
Tim toa do céc vecto AB, AC,BC.
AB=(-16). AC=(2;4). BC=(3;-2).
Tim toa d6 diém M sao cho CM =2AB-3AC .
Goi M(a;b). CM =(a-3;b-2).
a-3=2.(-1)-32

<:>{a=_5:>M(—5;2).
b-2=26-34

Tacé:Cﬂ=2E—3fTCf<:>{ -
Tim toa d0 diém N sao cho AN +2BN—4CN =0.
Goi N(x;y). AN =(x-Ly+2). BN=(x;y—4). CN =(x-3;y-2).

— — — - [x-1+2x-4(x-3)=0 {x=11
Ta c6: AN+2BN-4CN =0 <
y+2+2.(y-4)-4.(y-2)=0 |y=2

B> Bai 29.

Trong mat phéng Oxy, cho hai diém A(l; —2), B(Z; 3),C (—1; —2) .
Tim toa do diém D ddi xting ctia A qua C.
Tim toa d0 diém E la dinh thit tw ctia hinh binh hanh ¢6 3 dinh1a A, B,C.
Tim toa d9 trong tdm ctia tam gidc ABC.

= N(11;2)

Loi gidi
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Tim toa d6 diém D d6i xting cia A qua C. \
D d6ixing ctia A qua C
X, X,
5 L Y= 2 X, =2x.—x,=-3
< C latrung diém cua AD < = = D(—S; —2).
_YatYp Yp=2Yo—Y,=—2
yC - 2
Tim toa do diém E la dinh thit tv ctia hinh binh hanh ¢6 3 dinh1a A,B,C.
+ Goi E(x;y).

E la dinh tht tw ctia hinh binh hanh c6 3 dinhla A, B,C.
. s . . — — x+1=1-2
© Truong hop 1: ABCE la hinh binh hanh <> CE = BA < { 5 <:> { 2'—7) .
y+2=-2-

® Truong hop 2: ABCE 1a hinh binh hanh < CE = AB < =

y+2=3+2 {y

— -1=2+1
© Truwong hop 3: ACBE la hinh binh hanh < AE=CB < *
y+2=3+2

— {x+1 2-1

X

0
3
4
=
3

Yy
= Vay E (-2;-7),E,(0;3) hodc E,(4;3).
Tim toa d¢ trong tam cua tam gidc ABC.
X, +Xx,+X 2
X, = A 33 c X, = 5 -
¢ Trong tam G cta tam gidc ABC < = N =G| =; .

+y,+
yG:yA y33 yC

R Bai 30.

Cho mat phang Oxyz, cho ba diém A(—2;1); B(B; —2);C(O; 3) )

Tim toa d0 cua u = AB+3BC—2CA .

@ Chting minh A, B,C la ba dinh ctia mot tam giac, tim trong tim G ctia AABC.

Tim toa dd diém D sao cho CD=2AB+3BC.

Tim diém E sao cho t& gidc ABCE 1a hinh binh hanh. Tim tam cta hinh binh hanh d6.

Loi gidi
@ Tim toa do ctia ii = AB+3BC —2CA.
* Ta co: AB=(5;-3);BC =(-3,5);CA=(-2,-2),
* Khi d6: u= AB+3BC —2CA = (0;16).

Chttng minh A, B,C la ba dinh cia moét tam giac, tim trong tam G caa AABC.
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+ Ta co: E=(5;—3);A—C=(2;2),
o Ma: 2+ = AB£KAC,
2 2
¢ Vay A, B,C laba dinh ciia mdt tam gidc
¢ Trong tam G caa AABC la: G(%,%j
Tim toa d6 diém D sao cho CD=2AB+3BC.

* Ta co: (TD=2E+3EZ

{xD — X, :2(xB —xA)+3(xC —xB) {xD -0= 2(3+2)+3(0—3) {xD =1
=

Yo~ Yc zz(yB_yA)+3(yC_yB) yD_3:2(_2_1)+3<3+2)

* Goi I la tam ctia hinh binh hanh khi d6 I 1a trung diém ctia AC =1 (—1; 2).

yo=12= D(112).

Tim diém E sao cho t& gidc ABCE la hinh binh hanh. Tim tdm ctia hinh binh hanh dé.
¢ T gidc ABCE la hinh binh hanh
:R:E:{xc —X, =X, —X, :{O—xE =3+2 :{xE =—5:> E(—S;G).
Ye=Ye =YYy (3-Yp=-2-1 [y, =6
R Bai 31.
Cho mét phang Oxyz, cho diém A(B;O) E B(—3;O). Xéc dinh toa dd diém C, D sao cho.
@ CA+3CB=0. @ DA-3DB=0.

Loi giai
1) CA+3CB=0.
3
—_— — s x,—x.+3(x,—x.)=0 3—-x.+3(-3-x.)=0 -_=
e CA+3CB=0=1" ¢ (x5 =) A ( =% 2—>C(_§;Oj.
yA_yC+3(yB_yC):O 2

2) DA-3DB=0.
— —x,=3(x,-x,)=0 [3-x,-3(-3-x,)=0 -
oDA—sDBzo:s{x*‘ % =3(x, =) 0:{ % =3(-3-x) :{x’) 6—>C(—6;0).

Ya—Yp=3(Vs—Vp)=
R Bai 32.
Cho mit phang Oxyz, cho diém A(3;4);B(—12);1(4;1). Xac dinh toa d6 diém C, D sao cho tit gidc

ABCD 1a hinh binh hanh va I 1a trung diém ctia CD. Tim toa d6 tdm O cta hinh binh hanh
ABCD.

Loi giai
+ Goi toa d¢ hai diém C(a;b), D(c;d).
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¢ Tk gidc ABCD va I la trung diém cua CD \
-1-3=a-c¢ a-c=-4 a=2
AB=DC 2-4=b-d b-d=-2 |b=0
S = = :
ID+IC=0 c-4+a-4=0 c+a=38 c=6
d-1+b-1=0 d+b=2 d=2

= Vay C(2;0),D(6;2).

R Bai 33.

Trong mit phang Oxy, cho A(3;1) ; B(l; —3). Dinh C nam trén Oy va trong tdm G nam trén truc
hoanh. Tim toa d6 diém C.

Loi giai
¢+ CeOy=C(0;c); GeOx=G(g;0)

¢ Do G la trong tam tam giac ABC nén ta co

X _xA+xB+xC
c= T o =3y .y, —
3 :{yc Yo Iam s o 230-1-(-3)=2>C(0;2)
_YatYstYe Xe =3Xg =X, — Xy
yG_ 3

k- Bai 34.

Trong mat phang Oxy cho tam giac ABC c6 M;N; P Ian luot 1a trung diém ctia BC; AC; AB Biét
M (1;1) ;N (—2; —3) ; P(2; —1). Tim tao d¢ cdc dinh cua tam gidc ABC.

Loi giai
* Goi B(a;b)
\ n . , | X =2x,—x,=2~a
*M (1; 1) la trung diém ctia BC nén ta c6
Yo =2Yy —Yp=2-b

o NP =(42);CB=(2a-2;20-2)
¢ N;P latrung diém ctia AC; AB nén NP la duong trung binh cta tam giac ABC

20-2=8 {a:S

* Do vy 2NP=CB < (8;4)=(2a—2;2b-2) <:>{2b—2=4<:> o

= B(5;3);C(-3-1)

X, =2x,—x.=-1

Ya= ZyN —Yec :_5: A(_l;_S)

+ N(-2;-3) la trung diém ctia ACnén {

i
Trong mit phing Oxy, cho tam gidc ABCc6 A(3;4) ;B(-1;2);C(41). A' la diém ddi xting ctia A
qua B.B'la diém d6i xting ctia B qua C. C' la diém d6i xing cua C qua A.
Tim toa d0 cac diém A';B';C"' .
Chttng minh cac tam giac ABCva A'B'C'co6 cung trong tam.
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Loi giai

Tim toa d0 cac diém A';B';C" .

. A(3;4) ;B(—l;2);C(4;1) —=Toa d0d trong tam G cua tam gidc ABC la G(Z;%]

* Taco B(—1;2) la trung diém cua AA' voi A(S; 4) nén A'(—S;O)
C(4;1) la trung di€ém cua BB' vé6i B(—1;2) nén B'(9;0)
A(3; 4) la trung diém cua CC' véi C(4;1) nén C'(2;7)
Chttrng minh cac tam gidc ABCva A'B'C'c6 cung trong tam.
7
¢ Trong tam G' cua tam giac A'B'C' la G'(Z;gj

= Do vay Trong tam hai tam gidc A'B'C'va tam gidc ABC trung nhau.

s
Trong mat phéng Oxy, cho ba diém A(—S; 6), B(l;— ), C (6; 3).

Tim toa d¢ diém D d€ ABCD la hinh binh hanh va tim toa d6 trong tam G ctia AABC

Tim toa do diém E thoa bidu thirc véc to CE=2AB-3AC.

Tim toa d6 diém F thoa bidu thtic véc to AF+2BF —4CF =0.

Tim diém K thoa bi€u thirc véc to 4KA—3BK+CK=0.

Tim tdm I va ban kinh ctia duwong tron ngoai ti€p AABC.

Tim cac diém A,, A,, A, sao cho AABC nhéan cac diém d6 lam trung diém cac canh

Tim céc diém M, N, P sao cho AMNP nhén cac diém A, B, C lam trung diém céc canh.

Tim hai diém chia doan AC lam ba phan bang nhau.

Tim dién tich AABC va dién tich hinh tron ngoai ti€p AABC.

Loi giai
Tim toa d§ diém D d€ ABCD la hinh binh hanh va tim toa dd trong tdm G ctia AABC
AB= (4;—8), DC = (6—xD;3—yD)

¢ ABCD la hinh binh hanh <> AB=DC @{3 o = D(211)
_yD:_
* Goi G(xG;yG)
-3+1+6
G1 aaBc el 3 Gl 2,1
. at ta BC < =G| —;—
A 6-2+3 (3 3)
Yo = 3
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Tim toa d§ diém E thoa biéu thic véc to CE=2AB-3AC.
* Goi E(xE;yE)
AB=(4;-8), AC =(9;-3), CE=(x, ~6;y,-3)

x,—6=24-39
y,—3=2.(-8)-3.(-3)
Tim toa d6 diém F thoa bidu thitc vée to AF+ 2ﬁ _4CF=0

F=(
4x;=6)=0 = F(25;6)
Yy, —6+2(y, +2)—4(y,—2)=0

Tim diém K thoa biéu thite véc to 4KA —3BK+CK =0 .

o CE=2AB—-3AC @{ :>1-:(_13;_4)

* Goi F(xF;yF) :Ez(x +3;yF—6)

. {x ,+3+2(x, -1)-

X, ~Ly,+2), CFz(xF—G;yF—3)

. X
¢ AF+2BF-4CF=0<«<

* Goi K(xK;yK):ﬂ:(—3—xK;6—yK), ﬁ:(xK —1;yK+2),&=(xK—6;yK—3)
g R -G T ) A (28]
4(6-y,)-3(y, +2)+(y,-3)=0 272
Tim tam [ va ban kinh ctia duwong tron ngoai ti€p AABC.
* Goi I(x,;y,) = 1A=(-3-x,;;6-y,), B=(1-x;-2-y,), IC=(6-x,;3~y,)

IA? = IB?

+ D€ I la tam duong tron ngoai tiép AABC <
& & P {IAZ =1IC?

@{(_3_%)246_%)2 —(1-x,) +(-2-y,)

(—3—x1)2+(6—y1)2 :(6—x1)2+(3—y1)

8x, 16y, = -40
@{’ (%)

18x, -6y, =0 (

:>R:IA=\/(—3—1)2 +(6-3) =5

Tim cac diém A,, A,, A, sao cho AABC nhan cac diém dé lam trung diém cac canh

‘ - -3+1
.
* Goi 4,(x,;y, )1a trung diém canh AB = . _22 = A,(-12)
Ya, =5
T2

51 39
¢ Tuong tuw A,, A, lan luot la trung diém BC, AC = A [2 2} A, (E,Ej

Tim cac diém M, N, P sao cho AMNP nhéan cac diém A, B, C lam trung diém cac canh.
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* Goi M(x,;y,), N(xyiyy): P(xp:95)
¢ Gidastt A, B, C lan luot la trung diem MN, NP, PM
Xy + Xy =2.(-3)  |yy+yy=2(6)
* Khi d6: <x +x,=21  va iy, +y,=2(-2) = M(2,11), N(-81), P(10;-5)
Xp,+x,, =26 Ypt+y,, =23

Tim hai diém chia doan AC lam ba phan bang nhau.
* Goi Q(xQ;yQ), R(xR;yR) thudc doan AC sao cho @=@=R_C'=%A—)C
* C6 AQ=(x,+3,y,-6); RC=(6-1x,;3-y,); AC=(9%-3)

_— —

o Vi fTQz%AC va RCz%fTC
1

va > =0(05) va R(3:4)
3

Tim dién tich AABC va dién tich hinh tron ngoai ti€p AABC.
* Goi T(-3;-2), U(6;-2), V(6;6)
=TU=AV =9, AT=VU=8,VC=3, CU=5,BU=5,TB=4
1 27 1 25 1

* Sy =98=72,5,,¢ 259'3:7/5301 25'5'5:?/SABT 258'4:16
=55 = 72_2—27—%—16 =30(dvdt)

= Dién tich hinh tron ngoai tiép AABC 1a 7.R* =7.5> = 257

B> Bai 37.

Trong mat phang Oxy, tim diém M sao cho x°, +y?, nho nhat khi biét toa d6 c6 dang
M (1+2t;1+3t) M(1-2t;1+t)

Loi giai
M (1+2t:1+3t)

4 2 2
* Ta co xy, +yy,

2
=(1+2t)2+(1+3t)2=13t2+10t+2:13 t2+2.£.t+£ +i=13 1f+E +i2i
13 169 ) 13 13 13 13

A~ M 1
= Vay x?, +v>, dat gia tri nhé nhét bang 3
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M(1-2t1+t)
2
e Taco x%, +y%, =(1-2t) +(L+t) =512 ~2t+2 =5(t—%} +

= Vay x?, +1y°, dat gid tri nho nhat bang g

i
5

>

2
5

N\

doan AC diqua B

Trong mat phrfmg Oxy, cho hai diém A(4; 4), B(O; 1) . Tim diém C trén Oy sao cho trung tryc cta

Loi giai
* Goi C(O;c)
* Co @ =(—4;—3), Ef = (O,‘C—l)
+ D€ trung tryc cua doan AC diqua B < AB=BC

o (-4) +(-3) =0+ (c-1) & [2 i_

-6 _ {m(em)

yn=3  [N(9:3)

* Véi < - .
va=-2_ [M(4-2)
y, =1 N(1;1)

R Bai 39.

6 = Va 0;6) hoa 0; hi th¢ b
4 ayC(, ) oacC( ,—4)t1t 0a ycbt.

Trong mat phang Oxy, cho AABC ¢6 A(—l;l),B (5 ;3), dinh C nam trén truc tung Oy va trong

tam G cua tam giac thudc truc hoanh Ox. Tim toa diém C va tinh dién tich AABC.

Loi giai

* Ta co: {CeOy—)C(O;yC).
G € Ox - G(x;;0)

* Goi M la trung diém AB:>M(2;2):@=(2;2—yc),£=(x6—2;—2)

* V6i G la trong tam AABC

3 _
3 2=§(xc—2) y.=5
:CM:ECG: =

3
2—yc=5.(—2) Yo 3

AB=(6;2) 11— —7 1
s Turdotaco: | — 38, = —‘[AB ;AC}‘ - 2]6.4-1.2/=11.
AC=(1;4) 2 2

10 :>C(0;5) va G

0

—;0/.

&
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H Trong mit phang Oxy, tim hai diém M,N e (P) -y = x. Biét rang IM =4IN va I(O; 2)

Loi giai
M=,y -2) _ |IM=(viiv -2)

*Tacé M,Ne(P):y —x:{ . :
IN=(x;yy=2)  |IN=(yi:vy—2)

—_ I 2 — 2 2 _ 2
¢ Lai co: IM:4IN<:>{]/M W @{yM 4y
v, —2=4y, -8 y,—2=4y,-8
_yM =2y _yM =2Yy _yM =2Yy _yM =6
_yM_2:4yN_8 _zyN_2=4yN_8 _ZyN=6 YN =
Pl g — b Lt .
Y ==Yy Yu ="2Yy Yu =—2Yy Yy =2
Yy —2=4y, -8 | —2yy—2=4y, -8 6y, =—6 ly, =1

B> Dang 03. VECTO CUNG PHUONG & UNG DUNG.

| Phwong phap giai |

<
[¢]
(@)
a
3
Q
(@)
2
5
¥
5
=
<
3
5
¥
<
o5
<
[¢)
(@)
a
Q
<
—_
il
#
ol
N —
/_J%

Néu xy #0 tacd i cung phwong s X Y
Xy
D& phan tich ¢=(c;c,) qua hai vécto ii=(x;y);5=(x";y') khong cing phuong, ta gia st

¢

m.i+n.0 . Khi d6 ta quy vé giai hé phuwong trinh {mx i nx’ RPN {m .
my+ny' =c, n

Véi 3 diém A(xA;yA);B(xB;yB);C(xC;yC).

Xp = X4 _ X=Xy

Ys=Ya Yc—Ya

V6i AABC bat ki thi CA+CB> AB. Dau “=" xay ra < A, B,C thang hang.

Bat dang thitc vécto

D& A,B,C thing hang thi AB " AC <

® ©

lii| - [5| < |ii + 9| < |if| +|7| = D&u “=" xay ra< i, 9 cing phuong va hudéng,.

“u_rr

[ti+ 0 + | <[ii| +[0| + || = D&u “=" xay ra<>,v,% cting phuong va hudng.

B Luuy: d=(x;y)=d|=\x*+y* va AB :‘E‘ =\/(xB —xA)2 +(y, —yA)2 :

® Néam vitng cong thitc tinh dién tich A, cdc bat dang thitc co ban (cauchy, B.C.S).

® D& chttng minh ba diém la ba dinh A, ta chitng minh ba diém d6 khong thang hang.

Westors: > Trong o>
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Cho 3=(12), b =(-3,0), ¢ =(-13)

Chting minh hai vecto 4 ; b khong cung phuong.
(@ Phan tich vecto ¢ qua 4; b.

Loi giai

Chting minh hai vecto a; b khong cung phuong.

1
S 7 1=k (-3 =—= 5 7 I .
s Giast a=kb = ( )<:> k 3(Voly) =>a#kb.Suyra a; b khong cung phuong.
(2) Phan tich vecto ¢ qua 4; b.
n—5
- o2 -3n=-1 "6 - 3. 5=
e Giasitacs: G=mi+nb khidotacs | el 8 z-35,2p
2m=3 3 2 6
TI’Z:E

R Bai 42.

Cho ﬁ:(mz +m—2;4) va 0=(m;2). Tim m d€haivecto i , ¥ cung phuong.

Loi giai
¢ Tacd:i,v cung phuong khi va chi khi ton tai keR sao cho

m=-1
m*+m—-2=km m*+m—-2=2m m*—m—-2=0
IS = .
4=k?2 k=2 k=2

ey m 1 2 Py N N\ . 4
= Vay { ) thoa yéu cau bai toan.
m

Trong mat phéng toa d6 Oxy, cho ba diém A(6;3), B(—3;6) , C(l; —2).
Chting minh A, B, C la ba dinh mot tam gidc.
Xéc dinh diém D trén truc hoanh sao cho ba diém A, B, D thang hang.
Xac dinh diém E trén canh BC sao cho BE=2EC.
Xéc dinh giao diém hai dwong thang DE va AC.

Loi giai
Chtmg minh A, B, C 1a ba dinh mot tam gidc.
* Tacé AB=(-9;3); AC=(-5;-5).
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* Vi _—2 * %nén AB va AC khong cung phuong

< A, B, C khong thang hang hay A, B, C la ba dinh mot tam giac.
Xéc dinh diém D trén truc hoanh sao cho ba diém A, B, D thang hang.

* Goi D(x; 0) trén truc hoanh, E = (x— 6, —3) .

x =15

. 37 2 . — E— _9=k.(x—6) —gz_l(x_G)
¢+ Khido A, B, D thang hang < AB=kAD < = = b 1"

3=k(-3) k=-1
= Vay D(15; 0) thoa man YCBT.
Xac dinh diém E trén canh BC sao cho BE=2EC.
+ Goi E=(x;y) trén canh BC sao cho BE=2EC.
¢ Ta co: ﬁ:(x+3;y—6); E:(l—x;—Z—y)
x+3=2(1-x) =73

+ Ma BE=2EC nén BE=2EC < o .
y-6=2(-2-y) 2
3

= Vay E= (—%,%) thoa man YCBT.
X4c dinh giao diém hai dwong thang DE va AC.

*Goi M (x;y) la giao diém caa DE va AC,

* Taco m=(15—x;—y); ﬁ=(—ﬁgj

3’3
*+Ma D, M, E thang hang nén: a =%<:>x+23y=15.
3 3
A o \ g \ 6-x 3-y
. MA=(6—x;3—y); AC:(—S;—S),ma A, M, C thang hang;: —5:—5<:>x—y:3.
x—7
2x+23y =15 )
+ Khi d6 toa d6 diém M l1a nghiém ctia hé phuong tr‘mh{ * Z o i
X — =
Yy y=

71 . .
= Vay M(E ,EJ la giao diém ctia DE va AC.

N\

)<Trang 98




\ Chuong 01. VECTO
<€

[ s N

Trong mét phzfmg toa do Oxy cho 4 diém A(l; 1) ,B (2; —1), C (4; 3), D(16; 3) . Hay phan tich véc to ﬁ
theo hai véc to E?' va A_C. .

LE MINH TAM

-----

3
AD =(16-1,3-1)= AD =(15;2).
. - m-1+n-3=15 m=3
+ Gia st AD=mAB+nAC = = .
m-(-2)+n-2=2 " |n=4
= Vay AD=3AB+4AC.
R- Bai 45.

Trong mat phéng toa d0 Oxy cho 4 diém A(O;l), B(Z,' 0),C(—1;2), D(G; —4). Hay phan tich véc to
Etheo hai véc to Evé fTé .

.....

R

* Tacé: AB=(2-0;0-1)= AB=(2;-1).

1).

AC=(-1-0;2-1)= AC=(-1;
AD=(6-0;,-4-1)= AD =(6;-5).

[ — {m-2+n-(1):6 {mzl
+ Gia st AD=mAB+nAC = = .
m-(-1)+n-1=-5  [n=-4

& Vay AD = AB_4AC.

R- Bai 46.

Trong mat phéng toa d6 Oxy cho 4 diém A(l; —2) ,B (0; 3) ,C (—3;4), D(—l; 8) .

Chtmg minh ABva AC khong cung phuong.
Hay phan tich véc to CD theo hai véc to AB va AC.

Chtrng minh ABva AC khong cting phuong.
* Taco: AB=(0-1,3—(-2))= AB=(-15).

AC=(-3-1;4-(-2))= AC=(-4;6).
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* Suy ra _—i # % Vay ABva AC khong cung phuong.

Hay phan tich véc to CD theo hai véc to AB va AC.
+ CD=(-1+3,8-4)=CD=(2;4).
N _ — . _1 +11- _4 :2 :2
e Gid it CD=mAB+nAC =™ () (4)=2 _ [m=2
m-5+n-6=4 n=-1
= Vay CD=2AB-AC.
- Bai 47.
Trong mét phang toa dd Oxy cho bdn diém A(O;l),B(l;B),C (2;7) va D(O; 3). Tim giao diém cua hai
duong thang AC va BD.

Loi gidi
* Ta co: AC=(2;6), BD =(-10).
+ Goi M(x;y) la giao diém cua AC va BD.
+ Khi d6: A,M,C thang hang va B,M,D thang hang.
x =2k

* Vi A,M,C thang hang nén M,TC cung phuong :Ekio:m:kA—(fc{ 1 6k(l)
y=1+

le—n(z)

+ Vi B,M,D thang hang nén W,ﬁ cung phuong zﬂnio:W:n@Q{ 3
y:

1
\ 3 2
¢ Tt (1)(2) suy ra: 1 = M(—;3].
3

Trong mat phang Oxy,cho tam gidc ABC c6 A(3;4),B(2,1),C(-L-2). Tim diém M trén dudng

thang BC sao cho S,,. =35,

Loi giai
* Goi M(x;y) la diém can tim. Khi dé: BC =(~3;-3),BM = (x~2;y-1).

E.h.BM.

ABM:2

*Taco: S,,. :%.h.BC,S

¢ Theo bai ra ta cé: SAi:B:%zB: BC =3BM.

ABM
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‘ . . [-3=3(x-2
® Truong hop 1: Néu M nam trong doan BC thi BC =3BM @{ 3 32 1)) = {x
S g y_
© Truong hop 2: Néu M nam ngoai doan BC thi BC =-3BM < = )

-3=-3(y-1)
= Vay c6 hai diém M (1;0),M (3; 2) thda man diéu kién bai toan.
R Bai 49.

Trong mat phéng Oxy, cho ba diém A(—l; —1), B(O;l),C (3;0).

Chting minh ba diém A, B,C tao thanh mot tam gidc.
Xéc dinh toa d0 diém D thudc doan théng BC va 2BD =5DC.

Xac dinh toa d¢ giao diém cua AD va BG trong d6 G la trong tam tam giac ABC.

Loi gidi
Chting minh ba diém A, B,C tao thanh mdt tam giéc.

* Tacé: AB=(1;2),AC =(41).

4k k=1

e

¢ Giasue A,B,C thzfmg hang. Khi d6 3k =0: AB = kA_é & {

4 (vo 1i)
2=k k=2
¢ Suy ra A,B,C khong théng hang nén A, B,C tao thanh mot tam gidc.
X4c dinh toa d0 diém D thudc doan théng BC va 2BD =5DC.

* Ta co: BC =(3;-1).

+ Goi D(x; y) la diém thudc doan thang BC théa man 2BD =5DC.

* Ta co: ZBD:5DC:>@—5:> D >

5 _5 _BD_S
CD 2 BD+CD 5+2 BC 7
15
X=—
\ ~ 2 .~ T 5T 7 15 2
¢+ Ma D thudc doan thang BC nén BD =—-BC < 5 =D 7,7 .
y=3

7
Xac dinh toa do giao di€m ctia AD va BG trong d6 G 1a trong tam tam gidc ABC.

¢ Co6 G la trong tam tam gidc ABC nén G[

Xa X5+ X YatYstYe | [ 2.4)
3 ’ 3 3’
’Tacé:fb=(§;%j,?¢=(2 1}

+ Goi M(x;y) la giao diém cua AD, BM.

+ Khi d6: ba diém A, M, D thang hang va ba diém B,M,G thang hang.

>
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x=-1+—k
¢ Vi A,M,D théng hang nén AM, AD cing phuong = AM =kAD < 97 (1).
=-1+—-k
=
. .2,
* Vi B,M,G thang hang nén BM, BG cung phuong = 3n#0: BM = nBG < * 3 (2)
y=1-n
kzé 5 1
o T (1)(2 : =>M|—,——|.
(@ suyra: | 7 (6 4j
n=—
4

= Vay M (g ;—%) 1a diém can tim.

R> Bai 50.

Trong mat phang Oxy, tim trén truc hoanh diém P sao cho tong khoang céch tit P t6i hai diém A
va B nho nhat
A(1;1) va B(2;-4). @ A(1;2) va B(3;4).

Loi giai
Theo gia thiét P e Ox = P(xp ;O)
A(1;1) va B(2;-4).
¢ Ta co: A(l;l) va B(2 ;—4) khac phia véi truc hoanh.
* Goi P, = ABNOx, khi d6 A;B;P, thang hang < AB cung phuong voi TQ

L 2y =25p(%)
5 5

* Tacdé PA+PB> AB, vay PA+PB nho nhidt< A;B; P thang hang< P=P,.
A(1;2) va B(3;4).
¢ Ta co: A(1;2) va B(3 ;4) cung phia voi truc hoanh.

* Goi A’ 1a diém d6i xiing véi A qua truc hoanh
= A’(1;-2) va PA=PA’.
¢ Tacd PA+PB=PA'+PB>A'B.

s M 2 ! \ 7. ’ _1
¢ Ddu bang xay ra<> A'P cung phuong véi A'B < x; 1 =%<:>xp
- +

wlu
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Trong mét phang Oxy, cho hinh binh hanh ABCD ¢4 A(—Z ; 3) vatam [ (1;1) .Biét diém K (—1 ; 2) nam
trén duong thang AB va diém D c6 hoanh dd gap ddi tung do. Tim cac dinh con lai ctia hinh binh
hanh.

Loi giai
*eTacod I (1;1) la tam hinh binh hanh nén [ (1;1) la trung diéfm AC=C (4 ;—1).
* Goi D(x;y), theo gia thiét di€m D c6 hoanh d6 gép doi tung d6= D(2y;y).
* Lai c6 I(1;1) 1a trung diém BD = B(2-2y;2-y).

AK =(1;-1) va AB=(4-2y;-1-y).

-1

— — 4-2y -1- B(0;1
¢ Vi Ke AB nén AK cung phuong AB < 1y: y<:>y:1:>{( )

R Bai 52.

D(2;1)

Trong mat phang Oxy, chod = % i-5] ;b=ki— 4j . Tim gié trj ctia k dé€ hai vécto ;b cting phwong.

1- = =~ (1 J
) 5 a=|—;-5
* Theo gia thiét 2 = 2 :

1
A? . 7 - 7 \ E _5 2
¢ Dé hai vécto a;b cung phuong@zz—4<:> k:g

k- Bai 53.

Trong mat phéng Oxy cho a= (x2 +1;3x—2),I; = (2;1) va diém A(O;l).

Tim x dé vécto d cung phuwong véivécto b.

@ Tim toa do diém M dé véc to AM cung phuong véi véc to b vacé d6 dai bang NG

Loi giai
Tim x dévécto d cung phuwong véivécto b .

2
N N L. End — :1
*Tacé @ cing phuong véi b < = +1=3x1 2 o x?+1=2(3x-2) =2’ -6x+5=0< *

X =
= Vay voi x=1,x=5 thi vécto 4 cung phuong véivécto b .

Tim toa d6 diém M dé véc to AM cling phuiong véi véc to b va c6 dd dai bang J5.
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* Goi M(m;n), ta co m:(m;n—l) cung phuong voi b Q%:nT—l <:>m=2(n—1) (1).

AM| =5 = \Jm? +(n-1) =5 )

¢ Thay (1) vao (2) ta c6 \/4(11—1)2 +(n—1)2 -5 < (n—l)2 =lon’-2n=0

L 4

n=0=m=-2= M(-2;0)

<~
n=2=m=2=>M(2;2)

= Vay M(-2;0) hodc M(2;2) thi AM cling phuong vé6i b va c6 d6 dai bing 5.

B> Bai 54.

H Trong mit phang Oxy, cho ba diém A(x; 3),B(—4; 2),C (3;5). Tim x d€ A,B,C thang hang.

Loi giai
* Ta cod ﬁ=(x+4;1), ﬁz(?;B).

*+ A,B,C thing hang & BA va B_C'cimg phuong b ®#=%<:>x+4=%<:>x=%5.

= Vay v6i x= ‘?5 thi ba diém A,B,C thing hang.

R Bai 55.

Trong méat phang Oxy, cho ba diém A(l; l), B (—2;1), C (m +12m+ 3) .Tim m déba diém A, B,C thang

hang.

Loi giai
* Tacd AB=(-3,0), AC =(m;2m+2).
+ Ba diém A,B,C thang hang khi va chi khi AB va AC cung phuong, khi va chi khi ton tai
= k. _3 = —
k() _ s

3
2m+2=k.0

mot sO thuc k sao cho R = k@ <:>{
m=-1

= Vay véi m=-1 thiba diém A,B,C thang hang.

R Bai 56.

Trong mat phéng Oxy, cho bon diém A(-1,5),B (2;%J,C(3; -1), D[% ; SJ. Chtrng minh rfmg:

D nam trén duong thang AB. @ B thudc doan AC.

Loi giai
D ndm trén duong thang AB.

)<rong 104




\ Chuong 01. VECTO LE MINH TAM
<€

a4 A

+Tacé AD= —;-2|,BD=|-=;=
3 2
4
+ Thay %:%2 —>A—DP,B—D' cung phuong
3 2

— D, A, B thang hang hay D nam trén duong thang AB.
B thudc doan AC.
3]
2

j =-3 (1; _?3 = -3BC - BA,BC ngroc hudng hay B thudc doan AC.

* Taco EL{ :(—3;

N[O N

+ Ta co E‘l. :(—3;

R Bai 57.

Trong mat phéng Oxy, cho ba diém A(-3;4), B(l;l),C(Q; —5). Chttng minh réng:
Chting minh A, B,C thang hang.
Tim toa do D sao cho A la trung diém BD.
Tim toa d§ E trén truc Oxsao cho A,B,E théng hang.

Loi giai
Chting minh A, B,C thang hang.

* Taco AB=(4-3),AC =(12;-9)

* Vécto AB, AC c6 % = _—S Suy ra AB, AC ciing phwong = A, B,C thang hang .

Tim toa do D sao cho A 1a trung diém BD.
* Goi D(x;)

1

1+x
B=—" (x==7
o A latrung diém BD < 2 @{ .Vay D(-7;7).
4 +y y=7
2

Tim toa d6 E trén truc Oxsao cho A, B, E thing hang.

* Goi E(x;0)eOx.Taco AB=(4;-3), AE =(x+3;-4)

, — — - 7
¢ A,B,E thang hang < AB, AE cung phuong <:>xT+3=—4<:>x=g.Véy E[—;Oj .
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Trong mét phang Oxy, cho ba diém A(-1 4), B(—S; —2),C(—4; —2). Chttng minh rang;
Chting minh A, B,C la ba dinh mot tam gidc.
Tim toa d0 D sao cho ABCD la hinh binh hanh.
Tim toa d0 E(x;6) sao cho A,B,E thf;ing hang.

Loi giai
Chung minh A, B,C la ba dinh m{t tam gidc.
¢ Tacé AB=(-2;-6),AC =(-3,-6)
¢ Vécto AB, AC c6 _—:2)) # _—Z Suy ra AB, AC khong cung phuong = A, B,C khong thing
hang suy ra A, B,C la ba dinh mot tam gidc.
Tim toa d6 D sao cho ABCD la hinh binh hanh.
* Goi D(x;y), taco E = (—2; —6),D_C' = (—4—x; —-2— y)

S — 2
¢ ABCD 1a hinh binh hanh < AB=DC < { .Vay D(-2;4).

Tim toa d0 E(x;6) sao cho A,B,E théng hang.
* Tacd AB=(-2;-6),AE =(x+12)

+ A,B,E thang hang & AB, AE cung phuong <::>JC—;1=£<:>JC=—E .

Trong mit phing Oxy, cho ba diém A(0;4); B(3;2), D(3;0).
Chttng minh rang ba diém A, B, C thang hang, biét rang C (—6-3t;8+2t), VteR.
@ Chting minh rang ba diém A, B, D khong thang hang. Tt d6 tinh chu vi cia AABC.

Loi giai
Chting minh rang ba di€ém A, B, C thang hang, biét rang C (-6-3t;8+2t), VteR.
*Tacd AB=(3;-2) va AC=(-6-3t4+2t).
+ Do dé AC = —(2+t)ﬁ nén ba diém A, B, C thang hang.
Chting minh rang ba diém A, B, D khong thang hang. Tir d6 tinh chu vi cia AABC.
* Taco AB= (3; —2) va AD = (3,' —4) nén A, B, D khong thang hang.

o AB=\[(x,—x, ) +(v,~, ) =(3-0) +(2-4) =3

>
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* AD = [(3-0) +(0-4)’ =5

* BD=[(3-3)" +(0-2)' =2
= Vay chu vi cua tam giac ABC: C, . =7+\13.

Trong mat phang Oxy, cho hai diém A(Z,'l); B(6 ;—1). Tim diém P khéc B sao cho A, B, P thang
hang va PA=2+5.

Loi giai
* Gid st P(x;y), tacé AP =(x-2y-1) va AB=(4-2)

*DE& A B, P thgmghémgthl 42 y_2 Sx-—2="2y+2 &Sx=-2y+4 (1)

* Vi PA=2\5 & (x-2) +(y-1) =20 (2)
+ Giai hé tao boi hai phuong trinh (1) va (2)

(x=6
=-2y+4
x=-2y+4 x=-2y+4 * 4 {y:—l
2 2 = 2 = y:—l = .
(-2y+2) +(y-1) =20  |5y*-10y-15=0 L/_g {x:—Z
[y=3

* Vi P khac Bnén diém phai tim 1a P(-2;3).

Trong mat phang Oxy, cho hai diém A(-L-4); B(3;4). Tim diém P khac B saocho A, B, P thang
hang va PA= 35.

Loi giai
* Giastr P(x;y), taco E:(x+1;y+4) va E=(4;8)
x+1 y+4

+ D& A, B, P thang hang thi =~ Sy=2x-2 (1)
* Vi PA=3\5 & (x+1) +(y+4) =45 (2)
+ Giai hé tao boi hai phuong trinh (1) va (2)
_s (x=2
y=2x-2 y=2x-2 {x— y=2
) ) & x=—4 < .
(x+1) +(2x+2) =45 5x% +10x —40 = 0 {x=—4
y=2x-2 __10
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R Bai 62. N
Trong mat phrfmg toa do0 Oxy, cho ba diém A(l;l), B(3; 3), C(Z; O). Tinh dién tich tam gidc ABC.
Hay tim tat ca cac diém M trén truc Ox sao cho goc AMB nho nhat.

Loi giai
* Ta cé AB(2;2), AC(L-1)= AB.AC=21+2.(-1)=0
Vay tam giac ABC vudng tai A

=S ,5c = %.AB.AC = %.\/22 F 221 (1) =2 (dvdy).

* Goi Mer:M(xM;O) .G6c AMB nhé nhat < AMB=0° < A, M, B thang hang

_ -1 _
A:yM yAQxM — 1<3xM:O:>MEO.
A Y7 Ya 3-1 3-1

—X

& AM cung phuong véi AB = M

xB
R Bai 63.

Trong mat phéng toa d6 Oxy, cho ba diém A(l; 3), B (3;1), C (2; 4).
Tinh dién tich tam gidc ABC.
Tim tat ca cac diém M eOx sao cho géc AMB nho nhat.

—X

Loi giai
Tinh dién tich tam giac ABC.
¢ Tacd AB(2;-2), AC(L1)= AB.AC = 2.1+(-2).1=0
Vay tam gidc ABC vudng tai A

ST %.AB.AC L 22+ (=2) NP +12 =2 (dvat).

2
Tim tat ca cac diém M eOx sao cho géc AMB nho nhat.

* Goi M eOx=>M(x,,;0). Géc AMB nho nhat

< AMB=0° < A, M, B thang hang

_ 1 -
a_InTYa T2 3 <:>xM:4:>M<4;O)‘
x, Yoy,  3-1 1-3

& AM cung phuong voi AB o Tu ™%

x
R~ Bai 64.

Trong mat phang toa d6 Oxy, tim trén truc hoanh Ox mot diém P sao cho tdng cac khoang cach ttr
diém P dén cacdiém A va Blanho nhat (hay (PA+ PB)Inirl ). Biét rang:

A(11), B(2-4).

@ A(1;2), B(3,4).

Loi giai

A(L1), B(2-4).
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* Dé thay A, B nadm hai phia d6i v6i truc hoanh. Goi P e Ox = P (xp ; 0) \

* Tacé PA+PB> AB.D&u "=" xay rakhi A,P,B thang hang va PA cung phuong voi

E:xp—xA:yp—yApr—lz -1 =5 :§:>P §-0 :
X,—%, Yy—y, 2-1 —4-1 """ 5 5

A(L2), B(3;4).
* D& thay A, B nam cung mot phia d6i véi truc hoanh. Goi P e Ox = P(xp ; O)
* Goi A’ 1a diém d8i xtmg clia A qua Ox = A'(L-2)= A'B=2410
¢ Khi d6 PA=PA' ;VPeOx
= PA+PB=PA' +PB> AB=PA+PB22J10 (1).

(1) xay ra ddu "=" khi P, A, B thang hang < P = A'BNOx < A'B, AP cung phuong. Ma

A'B= 2,6 -
S (2:6) <:>x”—1:z<:>xpz§:>P(§;0].
A'P=(x,-1;2) 2 6 3 3

B> Bai 65.

Trong mét phang Oxy, tim trén duong thang d:x+y =0 diém M sao cho tong cdc khoang cach tir
M dén cac diém A va B la nho nhat trong cac truong hop sau

A(1;1),B(—2;-4). A(1:1),B(3;-2).

Loi giai
A(L1),B(-2-4).
¢ Tacd P(A,d).P(B,d)=(xA+yA)(xB+yB)=2.(—6)<O.

Suy ra hai diém A va B nam khéc phia so véi duong thang d.

*Tacé MA+MB2>AB= \/(—2—1)2 + (—4—1)2 =34 (B4t dang thitc tam giac).

+ Ddu “=” xay ra <> A,B,M thang hang hay M thudc duong thang AB.

+ Puong thang AB di qua A(l;l) va B(—2; —4) nén c6 phuwong trinh AB:5x—-3y—-2=0.

¢ Mat khac, vi M thudc duong théng d nén toa do diém M thoa man hé
5x—3y—2:0:>M 1 1
x+y=0 4’ 4

A(11),B(3-2).
¢ Taco P(A,d).P(B,d)=(x,+y,)(x; +y,;)=21>0.

Suy ra hai dim A va B nam cling phia so véi duong thang d.

* Goi A’ la diém d6i xting ctia A qua d.
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1(x-1)-1(y-1)=0 \
¢ Khi d6 toa do diém A’(x;y) thoamanhé ¢, 1 y+1 = A’(—l;—l).
—_ 4L =

0
2 2

* Tacd MA+MB=MA"+MB2 A'B= [(3+1) +(-2+1)' =17 (Bt ding thiic tam gidc).
+ Ddu “=” xay ra <> A',M, B thang hang hay M thudc duong thang A'B.
+ Duong thang A'B di qua A'(—l; —1) va B(3; —2) nén cé phueong trinh A'B:x+4y+5=0.

. 4y+5=0
¢ Mit khac, vi M thudc duwong thang d nén M thoa {x+ v = M(§,_§J

x+y=0
R~ Bai 66.

Trong mat phang Oxy, cho diém M(4;1) va hai diém A(a;O),B(O;b) voi a,b>0 sao cho A,B,M

thang hang. Xac dinh toa d6 diém A, B sao cho
Dién tich tam gidc OAB la nho nhat (S

AOAB
OA +OB nhé nhat.
1 1

+
OA? OB?

min) .

nho nhat.

Loi giai

+ Puong thang di qua hai diém A(a;O) va B(O;b) c6 dang AB: x +% =1
a

* Vi A,B,M thang hang nén ﬂ+% =1 ().
a

Dién tich tam gidc OAB la nh6 nhét (S, ,,, min).

*Tacod S, = lOA.OB =1ab.
2 2
Y < 7 TN 7 4 1 4
¢ Theo bat dang thitc Cauchy cho hai s6 thirec duwong, ta c6 (*) < 1=—+ 5 > _b <> ab >16.
a a
1
Suyra S, ,, 25.16 =8.
4 1
~ ? . \ 2 . Z B E a = 8 A
¢ Dau “=" xay ra khi va chi khi & . Vay A(8;0),B(0;2).
4 1 b=2
—+-=1
a b

OA +OB nho nhat.

(*)<:>a:b4—bl:>OA+OB:a+b:b4—b+b:bi1+b—1+529 (BDT Cauchy).
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a=—" _
+ Dau “=" xay ra khi va chi khi b~ = {a B 6. Vay A(G;O),B(O;3).
-1

2
1 1 4 1 1 1_1 1 1 1
*Tacd (#+2) =+ |2|—+-| =1=>=+—=>-"ha + >,
( )(2 sz [a bj 2 17 oA OB 17

4 1
b2 A 17
¢ Dau “=" xay ra khi va chi khi b a = 4 Vay A( Oj,B(O;l?).
4 1 4
—4+==1 b=17
a b

N\

théng hang. X4c dinh toa d¢ diém A, B sao cho
Dién tich tam gidc OAB la nho nhét (S, ,,, min).

OA +OB nhé nhAt.

Trong mit phang Oxy, cho diém M(2;1) va hai diém A(a;0),B(0;b) v6i a,b>0 sao cho A,B,M

1
OA* OB’
Loi giai
+ Puong thang di qua hai diém A(4;0) va B(0;b) 6 dang AB: X +% =1.
a
Y < 3 A 2 1
* Vi A, B,M thang hang nén _+E =1 (¥).
a
Dién tich tam giac OAB la nho nhét (S, ,,, min).
*Taco S,,,, = ;OA OB —Eab
- + > i < ab=8.

+ Theo bat dang thitc Cauchy cho hai s8 thiee duong, ta c6 (*) < 1=

Suy ra 5,08 _; 8=4.

, . : 4
+ Déu “=" xay ra khi va chi khi . Vay A(4;0),B(0;2).

|
=
—
[N
(|
N

QNN
_|_
S -

OA+OB nhé nht.
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(*)<:>a=b2—bl:>OA+OB:a+b=2—b+b:bil+b—1+3z 2\/§+3(BDT Cauchy).

2
a=— _
o Déu “=” xay ra khiva chikhi { _?~1 :{H_Z—H/E.VéyA(2+J§;O),B(O;1+x/§).
—p-1

b=1++2

2
b-1

1
+
OA*> OB?

2
1 1 2 1 1 1.1 1 1 1
*Tacd (2°+2V)| =+ |2| =+=| =1=>=+—>= ha + >=.
( )[az sz (a bJ 25 ) 0A OB 5

nhod nhat.

¢ Dau “=" xay ra khi va chi khi

V. BAI TAP NANG CAO

R~ Bai 68.

Véi a,b 1a cac hf‘mg s0 thoa man diéu kién a<0,b >0, tim gia tri nhd nhat cia ham so6:
y= a2 = 2ax + 2a% +/x? — 2bx + 22

Loi gidi
+ Goi A, B la hai diém c6 toa d6 : A(x—a,a); B(x—b,b)
O—A)=(x—a,a):>OAz,l(x—a)z+a2 =Jx? = 2ax + 2a?
¢ Do do:{ .
OB =(x—b,b) = OB = [(x~b)’ +b* =/’ — 2bx + 20°

= OA +OB =/x* - 2ax+ 2a% +/x* — 2bx + 21
= \x? = 2ax+2a% +/x° — 2bx + 2b> nho nhatkhi O, A, B thing hang ttc:

ﬂ:E<:>b(x—a):a(x—b)<:>bx—ab:ax—ab<::>bx:ax:>x:O
x=b b

> Khi d6 y =2a? +4/2b% =2|a| +V2[b| =2 (b-a).

Tim gida tri nho nhat caa ham so sau

y=\/x2+x+1+\/x2—x+1

Loi gidi

2 2
+ Ta co: y=\/x2+x+1+\/x2—x+1=\/(x+%j +%+\/(x—%j +%
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* Goi A, B la hai diém c6 toa do: A(x+%,—§];8{x—%,73

2
OA=£X+%,—§J:>OA= (x+%j +% =vx*+x+1
* Do do:

2
OB—(x—% £J = OB= [x—%j +%:\/x2—x+1

— OA+OB=~x*+x+1+x* —x+1
:>y=\/x2 +x+1++/x*—x+1 nho nhat khi O, A, B thang hang tc:

1o 1
1 Jg 1
2 2 2

= Khi d6 y=2.

R Bai 70.

Tim gia tri nhé nhat ciia ham s6

Y=V’ +4x+8+x’ —2x+2

Loi giai

* Ta co: y=\/x2+4x+8+\/x2—2x+2 <:>y:\/(x+2)2+4+\/(x—1)2+1.
* Goi A(x+2;2); B(x—l;l).

OA=(x+2;2)=0A=(x+2) +4=x* +4x+8
@=(x—l;1):>0B=,[(x—1)2 +1=(x* —2x+2

¢ OA+OB=~x? +4x+8+x? —2x+2 =/ +4x+8++/x* —2x+2 nho nhitkhi O, A,B

x#l
thang hang ttc la xr2_2 <x=4.
x-1 1

* Do dé:

= Khi do: y=3\/1_0.

v6i a,beR tim gia tri nho nhat cia ham s6
= Jx? — 2ax + 2a% +/x? — 2bx + 212

Loi gidi

* Ta cb: y=x* —2ax+2a% +~x* — 2bx + 2 <:>y=\/(x—a)2+a2 +\/(y—b)2+b2 .

>
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* Goi A(x—a,a);B(x—b,b) \

a:(x—a,a):OA:,/(x—a)2+a2 =x? = 2ax + 2a?
¢*Dodo:{
OB =(x—b,b)= OB =|(x=b)" +b* =/x’—2bx+ 2°

— OA+OB=x? — 2ax+2a* +~x* — 2bx + 2
— \x? —2ax + 2a% ++/x? — 2bx + 2b* nho nhat khi O, A, B thang hang ttc:

ﬂ=E<:>b(x—a)=a(x—b)<:>bx—ab=ax—alo<:>bx=ax:>x=0
x=b b

= Khi d6 y=+24° +@=\/§‘a‘+\/§‘b‘:\/§(‘a‘+‘b‘).
R Bai 72.

Tim gia tri nhé nhat ctia biéu thic

P=\/x2+y2+2x—4y+5+\/x2+y2—6x—4y+13

-----

* Ta co: Pz\/x2+y2+2x—4y+5+\/x2+y2—6x—4y+13

o P=(x+1) +(y-2) +(x-3) +(v—2)".

+ Ta chtimg minh: v/a? +b° ++/c* +d° > \/(u+c)2 +(b+d)

<:>112+192+c2erz+2x/az+bz.x/c2+d2 >a? +b? +c* +d? + 2ac+ 2bd

<:>\/(a2+b2)<c2+d2) > qac+bd

& afP +ald? + A% + bt > (ac + bd)2
S a’c? +aPd? +b2d? +bPc? > a’c? +b%d? + 2abcd

& ad? +b°¢* 2 2abed < a*d? — 2abed +b°c? 2 0 < (ad —be)’ 20 ludn ding.

o Tir d6 ta 6 \Ja? +b? ++/c? +d? 2\/(a+c)2+(b+d)2 )

= = \J(x+2) +(y—2) +y(x-3) +(y-2)
2\/(x+1+(3—x))2+(y—2+(2—y))2 —J16 =4 =P =4,

¢ Dau “=" xay ra

< (x+1)(2-y)=(y-2)(3-x) = (y-2)(3-x+x+1)=0=y=2;-1<x<3.

>
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Tim gia tri 16n nhat va gia tri nho nhat cia ham sd

y =\/cos2 a—2cosa+2 +\/cos2 a+6cosa+13

Loi giai

* Ta co y:\/(l—cosa)z +1+\/(3+Cosoz)2 +4.

ﬁ:(l—cosa;l) ‘ﬁ‘: (1—cosa)2+l
v

* Xét 2 vécto: { .
:(3+COSO‘;2) ‘5‘:\/(3+cosa)2 +4

. ﬁ+5=(4;3):>‘ii+5 =+4%+3% =5.

* Lai c6: [i|+|0] 2 [ + 7| <:>\/(1—cosoz)2 +l+\/(3+cosoz)2 +4>5=y =5,

¢ Dau “=" xay ra < cung phuong v < 3k >0:1i=kv

1-cosa=k(3+cosa) |“°¢T73
1=2k 1

R Bai 74.

Trong mat phang , cho Oxy ba diém A(O;G),B(Z;S),M(Zt —2;t) . Tim toa dd diém M sao cho:
(MA+MB) IMA-MB|

min

Loi giai
(MA+MB)
+ Theo bat dang thitc Min — kow — ski:
MA+MB = J(2t-2)" +(t-6) +J(2t-4) +(t-5)" = (2t —2) +(t-6) +/(4-2t7 +(5-t)
> (2t -2+ 421 +(t-6+5—t) =241’ =5

——(MA+MB) :\/59%:5@12#—14”24:0

¢ Phurong trinh vo nghiém = khong ton tai t, hay khong ton tai M thoa man yéu cau bai

min

toan.
IMA-MB|
¢ Tathdy Med:x-2y+2=0
¢ Taco: (0-2.6+2)(2-25+2)=60>0.5uyra A, B cung phia so vdi d .
+ Phuong trinh duwong thang AB: x+2y—-12=0
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¢ Ta co: |MA—MB| <AB.D&4u “=" xayra < M, A, B théng hang = M(12; O)
= Vay diém M (12;0)

R Bai 75.

Trong mat phéng Oxy, A(l; 2), B(2;5),M(2t+ 2;t). Tim toa d0 diém M sao cho:
(MA+MB),, PR
IMA-MB| IMA-MB|
Loi giai
(MA+MB)

¢ Tacd: Med,d:x—2y—2=0.Nhan thdy A, B cung phiaso véi d.

* L&y A" d6ixung voi Aqua d =AA 1d=ii,=1i,, =(21) = AA": 2x+y—4=0.
* Goi I la trung diém AA'=I1=AA'nd =1(2;0) = A'(3,-2).
MA+MB=MA'+MB> A'B.

(MA + MB)ij1 khi M,A',B théng hang . Suy ra M (g, %j .

\m+m

. m+l\ﬁ = 2]\71, I la trung diém cta AB.
+ Do dé: ‘Aﬂmﬁ

7
max

@‘ZM

max

Khong ton tai diém M nhu thé
|MA-MB

max

* [MA-MB|- N(zt 1) +(t-2) 47+ (15 ‘ |6t +5 - i ~10t + 25|

:‘m_ | [(t—l)z+4}‘:\/g‘\/t2+1—\/(t—1)2+4‘.

* Xét cac diem A, (0;1), B,(1;2), M, (£0).

+ Khi d6: [MA—MB|=+/5|M,A, ~ M,B,|. Do d6 |MA—MB

*+ Vi M, chay trén truc hoanh va A;; B, ndm vé mot phia ctia Ox
Nén |[M,A -MB| <M, =AB NOx.

o i, =AB=(Ll)=1,, =(L-1)= AB:x-y+1=0

¢ M, =AB NOx=M,(-10)=t=—-1=M(0;-1).
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IMA-MB|

¢ Taco |MA—MB >0, dau “=" xay ra khi va chi khi MA=MB

< M thudc duong trung trieec cia AB.

R Bai 76.

Cho a,b,c € R. Chtrng minh \/(a+c)2 +(b)2 +\/(a—c)2 +(b)2 > 2\a® +b* .

-----

+ Goi ﬁz(a+c;b),5=(a—c;b).

+ Theo bét dang thic [ii]+[7] > [ii + 7|
Suy ra \/(a+c)2 +(b)2 +\/(a—c)2 +(b)2 > \/(a+c+a—c)2 +(b+b)2 > 2\/a® +b* (dpcm).
T

N Cho a,b,c e R. Chting minh @’ +4b° +6a+9 +/a® + 4b* — 22 —12b+10 > 5.

-----

+ B4t dang thtec can chiing minh < \/(a+3)2 +(2b)2 + \/(1—51)2 + (3— Zb)2 >5
* Goi ii=(a+3;2b),0 =(1-4;3-2b).

+ Theo bat dang thitc |ﬁ| +|z7

> i +7)|
o \(a+3) +(2b) +(1-a) +(3-2b) 2[(a+3+1-a) +(26+3-2b)° = (4 +(3) =5

(diéu phai chitng minh).

R Bai 78.
| Cho a,b,c e R. Chting minh: Ji +ab+b? +a? +ac+c? > b +be+c?
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* (J3 © [P —2be+d 3 h
‘u+v ( ) £7(b+c)] :\/_—C+C+Z(b2+2bc+c2):\/b2+bc+02.

4

* Lai co: ‘ﬁ‘+‘5‘2‘ﬁ+5‘©«/ﬂ2+ab+bz +a? +ac+c? > b +be+c? —>DPCM.

R Bai 79.
Cho a,b,c e R. Chttng minh: \/4cosz a.cos’ b +sin? (a—b) +\/4sin2 a.sin’b +sin (a—b) >

-----

(2cosa.cosb;sin(a—b))

(25ina.sinb;sin(a—b))

‘ ‘ \/(2cosa.cosb)2+(sin(a—b))2 :\/4cos2 a.cos’ b +sin? (a—b)
‘5‘ \/(ZSina.sinb)z +(sin(a—b))2 = \/4sin2 a.sin’b +sin® (a—b) |

*Vai+v= (2(cosa.cosb+sina.sinb);2sin(a—b)):(2cos(a—b);25in(a—b))

= ‘ﬁ+5‘ = \/(2cos(a—b))2 +(25ir1(a—b))2

= \/4cosz (a—b)+4sin2 (a—b) = \/4[F052 (a—b)—virsin2 (a—b)} =2.

=1

i
o Xét ]
0

* Lai co: ‘ii‘ +‘7)‘ > ‘ﬁ+ 5‘ = \/4cosz a.cos? b+ sin? (a—b) +\/4sin2 a.sin? b+ sin? (a—b) >2

—DPCM.

2 2 — 3
Cho ba s6 duong x,y,zthoa man diéu kién g , T yz . Chttng minh: xy+yz+zx <8.
y +yz+z° =16

-----

¢ Taco: uo= ‘u‘ ‘v‘ cos(ﬁ )_‘ﬁHv
X\/_J Lo {\/gz ZJ
T va 0 = T ; y+— .

- X
e Xétu=|y+=;

¢ Suy ra:
x ) xv3 z 3 zX Xz \/5
j+7[y+§J:—(zy+?+xy+?j:7(zy+xy+zx) (2)
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- AN

2 2
‘ﬁ‘z\/ y+§j +[§ = %% +xy+y? =3 (3)
0] = = | fv+s + =\ +zy+y’ =4 (4)

+ Thé (2), (3), (4) vao (1) ta duoc: g(zy +xy+2x) < 43 = (zy+xy+2zx)<8 (DPCM).

B> Bai 81.

H Tim GTNN ctia bidu thitc P=+x? +x+1+vx*—x+1,xeR.

e — — - — — — \ — 2 —D2
¢ Taco u.v=‘u‘.‘v‘.cos(u,v)S‘u‘.‘v‘ va (u) :‘u .
A — — 2 — 2 - — — 2 —v2 —| |- —72
Nén (u+v) =(u) +2.u.v+(v) S‘u‘ +2.‘qu‘+‘v‘
— —»2 — — 2 — — — —
<:>‘u+v‘ S(‘u‘+‘v‘) :>‘u+v‘s‘u‘+‘v‘ (l)

+ Dang thtic xay ra khi ii va & cling huéng.
’Xétﬁ: x+1,' é va 5: l_x’-é
27 2 2 2

*Tacs: i+3=(1; V8] = fi+3=2 (2).

2 2

\a\zJ(“gHEJlm (3) va [o]= \/G_sz+£§]2:m (4)

+ Th& (2), (3), (4) vao (1) ta duoc Vx> +x+1++x’ —x+1>2hay P> 2.

| sl B
= Vay GTNN cta P bang 2 khi # va v cung hudng @1—2:%<:>x:
——x N2

2 2

0.

Cho x,y,z la cac sd duwong va x+3y+5z <3. Ching minh:

3xyN625z* +4 +15yz/x" +4 +52x,[81y* +4 > 45[5xyz.

.....

+ Bt dang thirc da cho tuong duong véi

3xy\625z" +4 +15yz/x* +4 + 52x\/81y2 +4 > 45\/§xyz
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< 3xy.5z 52 — | +15yzx,|x (—j +52x3y J 245xyz\/§
5 x 3y
-fer éJ J REROIES
2

* Xét céc vecto G| 2] @=|3y 2 | iete@=| xr3y+522+ 24 2|,
z x x 3y 5z

* Ta co: |u|+|v|+|w| _|u+v+w|

- J(sz)2 +(5_sz ; \/(x)z {f) ; \/(3y)2 {%} > J(x+3y+5z)2 ; 4.[%%%}2 (+)

¢ Taco (x+3y+5z) 1+i+i 29:>£+i+i> 9 )
x 3y 5z x 3y 5z x+3y+5z

x 3y 5z x+3y+5z

2 2
+ Khi d6 \/(x+3y+52)2+4.(1+3i+5ij 2\/(x+3y+5z)2+4.( 3 J (**)

2
* Ma (x+3y+5z) +(x+3;+52j >29=18 (1);

2
3,( 9 j - 2B 2B 27 (2) (vi x+3y+52<3).
X+3y +5z (x+3y+5z) 3

+ Cong theo vé& cac bat dang thirc (1) va (2) ta dugc

2
(x+3y+52)2+4.[ j >18+27=45 (***).

x+3y+5z

o T (#),(*),(***) ta suy ra \/(52)2 +(53j2 + \/xz {32 +|(3y) +(%J2 >3,/5 (dting)

V4

= Vay c6 diéu phai chiing minh.

R~ Bai 83.

H Cho x,y € R. Chimg minh: Vx? +4 +|x* — 2+ y +1+ 4y’ —6y +10 >5.

* Xét cac vecto ﬁz(x;Z);z_J':(l—x;y), ( -1,3- y):>ﬁ+6+&3=(0;5).
* Khi d6 ta ludn co: || +[0|+[w0| = [ii + 7+ @

oV +2° +\/(1—x)2+y2 +\/(3—y)2+(—1)2 >4/0°+5° =5
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: N

<:>\/x2+4+\/x2—2x+y2+1+\/y2—6y+10 >5

Ta c6 diéu phai chttng minh.

R~ Bai 84.

Cho x, € R. Chiing minh: 1 (ery)(i-my) 1

2 (1+x2)(1+y2) S 2

-----

¢ Dat i =(2x;1-x");0 = (1-y*; 2y).

* Ta co i = \/(Zx)z +(1—x2)2 =1+x7.
+ Tuong tw [0 =1+y".
Va ii-0=2x-2xy’ + 2y - 2x"y =2(x+y)(1-xy).

¢ Talai cé ‘z’iz_)" S‘ﬁHz‘i‘

1—
= ‘Z(x + y)(l—xy)‘ < (1+ xz)(1+ yz) = —% < ((f:xz))((l:;]i)) < %
Ta co dpem.
¢ Dau "=" xay ra khi va chi khi #;7 cung phuong.

thi \/x2+i2 +\/y2+i2 +\/Zz+i2 > /82
x y z
Loi giai

*+ Tuong tw || =

Va [i+0+Z|= {1+1+1— X+y+z ,S\EJ
Xy z

* Do (x+y+z)(1+1+lj>9<:>£+
Xy z X

1.1
y z_x+y+z
0Méx+y+z£1nénl+l+129.

X Yy z
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+ Talai ¢4 [ii]+|o]+|Z| 2 [i + 7 +Z|

c»\/x2+x—12 +\/y2+i2 +\/z2+i2 2\/(9—1)2+(3\/§)2 = 82.

Yy V4

Ta co6 dpem.

P T

4

HET
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TONG ON TAP CHUONG

I. BAl TAP TU LUAN.

R~ Bai 01.

—_— — — — — —

Cho 4 diém A, B, C, D.Rut gon cac tong sau: AB+BC+CD, BA+CB+DC+AD

Loi giai

¢ Tacd AB+BC+CD = (AB+BC)+CD AC+CD=AD.

—_— — —  — _— — —

* Ta co: BA+CB+DC+AD=(§{+E)+(D_C'+CB) BD+DB=BB=0.

R Bai 02.

Cho AABC déu canh a truc tam H. Tinh d0 dai cac vec to AB AB+BC, AB+BC+CA, HA

AB+AC.
Loi giai
e A
¢+ Ta cod ‘AB‘zAB:a.
. Ez’u?c’:‘@‘:/xcza.
. H
v [AB+BC+CA ‘AC+CA‘ ‘AA BE— c
' ﬁ‘ AH=2aM=2. i_i
3 3 2 3
+ Dung hinh binh hanh ABDC, khi d6 theo quy tac p

hinh binh hanh thi

E+A—C=E:>‘E+AC ‘AD‘ 2 AM = 2.3 */_ .

R Bai 03.

e _— e — _ >

Cho hinh vuéng ABCD canh a tam O. Tinh d0 dai cac vec to AB—-AD, AB+AD, AB+AC,
AB+AD+AC.

Loi gidi
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* Ta c6 E’—TD:@':‘E—E:‘E‘:BDza\/E. A B
£+TD:R:‘E+E:‘E‘:AC:aﬁ. M

» Dyng hinh binh hanh ABEC, khi d6 AB+AC = AE

N\

2
:>‘AB+AC =‘AE‘ _2JAB + MB? = 2. /az +[§J =2.§= a5 D C E
v |[AB+AD+ AC =‘A_C’+TC :‘ZA—C"‘ _2.AC = 2a\2.
> Bai 04.
Cho hinh binh hanh ABCD c¢6 O 1a giao diém cuta hai duwong chéo. Chiing minh
AC+BA=AD, |AB+AD|= AC.
N&u ‘E+E)‘ =‘@—5 thi ABCD 1 hinh chit nhat.
Loi gidi
@ AC+BA=AD, |AB+AD|= AC. A B

_— s — — —

¢Taco: VT =AC+BA=BA+AC=BC.

Do d6: AC+BA=AD < BC=AD.

+ Do ABCD 1a hinh binh hanh nén BC = AD . @,
Vay suy ra diéu phai chiing minh.

+ Theo quy tac hinh binh hanh:
AB+AD = AC = ‘Es#ﬁj =‘A_c" — AC (dpem).

Néu ‘Ez’ +E" - ‘c_'B _CD| thi ABCD 1a hinh chit nhat.
¢« Néu ‘@ +AD|= ‘@ _CD| thi ABCD 12 hinh chit nhat.

* Ta c6 ‘A_B'+A_D' =‘FB—C_D' @‘RHE%" < AC=BD.

* Do d6 ABCD la hinh binh hanh c6 hai duong chéo bang nhau nén ABCD 1a hinh chit nhat.

R~ Bai 05.

Cho hai véc to ;b . Trong tredng hop nao thi dang thiic sau day la ding ‘E +b ‘ = ‘Ti

3.

Loi giai
)2=(\a—z3)2 o (a+b) =(i-b)

S +2d.b+b*=d*-2d.b+b*=idb=0<d lb.

*Tacd ‘Zz’+b‘ =‘Zi—b‘ @(‘ﬁ+b

= Vay dang thiic ‘E+E‘:‘Zi—f7‘ ding khi ilb.
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R> Bai 06.

N\

Cho hinh binh hanh ABCD goi E;F; Mva N lan luot la trung diém céc canh AB; BC;CD va DA.
Chting t6 rang 3 vécto EF, AC,MN cung phuwong va EF = NM
Tt d6 suy ra tit gidc EFMN 14 hinh binh hanh?

Tt d6 suy ra tt gidc EFMN la hinh binh hanh? ¢

R Bai 07.

Cho hai hinh binh hanh ABCD va ABEF.Dung EH va FG bing AD. Ching minh CDGH 13 hinh binh

Loi giai
Chtng to ring EF, AC,MN ciing phuong va EF = NM A N )

¢+ Ta suy ra dwoc FE//AC//MN nén ﬁ,ﬁ,m cung
phuong E

1 M
— EF=MN = E AC

¢+ Két hop véi cau (U suy ra EF=NM.
— EFMN 1la hinh binh hanh.

hanh

Loi giai
*Tacé: EH=FG=AD
Nén t& gidc EFGH 1a hinh binh hanh
GH//FE// AB// DC
Suyra:
GH=FE=AB=DC E

F
Hay t gidc CDGH 1a hinh binh hanh. \/
B

B> Bai 08.

Cho tam giac ABC co6 trung tuyén AM. Trén canh AC ldy diém E va F sao cho AE=EF=FC;
BE cit AM tai N. Chttng minh NA = MN .

Loi giai
¢ FM//BE vi FM la duong trung binh cia tam gidc A
CEB.

D)

¢+Tacdé EA=EF.
= Vay EN la duong trung binh cua tam gidc AFM. r
¢ Suy ra N la trung diém ctia AM.
= Vay NA=MN. B M C
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Cho hinh binh hanh ABCD. Hai diém M va N lan luot la trung diém cua BC va AD.DPiém I la
giao diém cua AM va BN, K la giao di€ém ctia DM va CN. Chitng minh DK =IB.

Loi giai
¢ Theo gia thi€t M va N la trung di€ém BC va AD

Nén AN=%AD,BM=%BC.

* Ma AD=BC do ABCD Ila hinh binh hanh.
* Suy ra ANMB la hinh binh hanh.

¢+ Ta cd I la giao diém ctia hai duong chéo AM va BN ctia hinh binh hanh ANMB Nén I la

trung di€ém ctia BN.

D M C

¢+ Twong ty, ta cling chitng minh duwgc K 1a trung diém caa DM.
Tir d6 d& dang ching minh dwoc DKIB 14 hinh binh hanh suy ra DK = IB.
R Bai 10.
Cho tam gidc ABC .
Xac dinh véc-to a= AB+ BC.

Xac dinh véc-to b= AB—AC.
Xac dinh véc-to ¢ = AB+AC.

Loi giai
¢ Ta co:

(L) Xac dinh véc-to a1=AB+BC. D

S

* a= AB+BC=AC
@) Xac dinh véc-to b= AB— AC.

¢+ b=AB-AC=CB A
(3) X4c dinh véc-to c= AB+ AC.

¢ C—Zé-i—?é AD ( ABDCla hinh binh hanh).

Cho hinh binh hanh ABCD, tam O . Hay xac dinh cac vec-to sau day.
@ x=AB+AD. @ y=AO+CD. ®z=CD-AC. @ t=OA-BD.

Loi gidi
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¢+ Ta co: D C \

® 5o AB+ 4D N4
‘x E+E E . B

.y=AO+CD. E A Ja

— _ — _— _

. y=AO+CD:OC+CD=OD.
2 —CD-AC. =

— —_— — _— — —_—

¢ z=CD—-AC =CD+CA=CE ( dung hinh binh hanh CDEA ).
t=0A-BD.

- — @ — — @ — _— s —

¢ t=0OA—-BD=0A+DB=0A+OF =0H ( trong d6 dung OF = DB va hinh binh hanh OFHA )-

R Bai 12.

Cho tam gidc ABCdéu, G 1a trong tam va M la trung diém canh BC . Hay xac dinh cac vec-to sau
day:

@ GB+GC. @ AG+CB. 3 AB+MC. @ AB+GB+GC.
Loi gidi
GB+GC. 1
+ GB+GC =GK ( dung hinh binh hanh GBKC).
2 AG+CB. o

—_— —— —  — —

+ AG+CB=BF+CB=CF (dung BF = AG ).
3 AB+MC. B M C

_— —  — — —

¢+ AB+MC=AB+BM=AM.
E+@+(?é.

¢ AB+GB+GC=AB+GK=AB+BF=AF.

R Bai 12.
Cho doan thang ABc6 trung diém 1a I.Goi M la mot diém tuy y khong nam trén duong thang
AB. Lay trén tia MI mot diém N sao cho IN =MI . Hay xac dinh cac vec-to

MA+MB—MI . AM +NI .

Loi giai
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MA + MB—MI . M K
* MA+MB-MI=MN-MI=IN.
AM +NI.
+ AM+ NI = NI+ NB=NK( INBK la hinh binh hanh). p - B
N

R Bai 13.

Cho hinh binh hanh ABCD ¢6 tam O. Xac dinh cac véc-to ddi cta véc- to sau day:

OA,DO. AC,DA.
Loi giai
0A, DO
~OA=AO=0C,~-DO=0D = BO
AC,DA.

—_— s —  —  —

-AC=CA,-DA=AD=BC.

R~ Bai 14.

Cho hinh binh hanh ABCD c¢6 tam O. Xac dinh céc véc- to sau day:
OA+0B+0C +0D AC+BD+BA+DA
OA+BO+CO+DO OA+CB+0C + AD

Loi giai

OA+OB+0C+0D

Do hinh binh hanh ABCD c6 tim O — OA+OB+OC +OD =0
OA +BO+CO+DO

OA+BO+CO+DO=CO+0A+BO+DO=CA
AC+BD+BA+ DA

AC+BD+BA+DA=BA+AC+BD+DA=AC+BA=BC
OA+CB+0C + AD

_— — —  — —

OA+0OC+CB+AD=0.

R Bai 15.
Cho tam giac ABC. Tim véc- to X trong treong hop:
< >
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¥+BC=AC+BA. AC-X¥—CB=AB.
Loi giai
¥+BC=AC+BA<%=AC+CB+BA< %= AB+BA=0

—_— s —  —  — —

@ AC-%-CB=AB < ¥=CA—CB+BA=BA+BA= BE, véi AE=BA.

Cho tam giac ABC. Goi M, N, Plan luot la trung diém BC, AC, AB. Xac dinh cac véc-to sau day:
@ PB+MC+NA @ BA+PA+CM.

Loi giai

_— s — _— —  — —

_— —— — @ — @ — — @ — @ —

(2 BA+PA+CM =BA+NP+PA=BA+NA= ND(dung thém diém Dsao cho AD = BA)

R Bai 17.

Cho tam giac ABC. Goi Mla trung diém AC va N 1a diém ddi xting cua Bqua M. Xac dinh cac véc-
to sau day:

AB+ AN . BA+CN .

@ AB+MC+MN. @ BA+BC-MN.

Loi giai
Ta c9, tx gidc BANC la hinh binh hanh .
AB+ AN = AC ( tinh chét hinh binh hanh BANC)

BA+CN =BE (dung ZézCTf)

Cho hinh luc giac ABCDEF. Goi M,N,P,Q,R,S Tan luwgt la trung diém AB,BC,CD, DE,EF,FA. Xac
dinh cac véc-to sau day:

_— s — —

1) AD+BE+CF-AE—BE—CD. @ MQ+RN +PS.

_— —— — — — _— —— — &

R —_— _— — —_ —

@ MQ+RN + PS = BD+ FB+ DF =O0.

R Bai 19.
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Cho tam gidc ABC.Goi D, E, F lan lwgt nam trén canh BD = 3 BC,CE= 3 CA,AF = 3 AB . Xac dinh cac

véc-to sau day:
AF +BD+CE. AF +BD+CE.

Loi giai

AF +BD+CE.
¢ Lay thém cdc diém P,Q vé phia ngoai canh AB, AC sao cho CE=AP,QA=AF.
¢ Theo d6, tam giac APQ dong dang tam gidc ACB

_— —  — —_— s — e

¢+ Nén ta co PQ BD. Khi @6, AF+BD+CE=QA+PQ+AP=0
@ AF+BD+CE.

0AD+B7§+(?1£ /TE ﬁ 5 @+E AC (ﬁ+&+ﬁ) (ﬁ+@+ﬁ)=0

Cho tam giac ABC, trén canh ABC 1dy M sao cho BM=3CM, trén doan AM ldy N sao cho
2AN =5MN. G la trong tam tam g1ac ABC.

(L) Phan tich c4c véc-to AM BN qua cac véc-to AB; AC

Phan tich céc véc-to GC ; MN qua cac véc-to GA va GB

Loi giai
Phan tich cac véc-to M; ﬁi qua cac véc-to E,A_C: 4
+ Theo gia thiét W:%ﬁ va E:?ﬂ
Suy ra:
3 3/~ o\ 1—— 33—
» AM = AB+BM = AB+> BC = AB+4(AC—AB)=ZAB+ZAC B M C

e BN=BA+AN—-AB+2am=-aB+2| A+ 3ac|=-2 a5 D ac.
7 7\ 4 4 28 28

(2) Phan tich cic véc-to GC; MN qua céc véc-to GA va GB
+ViGla trong tam tam gidc ABC nén GA+GB+GC=0.
Suy ra GC=-GA-GB.

e Tacéd MN——EE/I'——E 1@+3E
7 7\ 4 4

_— s —

=——(@—@)—3(§—FA)= 1(GB GA)—E(—GA GB- GA)_ic?{ﬁEé.
14 14 14 14 2 0T
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R Bai 21. \
Cho AABC. Dt a=AB, b= AC.
Hay dung cac diem M, N thoa man M:%E’, cﬁ:zﬁ.

Hay phan tich a/f, ﬁ, N (Thew e vee (o ;, b

Loi giai
e — 1— == = A
Dung cac difm M, N thoa man AM:EAB, CN =2BC.
—_— 11— 1 M
* Vi AM=§AB nén M thudc canh AB va AM=§AB.
Vi CN =2BC nén N thudc tia BC va CN =2BC.
(2) Phan tich CTJ, ﬁ, mtheocécvectoz, I; B ¢ N

- -

*Tacod Cﬂ=a+M=—E+%E=%a—b.

—_— s —  —

+Va AN = AB+ BN = AB+3BC = AB+3(AC AB)——22+313.

+ Tuong tu MN:MA+AN:—%;—2;+3E:—£;+35.

5 iz

I‘ Cho AABC c6 trung tuyén AM, M la trung diém cua BC. Hay biéu dién AM theo AB, AC.

Loi giai

+ M 1a trung diém ctia BC nén M:%(E+A—é)

k- Bai 23.

Cho hinh binh hanh ABCD c6 E Ia trung diém ctia CD. Hay biéu dién AE theo u=AD, v=AB.

Loi giai
+ Do hinh binh hanh ABCD nén AC = AB+ AD.
+ Do E la trung diém cua CD nén AC+AD =2AE..

* Tt d6 suy ra E+ZE:2E:E:E+%E:;+%Z.

R Bai 24.

_— — —  —

Goi G la trong tam ciia AABC . Hay biéu dién AB, GC, BC, CA theo 0= GA b=GB.

Loi giai

>
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R — _ — - - 4

eTaco AB=GB-GA=b—a

*Vi GA+GB+GC=0=GC = —GA—@':—Z{—E.
+Tacé BC=GC~GB=—-a-b-b=-a—2b.

Va CA=GA-GC=a- (Z-E)=22+E.

B> Bai 25.

Cho AABC.Piém Mtrén canh BC sao cho MB=2MC . Hay phéan tich AM theo hai vec to 1 = AB,
v=AC.

Loi giai

+Tacé AM = AB+BM = AB+§BC AB+§(AC—E)=%E+%A_'C.

F?> Bai 26.

Cho AABC.Diém M trung diém AB va N la mot diém trén canh AC sao cho NA=2NC. Goi Kla
trung diém MN . Phan tich vec to AK theo céc vec to AB va AC.

Loi giai

«Tach RZE(M+EJ):1 1B+ 2ac|=tap1ac,
2 2\ 2 3 4 3

R Bai 27.

Cho tam giac OAB. Goi M, N lan luot la trung diém cua canh OA, OB. Tim cac sO m,n cua moi
déng thitc OM =mOA +nOB, MN =mOA+nOB, MB=mOA +nOB.

Loi giai

+Taco O—'M=%OA=%54+O.CTB.,nén mzé, n=0.

+Va MN=ON-— OM_—%ELH;OB nén m——% n:%.

+Taco Aﬁz@—@z—%&J&.@, nén mz—%, n=1.

Mot duong théng cdt canh DA,DC va duong chéo DB cuta hinh binh hanh ABCD lan luot tai cac
diém E,F va M.Biét rang DE=mDA, DF =nDC (m,n>0). Hay biéu dién DM qua DB va m,n.

Loi giai
+Dat ﬁ/l':xﬁ, ﬁi:;,m thi ﬁ/l':xD—A#xﬁf.
+ Do do m=ﬁ/f'—ﬁ=xﬁ+xD—C'—mﬁ=(x—m)ﬁ+xﬁf.

><Trang 132




\ Chuong 01. VECTO LE MINH TAM g
<€

*+Va m:W—ﬁ=xﬁ+(x—n)E. \
+Taco m:yWQ(x—m)ﬁ+xD—(f:xyE4+y(x—n)D—C).

X—m=xy

*Do DA va DC khéng ciing phuong nén {x=y(x—n)=xy—yn'

+ Giai hé trén ta duoc y:—E va x = " ——>DM= DB.

n m+n m+n
R Bai 29.

Diém M duoc goi la diém chia doan thang AB theo ti s8 k=1 néu MA=kMB. Chting minh rang

voi moi diém O thi m = OAl—];{OB

Loi gidi
* Tac6 MA=kMB < OA~OM = k(OB~OM ) < (1~k)OM = OA ~KOB .

* Vi k#1 nén O_.M—OAl—I;{OB

k> Bai 30.

Goi I la trung diém cua doan AB. Chiing minh véi diém O bat ky ta cd Ol = %(&+5§)

Loi giai

|or=0A+Al  — — — = 1 —
vTach l . 0T o0 OA+OB+(AI+BI) OA+OB—>OI=—(OA+OB).
OI =OB+ BI 2

k- Bai 31.

Cho doan AB va diém I sao cho 2IA+3IB=0.
(L Tim s6 k ma Al =kAB.

Chting minh véi moi diém M thi cé6 MI = %m +§Aﬂé :

Loi giai
(D Tim s8 k ma Al = kAB.

. 2ﬁ+3ﬁé=6@2ﬁ+3(ﬁ—ﬁ)=6oﬁ=gﬁ—>k:g.

.Chu’ng minh véi moi diém M thi co Ml—zm+§m
0212+3E=6@2(M_'A—M)+3(1@—MI) 0 <> 2MA +3MB—5MI =0 — M = émiz@'

>
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Cho tam giac ABC.Goi H 1a diém d6i xiing véi B qua G véi G 1a trong tdm tam gidc ABC . Chiing
minh rang

AH = %AC—%AB va E{_—%E—%R

WI=%TC—%E,V& M la trung diém ctia BC .

Loi giai
— 22— 1— 1— 1—
AH=2AC-=AB va CH=--AB-=AC.
3 3 3 3
— == = 2 2— 1—
AH=2AG—AB=—(AC+AB) AB=ZAC--AB
¢+ Ta cod 3 3 3 .

P _— —_—  — 1—)

CH = AH - AC——%AB—EAC

]\ﬁ=%A_C.—%E,Véi M 1a trung diém ctia BC .

¢ Ta c6 ﬁz%(AH—AB+CH —%AC—EAB

R Bai 33.

Cho tam giac ABC c6 trong tam G. Chitng minh
Véimoi diém M thi MA+MB+MC=3MG.

Néu MA+MB+MC =0 thi M Ia trong tam G .

Loi giai
V6imoi diéem M thi MA+MB+MC =3MG.

¢+ Tacd MA+MB+ MC
=(Aﬁ+§4)+(ﬁ+(§)+(1\7@+cc) 3MG+(E4+E§+G_C") 3MG +0=3MG

Néu MA+MB+MC =0 thi M 1a trong tim G .

+ Ap dung cau @ ta c6 MA+MB+MC=0=3MG=0=MG=0=>M=G

B> Bai 34.

Cho tam giac ABC c6 ba trung tuyén AM; BN;CP . Chting minh AM +BN +CP =0.

Loi giai
Cdch 1

*Vi M,N, P la trung diém 3 canh nén M+ﬁ+5§

)érang 134




\ Chuong 01. VECTO LE MINH TAM g

- AN

LG8+ A€o 1 (G BA)  L(CA+CB) - (A8 + )1 (A€ + EA) (5 +CB) -6

Cach 2

* Goi G la trong tam tam gidgc ABC thi M+ﬁ+@=—g(cA+cB+cc =0

R Bai 35.

Cho tt gidc ABCD . Goi I, ] lan luwgt la trung diém caa AB va CD,O la trung diém cua IJ . Ching
minh rang
AC+BD=2I].

_ — — —— &

OA+OB+0OC+0D=0.

MA+MB+MC+MD =4MO véi M la diém bat ky.

Loi giai
AC+BD=2].

_— — — —

¢+ Tuwong tu ﬁzﬁ+fj+}7ﬁj

¢+ Ma [, J Ian lwot 1a trung diém ctia ABvaCD nén AI+BI=0, [C+]D=0.
= Vay TC+@=(E+§)+(TC+}T§)+2ﬁz2ﬁ (dpcm).

—_— — — — —

OA+OB+0C+0D=0.
¢+ Theo hé thuc trung diém ta ¢ 54+@ = 25i, CTé + O—lj = 25f
¢+ Mat khac O 1a trung diém IJ nén Ol +5j -0.

_— s — —

Suy ra OA+OB+0C +OD = 2(&+5]’) -0 (dpcm).

MA+MB+MC +MD =4MO véi M la diém bat ky.

—_— — — — =

—_ — — —

¢+ Do @6 v6i moi diém M thi OA+OB+OC+0D =0
<:>(OM+MA)+(OM+MB)+(OM+MC)+(OM+MD):6

< MA+MB+MC+MD=4MO (dpcm).

R> Bai 36.
Cho hinh binh hanh ABCD ¢6 O la giao diém ctia hai duong chéo. Chitng minh
V6i diém M bét ki ta <6 MA+ MB+MC+MD=4MO

Chtrmg minh AB+2AC+ AD=3AC

){rong 135




\ Chuong 01. VECTO LE MINH TAM S

<
_— N\

Loi giai
Véi diém M bat ki ta c6 MA+ MB+ MC+ MD =4MO

MA+MC=2MO
MB+ MD =2MO

*+ Vi O la trung diém cua AC;BD nén {

% Vay MA+MB+MC+MD=4MO
@ Chting minh AB+2AC+ AD =3AC
+ Vi ABCD 12 hinh binh hanh nén AB+ AD = AC
¢+ Do d6 E+2TC+E=(TC+E)+2TC=TC+2TC=3TC

Chttng minh rang néu hai hinh binh hanh ABCD va A'BC'D' c6 cing tam thi

AA'+BB +CC'+DD =0 .
Loi giai

¢+ Goi O la tam ctia hinh binh hanh.

¢+ Ta co:

M+ﬁ;+CC'+DD’=(OA’—0_1.4)+(O—B;—(53.)+((Y;—O_C.)+(C)_D;—O_D.)

—

=—(o_'A+o_c')—(§é+077)+(OA'+OC')+(OB'+OD')=

R Bai 38.
Cho hinh binh hanh ABCD va M la diém tuy y. Chitng minh:
MA - MB =MD -MC
Loi giai

—_— — — —  —  —

¢+ Ta c6: MA—MB=BA,MD—-MC=CD .Ma t& giadc ABCD la hinh binh hanh nén BA=CD

¢+ Do d6 ta c6 diéu phai chttng minh.

R Bai 39.
Cho hinh binh hanh ABCD . Chting minh rang véi diém M bat ki ta ludn c6
MA+MC =MB+MD
Loi giai
*Ta 6 MA + MC = MB+ MD < (MA - MB| + (MC - MD) =0« BA+ DC =G .

(Ludn dung do t& giac ABCD [3 hinh binh hanh)
¢+ Do d6 ta c6 diéu phai chiing minh.

R Bai 40.
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Cho tam gidc ABC.Goi M, N, P Tan luot la trung diém cta cac canh BC,CA, AB . Chiing minh réng\
vdi diém O bat ki ta ludn ¢
OA+OB+0C =OM +ON +OP
Loi giai
* Ta c6: OA+OB+OC = OM +ON +OP A
(04 -0+ (350N +(0¢ - 0F) =3

‘m+@'+ﬁf 0@@+ﬁ+a§ O P, N
AM = AC+CM

_— —  —

¢+ Mat khac { BN = BA+ AN d J ®
PGB+ 3P B M ¢

= AM+BN+CP=(AC+CB+BA|+(CM+BP+ AN |=CM+ BP+ AN

(BN e e
¢Laico6s_, _ =>AM+BN+CP=CM+MN+NC=0
AN =NC

¢+ Do d6 ta c6 diéu phai chtiing minh.

B> Bai 41.

Cho hinh binh hanh ABCD va A'B'C'D’ . Chttng minh r%ang
BB+CC +D'D=0

Loi giai
BB=AB-AB
*Tac {CC'= AC'— AC :ﬁ+@+ﬁ=(E+E—E)—(AB’+AD’—AC')=6
D'D=AD-AD’

R~ Bai 42.
Cho hinh binh hanh ABCD . Goi E va F lan luot la trung diém cua hai canh AB va CD.NG&i AF va
CE, hai duwong thang nay cat duong chéo BD lan luot tai M va N. Chiéing minh rang:

DM =MN =NB.

Loi gidi
* Goi I la giao diém caa ACva BD
+ Dé thay I la trung diém caa MN
+ Dé thdy M la trong tam cia AADC = DM =2MI
N la trong tAm ctta AABC = BN =2NI => DM = MN = NB=> DM = MN = NB.

R- Bai 43.
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Loi giai
+ Cacdi®m B, E d6i xting voi nhau qua OA = OB+OE c6 gid la dudng thing OA.
+ Cacdifm D,C ddi xting véinhau qua OA = OC+0D c6 gia 1a dudong thing OA.

—ii=OA+0B+0C+0D+OE c6 gi4 la duong thing OA

_— —

¢ Twong tw cac vecto (OA + OC),(@ + CTE) c6 gia 1a duong thang OB.

—_— — —  —  —

= Vecto 1i=0A+0OB+0OC+0OD+OE c6 gid la duong thang OB.
+ Do OA va OB ¢6 gia khong triing nhau= ii = 0

R Bai 44.

Cho hinh cht nhat ABCD tam O, AB=2a, AD=a, M la trung diém CD.

@ Chiing minh AB- AD =CB-CD. @Tinh ‘E)#cﬂ‘.
Loi giai
(@) Chitng minh AB—- AD=CB-CD. A B
, |AB-AD=DB_ — — — 0
¢+Tacos_, _, _, =AB-AD=CB-CD.
CB-CD=DB
@Tinh [BD+OM|. b M ¢
¢* Dung diém E sao cho OEMD la hinh binh hanh.
Khi d6
— = = = — E

BD+OM =BD+DE=BE.

911 25a 5a

‘BD+W :‘ﬁ‘:BE:?

¢+ Tacé BE* = AB* + AE* =4a* +

R Bai 45.

—_— — — —

Cho hinh binh hanh ABCD, I la trung diém BC. Tim diém M thoa man: BC+ MD = BI-CA

Loi giai
+ Ta c6 su twong durong sau:
BC+MD =BI-CA < BC+CA+MD=BI /\/
& BA+MD =Bl < (BA~BI)+MD =0 IA=DM. A\/

= Vay M la diém sao cho MDIA la hinh binh hanh. M
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Cho tam giac ABC. Vé phia ngoai tam giac vé cac hinh binh hanh ABCD, BCPQ, CARS. Chtng

minhr?mg
RJ+IQ+PS=0.
Loi giai
+ Ta co J R
S — A
RJ+IQ+PS
_RA+ Aj+ 7B+ B0+ PC+CE
- (RA+GS)+ (1478 (3G + 7€) <6 5

= Vay ta ¢ diéu phai chitng minh. B\ i
Q

R Bai 47.

Cho tam gidc ABC. Goi A, A,, A, lan luot la trung di€m cac canh BC,CA, AB. Chting minh

AA, +BB +CC, =0.

Loi gidi
¢+ Ta co A
E+B_Bl'+ccl=(Ac1+clA1)+(BA1+AlBl)+(cTal+?cl')
a4 o Az As
:(Acl+AlBl)+(BA1+Blcl)+(CBl+C1A1):0+0+O:0.
B Ay C

B> Bai 48.
Cho AABC.Goi A’ 1a diém d6i xting voi B qua A, goi B’ 1a diém d6i xtéing voi C qua B, goi C' la
diém ddi xting v6i A qua C.Chtng minh rang véi mot diém O bat ki ta c6

OA+0B+0C = 0A'+ OB +0C’
Loi giai
+ Ta cé: OA+OB+OC=0A"+ AA+OB + BB+0OC +C'C
:(()_A‘+(ﬁ+@)+ﬂ+ﬁ+(f

—_— —  —

- (OA’+OB’+OC’)+AB+BC+CA

= (OA'+OB'+OC')+6 =0A'+0OB' +0C'
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Cho bay diém A, B, C, D, E, F, H . Chting minh:

AB+CD+EF+HA=CB+ED+HF
Loi giai

LE MINH TAM

¢+ Ta co:

AB+CD+EF+HA—-|CB+ED+HF

:ﬁ+(§-@)+(ﬁ_ﬁ)+(m’_ﬁ)
—TB+@+ﬁ+a E+§5+§\ ATHQ 0

—_ — — —  —  ——  —

= Vay AB+CD+EF+HA=CB+ED+HF.

R Bai 50.

Cho tam gidc ABC.DPiém I trén canh AC sao cho CI = %CA ] la diém ma B—]) = %E —%E .
Chtng minh Bl = %A_C: — AB. Chting minh B,1,] thang hang
Loi giai

(1) Chitng minh B7=%E—Eé
‘ Ei:ﬁ+ﬁ:-ﬁ+%fc
Chting minh B,1,] thang hang
+ 281 -2( AR+ 3ac| - 2aB+ L ac
= Vay Ejzgﬁ.suy raba diém B,1,] thing hang

R Bai 52.

Cho tam giac ABC c6 trung tuyén AM . GoiI la trung diém cia AM va K la diém trén canh AC sao cho

1 .
AK = 3 AC. Chting minh ba diém B, I, K thing hang.

Loi giai
+ Dat ﬂzﬁ; 5=§f, ta co:

ﬁzﬁ+ﬁ=ﬁ+lﬁ=ﬁ+1(B—C"—ﬁ)=ﬁ+1(z7—ﬁ)—
3 3 3
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¢+ Do d6 3BK =4BI nén BK = 3 Bl = Vay ba diém B,I,K thang hang.
R~ Bai 54.

Cho tam giéc ABC. Hai diém M, N dugc xéc dinh béi cc hé thite BC+MA =0, AB— NA—3AC =0. Ching
minh MN // AC.

Loi giai
hay (EB)+B_C')+(W+E)—3A_)C=6<:>E+Z\E—3A_C'=6—>]\E:21TC
+ Do d6 MN cung phuong vdi AC.
* Ma M khong thudc duong thang AC nén MN // AC.

B> Bai 55.
Cho tam gidc ABC.
Chitng minh rang ton tai duy nhat mot diém I thoa 2IA+3IB+4IC =0.

Tim quy tich diém thoa man [2MA +3MB + 4MC‘ - ‘MB - MA‘ .

Loi giai
Ching minh rang ton tai duy nhat mot diém I thoa 21A+3IB+4IC =0.
+ Ta c6 2IA+3IB+4IC=0
= 2a+3(ﬁ+ﬁ)+4(ﬁ+A_@)=6@9ﬁ+3£+4TC=6© ﬁz—%
Suy ra I ton tai va duy nhat.

Tim quy tich diém thoa man ‘ZMA +3MB+ 4MC‘ - ‘MB - MA‘ .

* V6i I 1a diém dwoc xac dinh & cau @), ta c6

2MA+3MB+4MC=9M+(2E+3ﬁ+4ﬁ)=9ﬁ

+Va MB—MA = AB nén ‘2MA+3MB+4MC‘=‘MB—MA‘@‘Qﬁ‘z‘ﬁ‘aMlz%.

= Vay quy tich caa M la duwong tron tam I ban kinh %

Cho AABC. Tap hop diém M trong cac truong hop sau:
[2MA + 3MB| =[3MB + 2MC].
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|] ‘4MA+MB+MC _|oMA - MB- M|

Loi giai

‘2MA+3MB‘ _ ‘3MB+ 2MC).

+ Goi K 1a diém thoa 2KA+3KB =0, L 1a diém thoa man 3LB+2LC =0.

+ Ta cb: ‘ZMA +3MB‘ - ‘SMB + 2MC‘ o ‘MK‘ - ‘ML‘
= Tap hop diém M la duwong trung truc cua doan KL.
4MA+MB+MC‘ _ ‘ZMA—MB—MC‘

¢+ Véi I la trung diém BC.

¢+ Goi | 1a diém thoa 4JA+JB+]C =0.

¢+ Ta co:

‘4MA+MB+MC‘ :‘ZMA—MB—MC‘ N ‘6@‘ =‘2W—2M‘ @‘61\7]‘ :‘2&‘ @M]:%IA.

= Tap hop diém M la duong tron tdm | ban kinh R= %IA.

R Bai 57.

Cho tam gidc ABC. Tim tap hop cac diém M trong moi treong hop sau:
MA = MB

MA + MB+ MC =0.

‘MA+MB‘=‘MA+MC‘.

Loi giai
MA =MB
¢ Ta c6: MA=MB < MA—MB=0< B=A tri véi gia thiét.
= Vay khong c6 diém M thoa man.
MA +MB+MC =0.

+Tacd MA+MB+MC=0< M la trong tam tam giac ABC.
®|MA + MB| = [MA + MC|.

¢+ Goi I,] lan luwgt la trung di€ém cta AB, AC ta dugc: MA + MB = ZM; MA + MC = 2@

+ Nén ‘MA+MB‘ :‘MA+MC‘ o ‘ﬁ‘ _ ‘M]‘ & MI=MJ

¢ Nhu vay M cach déu 2 diém c6 dinh I, ]
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¢+ Nén tap hop cac diém M thoa diéu kién bai toan la duong trung triec cta IJ.

R~ Bai 58.

N\

ceong dd luc tong hop cua hai lyc nay.

Cho hai luc E,F, déu c6 cuong do 1a 40N, c6 diém dit tai O va hop véi nhau mot goc 60°. Tinh

Loi giai
* Theo quy téc hinh binh hanh thi E +F, = OR.
* Ma OF, =OF, =40(N)
¢+ Nén OFREF, la hinh thoi c6 géc EOF, =60° va hai duong
chéo RO, EF, vudng goc vdi nhau tai trung diém H .

J3

+ Taco OH =40x 73 = 20\/5 (OH la duong cao ctia tam
gidc déu canh bang 40)
E+F,

Vay cuong d0 lyc tong hop caa hai luc da cho la

R Bai 59.

0

Fy

- OR| - 403(N).

Cho hai lyc E, E, Taluot c6 cwong d61a30N va 40N, 6 diém dit tai O va vudng goc véinhau. Tinh

1772
ceong d6 luc tdng hop cua ching.

Loi giai

¢ Do hai lyec ﬁ,g c6 cung diém dat O Fy R
A
Nén tong hop luc F, +F, la duong chéo OR ctia hinh binh
hanh OERE,.
. H
¢ Do hai luc F,F, vudng goc voi nhau
Nén hinh binh hanh OFRF, tré thanh hinh chit nhat. O g
& Vay E+F <OR.
¢+ Ta c6 OF =30,0F, =40.
+ Nhu vy OR = EF, =+/40% +30° =50.
+ Do d6 cudng d6 luc tdng hop OR 1a |F, +F,| =407 +307 =50(N).
R Bai 60.
~ Ao 2 I, Sy - S -, T T '
Viét toa d0 cuia cac vecto sau: a =2i +37;b :éz —-5j;¢=3i; d=—-i+_je=—4j
Loi giai
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B> Bai 62.

-----

v ii=3i-2b=(3.1-20;3.(-2)-23)=(3-12).

¢ 5=2d+b=(21+0;2.(-2)+3)=(2-1).

N T Sy 4.1—1.0;4.(—2)—1.3 (4,219,
2 2 2 2
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R> Bai 63.

N\

R = 1)
Cho a=(2,0),b=|-L~=|,c=(4,-6).
o i=(2:0)5 (4| ¢=(4-6)
(@) Tim toa d6 ctia d =23 —3b +5¢.
2 Tim m, n sao cho: mia+b—né =0

Biéu dién vecto ¢ theo a;b.

Loi giai
Tim toa d6 ctia d = 24 —3b +5¢ .

vd= [2.2—3.(—1)+5.4,- 2.0—3.1+5.(—6)j = (20,- —Ej .
2 2

Tim m, n sao cho: ma+b—-nc =0

.  [m2+(-1)-ns=0  |m=1
e mi+b-nc=0< 1 =3 3 .
m.0+>—n.(-6)=0 1
2 Y

Biéu dién vecto ¢ theo a;b.
¢+ Gidstt ¢ =ma+nb =

R Bai 64.

m.2+n(-1)=4 {m:_4
=

m.0+nE:—6 n=-12

— ¢ =-4G-12b

Cho 4 diém A(1;1), B(2;-1), C(4;3), D(16;3). Hay bi€u dién AD theo céc vecto AB, AC.

Loi giai
*Taco AB=(L-2),AC=(3;2), AD=(15;2).

. - m.1l+n3=15 m=3
+Giastt AD=mAB+nAC &

m(-2)+n2=2" \n=4

= Vay AD=3AB+4AC.

R Bai 65.

Chting minh ba diém A(—l;l), B(l; 3),C (—2 F O) thang hang.

Loi giai
*Tac6 AB=(2;2), AC=(-1-1)= AB=-2AC.

= AB va AC ciing phuong hay ba diém A, B,C thang hang.
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I‘ Tim m d€2 vecto d=(2m;3m+1) va l;:(—4; -8) ciing phuong.

Loi giai

v i va b ciing phuong khi va chi khi 27 = 3" 40— 34l m=1.

Tim m &€ 3 diém A(l;l),B(B; 2),C(m+4; 2m +1) thang hang.

Loi giai
. E:(Z;l), A—(f:(m+3;2m).
¢ Yéu cau bai toan twong dwong 3k : AC = k@(k #0).

-3
m+3=2k |"7 g

=
2m=k 6

<:>(m+3;2m):k(2;1)<:>{ i
5

> Vay m= —g thi AC = gﬁé hay 3 diém A, B,C théng hang.

R~ Bai 68.

Cho hai diém A(S;— ),B(l;O).

Tim toa d0 diém C thoa man OC =—3AB.
Tim diém D d6i xtng véi A qua C.
Tim diém M trén truc Ox, sao cho A,B,M théng hang.

Tim diém N trén Oy sao cho ABNO la hinh thang c6 canh day AO

Loi giai
Tim toa d0 diém C thoa man OC =—3AB.
¢+ Goi C(x;y)

—_—

*Tacé: OC=(x;y) , AB=(-25)
+ Khi d6: OC =-3AB = (x;y) = -3(-2;5) < {

Tim diém D d6i xtiing véi A qua C.
¢+ Goi D(x;y)
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*Tacé: AD=(x-3;y+5), AC =(3;-10)

—_— —_— = 9
* Khi d6: AD=2AC < (x-3;y+5)=2(3,-10) = {x = D(9;-25)
y=-25
Tim diém M trén truc Ox, sao cho A,B,M théng hang.

*+ Vi M eOx nén M(x;O)

: — -3=k.(-2 k=1
* D& A,B,M thang hang thi 3k(k¢0):AM=kAB<:>{: e ( )@{ = M(L0)
=K. X =
Tim diém N trén Oy sao cho ABNO la hinh thang c6 canh day AO
* Vi NeOy nén N(0;y),

¢+ D& ABNO 1a hinh thang c6 canh day AO

~1=k.(-3)
y=kb5

=

=
y
z
VR
o
| o1
N——

Thi 3k(k >0): BN =k.AO @{

<
1 |
wlor Wk

R Bai 69.

Cho ba diém A(1,-2),B(0;4),C(3;2).

Tim toa dd diém M thoa man CM = 2AB—3AC.

Tim toa d0 diém N thoa man AN +2BN—4CN =0.

Loi giai
Tim toa d0 diém M thoa man CM =2AB-3AC.
¢+ Pat M(x;y)
* Tacé CM =2AB-3AC
x=-5

y=2 = M(-5;2)

Tim toa d0 diém N thoda man AN +2BN—4CN =0.

< (x-3y-2)=2(-16)-3(2;4) <:>{

+Dit N(xy), tit AN+2BN-4CN=0

Cho ba diém A(l; —2),3(2,- 3),c(—1,- —2) .
Chiing minh ba diém A, B,C khéng thing hang .
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Tim toa do di€ém E, sao cho ABEC 14 hinh binh hanh.

Tim toa d0 trong tam G cua tam giac ABC.

Loi giai

Chttng minh ba diém A, B,C khong thang hang .

. fTé = (1;5), TC = (—2;0) .

¢ Ta co: E, AC khong cting phuong nén A, B,C khong thang hang .
Tim toa d6 diém E, sao cho ABEC la hinh binh hanh.

+ bat E(x; y) .

+ Do A, B,C khong thang hang

+Nén ABEC 13 hinh binh hanh khi AB = EC

= (1;5) = (—l—x;—Z—y) & {; Z :3 = E(—Z; —7)

Tim toa d0 trong tam G cua tam giac ABC.

3 3

3°3

+ Vi G la trong tam cta tam giac ABC nén G(1+2_1;_2+3_2] hay G[g_—lJ

R Bai 71.

Cho A(-4;1),B(2:4),C(2-2).
Tim diém D sao cho C la trong tam tam giac ABD.

Tim diém E sao cho ABCE la hinh binh hanh.

Loi giai
Tim diém D sao cho C la trong tam tam giac ABD.
5_ -4 +32+ X
+ Gid st D(x;y).biém C la trong tdm tam gidc ABD < )
' (x y) ' e & 1+4+y

—2
3

*Suy ra x=8,y=-11nén D(8;-11).
Tim diém E sao cho ABCE la hinh binh hanh.
*Goi E(x;y). Ta cd E:(Z—x;—Z—y).

— —  [2-x=6
+ Tt gide ABCE 12 hinh binh hanh khi va chi khi AB=EC < { *

= Vay E(—4;-5)

=
-2-y=3
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R Bai 72.

Cho tam giac ABC. Cac diém M(l;l),N (2; 3),P(O;—4) lan lwot la trung diém cac canh BC,CA, AB.

N\

Tinh toa d¢ cac dinh cta tam gidc.

Loi giai
¢ Ta c6: PANM 13 hinh binh hanh nén PA=NM
=1 =1
¢+ Suy ra *a ot
y,+4=2 Y,=-2

x,=-1 =3
¢ Twong tu ta tinh duoc: { B 6 va {xc o
Y=~ Ye =

= Vay toa d¢ cac dinh cua tam gidc la: A(l;—Z), B(—l;— ),C(3;8)

Cho ba diém A(2;5), B(1;1),C(3;3).
Tim toa do diém D sao cho AD=3AB-2AC.

Tim toa do diém E sao cho ABCE la hinh binh hanh. Tim toa d¢ tam hinh binh hanh &y.

Loi giai
Tim toa d0 diém D sao cho AD=3AB—2AC.
+ Goi D(x;y). Khidé AB=(-L-4),AC=(1~2);
+ AD=3AB-2AC & {X_ZB(_l)_Z'l = {x=—3.
y—-5=3(-4)-2.(-2) (y=-3
= Vay D(-3;-3).
Tim toa do diém E sao cho ABCE la hinh binh hanh. Tim toa d¢ tam hinh binh hanh &y.
* Goi E(x;y).
x—-2=2

+ Tir ABCE la hinh binh hanh suy ra E:ﬁfc{ f
y— =

x=4 _
{ .Vay E(4;7).
y=1
o A 5
¢+ Tam I cta hinh binh hanh cling la trung diém cua ACnén I [E;4j .

R Bai 74.
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Cho hai diém phan biét A(x oY A),B(xB ;yB). Ta néi diém M chia doan thang A B theo ti s6 k néu
L xMZXA_I;(XB
MA = kMB(k # 1) . Chting minh rang L=le
_yA_kyB
Loi giai
x, —kx,
—  — |x,—x, =k(x,—x =
Ta o MA—kMBes | 5 KB 3) 1=k (k1)
yA_yM:k(yB_yM) :yA_kyB
xM—xA+xB
¢+ Khi k=-1 thi 2 Mia trung diém ctia AB.
_YatYs
yM_ 2

R Bai 75.

Cho ba diém A(-1,1),B(1;3),C(-2;0).

Chting minh ring ba diém A, B,C thing hang.

Tim cac ti s8 ma diém A chia doan thang BC, diém B chia doan thang AC, diém C chia doan
thang AB.

Loi giai

Chting minh rang ba diém A, B,C thang hang.

+ Goi @ = (2;2),A—C) = (—1,'—1)

+Nén AB=-2AC.

= Vay hai vécto AB, AC cung phuong, do d6 A, B,C thang hang.
Tim céc ti s6 ma diém A chia doan thing BC, diém B chia doan thang AC, diém C chia doan
thang AB

+Vi AB=-2AC nén A chia doan thang BC theo ti s§ —2.

Vi ﬁ:(—2;2),§=(—3;—3)nénﬁ:%B_C'.
A . : .
¢+ Vay B chia doan thang AC theo ti s0 3
—_— 1—>

+Vi CA=(L1),CB=(3;3)nén CA =3CB.

= Vay C chia doan thing AB theo ti s6

Wl
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R Bai 76.

N\

Trén mat phéng Oxy, cho tam giac ABCbiét A(O;Z),B(l;l),C(—l;—Z) . Cac diém C', A, B’ lan luot

chia doan théng AB, BC, CA theo cactiso —1, %,—2 )
Tim toa d6 cua A’,B,C'.

Chttng minh rang ba diém A’, B',C’ thang hang.

Loi giai
@ Tim toa d6 cua A',B,C'.
0+1 1 2+1 3
¢+Toaddcua C':x. =——==;y. =——==.
prdoaiat e =TT e T T
1-1(4) 1-1(-2)
*Toaddocua A': x,, = 21 =3y, = 1 =4
1-~ 1-~
2 2
-1+2. 1 —2+22 2
* Toa dd cua B': x,, = Al O=——;y3,= - =—,
1+2 3 1+2 3

Chting minh rang ba diém A’,B,C’ thang hang.

Tacé: T-B'{_z_z;z_ﬁjz(_g_ﬂ

eVaC'A'= 3_1;4_§ — E/?
2 2

= Vay C'A'=-3C'B' nén A’;B';C’ thang hang.

k- Bai 77.

Cho A(L;1), B(3;2) va C(m+4; 2m+1). Tim m d&ba diém A;B;C thing hang.

Cho A(3;4), B(2;5). Tim x d&diém C(~7;x) thudc duong thing AB.

Loi gidi
Cho A(1;1), B(3;2) va C(m+4; 2m+1). Tim m dé&ba diém A;B;C thing hang.
+ AB=(2;1), AC =(m+3;2m)

+ A;B;C thang hang < m;3:2Tm<:>m:1

Cho A(3;4), B(2;5). Tim x d& diém C(-7;x) thudc duong thing AB.

¢ C thuoc duong thang AB khi: ba diém A;B;C thing hang.

)Q'rong 151




\ Chuong 01. VECTO LE MINH TAM S
<€ \
+Tacé: AB=(-11),AC=(-10;x-4)= AC=kAB = x-4=10 = x=14
R~ Bai 78,

Cho ba diém A(-3;4),B(11),C(55)-

Chting minh rang ba diém A, B,C khong thang hang.

Tim D sao cho A la trung diém ctua BD .

Loi giai
Chting minh rang ba diém A, B,C khong thang hang.
v AB=(4-3),AC = (4;4)
¢+ Suy ra AB#kAC. Vay ba diém A;B;C khong thang hang.

Tim D sao cho A la trung diém cua BD.

+ Goi D(x ; y). Diém A 1a trung diém ctia BD khi va chi khi —-3= xTJrl Sx=-1

= Vay D(%;OJ.

R Bai 79.

H Cho tam giac ABC c6 A(—l; —1), B(5; —3) , dinh C ndm trén truc Oy va trong tam G nam trén truc Ox.

Tim toa do diém C.

Loi giai

s,
+ Ta co: G(g;O)er;C(O;c)eOy: . 33 o g_3

0= _3+C c=2

= Vay G(%;Oj, C(0;2)

Cho bon diém A(—Z; —3) B(3;7) C(O; 3) D(—4; —5) ;. Chttng minh rang hai duong thang ABva CD

song song voi nhau.

Loi giai

o1

*Tac AB=(510); CD=(-4;-8) .

e

AB nén hai duong thang AB va CD song song hoac trung nhau.

R

¢+Laicdé CD=

o~

¢+ Taco TC = (2;6) va E khong cing phuwong vi gi%
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= Vay ABva CD song song.

k- Bai 81.

Cho hinh thoi ABCD tam O ¢6 AC =8, BD =6 Chon hé toa d(’j(O; z_:;) sao cho i va ; cung huong

véi OB va OC.
Tinh toa do cac dinh ctia hinh thoi.
Tim toa d¢ trung diém I cta BC va trong tam G cua tam giac ABC.
Tim toa d6 diém ddi xting I' ctia I qua tam O. Chiéing minh A;I'; D thang hang.

Tim toa do cuia véc-to AC ; ﬁj ; BC.

Loi giai
Tinh toa do cac dinh ctia hinh thoi.
*Tac6 OA=0C=4, OB=0D=3nén A(—4;0),C(4;0) B(0;3) D(0;-3).

Tim toa d§ trung diém I cia BC va trong tdm G cua tam giac ABC.

.l xB+xC;yB+yC Vi G xA+xB+xc;3/A+yB+]/c nén 1(2,.3), G(O;l).
2 2 3 3

Tim toa do diém ddi xting I'ctia I qua tdm O. Chiing minh A;I'; D thang hang.
oI —2;E JAD = 2;—g . AD =(-4;-3).
3 3
= Vay AD=2AI'. Suy raba diém A,I,D thang hang.

Tim toa do ctia véc-to AC ;BD; BC

+ AC=(8;0); BD =(0;-6), BC = (4;-3).

R Bai 82.

Cho luc giac déu ABCDEF . Chon hé toa do (O; z_:;) trong d6 O la tam cua luc giac déu, hai véc-to i

va ; cung hudng OD va EC . Tinh toa d6 cac dinh cua luc gidc biét d6 dai canh luc giac bang 6.

Loi giai
+ Tam gidc OCD déu canh bén 1a 6 nén OH =3 va CH = # =33

¢ Dua vao tinh chat d6i xtng thi ¢6 6 dinh

A(-6;0); D(6;0); B(-3;33);C(3,33); F(-3;-3V3) E(3,-343).
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Cho bdn diém A;B;C;D.Goi I va | lan luot la trung diém cua AB va CD.
Chting minh ring AC+BD =(c, —a,+d, b, ;c,—a, +d, ~b,)

_— s — — -

Goi P;Q la trung diém cac doan thang AC va BD, M va N la trung diém cac doan
thang AD va BC. Chting minh rang ba doan thang I, MN , PQ c6 chung trung diém.

Loi giai
¢+ Ta dung phwong phap toa do: dat toa do ctua A; B;C; DIan luot lé:(al;az),(bl;bz),(cl;cz),(dl;dz)

thi:
[ a1+b1.a2+b?_ ] c1+d1_c2+d2
2 2 ) 2 72

Chiing minh rang A—)C+B—D):(cl—al+dl—bl;c2—a2 +d2—b2)

+ Taco E+ﬁ:cl—al+dl—bl;c2—a2+d2—b2;
¢ ED'+B_CE=d1—a1+C1—b1;d2—a2+cz—b2;

cl+dl_al+b1_c2+d2 _a2+b2
2 2 2

¢ 217=2[ ]z(clﬂil—al—bl;cz+d2—a2—b2).

* So sanh cac toa d9 bang nhau thi ¢6 dpem.

_— s — — -

_— s — — -

¢+ Chiing minh twong tu thi GA+GB+GC+GD =0.
Chting minh rang ba doan thang IJ, MN , PQ c6 chung trung diém.
+ Ba trung diém ctia ca ba doan thang IJ, MN , PQ déu c6 toa do

a1+bl+c1+d1_a2 +b,+c,+d,
4 4

; j nén ching cé cung trung diém.

Trong mét phang toa dd Oxy, cho ba diém A(G, 3), B(—3,6),C (1, —2).

Chting minh A;B;C la ba dinh mdt tam giac;
Xéc dinh diém D trén truc hoanh sao cho ba diém A;B;D th:fmg hang;
Xéc dinh diém E trén canh BC sao cho BE=2EC.

Xéc dinh giao diém hai duong thang DE va AC.

Loi giai
Chtrng minh A;B;C la ba dinh mot tam giac;
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B> Bai 85.

Cho tam gidc ABC c6 A(3;4), B(21),C(-L-2)Tim diém M trén duong thang BC sao cho

+Tac AB(-9;3), AC (-5;5).
+ Vi _—2 # % suy ra AB va AC khong cung phuong.
+ Hay A;B;C la ba dinh mot tam giac.

X4c dinh diém D trén truc hoanh sao cho ba diém A;B;D théng hang;
¢+ D trén truc hoanh = D(x,' O)
*Ba diém A;B;D thang hang suy ra AB va AD cung phuong.
+ Miit khéc AD (x—6;-3)

* Do déx—_B:%?’ = x=15
=Vay D(15;0).
Xéc dinh diém E trén canh BC sao cho BE =2EC.

¢+ ViE thudc doan BCva BE= 2ECsuy ra BE =2EC
» Goi E(x;y) khi d6 BE=(x+3;y~6),EC(L-x;-2—y).

_a(1_ xX=—=
vDodo JF TN 3_>E(_E,.EJ
y—-6=2(-2-y) y:2 33

Xéc dinh giao diém hai dwong thang DE va AC.
* Goi I(x;y) la giao diém cua DE va AC

+ Do do ﬁ(x—lS;y),ﬁ(—%G;gj cung phuong

*Suy ra 3(%_615)=37yz>3ﬁ23y—15:0. (1)

’ E:(x—ﬁ;y—B), E(—S;—S)chng phuong suy ra x__56:y_—_53:>x—y—3:0 (2)
\ \ o1

* Tt (1) va (2) suy ra x=ovay=g

= Vay giao diém hai dwong thang DE va ACla I (% ,%J

N\

5

ABC

35

ABM *
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Loi giai
*+Taco S,,. =35, <> BC=3BM = BC = +3MB

+ Goi M(x;y) = ﬁ/f = (x—2;y—1) ; ﬁ = (—3;—3)

_3:3(x—2)<:>{x:1 hosc —3=—3(x—2)<:>{x:3
-3=3(y-1) |y=0 -3=-3(y-1) |y=2
= Vay c6 hai diém théoa man M_ (1,0), M,(3:2).

R> Bai 86.

Trong hé toa d0 Oxy, cho ba diém A(2;4), B(l;O),C(—Z;B). Biét diém M(x;y) thoa man

* Suy ra {

MA +MB+2MC =0. Khi d6 ta c6 gia trj ctia 5x° + y*1a ?
Loi giai

m=(2—x;4—y)
¢+ Taco Z\ﬁ=(6—x;—y)
MC =(-2-x;8-y)= 2MC = (-4-2x;16 - 2y)

= MA+MB+2MC =(4-4x;20-4y)

. - 4—-4x =1 x=1 . 3 )
¢+ Tae: MA+MB+2MC=0= . Vay 5x” +y“ =30.

=
20-4y =5 y=5
R Bai 87.

Trong hé toa dd Oxy, cho ba diém A(Z; O), B (1; 3). Tim toa diém M thudc truc tung sao cho biéu

thtec P = ‘m + 2]\@‘ dat gid tri nho nhat.

Loi giai
* Goi I(x;y) 1a diém thoa man : IA+2IB=0.

—

ﬁ:(Z—x;—y) —  —
*Taco: _ = IA+2IB=(4-3x;6-3y).
IB=(1-x;3-y)= 2IB=(2-2x;6-2y)

4
*Tir: [A+2B=0=1 - e1¥73.vay M| 2;2].
6-3y=0""| _; 3

¢ Khi d6 P:‘m+2ﬁ‘:‘ﬁ+ﬁ+2ﬁ+zﬁ :3‘1\71":31\41.

¢+ D& P nho nhat <> MI nho nhat. Ma M thudc truc tung nén MI nho nhat khi M 1a hinh

chiéu vuong goc cta I 1én truc tung= M (O; 2).

R~ Bai 88.
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Trong hé toa d0 Oxy, cho ba diém A(l;O), B(O; 3) va C (—3,' —5). Toa d0 di€ém M thudc truc hoa

sa0 cho biéu thirc P = ‘ZMA ~3MB +2MC| dat g tri nho nhat la:

Loi giai
v Ta c6 2MA—3MB+2MC=2(M1'+174')—3(M+1§)+2(M+E)

:z\71'+2(f4—3ﬁ§+2f)
+ Chon diém I sao cho 2IA-3IB+2IC =0. (¥)
2(1—x)—3(0—x)+2(—3—x)=0 -
2(0-y)-3(2-y)+2(-5-y)=0

¢ Khidé P= ‘2MA—3MB+2MC‘ - ‘1\71" _ ML

+ Goi I(x;y), e (*) ta co {

+ P& P nho nhat < MI nhd nhat. Ma M thudc truc hoanh nén MI nho nhat khi M la

hinh chi€u vuéng goc cta I 1én truc hoanh = M (—4,' O).

R~ Bai 89.

Cho ba diém A(1;0),B(0;3),C(~3-5). Tim diém M thudc truc Oxma T =|2MA—3MB+2MC| bé

nhat.

Loi gidi
¢+ Goi I(x,y) la diém thoa man:
2(1-x)-3(-x)+2(-3-x)=0  |*~

2(—y)—3(3—y)=2(—5—y)=0© y=%

¢ Tacé: T = ‘ZMA _3MB+ 2MC‘

212—3@#2?:’:6@{

=‘2(1W+12)—3(A71’+E)+2(M+E)‘=‘A7I'+2(IZ—3173'+21_C')‘=‘1\71"=M1
* Vi I ¢6 dinh va Mthudéc Oxnén T bé nhat khi M1a hinh chi€u I 1én Ox. Vay M(4;0).

R Bai 90.

Cho tam giac ABC cho diém M thoa MA+MB+2MC = 0. Ching minh M 1a trung diém IC véi [
la trung diém AB.

Loi gidi

+ Ta c6 MA+MB+2MC =0
& 2MI+2MC =0 (goi I la trung diém AB)

-

@2(1\71#%):0
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& 4MJ =0 (goi J 1a trung diém IC).
SM=0=>M=].
= Vay M la trung diém IC véi I la trung diém AB.

B> Bai 91.

N\

Cho tam gidc ABC vudng can tai A c6 BC = a2 . Tinh do6 dai cua vecto BC+BA?

Loi giai
¢+ Dung diém D sao cho tt gidc ABCD la hinh binh hanh. B

+Tacé: BC+BA=BD :‘ﬁ+ﬁ =‘ﬁ‘=230 (O 1a
giao diém caa AC va BD).
¢ Twr gia thiét tam giac ABC vudng can tai A c6 BC = a2

suyra AB=AC=a. A
+ Do d6 BO =+ AB? + AO? =§.

> Vay ‘B_c#ﬁ —2BO=a5.

R Bai 92.

D

Cho tam gidc ABC can tai A c6 AB=AC =2a vi BAC=120°. Tinh ‘Em_'c ?

Loi giai
¢+ Dung diém D sao cho tit gidc ABDC la hinh binh hanh. A
+ Khi d6 E+E:E:‘E+E —AD.

¢ Hinh binh hanh ABDC ¢6 AB= AC va BAC =120°

Nén ABDC 1la hinh thoi va DAC =60°.
Suy ra tam giac ADC la tam giac déu. Do d6
AD=AC=2a.

= Vay :‘E+A—C" =2a.

Cho tam giac ABC déu canh a, M la trung diém ctia BC . Tinh ‘Cj—w ?

Loi gidi
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¢+ Tacd: CA-MC=CA+CM.
¢* Dung diém E sao cho t& gidc CAEM la hinh binh hanh.

—_— — — —  —

¢+ Khi d6 CA-MC=CA+CM=CE.
CA-MC|=CE =2CO (O la giao diém cta O

¢+ Tr do ta céd

AM va CE).
* Do tam gidc ABC déu canh a, M la trung diém ctia BC

f B [ C

nén AM 1 BC va AM =——

2 2
Suy ra CO =OM? +CM? =\/{§J +(%j :—E> va ‘CA MC| =
R Bai 94.

Cho tam giac ABC thoa man diéu kién ‘54 +CB|= ‘C_A —CB|. Chting minh AABC vudng tai C.

Loi gidi
¢+ Dung hinh binh hanh ACBD. A C
Ta co:

A+ G <[} -cp A

é:‘ﬁ‘:AB.

‘a+@ =‘C—A'—E§ — CD = AB.

= Vay ti gidc ACBD la hinh chit nhat, ttc la tam giac

ABC vuong tai C.

Cho tam gidc ABC va mot di€ém M tluy y. Chitng minh rang vecto v=MA+MB-2MC. Hay xac

dinh vi tri ctia diém D sao cho CD =v.

Loi giai
v Ta c6: 0= MA+MB—2MC = MA—MC +MB—MC =CA+CB=2CI (Véi I 1a trung diém
cua AB)

= Vay vecto v khong phu thudc vao vi tri diém M.
+ Khi d6: CD=0v=2CI =1 1a trung diém ctia CD
= Vay D 1a diém tht tu cta hinh binh hanh ACBD.

R Bai 96.
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Cho hai lyc F, va F, c6 diém dat O va tao v6i nhau goc 60°. Tim cuong do lwc tong hop ctia hai

luc dy biét rang cwong d6 cua hai lwc F, va F, déula 100N ?

Loi giai
'Tacé:ﬁ+g=f=@. R B
- Fy
= |F|=0D =100y3 .
O D
= Vay cuong d6 luc tong hop 1a 10043 N . ~
£

R Bai 97.

Cho da gidc déu AA,.A véi neN va n>3 6 tam O. Chténg minh rang
1U=0A, +OA, +-++0A =0

Loi giai
¢ Ta xét hai treong hop
® Truong hop 1: n 1asd chdn =>n=2k véi keN,k>2.

¢+ Khi d6 cac cap diém A, va A, v6i i =1,k d6i xéing véi nhau qua O

© Truong hop 2: nlas6lé =>n=2k+1véi keN,k>1.

¢+ Khi d6 cac cap diém A, va A, ,, voi i=2,k+1 d6i xéng vdi nhau qua OA,

= Gia cta vecto (O—A; +0A ) la duong thang OA,.

2k+3-i

= Gia ctia vecto i 1a duong thang OA,.

¢+ Tuong tu, gia cia cac vecto (OA1 + OAs),(OA2 +0A 4) la dwong thang OA, .
= Gid ctia vecto i 1a duong thang OA, .
= ii c6 gid la duong thang OA,va duong thang OA, = ii = 0.
R Bai 98.
Cho n vécto aj, aj,. . .,[Z. Dung O—A£ = LZ, AA, = aj,. W ALA, = a_,:. Chting minh rang diéu kién can va

du d€ duong gp khiic OAA,...A, khépkin1a 4, +a, +-+a_=0.

Loi giai
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R Bai 99.

Cho 2018 diém trén mat phang. Ban Quynh ki hiéu ching 1a A,, A,,..., A,y . Ban Van ki hiéu chiing

*Dung OA, =a,AA, =a,,...,A A =a .Khidd a +a,+---+a,=0A .

¢+ Nhu vay duong gap khuc OA/A,...A khép kin khi va chi khi O trung véi A, .

N\

1a B,B,,...,B,,,- Chting minh rang:

/72018

+ +...+ =0
B,+A,B, Ay1aBosss = 0

201872018

Loi giai
¢+ Lay mot diém O nao do.

*Tacd AB +A,B,+...+A,,,B

201872018

=0OB,-0A,;+OB,-0A, +...+ 0B, ; —OA,;

:(£+@+...+032018)—(04+OA2+...+O )

2018

+Vi2018 diém B, B B, cingla 2018 diém A, A,,..., A,,, nhung duwoc ki hiéu mot

177727/ 72018

cach khac, do do

=0A, +0A, +...+OA, .

@+@+...+OB

2018

*Suyra AB +A,B,+...+ Ay,By, =0

20182018

B> Bai 100.

Cho da gidc déu A, A,,...,A (n 1é, n>2)noi ti€p dwong tron tam O . Chitng minh r%mg

OA, +OA, +...+0A =0

Loi giai
+ Goi d, 1a duong thiang di qua O va diém A,.
+ Xét cac dinh ctia da gidc da cho ma khong nam trén d, .
¢ Chung c6 thé phan tich thanh nhitng cap dinh A,, A; d6i xting nhau qua duong thang d,
(chang han cdp A,, A, cip A, A, ,,...).
¢+ Khi d6 tong O—A; + O—A; la mot vecto nam trén duong thang d, .
¢+ Ttr d6 suy ra @ + 0—A; +.. .+O_AY: cling 1a mdt vecto ¢ gid nam trén duong thang d, .

+ Vi hai duwong thang d,,d, khong tring nhau nén O_Al' + O—A2 +.. .+0—A'; c6 hai phuong

khéc nhau, hay OA, +OA, +...+0A, =0.
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Il. BAI TAP TRAC NGHIEM.
Caul. Vécto co diém daula Dva diém cudila E dwgc ky hiéu la:
A. DE. B. |DE|. C.ED. D. DE.
Loi giai
Cau2. Cho tam giac ABC c6 bao nhiéu véc to khac véc to khong c6 di€ém cau va diém cudi la cac
dinh cua t giac
A. 2. B. 6. C. 4. D. 9.
Loi giai
D6 1a cac véc to AB,BA, BC,CB,CA, AC.
Cau3. Cho tit gidc ABCD. Cé bao nhiéu véc to khéc véc to khong co diém dau va diém cudi la cac
dinh cua t& giac
A. 4. B. 6. C. 8. D. 12.
Loi giai
Xét cac véc to cd diém A 1a diém dau thi co cac véc to thoa man la: /Té, A—(f,ﬁ .
Vay c6 ba véc to thdéa man. Tuong tw cac diém con lai B;C;D.
Cau4. Meénh dé nao sau day dung
A. C6 duy nhat mét véc to cung phuong véi moi véc to.
B. C6 it nhét hai véc to cung phuong vdi moi véc to.
C. C6 v0 s0 véc to cung phuwong véi moi véc to.
D. Khong c6 véc to nao cung phrong voi moi véc to.
Loi giai
Véc to khong cuing phurong véi moi véc to.
Cau5. Chobadiém A; B;C phan biét. Khi do6

A. Diéu kién can va da dé A;B;C th:fmg hang la AB cung phuong véi AC .

B. Diéu kién du dé A;B;C thing hang 1a véi moi M, MA cing phuong véi AB.
C. Diéu kién can d& A;B;C thing hang 1a véimoi M, MA cing phwong véi AB.
D. Diéu kién can d& A;B;C thing hang1a AB= AC.

Loi giai

N\
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Cau6. Goi M;N Ian luot la trung diém cac canh AB; AC cta tam giac déu ABC. Hoi cdp véc to \
nao sau day cung hudng

A. MN va CB. E.EV&Z\E. C. MA va MB. D. AN va CA.

Loi giai
Cau7. Cho luc gide déu ABCDEF tam O. S8 céc véc to khac véc to khdng, ciing phurong véi OC c6
diém dau va diém cudi 1a cac dinh cta luc giac la:
A. 4. B. 6. C. 7. D. 9.

Loi giai
Céc véc to cung phuong voi OC la: E, E’ﬁ, ﬁ, FD, E,&
Cau8. Véi DE (khac véc to khong) thi d6 dai doan ED dwoc goi la
A. Phuong cua ED. B. Hudng cua ED. C.Gidcta ED. D. D¢ dai cua ED.

Loi giai
Cau9. Meénh dé nao sau day sai?
A. AA=0. B. 0 cung hudng vdi moi véc-to.
C. ‘E‘ >0. D. 0 cung phwong vdi moi véc-to.
Loi giai

Chon C|
Vi ¢6 thé xay ra truong hop ‘E‘ =0 A=B.
Cau 10. Hai véc to duoc goi la bang nhau khi va chi khi
A. Gia ctia chting tring nhau va d6 dai ctia chiing bang nhau.
B. Chung trung vdi mot trong cac cap canh ddi cia mét hinh binh hanh.
C. Chung trung v6i mot trong cac cap canh doi ctia mot tam giac déu.

D. Chiing cting huéng va d6 dai ctia chting bang nhau.

Cau 11. Chobdn diém phanbiét A, B, C, D. Diéu kién nao trong cac dap an sau day la diéu kién can

Loi giai

va du dé AB=CD

A. ABCD la hinh binh hanh. B. ABDC 1a hinh binh hanh.
C. AC=BD. D. AB=CD.
Loi giai
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Cau 12.

Cau 13.

Cau 14.

Cau 15.

. AB//CD

Tacé AB=CD = {AB _cp Suy ra ABDC la hinh binh hanh.

AB//CD —

Miit khdc ABDC 13 hinh binh hanh = { — AB=CD.

Do d6 diéu kién can va da &€ AB=CD 1a ABDC la hinh binh hanh.
Cho bon diém phan biét A, B, C, D thoa man AB=CD . Kh:fmg dinh nao sau day sai?

A. AB cung hudng voi CD. B. AB cung phuong voi CD.
C. |4B|=[cD| D. ABCD 1a hinh binh hanh.
Loi giai

Ta c6 bon diém phan biét A, B, C, D thoa man AB=CD suy ra ABCD 1a hinh binh hanh
(néu A, B, C, D khong théng hang) hoac bon diém A, B, C, D th:fmg hang.
Goi O 1a giao diém ctia hai duong chéo ctia hinh binh hanh ABCD . Déng thitc nao sau day

sai?

A. AB=DC. B. OB=DO. C. OA=0C. D. CB=DA.
Loi giai

Chon C

Ta c6 OA, OC nguoc huéng nén chiing khong bang nhau.
Cho t& giac ABCD. Goi M, N, P, Q lan luot la trung diém caa AB, BC, CD, DA. Khéng
dinh nao sau day sai?
AMN-GF  mWN-F  cmo-N  p[un|-jad|
Loi giai

. | MNIIPQ . oy 1 , 1 s \
Ta co (do cung song song va bang > AC).Do d6 MNPQ la hinh binh hanh .

MN = PQ
Cho hinh vuéng ABCD . Khang dinh nao sau day ding?
A. AC=BD . B. AB=CD .
C. ‘/TB‘ = ‘ﬁ‘ D. Hai véc-to AB, AC cung hudng.
Loi giai
Chon C|

Vi AB=BC nén ‘EB‘ - ‘B_c"

. Goi O la giao diém cua hai duwong chéo hinh cht nhat ABCD . Ménh dé nao dudi day dung?

N\
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A. OA=0C . B. OB va OD cung hudng. \
C. AC va BD cung hudng. D. ‘TC‘ =‘Fb‘
Loi giai

Vi AC=BD nén ‘/TC‘ _ ‘ﬁ‘.
Cau17. Goi M, N Ian luot la trung diém cua cac canh AB, AC ctia tam giac déu ABC. Déng thitc
nao sau day dung?

E— _—

A. MA=ME . B. AB = AC. C. MN=BC. D. [BC|=2|MN|.
Loi giai
Ta c6 MN la duong trung binh ctia tam gidc ABC .Do d6 BC =2MN suy ra ‘ﬁ‘ = Z‘W ‘ .
Cau 18. Cho gidc déu ABC déu canh a. Goi M la trung diém ctia BC. Khang dinh nao sau day
dung?

— g

A. MB=MC . B. AMzTB. C. AM =a. D. ‘M‘:

@3
<

Loi giai
a3

Ta c6 AM la duong trung tuyén ctia tam giac déu canh a suy ra ‘ﬁ‘ =AM = —

Cau 19. Cho hinh thoi ABCD canh a va BAD =60°. Dang thttc nao sau day dung?
A. AB=AD . B. |[BD|=a. C. BD=AC. D. BC=DA.
Loi giai
Ttr gia thiét ta suy ra tam gidac ABD déu canh a nén BD =a suy ra ‘B_D“ =a.
Cau 20. Cho luc giac déu ABCDEF c6 tam O. B
Déng thitc nao sau day sai?
A. AB=ED .
b. (A -[F|
C.OD=BC.

D. OB =OE. E
Loi giai
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Ta c6 OB, OE nguoc huéng nén ching khong bang nhau.
Cau 21. Cho luc giac déu ABCDEF c6 tam O. B
S6 cac véc to bang OC ¢6 diém dau va diém cudi la céc dinh A .
cta luc giac la
A. 2.
B. 3.
E D
C. 4.
D. 6. E
Loi giai
Céc véc to bang OC 1a AB, ED.
Cau 22. Cho tam giac ABC co truc tam H . Goi D la diém d6i xiing v6i Bqua tam O ctia duong tron
ngoai tiép tam gidc ABC . Khang dinh nao sau day ding?
A. HA=CD va AD=CH. B. HA=CD va AD=HC.
C. HA=CD va AC =CH. D. HA=CD va AD = HC v OB=0D
Loi giai
C
A
Tacé AH 1 BC va DC L BC(do géc DCB chan nita duong tron)
Suy ra AH//DC, Tuong tu ta cing ¢6 CH//AD
Suy ra t gidc ADCH 14 hinh binh hanh. Do d6 HA =CD va AD = HC.
Cau23. Cho AB »0vamot diém C.C6 bao nhiéu diém D thoa man [AB|=|CD|?
A. 0. B. 1. C. 2. D. V6 s6
Loi giai
Ta co ‘E‘ = ‘5‘ < AB=CD . Suy ra tap hop cac diém D thoa man yéu cau bai toan la
duong tron tam Cban kinh AB.
Cau24. Cho AB=0vamdtdiém C.Cé bao nhiéu diém D thoaman AB=CD

A. 0. B. 1. C. 2. D. V6 s6

N\
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Loi giai
ChonA.

Cau 25. Cho hinh vuéng ABCD . Khang dinh nao sau day dtung?
A. AB=BC. B. AB=CD. C. AC = BD. D. ‘EHFB‘

Loi giai
ABCD1a hinh vuéng = AD = BC =—CB=| AD |=ICBI.
Cau 26. Cho tir gidc ABCD. C6 bao nhiéu véc — to ( khac 0 ) ¢6 diém dau va diém cudi la cac dinh
cta t& gidc
A. 8. B.12. C.6. D. 4

Loi giai
Do tit giac ABCD c¢6 tat ca 4 canh (AB, BC, CD, AD) va hai duong chéo (AC, BD) nén s0

véc — to thoa man yéu cau bai toan la AB, BA, BC,CB,CD,DC,DA, AD, AC,CA,BD,DB.
Cau 27. Cho tam gidc ABC déu c6 canh bf!mg 1, trong tam G. Do dai véc - to AG bﬁlng

A B2 c ¥ p. %8
6 2 3 4
Loi giai
Chon C|
Tam gidc ABC déu c6 canh bang 1 nén d6 dai duong trung tuyén xuat phat tir A la
3
=2

Do d6 AG=§ma=§.

Cau 28. Cho luc gidc déu ABCDEF c6 tam O. Dang thttc nao sau day sai?

D A
E F
A.a+&+ﬁ=6. B.O—A'+af+O—B'=ﬁ§.
C.E+§+ﬁ=5. D.Eé+ﬁ=@.
Loi giai
Ta co
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OA+OC+OE=0B+OE=0 dung.
OA+OC+OB=0B+0B=20B=EB dung.
E+§+ﬁ=@+%+&=@+a=ﬂ=6dﬁng.

Cau 29. Cho luc gidc déu ABCDEF c6 tim O. Dang thitc nao sau day sai?
A.OA+OB+0OC+0D=0. B.AC=AB+AD.
C.‘ﬁ+?@ =‘ﬁ+ﬁ. Q.@+CT§=E§+EB.

Loi giai
B €
%
A D
Ta co
OA+OB+0OC+0D=0A+0C +OB+0D=0
AB+ AD = AC (quy tic hinh binh hanh)
[BA+BC|=|BD| = BD
DA+ DC|=|DB| = BD
Do AB+CD=AB+CB = CD=CB sai.
Cau 30. Cho hinh binh hanh ABCD. Goi G la trong tam caa AABC .
A B
D C
Ménh dé nao sau day dung?
A. a+&+@'=§)’. B. CTA+CTC+C7§=FD.
C. GA+GC+GD=0. D. GA+GC+GD=DC.
Loi giai
Vi G la trong tam cua tam gidc AABC nén GA+GB+GC =0 = GA+GC =—GB.
Do GA+GC+GD =-GB+GD=GD-GB=BD
Cau 31. Choba diém A,B,C khong thang hang, ménh dé nao sau day 1a ménh dé dtng ?

A. VM, MA = MB . B. 3M, MA = MB = MC .
C. M, MA = MC . D. VM, MA = MB = MC
Loi giai

N\
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V6i moi diém M ta ludn cdé: MA = MB = MC .
Cau 32. Cho tam gidc déu ABC canh a. Tim ménh dé dung.

A.[A8}+[ac]=a . B. [A8[+/AC =B .

o3
<5

c. [28|+[d) - D. [A8|+[AC] =2

Loi giai

‘@"Jr‘A_c":AMAczza.

Cau 33. Cho tam giac ABC vuong can tai Ac6 AB=AC=a . Do dai cta véc-to 3AB—4AC labao

nhiéu ?
A. b5aq . B. 7a . C.a. D. 12a .
Loi giai
BI
B\
A C C’

Ta goi E=3@ ;E‘=4A—C' .

—3AB-4AC=AB-AC =CB = ‘3@—4@‘ _|cB = \/(AB’)Z +(AC'Y =5a.

Cau 34. Cho tam gidc ABC. Goi M, N, P Tan luot la trung diém cac canh AB, AC,BC. Véc-to PM

khong cung hwdéng vdi cac véc-to nao duoi day ?

A.CN . B.CA . C.AC . D.NA .
Loi giai
Chon C
A

B > *c

Véc-to PM cung hudng vdi véc-to CA , do déné nguoc huong voi AC .
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Cau 35.

Cau 36.

Cau 37.

Cau 38.

Cau 39.

Khang dinh nao dudi day sai?
A. Hai véc-to ( khac 0 ) cung hwdng thi chung cung phuong.
B. Hai véc-to ( khac 0 ) c6 gia song song thi chung cung phuong.
C. Hai véc-to ( khac 0 ) cung phuwong thi chiing cuing hudng.
D. Hai véc-to (khéc 0 ) nguoc huong thi cuing phueong.
Loi giai
Chon C
Céc khang dinh A, B, D dting. Khang dinh C sai vi :Hai véc-to ( khac 0 ) cung phuong thi
chua chéc cling hudéng, chting c6 thé nguoc hudng.
Hai véc to c6 cung dd dai va ngugc hudng goi la :
A.Hai véc to cung hudng . B. Hai véc to cung phuong.
C. Hai véc to d6i nhau . D. Hai véc to bang nhau
Loi giai
Chon C|
Hai véc to d6i nhau la hai vec to c6 cung d6 dai va nguwoc hudng. Do d6 chon dap an C.
Cho ba diém M, N, P thang hang trong d6 diém N nam gitta M va P . Khi d6 cac cip véc
to nao sau day cung hudng

A.MP va PN. B. MN va PN. C. NM va NP. D. MN va MP.

Loi giai

F N M

Nhin vao hinh v& ta thdy MN va MP cling huéng.
Chon ménh dé sai trong cdc ménh dé sau day.
A.Vécto 0 cung hudng voi moi vec to. B. Véc to 0 cung phuong véi moi vecto.
C.AA=0 . D. |AB|>0 .
Loi giai

Ménh dé ‘A_'B‘ >0 1a ménh dé sai, vikhi A=B thi

AB|=0.
Cho tam gidc ABC. S& cac vec-to khac vec-to 0 nhan cac dinh ctia tam giéc lam diém dau
va diém cudi la
A. 5. B. 6. C. 3. D. 4.
Loi giai

N\
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Ung véi dinh A ta c6 2 vec-to c6 diém daula A va diém cudila B,C . Vay tam gidc ¢ 3 dinh
nén co 6 vec-to c6 diém dau va diém cudi la cac dinh cua tam giac.
Cau 40. Cho hinh binh hanh ABCD . Trong cac khang dinh sau hay tim khang dinh sai?

A. AB=DC. B. [4D|=[cB. C. AD=CB. D. [48|-|cp|.
Loi giai
Chon C|
Tu hinh v§, ta thdy vi ABCD la hinh binh hanh nén
© AB=DC
o A D
o |AD|=[cH
® AD=BC B C
Cau 41. Chobadiém M,N,P thang hang, N nam giita M va P . Khi d6 cap vec-to nao sau day ciing
hudng?
A. MN va PN. E.mvéﬁ. C. MP va PN. D. NM va NP.
Loi giai
M N P
= » .

Tir hinh vé ta thdy MN va MP cing huéng.
Cau 42. Cho tam giac déu ABC canh bang 2a. Dang thitc nao sau day dtung?

A. AB=AC. B. AB=2a. g.‘@‘:za. D.‘E‘:EB’.
Loi giai
Chon C|

Do tam gidc ABC déu canh 2a nén AB= ‘ Eé‘ =2a

Cau 43. Cho lyc gidc déu ABCDEEF tamO. S8 cac véc-to khéc 0 cling phwong Véi OC c6 diém dau
va diém cudi 1a cac dinh cta luc gidc bang
A. 6. B. 4. C. 8. D. 7.

Loi giai
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Cau 44.

Cau 45.

Cau 46.

_— — — — —— —

la AB, BA, FC, CF, ED, DE.

Cho hai véc-to ,b déu khac 0 . Tim khéng dinh dtng trong cac khang dinh sau:
A.Hai véc-to d,b cung phuong véi mot vec-to thit 3 khac 0 thi cung phuong.

B. Hai véc-to 4,b nguoc hudéng véi mot vec-to thie 3 khac 0 thi nguroc hudng.

C. Hai véc-to @,b ngugc huéng voi mot vec-to thit 3 khac 0 thi khong cung phuong.

D. Hai véc-to @,b cuing phuong thi cling huéng.

+Hai véc-to @,b nguoc hudéng véi mot vec-to thie 3 khac 0 thi nguoc huedng nhau. Sai, phai

Loi giai

cung hwdng nhau mdi dung.

+Hai véc-to @,b nguoc hudéng véi mot vec-to thix 3 khéc 0 thi khong cung phuwong. Sai, hai
vec-to cung phuong nhau.

+Hai véc-to 4,b cting phuong thi cing huéng. Sai, cing phuong thi 6 thé ciing huéng hoic

nguoc hudng.
Cho tit gidc ABCD c6 AB = DC va ‘E‘ - ‘E‘ thi tt gidc ABCD 1a hinh gi?

A. Hinh thoi. B. Hinh chit nhat.  C. Hinh binh hanh. D. Hinh vuong.

Loi giai

C
Vi AB=DC nén ABCD la hinh binh hanh. Mit khac ‘E‘ - ‘E‘ nén ABCD 14 hinh thoi.

Cho tam gidc ABC.Goi M, N, P la cic diém duoc xac dinh béi MC =3MB, NA =—2NB va
AP =kAC. .Ba diém M,N, P thing hang khi va chi khi

N\
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Cau 47.

Cau 48.

A k=2, B. k=-=. C.k=>,
5 5
Loi giai
o lom == 30— 1o o o
Tacd MB=2BC, MC=§BC,NB:§AB,PC:(1—k)AC.
MN =MB—NB=-BC- AB
Dodo:¢ 3 . 1)— .
MP =MC-PC==BC+(k-1)AC=| k+= |BC+(k-1)AB
2 2
1

k+= k-1

D. k=—.

D& M,N, P thang hang thi 1 2 == < 2k+1=-3k+3 & kzé.

2 3
Chon dép an A

Cho hinh binh hanh ABCD. Goi M 1a trung diém canh AB, P la diém trén canh AD thoa
man PD =3PA.Diém N trén canh AC thoa man tilé nao sau day dé ba diém M, N, P théng

hang?
A. ANC =3AC. B. NC=4AN. C. AN =%AC.
Loi giai

5

D. AC =§NC.

M,N, P thing hang khi va chi khi AN =kAM +(1-k)AP véi k>0.

Talaicé:fTC:@+E)'<:> Acﬁ: AB ﬁ+£ﬁ
AN AM AP

AB AD_AC _ AC
AM AP AN~ AN
Vay NC=4AN.

Tie dd tacd: =5.

Cho tam gidc ABCcd E,F lan luot la trung diém caa AB, BC. Goi M la diém théa man

‘MA +MB‘ - ‘MB+MC‘. Tap hop tat ca diém M 1

A.DPuong cao ké tir B ctia tam gidc ABC. B. Duwong trung truc cta EF .

C.Dbuong EF. D. Buong trung triec
Loi giai

Goi E, Flan lwot 1a trung diém ctia AB, BC, ta c6

‘MA+MB‘ =‘MB+MC‘ & 2ME = 2MF.

Tap hop diém M1a duwong trung truc cua EF .

cta AC.

N\
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Cau 49.

Cau 50.

Cau 51.

Chon dap an B.
Cho doan thing AB. Tap hop t4t ca diém M thoa man ‘MA + MB‘ - ‘MA - MB‘ la

A. PBuong trung truc ctia doan thang AB.

B. Duong tron duwong kinh AB

C. Trung diém ctia doan thang AB.

D. La diém M thoa man tam giac MABIla tam giac déu.

Goi I 1a trung diém ctia doan thang AB, Ta c6 ‘MA+MB‘ = ‘MA —MB‘ <2MI =BA

Loi giai

< Ml = % Vay quy tich Mla deong tron duong kinh AB.

Chon dap an B.

Cho hinh vuéng ABCD c& dinh va I la giao diém hai dwong chéo ctia n6.Goi diém M 1a
diém thay d6i thoa man |MA + MB+MC + MD‘ - ‘BMA ~MB-MC+MD|. Tap hop tt ca

diém M la
A. Mot duong thang qua A. B. Mot duong thang qua I .
C. buong tron tam A. D. Bbuong tron tam I .

Loi giai

‘(MA+MB)+(MC+MD)‘ =‘3MA—MB—MC+MD‘

_— s — @ — @ — — —

o 2A7i+2ﬁ‘= 3MA - MA — AB—MA - AC — MA— AD
o 4M‘=‘—(TB+E)—A—C‘

o 41\71":‘2A_C"QM1=ATC

Vay tap hop tat ca diém M 1a duong tron tdm I, ban kinh R= %

Chon déap an D.
Cho tam gidc ABCva diém M thoa man [3MA—2MB-+ MC| = ‘MA - MB‘ . Tap hop diém M

la

A. mot doan théng. B. mét duong tron.

C. ntta duong tron. D. mot duong thang.
Loi giai

Chon B

N\
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Vi 3+(—2)+1¢O:>HI sao cho 3IA—2IB+IC =0 . Khi d6 ta cé:

3MA—2MB+MC=3(ﬁi+§i)-2(ﬂi+ﬁé>+ﬁ+1—c’z2Mi.

Vay ‘3MA—2MB+MC‘ - ‘MA—MB‘ N 2‘1\71" - ‘ﬁ‘ o M = %AB . Do dé quy tich diém M
la duong tron.

Cau52. Cho tam gidc ABC fim tap hop diém M sao cho ‘MA+3MB—2MC‘ - ‘ZMA—MB—MCI .

A. Tap hop cac diem M la mot dwong tron.
B. Tap hop cac diém M 1a mot dwong thang.
C. Tap hop cac di€m M la mot tap rong.

D. Tap hop cac di€fm M chila mot diém trung voi A .

Goi I 13 diém thoa man IA+3IB—2IC =0 . Khi d6 ta c6:
‘MA+3MB—2MC‘ - ‘ZMA—MB—MC‘

Loi giai

o M+E{+3(ﬁ+ﬁ)—2(ﬁ+f)‘=‘MA—MB+MA—MC'
& ‘2@+ﬁ+3ﬁé—2ﬁ‘ :‘Eﬁ&"
& 2MI =2]JA (véi | latrung diém BC )
< MI =JA (hang s6)
Vay tap hop diém M la duong tron tam [ ban kinh JA .
Cau 53. Cho hinh chi* nhat ABCD tam I va duong thémg d cd dinh. Goi M 1a mot diém thay doi
trén d . Khi 1= MA+2MB+MC c6 d6 dai nho nhat thi :

A. M 1a hinh chiéu vudng géccua I 1én d .

B. M la hinh chiéu vuong géc cua trung diém doan IB 1én d .
C. M la hinh chiéu vudng goc cta trung diém doan ID 1én d .
D. M trung véi I .

Ta co:

Z:MA+2MB+MC=MG+G_'A+2(E+@')+ATG'+G_C'=41\TG’+G71+2§3’+G_C'.

Loi giai

—

Chon diém G thoa man GA+2GB+GC =0 ta duoc |u| = 4MG .

bé d6 dai MG nhé nhat thi M trung véi hinh chiéu vuong goc cia G trén d . Ta s€ xac

dinh vi tri cua G.




\ Chuong 01. VECTO LE MINH TAM S

<€ \
Tac: GA+2GB+GC =0 2GI +2GB=0<G la trung diém IB.
Cau 54. Cho tam gidc ABC déu canh b?mg a.Do dai véc-to AB+BC va AB—BC Ian luwot 1a

A. a va a\/g. B.d‘éubénga . C.ava 2a. D. a va a\/a.

Loi giai
B
4 7 C

Goi I 1a trung diém cta AC.
Tac6 [ A8+ 50 [ €|~ va [AB— 5G] [ A-+CB| - 2l ~2.73 ~ 015

Suy ra ]\TC , ]\71" nguoc hudng nhau, dong nhau MC =2MI < MC =100\/§ .
Cau55. Cho tam gidc ABC déu canh bang a, trong tim G . Tinh theo a do dai véc-to

v=GA+GB-GC

&2”\@. B. 24 . C.&. p. 3
3 2 2
Loi giai
c
A ! s
Vi GA+GB+GC=0 nén v=GA +GB-GC =-2GC
=2GC=2. 3(:1 2. % 4_ Z“I, véi I la trung diém AB.
Cau 56. Cho tam gidc déu ABC canh 4. Trong cac ménh dé sau, ménh dé nao dung?

A.‘E—&:aﬁ. B. |AB—CA| = c.‘E—C_A'=a. D.‘E—FA:O.

Loi gléi
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B
Goi I 1a trung diém BC. Ta c6: ‘/TB—CT‘X = ‘E+TC = ‘ZE‘ =2AIl = a\/g.
Cau57. Chohailuc F, =F, =100 N, c6 diém dat tai O va tao v6i nhau goc 120°. Cuong do luc tong

hop cta hai lyc 4y bang bao nhiéu?
A. 100 N. B. 10045 N.. C. 200N. D. 503 N.

Loi giai

F

o g, ¢

Ta c6: AOM =60° nén OM =0OA.cos60° = 100.% =50.

Ta co: |F +F,

:‘@‘=OD=20M=100 N.

Cau 58. Cho tam giac ABC c6 duong trung tuyén AM va trong tam G. Khang dinh nao sau day

dung?

A. AM = AB+AC. B. MG=%(MA+MB+MC).
C. AM =3MG. D.E:%(E#E).

Loi gidi
A
O
Bd—y —NC
M

Vi M la trung diém ctua BC nén ta ¢ MB+MC =0.
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Vi G la trong tam tam gidc ABC nén MG = %MA .

Tt 4o, ta suy ra MG:%(MA+MB+MC).

Cau 59. Cho hinh binh hanh ABCD, M la trung diém AB, DM cdt AC tai I . Ménh dé nao sau day

la diing?
= 2= - 1= 1-—= —— 3=
A. Al=—AC. B. AI=-AC. C. A== AC. D. AI=—AC.
3 3 4 4
Loi giai
D C
A M B

Puong thing AB//CD cit hai canh CI,DI cta tam giac CDI lan luot tai A,M. Ap dung

dinh 1i Thales ta co: ﬂ = ﬂ MI 1

CO IC ID 2
Tt d6 ta co: Al 1 ! . Va yAI—lAC
Al+IC T1+2 3 3

Cau 60. Cho tam giac déu ABC canh a. Goi G la trong tam cua tam giac ABC. Ménh dé nao sau
day la sai?

A. ‘E—Té:a. B. ‘AB+AC
C. aﬁ+@+§=0. D. CTé G_C:
Loi giai
A
G
B * M % c
Ta co:

Qectors: g s>
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) |AB-AC :‘CB‘:CB:a.

9 E+E=‘2M‘ 2AM = 2—_ 3.

_— —  —

+) GA+GB+GC=0=|GA+GB+GC|=

9 ‘@+GC ‘2@1\4‘ 2GM = 3AM—§§_“‘/_

Cau 61. Cho hinh cht nhat ABCD tam O. Goi M,N Ian luot la trung diém cua OA va CD. Biét
MN =a.AB+b.AD. Tinh a+b.

A.a+b=1. B.a+b:%. C.a+b:% D.a+b==
Loi giai
A D
M
N
O
B C

Ta c6: MN = MO+ON = ZA_C' ;E_i(ﬁw_c')%,?p.
— 1= —— 1—— 1— 3——
Suy ra: MN:—(AB+AD)+—AD:—AB+—AD.
4 2 4777
13
Kh1d0:a=z;b:Z.Vaya+b:1.

Cau 62. Cho tam giac ABC. Goi M, N lan luot la trung diém ctia cac canh AB, AC . Hoi vecto MN

bang vecto nao dudi day?

A. AM+AN. B.1ap-tac. clac-tas. b lcs.
2 2 2 2 2
Loi giai

Chon C|
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5. MN - L B¢ - (A€ - AB) - L AC -1 7.
2 2

Cau 63. Cho AABC c6 trung tuyén AM . Hay phan tich AM theo hai vec- to AB va AC.

A AM=ABHAC g M S ABHAC T 2 ABZAC a2 Beo4C
2 ) 2
Loi giai

Do AM la duong trung tuyén, suy ra AB+AC =2AM = AM = AB+AC .

Cau 64. Cho tam gidc ABC. Tim diém M thoa man ding thitc MA—MB+MC =0
A. M la dinh thit tu ctia hinh binh hanh ABCM.
B. MIa trong tam tam gidc ABC.
C. M la trung di€ém cta AB.
D. M la dinh thtt tw ctia hinh binh hanh CAMB.

Loi giai
MA-MB+MC=0<BA+MC=0<BA=CM .
Vay M la dinh tht tw ctia hinh binh hanh ABCM.

Cau 65. Cho hinh binh hanh ABCD, diém M théa man 4AM = AB+ AC + AD . Khi d6 diém M la

A. Trung diém AC. B.Diém C. C. Trung diém AB D. Trung diém AD
Loi giai
D C
M
A B

ﬁrong 180
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AB+AC+AD=2AC=4AM:>AM=T.

Vay Mla trung diém AC.
Cau 66. Goi G la trong tam AABC.Dit GA=a,GB=b . Tim cc gia tri thuc m,n d& BC =m.a+nb.

A.-m=1Ln=2. B. m=-1n=-2. C.m=-2,n=-1. D. m=2,n=1.
Loi giai

Vi G la trong tam tam gidc AABC nén GA+GB+GC=0=GC=-GB-GA=—a—b.

— _— —_— - o o — — :—1

BC:GC—GB:—a—b—b:—a—Z.b:{
n=-2

Cau 67. Cho hinh binh hanh ABCD, M la trung diém AB, DM cit AC tai I. Khéng dinh nao sau
day dung?
— 22— — 11— — 11— — 3=
A. AI=—AC. B. AI==AC. C. AI==AC. D. AI=—AC.
3 3 4 4

Loi giai

Theo Ta-1ét ta c6 E = ﬂ

=£:>AI=£AC.
IC CD 2 3

Al, AC cung hudng nén Al = %TC .

Cau 68. Cho tt giac ABCD. Goi M, N Ian luot la trung diém cta AD,BC. Hay tim m,n sao cho

MN =mAB+nDC?

A.mzl,nzl. B.mz—l,n:l. C.mzi,nz—l. D.mz—i,nz—i.
2 2 2 2 2 2 2 2
Loi giai

B — B — _— —»)

Ta c6 MN=%(MB+MC)=%(MA+AB+MD+DC

Do M la trung diém cua AD nén MA+MD =0. Suy ra m:%Eﬁ%D—é

Cau69. Cho tam gidc ABC. Goi D la diém xéc dinh boéi hé thic AD=BC. Biét
ﬁ):mEHqA—)C(m,neR). Tinh tong T=m+n

>
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Cau 70.

Cau 71.

A. T=-3. B. T=-1. C. T=3. D.T=1.
Loi giai
D ¢
A B

T gia thi€t suy ra t& giac ABCD la hinh binh hanh.
Ta ¢ BD=BA+BC=—-AB+AC— AB=—2AB+ AC
Suyra m=-2,n=1=T=-2+1=-1.

Cho tam gidac ABC.Goi M la diém trén canh BC sao cho MB=2MC. Khéng dinh nao dudi
day dung?
A AM=14B+24AC. B. AM=2AB+ - AC.
3 5 3 3

C.ﬁ=E+A_C'. D.Mz%@J%/TC.

Loi giai

C
M
A B

_— s — —

Ta c6 AM:AB+BM=AB+§E=E+§(E—E)=%E+§E.

Cho hinh binh hanh ABCD trén canh AB,CD lan luwgt 1ay hai diém M,N sao cho
3AM = AB,2NC =CD. Goi G la trong tam tam gidc BMN . Dit AG = mAB+nAD . Hay tinh
T=m+n?

AT=2. B.T=2. c.r=" D. 7=
6 3 8 12
Loi giai

(WectonsE < Frang 53
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Taco AG=(AB+AM+AN
_— 1
AM =7 AB — 1= 1 o= 1 — 1-—
Ma 4 1 :>AG=—[AB+ZAB+AD+§AB 12AB+§AD
AN:AD+DN:AD+EAB
Vay m=1,n=£:>T=l+l=E.
12 3 12 3 12
Cau 72. Cho tam gidc ABC va I thoa man IA =3IB . Phén tich CI theo CA,CB?
A. 5:%((:71—3@'). B. CI = CA—3CB.
C. azé(sc_é—c—/x). D. CI =-CA +3CB.
Loi giai
Chon C|
A
C
I
Ta o Cl =CA+ Al =CA~3IB = CA-3(IC+CB) = CA+3CI -3CB
= Cl =——(CA-3CB) = 5 (scB-CA).
Cau 73. Cho t& gidc ABCD trén canh AB,CD Ia luot 1dy cac diém M, N sao cho 3AM =2AB va

Oectors:

3DN = 2DC. Biéu dién véc to MN theo hai véc to E,?é ?

R m—

C. MN=14D+2BC.
3 3

B. ]\T\I=EE+£B_C"
3 3

D. MN=2AD+2BC.
3 3

N\
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Loi giai
Chon C

Ta chirng minh bai toan sau:
Néu E, F Tan luot la trung diém cua MN, PQ thi EF = %(ATQ+W) )

—_— s —  —

That vay, ta c6 ﬁ:%(ﬁus_g’)=%(EN+NP+EM+MQ)=%(ATQ’+W).

Goi [,K lan lwot 1a trung diém cta AM,DN.
Khi d6, ap dung két qua bai toan trén ta co:

W=%(B?+ﬁ)=%(§f+%(AD+MN)):>MN %AD+§E

Cau 74. Cho tam giac ABCc6 AK, BM la hai duong trung tuyén. Dat AK =4, BM =b. Hay biéu thi

B_C'theoql;.

A BC=27+3p. B.BC=27-2p.
3 3 3 3

C.BC=-27+2%. D. BC=1a+45.
3 3 3 3

Loi giai

Tacd AB= E+@—§u—§b (1)

_ — — L 4_‘ 2—»

AB+AC=2AK= AC=2i~AB=_i+b. 2)

Tix (1) va (2) :>B_c'=§zi+gﬁ.

Cau 75. Cho tam gidc ABC va diém D thoa man AD =mAB+nAC . Diéu kién can va du dé diém D
thudc duong thang BC 1a
A. mn=1. B. m:n:%. C. m+n=1. D. m—n=1.
Loi giai
Chon C|
Tt gia thiét ta co:

)drang 184
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@—ﬁ:—mﬁm(ﬁ—ﬁ)
@@=(l—m—n)ﬁ+n§i
Diém D thudc duong thang BC khi va chi khi ton tai s6 k sao cho BD=kBC.
Thay vao dang thikc o trén ta dwoc: kBC = (1—m—n) BA+nBC < (k—n)BC = (1—m—n)BA.
Tk do suy ra k—n=1-m—n=0. Vay m+n=1.
Cau 76. Cho tam giac ABC. Goi M la trung diém cta ABva N la mot diém trén canh AC sao cho
NC =2NA,K la trung diém cua MN. Khi d6
A. AK=2AB+2AC. B. AK == AB- AC.
6 4 4 6
C. AK=2B+Z AC. D. AK =~ AB-~ AC.
4 6 6 4
Loi giai
Chon C
Ta co: R=EM+EE=EE+1E
2 2 4 6
Cau 77. Cho tam gidc ABC, N 1a diém xac dinh boi CN = %B_C:,G la trong tam cua tam gidc ABC.
Hé thic tinh AC theo AGva AN 1a
A AC=24G+1aN. B. AC=2AG--AN.
3 2 3 2
C. AC=AC+2AN . D. AC=2AG-2aN.
4 2 4 2
Loi giai
Chon C
o= = —— 1— —— ] ] 3——
Ta co: AN=AC+CN=AC—I—EBC=AC+§(AC—AB)=—§AB+§AC
——~(34G-aC)+ aC=->aG+24C.
2 2 2
oA 3= 1=
Do do: AC=ZAG+EAN.
Cau78. Cho tam giac ABC 6 G la trong tam tam giac. Ldy cac diém P,Q sao cho

PA = Zﬁ, 3Q7 + ZQ—C: — 0. Biéu difn véc-to AG theo cc véc-to E,/TQ .

A. AG==AP+—-AQ. B. AG=—AP+=-AQ

C AG=1aP+240 D. AG=1AP+140
Loi giai

Chon C|

Ta co

AP =2BP = 2(AP— AB) = AP = 2AB.

N\
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Cau 79.

Cau 80.

Cau 81.

@zﬁzzm—c’_r@:@:gﬁ

Dodé AG =L AB+SAC=2AP+2A0.
3 3 6 3]

Cho tam gidc ABC. Goil la diém trén canh BC sao cho 2CI =3BI va | thudc BC kéo dai
sao cho 5/B=2]JC. GoiG la trong tam tam gidc ABC. Biéu dién véc-to AG theo cac véc-to
AL AJ.
A AG=241-1 4] B. AG="2Al+1 4]
48 16 48 16
C. AG=241-> 4] D. AG=22 41+ A]
16 16 16 16
Loi giai
Al=2AB+2AC |AB=2Al+24]
Ta co e g 825 8 9"
A]=—AB--AC |AC=—AI-—A]
3 5 16 16
Do d6 AG =~(AB+AC)= 2 a1 -1 4]
3 48 16
Cho tam gidc ABC. GoiG la trong tam tam giac va H 1a diém d6i xténg ctia B qua G. Goi
M]a trung diém BC . Biéu dién véc-to MH theo cac véc-to AB,AC .
A. MH=>AB+Z AC. B. MH =~ AB+> AC
6 6 6 6
Q.Z\E=—§E+ETC D.Aﬁ=1@+§ﬁ
6 6 6 6
Loi giai
Chon C|
AH=AC-AG=-AC--AB
Ta co 3 3

ﬁ=2ﬁ=§(ﬁ—2ﬁ)

1—7 11— 1

Do d6 MH =—HM = -~ HB-~ HC = 1 BH -1 (AC- AH) = -2 AB+ 1 AC.
27 2 22 6 6

Cho tam giac ABC.Goi Mla trung diém ctia AB va N la mot diém trén canh AC sao cho
NC=2NA. GoiK 1a diém trén canh MN sao cho KN =3KM. Két qua nao dudi day dung?

A AK=-_SAB+ X ac B. AK=_°AB_ L aC
8 12 8 12
C. Ak=2aB+ L ac D. AK=2AB_ L aC
8 12 8 12
Loi giai
Chon C

N\
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A
N
M,
K
B C
T o e 1o o
Taa)AK:ANLHWK:EAB+ZA@J
—L4B+2(AN-AM) =2 4B+ 5 AC-ZAB=S4B+ 2 AC.
2 4 2 12 8 8 12
Cau 82. Cho hinh binh hanh ABCD. Goi I la diém xéac dinh béi BI =kBC (véi k#1). Tim hé thirc
lién hé gita Al, AB, AC.
A. Al =(k-1)AB—kAC. B. Al =(1-k)AB+kAC.
C. Al=(k+1)AB+kAC. D. Al =(k+1)AB—kAC.
Loi giai
Al = AB+ BI = AB+kBC = AB+k(AC — AB) = (1—k)AB + kAC.
Cau 83. Cho tam gidc ABC,N la diém xac dinh boi CN = %ﬁ Goi G la trong tam tam giac ABC.
Hé thrc tinh AC theo AG va AN 1a
A. AC=2AC+> AN B. AC=2AC-2aN
3 2 3 2
C. AC=2AG+2aN D. AC=AG-14aN.
4 2 4 2
Loi giai
Chon C
Goi M la trung diém cua BC.
Vi G la trong tam tam giac ABC = AM =gﬂj
Tacé: AC=>(AM+AN)=>-SAG+2 AN =S AG+2 AN.
2 2 2 2 4 2
Cau 84. Cho AABC, goiD la trung diém canh AC,K la trong tam ABCD. Khang dinh nao sau day

ding?
A. 3KB—2KC = AK B. 2KB+3KC = AK
c. xB-L1kC-aK D. 1KB+1KC=AK

Loi giai

N\
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N

B C
Vi K la trong tam ABCD nén ta c6 KB+KC+KD=0.

_— — —  — —

<& KB+KC+KA+AD=0

—_— — —  —

< AK=KB+KC+ AD
@H=K_'B+K_'C+%,Tc
@E(zﬁ+[?é+%([?é—@)
& AK = 2KB+3KC.

Cau 85. Cho tam gidc ABC . Goi M, N, P 1a cic didm duoc xéc dinh béi MC =3MB,NA =—2NB va
AP =kAC . Ba diém M, N, P thing hang khi va chi khi

Ak=2. B. k=—>. C k=2 D.k=-2.
5 5 5 5
Loi giai

Ta c6 MB—%BC ,MC =~ BC,NB=_AB, PC=(1- k)AC
MN = MB- NB—EBC—éAB

Do d6 L3 . 1)— .

MP:MC—PC:EBC+(k—1)AC:[k+EjBC+(k—1)AB

k+1

P& M,N, P thing hang thi —2 =k—_11<:>2k+1:—3k+3<:>k=

2 3
Cau 86. Ménh dé nao sau day dang?

A. Hai vecto ; = (2; —1) va ; = (—1; 2) déi nhau.

B. Hai vecto 1; = (2;—1) va ;) = (—2;—1) d6i nhau.

C. Hai vecto # =(2;-1) va v=(2;1) d5i nhau.

>
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D. Hai vecto ;t = (2; —1) va ;) = (—2;1) doi nhau.

Loi giai

Ta co: ;:(2;—1):—(—2;1)=—;: ;l va v doi nhau.

Cau 87. Cho hinh chit nhat ABCD c¢6 AB=3,BC =4.D0 dai cta vec to AC 1la:
A.9. B. 5. C.6. D.7.

Loi giai

Ta c6: ‘A_c"zAcleAB%Bcz _J3 44 =5,

CAu 88. Cho hai diém A(l;O) va B(O; —2). Toa d06 trung diém ctia doan thang AB la:
A. l;—1 . B. —1;1 . C. 1;—2 . D. (1;—1).
2 2 2

Loi giai

Ta c6: Trung diém cta doan thang AB 1a: I = [xA sz ;Y eryB J = [120 ; 0+;_2)j = [%;—@ :

Cau 89. Cho cac vecto u= (ul,'u2 ), v= (vl;vz) . biéu kién d€ vecto u=v la

u, =u U, =-0 U, =0 U =0v
A.{l : B.{l ' C.{l 3 D.{l :
v, =0 u,=-0, u,=0, u, =10
Loi giai
Chon C|

I {ul =7,
Taco: u=v< .
u
Cau 90. Vecto a= (—4; 0) dugc phan tich theo hai vecto don vi nhu thé nao?

A a=—-4i+]. B. a=—i+4;. C.a=—4j. D.a=—4i.

Ta c: a=(~40)=a=—4i+0j=—4i.

Loi giai

Cau 91. Cho hai diém A(l;O) va B(O; —2). Vec to d&i ctia vecto AB c6 toa do la:
A. (-12). B. (-1-2). C. (£2). D. (1-2).
Loi giai
Chon C
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Ta 6 vecto d6i ctia AB 1a BA =(1-0;0+2)=(L;2).

Cau 92. Tam gidc ABC co C(—Z; —4), trong tam G(O;4), trung diém canh BCla M(Z;O). Toa do A

va B la:
A. A(412),B(4;6). B. A(—4;-12),B(6;4).
C. A(-412),B(6;4). D. A(4;,-12),B(-6;4).
Loi giai
Chon C
. x, +(-2)
Ta c6: M(2;0)la trung di€ém BCnén 2 o {xB =0 = B(6;4)
0:yB+(_4) yB:4
2
0= %a +6+(-2)
G(O;4)lé trong tam tam gidc ABC nén 3 et N = A(—4;12) .
4:yA+4+(—4) y,=12
3

Cau 93. Trong mit phang toa dd Oxy cho bon diém A(3;— ), B(?;l), C (0;1), D(—8; —5) . Khang dinh

nao sau day la dung?

A. A_B’,C_D. d6i nhau. B. E,C_D cung phwong nhung nguoc hudng.
C. E,CTj cung phuong cung hudng. D. A, B, C, D thang hang,
Loi giai

Ta c6: AB=(4;3),CD =(-8;-6)= CD=-24B.
Cau 94. Trong mit phang Oxy, cho A(—Z;O), B(5; —4), C (—5;1). Toa d6 diém D d€ t& giac BCAD la

hinh binh hanh 1a:
A. D(-8;-5). B. D(8;5). C. D(-85). D. D(8-5).
Loi giai

Y R N \ oA T 5-5=-2-x, x,=8
Ta cé: tiz gidc BCAD la hinh binh hanh khi BC = DA < =

1+4=0-y, Y, =-5
Cau 95. Cho 4 diém A(l; —2),B (O; 3),C (—3;4),D(—1;8). Ba diém nao trong 4 diém da cho la th:?mg
hang?
A. A, B,C. B. B,C,D. C. A B,D. D. AC,D.
Lai giai

>
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Ta cé: AD(-2;10), AB(-1;5)= AD =2AB= 3 diém A,B,D thing hang.

Cau 96. Cho tam gidc ABC c6 trong tam la goc toa d¢ O, hai dinh A va B co toa do la A(—2; 2) ;
B(3;5). Toa @6 cua dinh C la:
A (37). B. (-1-7). C. (-3-5). D. (2,-2).

Loi giai

N X, X X, O_—2+3+xC
o 3 3 x.=-1
Ta co: = = .
_YatYstYe | 2+5tYe (Y=~
yO_ 3 - 3

Cau97. Tronghé toa dd Oxy, cho hai diém A(3;-2), B(~1;3). Biét diém I(a;b) 1a diém thoa IA + 1B =0,

Khi d6 ta ¢ gia tri cua tong a+b 1a
1 3

A, —. B. 2. C. —. D. -1
2 2

Loi giai
Chon C|

a=1
Do IA+IB=0=1 la trung diém cta AB:I(l;%]: b 1:>a+b=§.

Cau 98. Trong hé toa dd Oxy, cho ba diém A(1;,-2), B(-1;5), C(4;-3). Biét diém H(a;b) la diém thoa

_— —  —

HA + HB+ HC = 0. Khi dé ta c6 gia tri cua tich ab 1a

A. i B. 0. C. 2 D. 1

3 3

Loi giai
Ta co: AB= (—2; 7) , AC = (3;—1) nén E, AC khong cung phuwong = AABC duogc thanh

A

lap.

a=

_— — —

= 4
Do HA+HB+HC =0= H la trong tam cua tam giac ABC :H(?Oj: =ab=0.

N O w| b~

b=
CAu 99. Trong hé toa dd Oxy, cho hai diém A(L2), B(-2;3). Toa do diém I sao cho IA+2IB=0 la
8 2
AT =L |. B.I[L= | C. I(52). D. I(2;-2).
3 5

Loi giai

>
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_ ; ﬁ:(l—x;Z—y)
Goi I(x;y). Taco<_, _
IB=(-2-x;3-y)= 2IB=(-4-2x;6-2y)

= [A+2IB =(-3-3x;8-3y).

— & [=3-3x=0 = 8
Tir: JA+2IB=0= el g lvay 1|12,
8-3y=0  |y=>
3
Cau 100. Trong hé toa dd Oxy, cho haidiém A(2;2), B(4;3). Biét diém I(a;b) thoa man 3IA = 2B . Khi d6

ta co gia tri ctia a’ +b* la:

A. 4. B. 9. C. 25. D. 20.
Loi giai

IB 21B = (8- 24;6 - 2b)

|IA=(2-a;2-b) |31A=(6-31;6-3b)
Ta co =
IB=(4-a;3-D)

. Vay a* +b* =4.

— _— |6-31=8-2a a=-2
Tw: 3IA=2IB=

=
6-3v=6-2b  |b=0
Cau 101. Trong hé toa do Oxy, cho ba diém A(3;1), B(-3;7), C(2;5). Biét diém M(x;y) théa man

MA = —2MB . Khi d6 ta 6 toa do ctia 1 = MC + AB la:

A. (6;-3). B. (-6;3). C. (3;,-6). D. (-36).
Loi giai

. m=(3—x;1—y)
Tacod<__, .
MB=(-3-x;7-y)= —2MB=(6+2x;-14+2y)

— 3—-x=6+2x x=-1
{ . Vay M(-15).

Tir: MA =—2MB = o
1-y=-14+2y y=5

MC=(30) - — —
Taco: § = u=MC+AB=(-3;6).
AB=(-6;6)

Cau 102. Trong hé toa dd Oxy, cho ba diém A(0;2), B(1;1), C(-3;7). Biét diém M(x;y) thoa man

MA +2MB~MC =0. Khing dinh déing la:
A. x<0. B. y>0. C.x+y>0. D. x+y<0.

Loi giai
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m=(—x;2—y) \
Ta cé { MB=(1-x;1-y)= 2MB = (2-2x;2 - 2y)
m:(—3—x;7—y)

= MA+2MB—-MC =(5-2x;-3-2y)

5

\ - (5-2x=0 =35
Tr: MA+2MB-2MC=0= =
-2-3y=0

3 Vay x+y=1.

2
Cau 103. Trong hé toa dd Oxy, cho ba diém A(l;O), B(O; 3) , biét réng diém M thudc truc hoanh va

bidu thtic P = \m + MB| dat gia tri nhé nhét. Khi d6 ta c6 khéng dinh diing la:

A. x,, >3. B. 0<x,, <1 C. x,, <0. D.1<x, <2
Loi giai
Goi I la trung diém cua AB ta cd: MA+MB=2MI va I(%,g}

Khi d6 P =|MA+ ME| = 2|Mi| = 2M1.
D€ P nhé nhat < MI nho nhat. Ma M thudc truc hoanh nén MI nho nhat khi M 1a hinh
chiéu vudng goéc cua I 1én truc hoanh = M [% ; Oj.

Cau 104. Trong hé toa d6 Oxy, cho ba diém A(l;l), B(4; 3), Toa diém M thudc truc hoanh sao cho biéu

thite P = ‘31\74' - 2@3" dat gia tri nho nhat 1a:

A. M(2,0). B. M(-5;0). C. M(-7;0). D. M(-3;0).
Loi giai

Goi I(x;y) 14 diém théa man : 3IA—2IB=0.
— Eﬁl::(1—x;1—y):31A:(3—3x;3—3y)

IB=(4-x;3—y)= -2IB=(-8+2x;-6+2y)
= 3IA-2IB=(-5-x-3-y).

> -5-x=0 {x:—S

Tir: 3IA-2IB=0= o .Vay M(-5,-3).
-3-y=0 y=-3
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Khi d6 p:‘sm—zm‘:‘3Mi+3ﬁ—2ﬁi—2ﬁé‘=‘ﬁi‘=MI.

Dé P nho nhat < MI nho nhat. Ma M thudc truc hoanh nén MI nhé nhat khi M 1a hinh

chi€u vuong goc cta I 1én truc hoanh= M (—5;0).

Cau 105. Trong hé toa dd Oxy, choba diém A(2;0), B(3;1) va C(-7;5). Toa do diém M thudc truc hoanh

sao cho biéu thiec P = ‘MA +MB+ MC ‘ dat gia tri nho nhat la:

A M §;O . B. M —E;O . C. M —E;O . D. M —1;0 .
3 2 3 3

Loi giai
Chon C|

Goi G la trong tam ctia tam giac ABC taco: a+@+&=6 va G(—%;Zj

Khi d6 P:‘MA+MB+MC‘ =‘3MG+§{+§§+G—C =3‘1W‘ — 3MLI.
Pé P nho nhat < MI nhd nhat. Ma M thudc truc hoanh nén MI nho nhat khi M 1a hinh
chiéu vudng goc cta I lén truc hoanh = M (—% ; Oj.

Cau 106. Trong hé toa dd Oxy, chobadiém A(-10), B(2;3) va C(-5;4). Toa dd diém M thudc truc hoanh

sa0 cho bidu thitc P = ‘ZMA +4MB— 3MC‘ dat gid tri nho nhat 1a:

A. M(-5,0). B. M(8;0). C. M(7;0). D. M(-6;0).
Loi gidi

Chon C|

Ta c6 2MA+4MB—3MC=2(A7i+ﬁ)+4(ﬂi+ﬁé)—3(ﬁ+l_c')

=3Mi+(2ﬁ-4ﬁé+3ﬁ)
Chon diém I sao cho 2IA +4IB—-3IC =0. (*)
2(-1-x)+4(2-x)-3(-5-x)=0 {x:7
2(0-y)+4(3-y)-3(4-y)=0

Khidé P = ‘ZMA +4MB —SMC‘ - 3‘1\71" — 3ML.

Goi I(x;y), tir (*) ta co: {

D& P nhé nhat <> MI nho nhat. Ma M thuoc truc hoanh nén MI nhé nhat khi M 1a hinh
chiéu vudng géc cta I 1én truc hoanh = M(7;0).

Cau 107. Cho tam gidc ABC vé6i A(-5;6), B(—4;—1) va diém C(4;3). Tim toa d0 diém D sao cho ABCD
12 hinh binh hanh
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A. D(3,10) B. D(3;-10). C. D(-310). D. D(-3;-10). \
Loi giai
A B
D C

Goi D(x,Y) la diém can tim

Tacod: ﬁ=(1;—7) , E=(4—x;3—y)

P& ABCD 1a hinh binh B(2;0) A(~1;3)hanh <> AB=DC < {34_ o "’ =D(310).
Cau 108. Trong mit phang Oxy cho ba diém , va diém C (6; 2). Tim toa d diém D sao cho ABCDla hinh
binh hanh
A. (9-1) B.(35). C. (53). D. (-19).
Loi giai
Tacé AB=(3,-3),DC =(6-x;2-Yy),D(xy).
ABCD 1 hinh binh hanh M, N, P ABCkhi AB = DC < {2‘;‘:33 & {’;:2: D(35).

Cau 109. Cho tam giac . Goi 14 luot 1a trung diém ctia cac canh BC,CA, AB. Biét A(l; 3) ,B (—3; 3) ,C (8; 0) .

Gia tri cua Xy + Xy + X bz‘vmg

A. 2 B. 3. C.1. D. 6.
Loi giai

Tacd: M latrung diém BC = X, :g

N | ©

N 1a trung diém AC =X, =

P 1a trung diém AB =X, =-1

= Xy + Xy +Xp :g+%—1:6

Cau 110. Trong mit phing Oxy, cho tam giac ABC ¢6 B(9; 7), C(1L, —1). Goi M,N I4n luot 13 trung

diém caa AB, AC. Tim toa do cua véc to MN

A. (2 -8) B. (L -4). C. (10; 6) . D. (5 3).
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Loi giai \
1

e W50 12 00 )

Cau 111. Trong mit phing Oxy , cho tam giac ABC c6 M (2; 3), N(0; —4), P(=1; 6) Ian Iwot 12 trung diém
cta BC,CA AB . Tim toa d6 dinh A

A. (L 5) B. (-3 -1). C. (-2 -7). D. (1 -10).
Loi giai
Chon C|
A
N P
C M B

Goi A(X; y). Tacé PA=MN < (x+1 y-6)=(-2; 7).

& {X+1: _2 = {X - _3. Vay A(-3-1).

y—-6=-7 y=-1
Cau 112. Trong mit phing Oxy , cho tam giac ABC c6 A(6; 1), B(=3; 5) va trong tam G(—1; 1). Tim toa
do dinh C
A. (6, -3) B. (-6; 3). C. (-6, -3). D. (-3; 6).
Loi giai
Chon C|
6+(-3)+x _1
Goi C(X; y).Tac() G o 3 B @{x:_G:C(—6;—3) la trong tam .
1+5+y _ 1 y=-3
3
Cau 113. Trong mit phing Oxy , cho tam gidc ABC 6 A(—2; 2), B(3; 5) va trong tam la g&c O. Tim toa
do dinh C
A (-1 -7) B. (2 -2). C. (-3 -5). D. (L 7).
Loi gidi
—2+3+X _ 0
Goi C(X;y). Taco O la trong tam < 3 @{X:_l Vay C(-1, -7)
2+5+y _0 y=—7
3
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Cau 114. Trong mat ph:fmg Oxy , cho bon diém A(l} 1) ' B(Z; —1) ,C (4; 3) va D(3; 5) . Khéng dinh nao sau \

day dang?
5
A. Tt giac ABCD la hinh binh hanh B. G (2; Ej la trong tam tam giac BCD.
C. AB=CD. D. AC, AD cung phuwong.
Loi giai

Tacé AB=(L; -2), DC=(L; —2)= Tir gidc ABCD Ia hinh binh hanh.

Cau 115. Trong mit phing Oxy ,cho hai diém A(L 2), B(=2; 3). Tim toa do diém | sao cho IA+2IB=0.

A. (L 2) B. (1; %) C. (—1; %) D. (2 -2).
Loi giai
Chon C
Goi 1(X; y).Tacod 1A+2IB=0< (1-x; 2-y)+2(-2-x; 3—y)=(0; 0)
o [lxda-2x=0 x=-1 Vs |[-1- §J
2-y+6-2y=0 y=§ 24 " 3)

3
Cau 116. Trong mit phing Oxy ,cho hai diém A(2; —3), B(3; 4). Tim toa d6 diém M trén truc hoanh sao
cho A, B,M thang hang.

A.M(3 0) B. M(4; 0). C. M(—E; —lj. D. M(E; 0).
3 3 7

Loi giai
Diém M eOx=M(m; 0).Tacd AB=(L 7) va AM =(m-2; 3).
bé A B,M thénghémg <:>m—_2:§<:>m:£. Vay M (E 0].

1 7 7 7
Cau 117. Trong mit phing Oxy ,cho tam gidc ABC c6 A(3; 5), B(L 2), C(5; 2). Tim toa dd trong tam G

ctia tam giac ABC
A. (-3 4) B. (4 0). C. (v2; 3). D. (3 3).

Loi gidi
Tacotoadd G =(3+é+5; 5+§+2j=(3; 3).
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Cau 118. Trong mat phéng Oxy, cho cac diém A(4;2),B(—2;1),C(0;3),M(—3;7). Gia sw

M:x.ﬁ+y.A—C)(x,yeR). Khi d6 x+y béng

12 B. 5. C. —E. D. 5.

5’ 5
Loi giai
AM(-7;5), AB(-6;-1), AC(~4;1).

Gia st H/I':x.ﬁ+y.A—C'(x,yeR).

13
6x+4y=7 |*T 1o

Hé phuong trinh |+ 7 ' & 10,
x—y=-5 _37

710

Cau 119. Trong mat phéng Oxy ;cho cac véc to 4 = (2; —1); l; = (O; 4) vac= (3; 3). Goi m va n la hai s6 thuc
sao cho ¢ =mi —nb . Tinh gia trj bidu thic P =m? +n’.
A p=22 B, p=1%0 c.p=2 D. p=19
64 81 64 64
Loi giai

Ta c6 mid—nb = (2m;—m—4n).

3
L . = [2m=3 "=y
Khidé ¢=mid—nb e = 2
—m—4n=3 _-9
8
VéyP=m2+n2=§.
64
Cau 120. Cho d=(2; 1), b=(-3; 4), & =(~4; 9). Hai s& thyc m, n théa mi+nb =¢ . Tinh m? +n*?
A.5. B. 3. C. 4. D. 1.
Loi giai

L, 2m—-3n=-4 m=1
Tacd: ma+nb=c < =

m+4n=9 n=2

Céu 121. V6i hai véc to khong cuing phuong @ va b . Xét hai véc to ii =2 —3b va 5=d +(x~1)b. Tim x d&
i va U cung phuong.

A.x=§. E.x=%. . L 3.

>
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Loi giai
Chon B

Do hai véc to @ va b khong ciing phuong nén diéu kién dé hai véc to ii =27 —3b va

2-k1 k=2

3=k (x-1)" x:_%

U= Zi+(x—1)5 cung phuong la: i = kv <:>{
Cau 122. Trong mét phang Oxy cho tam gidc ABC c6 A(Z; 1), B(—l; 2),C (3; O) . Tt gidc ABCE 1a hinh binh
hanh khi toa do E 1a cdp s6 nao sau day?
A. (6;-1) B. (0;1) C. (16) D. (6;1)
Loi giai

Goi E(x;y).
.o T 1 N = = x—2=4 x=6
T giac ABCE la hinh binh hanh < AE=BC < =
y-1=-2 y=-1
Vay E(6;-1).
Cau 123. Trong mat phfmg v6i hé toa do Oxy, cho vécto ; = (—3; 2), l:= (1, 4). Toa do cta vécto z_; = ; +B ?

A. 0=(-2;-6). B. 0=(-4;,-2). C. 0=(-2;6). D. u=(42).
Loi giai
Chon C
Tacd v=a+b=(-3+12+4)=(-26).
Cau 124. Trong mat phang véi hé toa &6 Oxy, cho vécto d = (2; —4), b= (-5;3). Toa do cua vécto U =2a b
A.ii=(7;-7). B. i =(9;-11). C. ii=(9;5). D. i =(-15).
Loi giai
Chon B
Ta c6 ii = 2 —b=(2.2+5;2.(-4)-3) =(9;-11).

—

Cau 125. Trong mit phang véi hé toa dd Oxy, cho cac vécto 4 = (m; 3), b= (—2,‘ n), U= (4;—3), (m,neR).

Tinh gia tri ctia S = 2m+n, biét rang vécto i =a + 3b .
A. 18. B. 10. C. 8. D. 22.
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Loi giai
L L m—-6=4 m=10
Ta c6 il =d+3b < (4;,-3)=(m—6;3+3n)= =
3+3n=-3 n=-2
Cau 126. Trong mat phéang Oxy, cho cac diém A(1;2),B(—3; 5),C (O;4),D(—3;—5). Gia s
E = m.@+ n.A—(f(m,n IS ]R). Tinh gia tri cia S=m.n?
A.24. B. 5. C. 11. D. -24.
Loi giai
E(—4;—7), E(—4;3),E(—1;2).
Gia st AD = m.@+n.?(f(m,n € R) *
A s 1A . —4Am-n=-4 m=3
Thay toa do vao(*) ta co hé phuwong trinh =
3m+2n=-7 n=-8
Cau 127. Trong mit phing Oxy, cho céc véc to a=(-4;13);b =(0;1) va ¢ =(~2;5). Ménh dé nao dusi day
la dang ?
A. a=2b-3c. B. a=3b+2c. C.a=3b-2c. D. a=2b+3c.
Loi giai
L ) T S R |Om-2n=-4
Gia st ¢6 cdp s0 thuc (m,n) thoa man a=mb+nc. Thay toa do ta co
m+5n=13
n=2 - - -
& { =a=3b+2c.
m=3
Cau 128. Cho tam giac ABC. Goi M, N, P Tan luot la trung diém cta cac canh AB, AC,BC. Déng thitc nao
dudi day la dang ?
A. AP=AM-AN . B. AP=AB+AC.
cﬁ:%m%m D. AP=AM+ AN .
Loi giai

Theo gia thiét ta ¢ ti gide AMPN 1a hinh binh hanh nén AP = AM + AN.

N\
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Cau 129. Cho tam giac ABC. Goi I la trung diém ctia cac canh BC, G la trong tdm ctia tam giac ABC . Pang

Cau 130.

thitc nao dudi day la dang ?

A. GI=GB+GC. B. EZ%G_B'—%R.

QGI=§GB+§GC. D. GI =GB-GC.
Loi giai

Chon C

Theo tinh chat trung diém ctia doan thang ta c6 2GI =GB+GC < GI = %@ +%CTC .

A

B | Cc

Cho tam gidc ABC ¢4 toa dd céc dinh A(-3;1),B(2;-2),C(0;4). Goi M la di€m théa méan hé thie

MA =MB+ MC .Toa dd caa diém M la?
A. (51). B. (5:-1). C. (-51). D. (-5-1).
Loi gidi
Chon C
MA =(-3-x;1-y)
Goi toa dd diém M(x;1). Ta c6: {MB=(2-x;—2—1)

MC = (~x;4-y)
o 2-2x=-3—-x x=5
Theo gia thi€t MA = MB+ MC suy ra = .
2-2y=1-y y=1
A
M
B C

N\
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Cau 131.

Cau 132.

Cau 133.

Cau 134.

Cho hinh binh hanh ABCD tam O.Khi d6 OA + BO bing
A. OC+OB. B. AB. C. OC+DO. D.CD.
Loi giai
A D

_— — — —  ——  —

Tacd6 OA+BO=BO+0OA=BA=CD.
Cho tam giac ABC la tam giac déu, O 1a tdm dwong tron ngoai ti€p tam gidc ABC. Ménh
dé nao la dang trong cac ménh dé sau?

A.OA+OB=0C. B.OA+OC=0B. C.0A=0B+OC. D.OA+OB=CO.

Loi giai
Do tam giac ABC la tam giac déu nén O ciing la trong tam cua tam giac ABC. Do vay, ta

c6 OA+OB+0C =0 < OA+0B=CO.

Cho tt& gidc ABCD . Xét cac khang dinh sau

(I) AB+BC+CD+DA=0. (I) AB+BD-CD =CA.

(Il) AB— AD =CB~-CD. (IV) AC—AB=DB-DC.

SG khing dinh ding 1a

A. 0. B. 1. C. 2. D. 4.
Loi giai

Chon C|

Ta 6 AB+BC+CD+DA=AC+CA=0.Khéng dinh (I) dtng.

AB+BD-CD=AD+ DC = AC. Suy ra (II) sai.
AB-AD=DB va @—C?zﬁ.Suyra (III) dtng.
AC—AB=BC va DB-DC=CB. Suy ra (IV) sai.

_— —  —

Cho tam giac déu ABC canh a, trong tam G. Tinh theo a d6 dai cua v=GA+GB-GC.
A. 2”*/5. B. 2a. c.&. p. 3
3 2 2
Loi giai

N\
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B C
Do G la trong tam cta tam giac ABC nén GA+GB+GC=0< GA+GB=-GC.
Suyrav GA+GB-GC = Z‘GC‘ ZEizzas\/_
Cau 135. Cho hinh vudéng ABCD canh a, tam O. Tinh theo a d¢ dai cta véc-to 1u=AB+0OD-BC.
B C

N,

A. & B. 3”*/5. C. a2. D.a
2 2
Loi giai
Ta c6 1= AB+OD—BC = AB+BO—AD = AO—AD=DO.
Suyra DO—i

Cau 136. Cho tam giac ABC.Goi D,E,F,G,H,I theo tht tu la trung diém cac canh AB,BC,CA, DF,

A. DA. B. FC. C. CE. D. AB.
Loi giai

— _— — — — — @ — —  — _— — — —  — — —_—

1=BE—GH— Al +FE=BE+HG+IA+FE=BE+El+]A+FE=BA+AD=BD=DA.
Cau 137. Cho ABCD 1a hinh binh hanh. O 1a giao diém hai dwong chéo. Xét cac khang dinh sau day

I. CO—OB=BA.
. AB+BC=DB.
IIl. DA— DB=0OD-OC.
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IV. DA-DB+DC=0.
Cac khang dinh dang la
A. Chi (I). B. (I) va (II0). C. (IT) va (TII). D. (I), (IIT) va (IV).

Loi giai

_— —— s @ — @ — — @ —

CO-0B=CO+BO=BO+0A=BA. Suy ra (I) dung.
AB+BC = AC. Suy ra (II) sai.

_— s — — —  —

_— —  — _— — _— — =

DA-DB+DC=BA+DC=BA+AB=0.Suy ra (IV) dung.
Cau 138. Cho tam giac ABC. Goi [,],K lan luot la trung diém ctia cac canh BC,CA, AB. Tim ménh

dé sai trong cac ménh dé dudi day

I. AB+BC+AC=0. II. KB+ ]C=Al. III. AK +BI+CJ =0.
A. Chi (D). B. (I1) va (III). C. Chi (II). D. (I) va (IID).
Loi giai
A
K J
B C
I

AB+BC+AC=2AC. Suy ra (I) sai.

_— — _  — —_—
—_— — _— = — _ — -

— _ — —

Cau 139. Cho bon diém A, B,C, D phéan biét, dat u= AB— DC+BC — AD.Khi d6 u bang vécto nao sau

day?
A.u=0. B. u=BD. C.u=AC. D. u=2DC.
Loi gii

— _— —  —

Tacé: 4= AB—DC+BC - AD = (AB+B_C')—(E)'+D_C')=A_C'—A_C'=6.

Cau 140. Cho tam giac ABC. Goi M, N, P Tan luot 1a trung diém céc canh AB, AC,BC. Hoi MP+ NP

bang vécto nao?
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A. AM B. PB. C. AP. D. MN.
Loi giai
Chon C
A
M N
B c
p

Theo dé bai M, N, P Tan luot la trung di€m cac canh AB, AC, BC nén MP = AN

_— —  — @ —  —

= MP+NP= AN+ NP = AP.
Cau 141. Cho 4 diém batky A,B,C,0.Déng thtic nao sau day la diing?

A. OA=CA+CO. B.BC-AC+AB=0. C. BA=OB-OA. D.OA=OB-BA.
Loi giai

—_— — — — —  —

Ta co: BC— AC+AB=BC—-(AC-AB)= BC-BC =0.

Cau 142. Goi O 1a tdm ctia hinh vudng ABCD . Vecto nao trong cac vecto dudi day bang CA?

A.FC+E§. B. —(74+§. C.ﬁ+ﬁ. D. D—(f—@
Loi giai
Chon C|
A D

B
Vi ABCD la hinh vudng nén ta co: BA=CD=BA+DA=CD+DA=CA.
Cau 143. Cho hinh binh hanh ABCD tam O , dat u = OB—OA. Khi @6 u bang
A. OB+OC. B. BA. C. 0C-0D. D. CD.
Loi giai
Chon C|

Vi ABCD 14 hinh binh hanh tam O nén OB = DO =-OD:OA =CO =-OC.
Khi d6 chﬁ—o_A'z—cTD’—(—&):cf—cﬁ.
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Cau 144. Goi O 1a tam hinh binh hanh ABCD . Pang thitc nao sau day sai?
A. OA-OB=CD. B. OB—OC =OD-OA.
C. AB-AD=DB. D. BC—BA=DC-DA.
Loi giai
A D

M
B C

Xét d4p 4n A. Ta c6 OA—OB=BA=CD. Vay A dung.

_— s — —

OB-0OC=CB=-AD
Xét dap an B. Ta co {_, . . Vay B sai.

OD-0OA=AD

Xét dap 4n C. Ta c6 AB— AD = DB. Vay C dung.

BC-BA=AC
Xét dap an D. Ta c6 {_, _, __.,.VayD dung.

DC-DA=AC

Céu 145. Cho hinh vuéng ABCD c6 canh bing a . Khi d6 ‘Eé n E’)‘ bing;

A. a2, B. # C. 2a. D.a.
Loi giai
A a D
a
B C

Vi ABCD la hinh vudng nén ta c6 AB+AD = AC va AC=+AB?+AD? =a\2.
Suy ra: ‘E+E :‘E‘:AC:a\E.

Cau 146. Cho hinh vuéng ABCD canh a. Tinh ‘A_]é +AC+AD|?
A. 2a\2 . B. 3a. C. a2, D. 2a.
Loi giai
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A 2 D \

B C
Vi ABCD la hinh vuéng nén ta cé: AB+ AD = AC
:‘EB+TC+E =‘E§+AD+AC‘=‘2AC‘=2AC=2¢1\/§ .

Cau 147. Cho hinh vuéng ABCD c6 canh bang a . Khi d6 ‘E + A—C‘ béang;

A NS . W3 C.ﬁ. D. a5 .
2 2 3
Loi gii

N7
X

B M

Goi M la trung diém BC.
2
Ta co: ‘AB +AC| = ‘ZAM‘ —2AM =2\JAB? + BM? =2 /uz J{gj _ 5.

Cau 148. Cho AABC vuodng tai A va AB=3, AC=4 . Vécto CB+AB c6 d6 dai bang

A. 13, B. 2\13. C. 243. D. 3.
Loi giai
B
3
T e e

Goi M la trung diém AC.
Tac6: CB+AB =—§:’—B7=—(ﬁ+371’)=—2ﬁ:2ﬁ.

Suy ra: ‘C_B#Eé - ‘2@‘ = 2BM = 2JAB? + AM? = 24/32 1 22 = 2\13.

Céu 149. Cho hinh chit nhat ABCD bidt AB=4a va AD =3 thi d dai AB+AD bing
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A. 7a. B. 64. C. 2a3. D. 54.
Loi giai
A 3a B
4a
D C

Ta co: ‘E+E :‘A—(f‘ =AC= (4a)2 +(3a)2 =ba.

Cau 150. Cho tam giéc déu ABC canh a. Do dai ciia AB+ AC la

A.a3 . B. # C. a\6. D. 2a43.
Loi giai
A
a a
B p—T1 g C
M
ABJ3 _ a3

Goi M la trung diém ctia BC, ta cé: AB+AC =2AM va AM = : >

Suy ra ‘A_'B+A_c' =‘2m‘=2AM=a\/§.

4

HET

)<rang 208




